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� áá¬ âà¨¢ ¥âáï § ¤ ç  ®¡ ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì®£® à¥è¥¨ï ãà ¢¥¨ï

M �y +K1y + P1y = eF (y); (1.1)

£¤¥ M =MT > 0, K1 = KT
1
, P1 = �P T

1
| ¬ âà¨æë à §¬¥à®áâ¨ n� n, eF (y) | ¬ âà¨æ -áâ®«¡¥æ

¥«¨¥©ëå ¯® y ç«¥®¢, áª« ¤ë¢ îé¨åáï ¨§ F1 = grad eU(y) ¨ F2, ¯à¨ç¥¬ ¢ë¯®«ï¥âáï ãá«®¢¨¥
yTF2 = 0; eF (0) = 0. �«£®à¨â¬ à §«®¦¥¨ï eF (y)   â ª¨¥ á®áâ ¢«ïîé¨¥ ¨§¢¥áâ¥ [1]. �à ¢¥¨ï
¢¨¤  (1.1) ¢®§¨ª îâ ¯à¨ ¨áá«¥¤®¢ ¨¨ ¬¥å ¨ç¥áª¨å á¨áâ¥¬ á ¯®â¥æ¨ «ìë¬¨ ¨ ¥ª®á¥à¢ -
â¨¢ë¬¨ ¯®§¨æ¨®ë¬¨ á¨« ¬¨. �áâ®©ç¨¢®áâì á¨áâ¥¬ (1.1) ¢®§¬®¦  â®«ìª® ¢ ªà¨â¨ç¥áª¨å ¯®
�ï¯ã®¢ã á«ãç ïå, ª®£¤  áãé¥áâ¢¥®¥ ¢«¨ï¨¥   ãáâ®©ç¨¢®áâì ®ª §ë¢ îâ ¥«¨¥©ë¥ á¨«ë.

1. �¨ää¥à¥æ¨ «ìë¥ á«¥¤áâ¢¨ï ¨ â¥®à¥¬ë ® ¥ãáâ®©ç¨¢®áâ¨. �á«¨ ã¬®¦¨âì á«¥¢  (1.1)
  M�1, â® ¯®á«¥ ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

�x+Kx+ Px = Q(x); (1)

£¤¥ K = KT = 1=2(M�1(K1+P1)+(K1�P1)M�1), P = �P T = 1=2(M�1(K1+P1)� (K�P )M�1),
Q(x) = eQ1+ eQ2(x), eQ1 = gradU(x), xT eQ2 = 0,Q(0) = 0: �à ¢¥¨ï â ª®£® ¢¨¤  ¡ë«¨ à áá¬®âà¥ë
¢ à ¡®â å [1]{[8] ª ª á ¯®§¨æ¨© ãáâ®©ç¨¢®áâ¨, â ª ¨ ¤àã£¨å ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢. �à¨ íâ®¬, ¢
®á®¢®¬, ¯à®¢®¤¨«¨áì ¨áá«¥¤®¢ ¨ï «¨¥©ëå ãà ¢¥¨©

�x+Kx+ Px = 0: (10)

�§ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¤«ï (1) det(�2E +K + P ) = 0 á«¥¤ã¥â, çâ® det(K + P ) > 0
ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ãáâ®©ç¨¢®áâ¨, â.ª. ¯à¨ det(K + P ) < 0 å à ªâ¥à¨áâ¨ç¥áª®¥
ãà ¢¥¨¥ ¨¬¥¥â ª®à¨ á ¯®«®¦¨â¥«ì®© ¢¥é¥áâ¢¥®© ç áâìî [1].

�¯à¥¤¥«¥¨¥ 1. �®®â®è¥¨¥

d

dt
f( _x; x) = F ( _x; x)

 §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «ìë¬ á«¥¤áâ¢¨¥¬ á¨áâ¥¬ë (1), ¥á«¨ ®® ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å à¥è¥¨©
á¨áâ¥¬ë.

�«ï à¥è¥¨ï § ¤ ç¨ ®¡ ãáâ®©ç¨¢®áâ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ íää¥ªâ¨¢¥ ¬¥â®¤ äãªæ¨© �ï-
¯ã®¢ . �à¨ íâ®¬ ¢ â¥®à¥¬ å ¢â®à®£® ¬¥â®¤  ¨á¯®«ì§ã¥¬ ¤¨ää¥à¥æ¨ «ìë¥ á«¥¤áâ¢¨ï ãà ¢-
¥¨© (1). �¨áâ¥¬ â¨ç¥áª®¥ ¯à¨¬¥¥¨¥ ¤¨ää¥à¥æ¨ «ìëå á«¥¤áâ¢¨© ¯®§¢®«ï¥â ¤®áâ â®ç®
¯®«® ¨áá«¥¤®¢ âì ®¡« áâì ¯ à ¬¥âà®¢ á¨áâ¥¬ë ¯® ¯à¨§ ªã ãáâ®©ç¨¢®áâ¨-¥ãáâ®©ç¨¢®áâ¨, â.ª.
¢á¥ â¥®à¥¬ë ä®à¬ã«¨àãîâáï ¢ â¥à¬¨ å ¬ âà¨æ á¨áâ¥¬ë (1). � ¦ë¬ ï¢«ï¥âáï â®, çâ® ¥áâì
¢®§¬®¦®áâì ®¡á«¥¤®¢ âì £à ¨æë ¢ ãá«®¢¨ïå ãáâ®©ç¨¢®áâ¨.

� ¡®â  ¢ë¯®«ï« áì ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ò 94-01-01308).
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�¤¨ ¨§  «£®à¨â¬®¢ ¯®áâà®¥¨ï ¤¨ää¥à¥æ¨ «ìëå á«¥¤áâ¢¨© á¢®¤¨âáï ª ã¬®¦¥¨î (1)
á«¥¢    ¬ âà¨æë ¢¨¤  (P �x)T , (A1 _x)T , (A2x)T , £¤¥ Ai (i = 1; 2) ¢ë¡¨à îâáï à ¢ë¬¨ ¬ âà¨æ ¬
á¨áâ¥¬ë (1) ¨«¨ ¨å ª®¬¡¨ æ¨ï¬ á ¯®á«¥¤ãîé¨¬ ¢ë¤¥«¥¨¥¬ ¯®«®© ¯à®¨§¢®¤®© (á¨¬¬¥âà¨-
§ æ¨¥©). �¥®¤®§ ç®áâì ¯à®¢¥¤¥¨ï á¨¬¬¥âà¨§ æ¨¨ ¯®§¢®«ï¥â  å®¤¨âì ¢ à¨ âë ¤¨ää¥à¥-
æ¨ «ìëå á«¥¤áâ¢¨©.

�«ï á¨áâ¥¬ë (1) ¯®áâà®¨¬ ¤¨ää¥à¥æ¨ «ìë¥ á«¥¤áâ¢¨ï

d

dt
( _xTPKx+ _xTPPx� _xTPQ) = _xTPK _x+ _xTPP _x� _xTP _Q; (2)

d

dt
( _xTPKx+ _xTPPx) = _xTPK _x+ _xTPP _x� xT (K � P )PQ; (2.1)

d

dt
( _xT _x+ xTKx� 2U) = �2 _xTPx+ 2 _xTQ2; (3)

d

dt
( _xTL _x+ xTLKx+ xTLPx) = xT (LK �KL) _x+ xT (LP + PL) _x+ 2 _xTLQ; (L = LT ); (4)

d

dt
( _xTK _x+ xTKKx+ xTKPx) = � _xT (KP + PK)x+ 2 _xTKQ; (4.1)

d

dt
(xT _x) = _xT _x� xTKx� xT gradU(x); (5)

d

dt
(xTP _x) = �xTPKx� xTPPx+ xTPQ: (6)

� ¬¥â¨¬, çâ® (3) á®®â¢¥âáâ¢ã¥â â¥®à¥¬¥ ®¡ ¨§¬¥¥¨¨ ¯®«®© í¥à£¨¨.
�®®â®è¥¨ï (2){(6) ¤ îâ ¥ª®â®àë©  ¡®à äãªæ¨© �ï¯ã®¢  Vi ¨ ¨å ¯à®¨§¢®¤ëå. �á«¨

Vi á® á¢®¥© ¯à®¨§¢®¤®© (¨«¨ á¢ï§ª  ¨§ Vi) ã¤®¢«¥â¢®àïîâ ª ª®©-«¨¡® ¨§ â¥®à¥¬ �ï¯ã®¢ ,
�¥â ¥¢ , �à á®¢áª®£® ¨ ¤à., â® ¨¬¥¥â ¬¥áâ® ãáâ®©ç¨¢®áâì ¨«¨ ¥ãáâ®©ç¨¢®áâì âà¨¢¨ «ì®£®
à¥è¥¨ï á¨áâ¥¬ë (1). �à¨ç¥¬ § ç áâãî ¥â ¥®¡å®¤¨¬®áâ¨ áâà®¨âì á¢ï§ªã Vi,   ¤®áâ â®ç®
®¯à¥¤¥«¨âì ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï á¢ï§ª¨ á ã¦ë¬¨ á¢®©áâ¢ ¬¨.

� áá¬®âà¨¬ á®®â®è¥¨¥ (5). �® ¤ ¥â äãªæ¨î �¥â ¥¢ . �á¯®«ì§ãï (5) ¢ â¥®à¥¬¥ �ï¯ã®¢ 
¨«¨ �¥â ¥¢  ® ¥ãáâ®©ç¨¢®áâ¨, ¯®«ãç¨¬ ¨§¢¥áâë¥ â¥®à¥¬ë ® ¥ãáâ®©ç¨¢®áâ¨ ¥ª®á¥à¢ â¨¢ëå
á¨áâ¥¬ [1], [5] ¨ ¯à®áâ®¥ ¨å ®¡®¡é¥¨¥.

�¥®à¥¬  1. �á«¨ K < 0; â® ¯®«®¦¥¨¥ à ¢®¢¥á¨ï ¥ª®á¥à¢ â¨¢®© á¨áâ¥¬ë (1) ¥-

ãáâ®©ç¨¢® ¥§ ¢¨á¨¬® ®â ¥«¨¥©ëå á¨« (ª ª ¯®§¨æ¨®ëå, â ª ¨ § ¢¨áïé¨å ®â _x).

�¥®à¥¬  2. �á«¨ K = 0, xT gradU(x) < 0; â® ¯®«®¦¥¨¥ à ¢®¢¥á¨ï ¥ª®á¥à¢ â¨¢®©

á¨áâ¥¬ë P(1) ¥ãáâ®©ç¨¢® ¯à¨ «î¡ëå ¥ª®á¥à¢ â¨¢ëå ¯®§¨æ¨®ëå á¨« å.

�¥®à¥¬  3. �á«¨ K � 0; â® ¯®«®¦¥¨¥ à ¢®¢¥á¨ï ¥ª®á¥à¢ â¨¢®© á¨áâ¥¬ë �x +Kx +
Px = eQ2 ¥ãáâ®©ç¨¢® ¯à¨ «î¡ëå ¥«¨¥©ëå ¯®§¨æ¨®ëå ¥ª®á¥à¢ â¨¢ëå á¨« å eQ2:

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 ¨á¯®«ì§ã¥¬ â¥®à¥¬ã �¥â ¥¢ . � áá¬®âà¨¬ ®¡« áâì L =
f(x; _x) : x � 0; _x � 0; x _x > 0g. �à ¨æ¥© ®¡« áâ¨ ï¢«ï¥âáï x = 0, _x = 0. �® ¢á¥å â®çª å
íâ®© ®¡« áâ¨ xTKx � 0. �ë¡¥à¥¬ ¢ L áª®«ì ã£®¤® ¡«¨§ª® ª  ç «ã ª®®à¤¨ â â ª®¥ x0 6= 0, çâ®
Kx0 = 0, _xT

0
x0 > 0. �â® ¢®§¬®¦®, â.ª. detK = 0. �¢¨¦¥¨¥,  ç ¢è¥¥áï ¢ íâ®© â®çª¥, ¥ ¬®¦¥â

¯®ª¨ãâì ®¡« áâì ç¥à¥§ £à ¨æã,   ª®â®à®© V = x _x ®¡à é ¥âáï ¢ ã«ì, ¨ ¯®â®¬ã \ã¡¥£ ¥â" ®â
 ç «  ª®®à¤¨ â ¢ á¨«ã â®£®, çâ® ¢ á®®â®è¥¨¨ (5) _V > 0.

�«ï «¨¥©®© á¨áâ¥¬ë ¢ ãá«®¢¨ïå â¥®à¥¬ë 3 ¥ãáâ®©ç¨¢®áâì á«¥¤ã¥â ¨§ à ¡®âë [6], £¤¥
¤®ª § ®, çâ® ¯à¨ SpK � 0 á¨áâ¥¬  (10) ¥ãáâ®©ç¨¢ .

�¥®à¥¬  4. �ãáâì ¢ á¨áâ¥¬¥ (1) ¤¥©áâ¢ãîâ â®«ìª® ¥ª®á¥à¢ â¨¢ë¥ á¨«ë (K = 0,
QTx = 0), â®£¤  à ¢®¢¥á¨¥ á¨áâ¥¬ë ¥ãáâ®©ç¨¢®, ¥á«¨

1. á¨«ë â ª®¢ë, çâ® Q(0) = 0, Q(x) 6= 0 ¯à¨ x 6= 0 [1].
2. á¨«ë â ª®¢ë, çâ® (1) ¤®¯ãáª ¥â à¥è¥¨¥ xi = 0, _xi = 0 (i = 1; : : : ; n� 1); xn 6= 0, _xn 6= 0.
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�®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ â¥®à¥¬ë ¯à®¢¥¤¥® ¢ [1]. �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨
â¥®à¥¬ë ¤®áâ â®ç® à áá¬®âà¥âì á®®â®è¥¨¥ (5)   à¥è¥¨¨ xi = 0, _xi = 0 (i = 1; : : : ; n � 1),
xn 6= 0, _xn 6= 0.

�à¨¬¥à 1. �ãáâì ¤   á¨áâ¥¬  á ¥«¨¥©ë¬¨ ¥ª®á¥à¢ â¨¢ë¬¨ á¨« ¬¨

�x1 = x1x
3

2
; �x2 = �x2

1
x2
2
:

�®«®¦¥¨¥ à ¢®¢¥á¨ï x1 = x2 = _x1 = _x2 = 0 ¥¨§®«¨à®¢ ®¥. �ãé¥áâ¢ã¥â ¢®§¬ãé¥®¥
¤¢¨¦¥¨¥ x1 = _x1 = 0, _x2 = c1, x2 = c1t+ c2. �  íâ®¬ ¤¢¨¦¥¨¨ á®®â®è¥¨¥ (5) ¯à¨¨¬ ¥â ¢¨¤
d(x2 _x2)=dt = _x2

2
: �âáî¤  ®ç¥¢¨¤  ¥ãáâ®©ç¨¢®áâì  ç «  ª®®à¤¨ â.

�®®¡é¥ £®¢®àï, à áá¬®âà¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® á«¥¤áâ¢¨ï   \áã¦¥®¬" ä §®¢®¬ ¯à®-
áâà áâ¢¥ ¬®¦¥â ¡ëâì ¤®áâ â®ç® à¥§ã«ìâ â¨¢ë¬ ¤«ï ¢ë¢®¤®¢ ® ¥ãáâ®©ç¨¢®áâ¨, â.ª. ¤«ï ¤®ª -
§ â¥«ìáâ¢  ¥ãáâ®©ç¨¢®áâ¨ ¤®áâ â®ç® ®¡ àã¦¨âì ¯® ªà ©¥© ¬¥à¥ ®¤® ¢®§¬ãé¥®¥ à¥è¥¨¥,
\ãå®¤ïé¥¥" ®â ¥¢®§¬ãé¥®£® ¤¢¨¦¥¨ï.

�¥®à¥¬  5. �á«¨ ¬ âà¨æ  (P TK +KP +2PP ) < 0, â® à¥è¥¨¥ x = _x = 0 á¨áâ¥¬ë (1) ¥-
ãáâ®©ç¨¢® ¢¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨ï ¥«¨¥©ëå á¨« (ª ª ¯®§¨æ¨®ëå, â ª ¨ § ¢¨áïé¨å
®â _x).

�«ï ¤®ª § â¥«ìáâ¢  ¯®áâà®¨¬ «¨¥©ãî á¢ï§ªã á®®â®è¥¨© (2.1) ¨ (6)

d

dt
( _xTPKx+ _xTPPx� xTP _x) = _xTPK _x+ _xTPP _x+

+xTPKx+ xTPPx� xTPQ� xT (K � P )PQ:

�à¨ ãá«®¢¨ïå â¥®à¥¬ë ª¢ ¤à â¨ç ï ä®à¬  ¯¥à¥¬¥ëå x ¨ _x, áâ®ïé ï á¯à ¢ , ®¯à¥¤¥«¥-
® ®âà¨æ â¥«ì  ¥§ ¢¨á¨¬® ®â á« £ ¥¬ëå ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª , ®¯à¥¤¥«ï¥¬ëå ç«¥ ¬¨ á
Q(x; _x), ¢ â® ¢à¥¬ï ª ª ä®à¬ , áâ®ïé ï ¯®¤ § ª®¬ ¯à®¨§¢®¤®©, § ª®¯¥à¥¬¥ . �ë¯®«¥ë
âà¥¡®¢ ¨ï â¥®à¥¬ë �ï¯ã®¢  ® ¥ãáâ®©ç¨¢®áâ¨. �

�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã ¢â®à®£® ¯®àï¤ª 

�x1 + k11x1 + k12x2 � px2 = Q1;

�x2 + k22x2 + k12x1 + px1 = Q2:

� âà¨æ 

P TK +KP + 2PP =
�
2p(k12 � p) p(k22 � k11)
p(k22 � k11) �2p(k12 + p)

�

®¯à¥¤¥«¥® ®âà¨æ â¥«ì , ¥á«¨ p2 � k2
12
> 1=4(k22 � k11)2. �à¨ ¢ë¯®«¥¨¨ íâ®£® ãá«®¢¨ï  -

ç «® ª®®à¤¨ â á¨áâ¥¬ë ¥ãáâ®©ç¨¢®. �á«¨ â¥®à¥¬  1 ¤ ¥â ãá«®¢¨ï ¥ãáâ®©ç¨¢®áâ¨, ¢ ª®â®àëå
kii < 0, â® ãá«®¢¨ï â¥®à¥¬ë 5 ¬®£ãâ ¡ëâì ¢ë¯®«¥ë ¯à¨ kii > 0. �â® ¯®¤â¢¥à¦¤ ¥â ¨§¢¥áâ-
ë© ä ªâ [1], çâ® ¢¢¥¤¥¨¥ ¢ ãáâ®©ç¨¢ãî ¯®â¥æ¨ «ìãî á¨áâ¥¬ã ¥ª®á¥à¢ â¨¢ëå á¨« ¬®¦¥â
¤¥áâ ¡¨«¨§¨à®¢ âì á¨áâ¥¬ã.

� ¬¥ç ¨¥ 1. �á«®¢¨ï â¥®à¥¬ë ¬®£ãâ ¡ëâì ¢ë¯®«¥ë â®«ìª® ¯à¨ detP 6= 0, çâ® ¥¢®§-
¬®¦® ¤«ï á¨áâ¥¬ á ¥ç¥âë¬ ç¨á«®¬ áâ¥¯¥¥© á¢®¡®¤ë.

� ¬¥ç ¨¥ 2. �à¨ ãá«®¢¨ïå â¥®à¥¬ë å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ á¨áâ¥¬ë ¨¬¥¥â ª®à¨ á
¯®«®¦¨â¥«ìë¬¨ ¢¥é¥áâ¢¥ë¬¨ ç áâï¬¨. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¥ãáâ®©ç¨¢®áâì á®åà ï¥âáï
¯à¨ «î¡ëå ¥«¨¥©®áâïå.

�¥®à¥¬  6. �á«¨ ä®à¬  xTKx ®¯à¥¤¥«¥® ®âà¨æ â¥«ì    ¬®£®®¡à §¨¨ xT (P TK+KP+
2PP )x = 0, â® à¥è¥¨¥ x = _x = 0 á¨áâ¥¬ë (1) ¥ãáâ®©ç¨¢® ¢¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨ï

¯à®¨§¢®«ìëå ¥«¨¥©ëå á¨«.
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�®ª § â¥«ìáâ¢®. �®áâà®¨¬ á¢ï§ªã á«¥¤áâ¢¨© (5) ¨ (6) â ª¨¬ ®¡à §®¬, çâ®¡ë áâ®ïé ï á¯à -
¢  ª¢ ¤à â¨ç ï ä®à¬  ¯¥à¥¬¥ëå x, áâ «  ®¯à¥¤¥«¥® ®âà¨æ â¥«ì®©. � á®®â¢¥âáâ¢¨¨ á
â¥®à¥¬®© �¨á«¥à  [9] íâ® ¢®§¬®¦® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 6. �®£¤  ¢ á¢ï§ª¥ á®-
®â®è¥¨© (5) ¨ (6) ¯à®¨§¢®¤ ï ®â § ª®¯¥à¥¬¥®© äãªæ¨¨ �ï¯ã®¢  ¡ã¤¥â ®¯à¥¤¥«¥®
®âà¨æ â¥«ì®© ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨  ç «  ª®®à¤¨ â ¯à¨ «î-
¡ëå ¥«¨¥©ëå á¨« å Q(x; _x). �® â¥®à¥¬¥ �ï¯ã®¢   ç «® ª®®à¤¨ â ¥ãáâ®©ç¨¢®.

�«¥¤áâ¢¨¥. �¨áâ¥¬ã á® § ª®®âà¨æ â¥«ì®© ¬ âà¨æ¥©K ¥«ì§ï áâ ¡¨«¨§¨à®¢ âì ¨ª ª¨¬¨
¥ª®á¥à¢ â¨¢ë¬¨ á¨« ¬¨ [1].

�à¨¬¥à 3. �«ï á¨áâ¥¬ë ¨§ ¯à¨¬¥à  2 à áá¬®âà¨¬ ¢®§¬®¦®áâ¨ ¯®áâà®¥¨ï á¢ï§ª¨ V1 �
�V < 0 ¨§ ª¢ ¤à â¨çëå ä®à¬ V1 = xTKx = k11x

2

1
+ 2k12x1x2 + k22x

2

2
¨ V = xT (P TK + KP +

2PP )x = 2p(k12�p)x21+2p(k22�k11)x1x2�2p(p+k12)x222. �á«¨ K < 0, â® â ª ï á¢ï§ª  áãé¥áâ¢ã¥â,
¨ à ¢®¢¥á¨¥ ¥ãáâ®©ç¨¢®. �®«ãç¨«¨ à¥§ã«ìâ â, ¢ëâ¥ª îé¨© ¨§ â¥®à¥¬ë 1. �®íâ®¬ã ¢ ¤ «ì¥©-
è¥¬ áç¨â ¥¬, çâ® K ¥ ï¢«ï¥âáï ®¯à¥¤¥«¥® ®âà¨æ â¥«ì®©. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥
¯ àë ä®à¬

f2(�) = �2p2[4(p2 � k2
12
)� (k22 � k11)2] + 2�p2(k11 + k22) + k11k22 � k2

12
= 0

¨¬¥¥â à §«¨çë¥ ¤¥©áâ¢¨â¥«ìë¥ ª®à¨, ¥á«¨ p2+ detK = p2+ k11k22 � k212 > 0. �á«¨ ¢ å à ªâ¥-
à¨áâ¨ç¥áª®¬ ¯®«¨®¬¥ a = 4(p2 � k2

12
) � (k22 � k11)2 > 0, çâ® ¢®§¬®¦® â®«ìª® ¯à¨ p � k12 > 0,

â® ä®à¬  V ®¯à¥¤¥«¥® ®âà¨æ â¥«ì , ¨ ¯®â®¬ã ®¡ï§ â¥«ì®  ©¤¥âáï â ª®¥ �, ¯à¨ ª®â®à®¬
V1 � �V < 0. �«¥¤®¢ â¥«ì®, ¤¢¨¦¥¨¥ ¥ãáâ®©ç¨¢®. �â®â à¥§ã«ìâ â á®¢¯ ¤ ¥â á â¥®à¥¬®© 5.
�á«¨ ¯ à ¬¥âàë á¨áâ¥¬ë â ª®¢ë, çâ® a = 0, â® ä®à¬  V ï¢«ï¥âáï ¯®áâ®ï® ®âà¨æ â¥«ì®©,
¯à¨¨¬ îé¥© ã«¥¢ë¥ § ç¥¨ï   ¯àï¬®© 2(p�k12)x1 = (k22�k11)x2. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®©
�¨á«¥à  á¢ï§ªã V1��V < 0 ¬®¦® ¯®áâà®¨âì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  V1 jV=0< 0. �áª«îç ï
á ¯®¬®éìî ãà ¢¥¨ï ¯àï¬®© ¯¥à¥¬¥ãî x1 ¢ V1, ¯®«ãç¨¬ V1jV=0 = x2

2
p(k11+k22)=(p�k12) < 0,

¥á«¨ SpK = k11 + k22 < 0. �à¨ a < 0 ä®à¬  V § ª®¯¥à¥¬¥ . �áª«îç ï ¨§ V1 ®¤ã ¨§ ¯¥-
à¥¬¥ëå c ¯®¬®éìî ãà ¢¥¨ï V = 0, ¯®âà¥¡ã¥¬ V1jV=0 < 0. �â® ¤ áâ ¤®áâ â®çë¥ ãá«®¢¨ï
¥¢®§¬®¦®áâ¨ áâ ¡¨«¨§ æ¨¨ «¨¥©ë¬¨ ¥ª®á¥à¢ â¨¢ë¬¨ ¯®§¨æ¨®ë¬¨ á¨« ¬¨ ¨ à §àãè¥-
¨ï ãáâ®©ç¨¢®áâ¨ ¯®â¥æ¨ «ì®© á¨áâ¥¬ë ¯à¨ ¤®¡ ¢«¥¨¨ á¨« á ª®á®á¨¬¬¥âà¨ç®© ¬ âà¨æ¥©.
� ª ¯®ª §ë¢ ¥â   «¨§ íâ¨å ãá«®¢¨©, ®¨ ¢ë¯®«ïîâáï, ¥á«¨ SpK = k11 + k22 < 0 (á¬. [5]).

�¥®à¥¬  7. �áâ®©ç¨¢®áâì ¯®«®¦¥¨ï à ¢®¢¥á¨ï à¥§® á®© ¯®â¥æ¨ «ì®© á¨áâ¥¬ë

¯à¨ K = �E à §àãè ¥âáï ¯à¨ ¤®¡ ¢«¥¨¨ «¨¥©ëå ¥ª®á¥à¢ â¨¢ëå á¨« ¥§ ¢¨á¨¬® ®â

¥«¨¥©®áâ¨ [1].

� à ¡®â¥ [1] ¤®ª § â¥«ìáâ¢® ¯à®¢¥¤¥® ¯® å à ªâ¥à¨áâ¨ç¥áª®¬ã ãà ¢¥¨î, ¢ [3] ¨á¯®«ì-
§ã¥âáï äãªæ¨ï ¨§ á®®â®è¥¨ï (6) . �à¨¢¥¤¥¬ ¤àã£®¥ ¤®ª § â¥«ìáâ¢®, ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â
¬¥â®¤¨ç¥áª¨© ¨â¥à¥á.

�¢ï§ª  ¤¨ää¥à¥æ¨ «ìëå á«¥¤áâ¢¨© (2) ¨ (6) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

d

dt
((1 + �) _xTPx+ _xTPPx) = _xTPP _x+ xTPPx� xTPQ� xTPPQ:

�à¨ � < 0 á¨áâ¥¬  ¥ãáâ®©ç¨¢ , çâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1. �á«¨ � > 0, detP 6= 0, â® ¥ãáâ®©ç¨-
¢®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 5. �ãáâì detP = 0. � áá¬®âà¨¬ ¯à¨¬ëª îéãî ª  ç «ã ª®®à¤¨ â
®¡« áâì L = fx; _x : _xTPPx < 0; xTP _x < 0g, £à ¨æ¥ ª®â®à®© V = ((1 + �) _xTPx + _xTPPx) = 0
¯à¨ ¤«¥¦ â £¨¯¥à¯«®áª®áâ¨ P _x = 0, Px = 0, _x = 0, x = 0. �ãâà¨ íâ®© ®¡« áâ¨ ¢ ¤®áâ â®ç®
¬ «®© ®ªà¥áâ®áâ¨  ç «  ª®®à¤¨ â _V = _xTPP _x+xTPPx�xTPQ�xTPPQ < 0, çâ® ®¯à¥¤¥«ï-
¥âáï ª¢ ¤à â¨ç®© ä®à¬®© ¯¥à¥¬¥ëå x, _x, ª®â®à ï ®¡à é ¥âáï ¢ ã«ì â®«ìª®   £à ¨æ¥ L,
¯à¨¨¬ ï ®âà¨æ â¥«ìë¥ § ç¥¨ï ¢® ¢á¥å ¤àã£¨å â®çª å ®¡« áâ¨. �« £ ¥¬ë¥ ¡®«¥¥ ¢ëá®ª®£®
¯®àï¤ª  ¬ «®áâ¨ ®â ¥«¨¥©ëå á¨« ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨  ç «  ª®®à¤¨ â ¥
¢«¨ïîâ   § ª V . �à ¥ªâ®à¨ï,  ç ¢è ïáï ¢ãâà¨ íâ®© ®¡« áâ¨ áª®«ì ã£®¤® ¡«¨§ª® ª  ç «ã
ª®®à¤¨ â, ¥ ¬®¦¥â ¯®ª¨ãâì ¥¥ ç¥à¥§ £à ¨æã V = 0, ¨ ®áâ âìáï ¢¡«¨§¨  ç «  ª®®à¤¨ â
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¢ L, â.ª. ¢¤®«ì íâ®© âà ¥ªâ®à¨¨ äãªæ¨ï �ï¯ã®¢  ¢®§à áâ ¥â ¯® ¬®¤ã«î ¢ á¨«ã â®£®, çâ® ¨
á ¬  äãªæ¨ï ¨ ¥¥ ¯à®¨§¢®¤ ï ®âà¨æ â¥«ìë. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© �¥â ¥¢  ¤¢¨¦¥¨¥
¥ãáâ®©ç¨¢®.

�®¦® ¯®«ãç¨âì ¨ ¤àã£¨¥ â¥®à¥¬ë ® ¥ãáâ®©ç¨¢®áâ¨, ¨á¯®«ì§ãï ¤«ï ¤®ª § â¥«ìáâ¢  á¢ï§ª¨
¢ à §«¨çëå ª®¬¡¨ æ¨ïå á«¥¤áâ¢¨© (2), (3),(5), (6).

2. �¥à¢ë¥ ¨â¥£à «ë ¨ â¥®à¥¬ë ®¡ ãáâ®©ç¨¢®áâ¨. � à ¡®â¥ [5] ¯®ª § ®, çâ® ¢®§¬®¦®áâì
áâ ¡¨«¨§ æ¨¨ ¯®â¥æ¨ «ì®© «¨¥©®© á¨áâ¥¬ë ¥ª®á¥à¢ â¨¢ë¬¨ á¨« ¬¨ ¨¬¥¥âáï â®«ìª® ¢
á«ãç ¥, ª®£¤  SpK > 0. �® ¯à¨ íâ®¬ ¥¨§¢¥áâ®, ª ª ¢«¨ïîâ ¥«¨¥©ë¥ á¨«ë. �¨áâ¥¬  (1)
ªà¨â¨ç¥áª ï. �®íâ®¬ã ¥¢®§¬®¦® ¯®áâà®¨âì § ª®®¯à¥¤¥«¥ãî ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ äãª-
æ¨î �ï¯ã®¢  V â ªãî, çâ® ª¢ ¤à â¨ç ï ç áâì ¯à®¨§¢®¤®© ®â V ¥áâì § ª®®¯à¥¤¥«¥ ï
(¯à®â¨¢®¯®«®¦®£® V § ª ) äãªæ¨ï. �«¥¤®¢ â¥«ì®, ¤«ï ¤®ª § â¥«ìáâ¢  ãáâ®©ç¨¢®áâ¨ ¬®¦-
® ¨áª âì äãªæ¨î �ï¯ã®¢  ¢ ª« áá¥ â ª¨å äãªæ¨©, ª¢ ¤à â¨ç ï ç áâì ª®â®àëå ï¢«ï¥âáï
¯¥à¢ë¬ ¨â¥£à «®¬ «¨¥©®© á¨áâ¥¬ë.

� [8] ¯¥à¢ë¥ ¨â¥£à «ë «¨¥©®© á¨áâ¥¬ë (10) ¨á¯®«ì§®¢ ë ¤«ï ¨áá«¥¤®¢ ¨ï ãáâ®©ç¨¢®-
áâ¨ ¨ ¢®§¬®¦®áâ¨ áâ ¡¨«¨§ æ¨¨ ¯à¨ ãá«®¢¨¨, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë K à §«¨çë.
� ª¨¥ ¦¥ ãá«®¢¨ï  ª« ¤ë¢ îâáï ¢ à ¡®â¥ [4]. �¤¥áì ¬ë ¥  ª« ¤ë¢ ¥¬ ®£à ¨ç¥¨©   á®¡-
áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë K.

�áá«¥¤ã¥¬ áâàãªâãàã ª¢ ¤à â¨çëå ¯® x, _x ¯¥à¢ëå ¨â¥£à «®¢ ¤«ï á¨áâ¥¬ë (10). �¢¥¤¥¬
ª¢ ¤à â¨çãî ä®à¬ã

V = _xTN _x+ xTDx+ xTB _x+ _xTBTx; D = DT ; N = NT : (7)

�á«¨ V ¢ (7) ï¢«ï¥âáï ¯¥à¢ë¬ ¨â¥£à «®¬, â® _V � 0. �âáî¤  ¯®«ãç ¥¬, çâ® ¬ âà¨æë ¢ (7)
¤®«¦ë ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬

B = �BT ; (K � P )B = B(K + P ); (K � P )N = N(K + P ):

�á«¨ ¡ã¤ãâ  ©¤¥ë à¥è¥¨ï ¬ âà¨ç®£® ãà ¢¥¨ï

ATZ = ZA; (A = K + P ); (8)

â® ª®á®á¨¬¬¥âà¨ç¥áª¨¥ à¥è¥¨ï ®¯à¥¤¥«ïâ B,   á¨¬¬¥âà¨ç¥áª¨¥ | N . �®£¤   ©¤¥âáï ¨ á¨¬-
¬¥âà¨ç¥áª ï ¬ âà¨æ  D = 1=2((K � P )N +N(K + P )).

� áá¬®âà¨¬ ¯®¤à®¡¥¥ ¬ âà¨ç®¥ ãà ¢¥¨¥ (8). �â«¨ç®¥ ®â ã«ï à¥è¥¨¥ ¢á¥£¤  áãé¥áâ¢ã-
¥â. �á«¨ ¢á¥ ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¬ âà¨æë A = K +P à §«¨çë, â® (8) ¨¬¥¥â
à¥è¥¨¥ | á¨¬¬¥âà¨ç¥áªãî ¬ âà¨æã á n ¯à®¨§¢®«ìë¬¨ ¯ à ¬¥âà ¬¨. �á«¨ ¬ âà¨æ  A â ª®¢ ,
çâ® ¨¬¥¥â à ¢ë¥ ª®à¨ á ¯à®áâë¬¨ í«¥¬¥â àë¬¨ ¤¥«¨â¥«ï¬¨ ¨/¨«¨ à §«¨çë¥ ¦®à¤ ®¢ë¥
ª«¥âª¨ á â ª¨¬¨ ¦¥ ª®àï¬¨, â® ¤«ï (8) áãé¥áâ¢ã¥â ª ª á¨¬¬¥âà¨ç¥áª®¥, â ª ¨ ª®á®á¨¬¬¥âà¨ç¥-
áª®¥ à¥è¥¨¥. �«¥¤®¢ â¥«ì®, á¨¬¬¥âà¨ç¥áª®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â ¢á¥£¤ . �¨á«® ¥§ ¢¨á¨¬ëå

à¥è¥¨© ¤«ï (8) n1 =
uP

i=1

uP
j=1

lij ; £¤¥ u | ç¨á«® í«¥¬¥â àëå ¤¥«¨â¥«¥© (���i)pi ¬ âà¨æë A, lij

| áâ¥¯¥ì  ¨¡®«ìè¥£® ®¡é¥£® ¤¥«¨â¥«ï ¬®£®ç«¥®¢ (�� �i)pi ¨ (�� �j)pj [10].

�¥®à¥¬  �. �¨á«® ¥§ ¢¨á¨¬ëå ª¢ ¤à â¨çëå ¯® x, _x ¯¥à¢ëå ¨â¥£à «®¢ (7) ¤«ï «¨¥©®©
á¨áâ¥¬ë (10) n1 � n.

�«ï ª®á®á¨¬¬¥âà¨ç¥áª®£® à¥è¥¨ï Z ¤¨ £® «ìë© ¡«®ª, á®®â¢¥âáâ¢ãîé¨© ¦®à¤ ®¢®©
ª«¥âª¥ ¬ âà¨æë A á ª®à¥¬ �i, ¢á¥£¤  ã«¥¢®©. �¥¤¨ £® «ìë¥ ®â«¨çë¥ ®â ã«ï í«¥¬¥-
âë ¢ Z ¬®£ãâ ¡ëâì â®«ìª® ¯à¨  «¨ç¨¨ à ¢ëå �i ª®à¥© ¢ ¤àã£¨å ¦®à¤ ®¢ëå ª«¥âª å ¨«¨
¤¨ £® «ìëå í«¥¬¥â å ¬ âà¨æë A = K + P . �«ï á¨¬¬¥âà¨ç¥áª®£® à¥è¥¨ï, ¥á«¨ A ¨¬¥¥â
¦®à¤ ®¢ãî ª«¥âªã, â® ¢ à¥è¥¨¨ Z   ¤¨ £® «¨ ®¡ï§ â¥«ì® ¥áâì ã«¨ ¢ ¨¦¥¬ ã£«ã ¡«®ª ,
á®®â¢¥âáâ¢ãîé¥£® íâ®© ¦®à¤ ®¢®© ª«¥âª¥.
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� ª á«¥¤ã¥â ¨§ â¥®à¥¬ë �, ¤«ï «¨¥©®© á¨áâ¥¬ë (10) ¢á¥£¤  áãé¥áâ¢ã¥â ª¢ ¤à â¨çë© ¯®
x, _x ¯¥à¢ë© ¨â¥£à «. �¤¨ ¨§ â ª¨å ¨â¥£à «®¢ ¯®«ãç¨¬ ¨§ á®®â®è¥¨ï (4), ¢ë¡à ¢ á¨¬¬¥-
âà¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (8) ¢ ª ç¥áâ¢¥ ¬ âà¨æë L. �á«¨ L = K, â® ¨§ (4.1) á«¥¤ã¥â, çâ®
â ª®© ¨â¥£à « ¢®§¬®¦¥ ¤«ï á¨áâ¥¬, ã ª®â®àëå KP = �PK.

�«ï ¥«¨¥©®© á¨áâ¥¬ë (1) ¨é¥¬ ¯¥à¢ë© ¨â¥£à « ¢ ¢¨¤¥

W = V + F (x; _x); (9)

¨ â®£¤  ª ãà ¢¥¨ï¬ (8) ã¦® ¤®¡ ¢¨âì ãà ¢¥¨ï

2NQ+
@F

@x
= 0; (10)

2BQ� (K � P )
@F

@ _x
= 0; (11)

QT @F

@ _x
= 0: (12)

�à¨ det(K + P ) 6= 0 ¨§ (11) á«¥¤ã¥â @F=@ _x = 2(K � P )�1BQ,   ¨§ (8) | BT (K + P )�1 |
ª®á®á¨¬¬¥âà¨ç ï ¬ âà¨æ ; ¯®â®¬ã (12) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥®: QT (K � P )�1BQ � 0.
�§ (10)  å®¤¨¬ @F=@x = �2NQ. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï F (x; _x)

@2F

@ _x@x
=

@2F

@x@ _x
;

@2F

@ _xi@ _xj
=

@2F

@ _xj@ _xi
;

@2F

@xi@xj
=

@2F

@xj@xi
; (i; j = 1; : : : ; n):

�âáî¤  ¢ëâ¥ª îâ âà¥¡®¢ ¨ï

N@Q=@x = (@Q=@x)TN; N@Q=@ _x = (K � P )�1B@Q=@x;

(K � P )�1B@Q=@ _x = (@Q=@ _x)TB(K � P )�1; (13)

ª®â®àë¥ ¬®¦® à áá¬ âà¨¢ âì, ¢ ç áâ®áâ¨, ª ª ãá«®¢¨ï   ¥«¨¥©®áâ¨ Q. �á«¨ ¥«¨¥©ë¥
á¨«ë ¯®â¥æ¨ «ìë¥ (Q = Q1 = gradU(x)) ¨ â ª¨¥, çâ®

U(x) =
nX
i=1

Ui(xi);

  ¬ âà¨æ  N ¤¨ £® «ì ï, â® (13) ¢ë¯®«ï¥âáï, â.ª. â®£¤  ¬ âà¨æ  �¥áá  ¤«ï U(x) ï¢«ï¥âáï
¤¨ £® «ì®© ¨ ¯®â®¬ã ¯¥à¥áâ ®¢®ç  á «î¡®© ¤¨ £® «ì®© ¬ âà¨æ¥© N .

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (13)

F (x; _x) =
Z
�2(NQ)Tdx+QTB(K + P )�1d _x; F (0; 0) = 0:

�á«¨ B = 0, â® ¯à¨ det(K +P ) 6= 0 ¨¬¥¥¬ ¨§ (11) @F=@ _x = 0, ¨ @F=@ _x 6= 0 ¢®§¬®¦® â®«ìª® ¯à¨
det(K + P ) = 0.

�à¥¤«®¦¥¨¥. �ãáâì L ¨§ (4) ã¤®¢«¥â¢®àï¥â (8) ¨ ¢ë¯®«¥ë ãá«®¢¨ï (13) (¯à¨ B = 0,
@F=@ _x = 0): �®£¤  á¨áâ¥¬  ¤®¯ãáª ¥â ¯¥à¢ë© ¨â¥£à « ¢¨¤  (9). �£® § ª®®¯à¥¤¥«¥áâì § -

¢¨á¨â ®â ª¢ ¤à â¨ç®© ç áâ¨ V . �á«®¢¨ï L > 0 (< 0) ¨ D = 1=2((K � P )L + L(K + P )) > 0
(< 0) ï¢«ïîâáï ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ ãáâ®©ç¨¢®áâ¨ ¯® x, _x âà¨¢¨ «ì®£® à¥è¥¨ï ª ª

«¨¥©®© á¨áâ¥¬ë (10), â ª ¨ ¥«¨¥©®© (1) ¯à¨ ¢ë¡®à¥ ¥«¨¥©®áâ¨ Q, ®¯à¥¤¥«ï¥¬®¬ ãá«®-

¢¨ï¬¨ (13). �á«¨ ¯à¨ íâ®¬ ¢ (1) Q = Q( _x), â® ¯à¨ _xTLQ < 0 âà¨¢¨ «ì®¥ à¥è¥¨¥ ãáâ®©ç¨¢®
¯® x ¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¯® _x.

�¥®à¥¬  8. �á«¨ «¨¥© ï á¨áâ¥¬  (10) ¤®¯ãáª ¥â ª¢ ¤à â¨çë© ¯¥à¢ë© ¨â¥£à « á ¤¨ £®-

 «ì®© ¬ âà¨æ¥© ¯à¨ _x, â® âà¥¡®¢ ¨ï § ª®®¯à¥¤¥«¥®áâ¨ ¯® _x, x íâ®£® ¨â¥£à «  ï¢«ï-

îâáï ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì®£® à¥è¥¨ï ¥«¨¥©®© á¨áâ¥¬ë

(1), ¢ ª®â®à®© á¨«ë Q ¯®â¥æ¨ «ìë á á¨«®¢®© äãªæ¨¥© U(x) =
nP
i=1

Ui(xi).
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�à¨¬¥à 4. � áá¬®âà¨¬ á¨áâ¥¬ã ¢â®à®£® ¯®àï¤ª  ¨§ ¯à¨¬¥à  2. � âà¨æ 

A = K + P =
�

k11 k12 � p
k12 + p k22

�

¨¬¥¥â å à ªâ¥à¨áâ¨ç¥áª¨© ¯®«¨®¬ f(�) = �2 � �(k11 + k22) + (k11k22 + p2 � k2
12
) = 0: �á«¨ ¯ -

à ¬¥âàë á¨áâ¥¬ë â ª®¢ë, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï A à §«¨çë, â® ¤«ï (8) áãé¥áâ¢ã¥â â®«ìª®
á¨¬¬¥âà¨ç¥áª®¥ à¥è¥¨¥ (¬ âà¨æ  L ¤«ï (4)). �á«¨ á®¡áâ¢¥ë¥ § ç¥¨ï A à ¢ë, â® ¨¬ ¡ã-
¤¥â á®®â¢¥âáâ¢®¢ âì ¦®à¤ ®¢ ï ª«¥âª  (p 6= 0). �â® á«¥¤ã¥â ¨§ â®£®, çâ® ª®á®á¨¬¬¥âà¨ç¥áª¨å
à¥è¥¨© §¤¥áì ¤«ï (8) ¥ áãé¥áâ¢ã¥â. �¡®§ ç¨¬ qij = @Qi=@xj .

�à ¢¥¨ï (8) ¨ (13) ®¡à §ãîâ ¯¥à¥®¯à¥¤¥«¥ãî á¨áâ¥¬ã

(k12 � p)l11 � (k11 � k22)l12 � (k12 + p)l22 = 0;

q12l11 � (q11 � q22)l12 � q21l22 = 0:
(14)

�§ ¢â®à®£® ãà ¢¥¨ï (14) á«¥¤ã¥â

@(Q1l11 +Q2l12)=@x2 = @(Q1l12 +Q2l22)=@x1 = f(x1; x2);

¨ ¯®íâ®¬ã

Q1l11 +Q2l12 =
Z
f(x1; x2)dx2 + f1(x1) =  1(x1; x2);

Q1l12 +Q2l22 =
Z
f(x1; x2)dx1 + f2(x2) =  2(x1; x2):

�âáî¤ , ¥á«¨ � = l11l22 � l2
12
6= 0, ¯®«ãç ¥¬

Q1 = (l22 1 � l12 2)=�; Q2 = (l11 2 � l12 1)=�: (15)

�á«¨ � = 0; â® ¥®¡å®¤¨¬® l11 2 � l12 1 = 0, l12 2 � l22 1 = 0.

� áá¬®âà¨¬ ¤àã£¨¥ ¢ à¨ âë ¥«¨¥©®áâ¥© Q = Q(x), ¯à¨ ª®â®àëå ¨¬¥îâ ¬¥áâ® ¨â¥£à «ë
¢¨¤  (9)

1. lii = 0, l12 6= 0 : Qi = (l12 j � ljj i)=l212,

Qj =
�Z

f(x1; x2)dxj + fi(xi)
�
=l12; (i; j = 1; 2);

2. lii 6= 0, (i = 1; 2), l12 = 0 : Qi =  i=lii;
3. l12 = 0, lii = 0, ljj 6= 0, â®£¤  � = 0, ¨§ ãá«®¢¨© á®¢¬¥áâ®áâ¨ ¯®«ãç ¥¬  i = 0, ¨ ¯®íâ®¬ã
fi(xi) = 0, f(x1; x2) = 0,  j = fj(xj), Qj = fj(xj)=ljj , Qi ¯à®¨§¢®«ì®;

4. lij 6= 0, � = 0, â®£¤  ãá«®¢¨ï (13) ¬®£ãâ ¡ëâì ¢ë¯®«¥ë â®«ìª® ¯à¨  i = 0, á«¥¤®¢ â¥«ì-
®, Q1 = �Q2

p
l22=l11:

�§ ¯¥à¢®£® ãà ¢¥¨ï (14) ¨¬¥¥¬ l12 = (l11(k12 � p) � l22(k12 + p))=(k11 � k22) ¯à¨ k11 6= k22.
�á«¨ k11 = k22, â® l11(k12�p) = l22(k12+p): �à¨ â ª¨å lij ¢ëç¨á«ï¥¬ ¢ ¯¥à¢®¬ ¨â¥£à «¥ ¬ âà¨æã
D ª®íää¨æ¨¥â®¢ ¯à¨ x. � á®®â¢¥âáâ¢¨¨ á à áá¬®âà¥ë¬¨ ¢ à¨ â ¬¨ ¯®«ãç¨¬ á«¥¤ãîé¥¥.

�á«¨ k11 6= k22, ¤«ï á¨áâ¥¬ë á ¥«¨¥©®áâï¬¨ (15) áãé¥áâ¢ã¥â ¨â¥£à «

W = l11(k11 � k22) _x21 + 2(l11(k12 � p)� l22(k12 + p)) _x1 _x2 + l22(k11 � k22) _x22 +

+ (l11(k
2

11
� k11k22 + k2

12
� p2)� l22(k12 + p)2)x2

1
+ 2(l11k11(k12 � p)� l22k22(k12 + p))x1x2 +

+ (l22(k11k22 � k2
22
� k2

12
+ p2) + l11(k12 � p)2)x2

2
� 2(k11 � k22)

Z
 1dx1 +  2dx2 = const; (16)

£¤¥ lii | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.
�«ï § ª®®¯à¥¤¥«¥®áâ¨W ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® l11(k11� k22) > 0

(< 0), l11l22(k11�k22)2�(l11(k12�p)� l22(k12+p))2 > 0, ¨ d11 > 0 (< 0), d11d22�d212 = (k2
12
�k11k22�

17



p2)(l11(k12 � p) � l22(k12 + p)2 � l11l22(k11 � k22)2) > 0: �âáî¤  ¯à¨ «î¡®¬ ¢ë¡®à¥ lii ¥®¡å®¤¨¬®
á«¥¤ã¥â ãá«®¢¨¥

det(K + P ) = k11k22 � k2
12
+ p2 > 0: (17)

�á«¨ ¢ (16) ¢ë¡à âì l11 = l22 = 1, ¯®«ãç¨¬ á®¢¬¥áâ® á (17) ¤®áâ â®çë¥ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨
¥«¨¥©®© á¨áâ¥¬ë

k2
11
� k11k22 � 2p(p+ k12) > 0;

(k11 � k22)
2 � 4p2 > 0:

�à¨ç¥¬ ¯®á«¥¤¥¥, ¢§ïâ®¥ á ¯à®â¨¢®¯®«®¦ë¬ § ª®¬, ï¢«ï¥âáï ãá«®¢¨¥¬ ¥ãáâ®©ç¨¢®áâ¨. �â®
¯®ª § ® ¢ ¯à¨¬¥à¥ 2. �®íâ®¬ã ®® ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ (¡¥§ £à ¨æë), â ª ¦¥, ª ª ¨ (17).

�á«¨ á¨áâ¥¬  â ª®¢ , çâ® k12 = �p, â® ¯à¨ k11 > 0, k22 > 0 âà¨¢¨ «ì®¥ à¥è¥¨¥ á¨áâ¥¬ë
ãáâ®©ç¨¢®, â.ª. ¢ë¡®à®¬ lii ¬®¦® á¤¥« âì ¨â¥£à « (16) § ª®®¯à¥¤¥«¥ë¬.

�á«¨ k11 = k22 , â® á¨áâ¥¬  á ¥«¨¥©®áâï¬¨ (15) ¤®¯ãáª ¥â ¨â¥£à «

W = l22
(k12 + p)
k12 � p

_x2
1
+ l22 _x22 + 2l12 _x1 _x2 +

+ (l12(k12 + p) + k11l22
(k12 + p)
k12 � p

)x2
1
+ 2(l12k11 + l22(k12 + p))x1x2 + (l22k11 + l12(k12 � p))x2

2
�

� 2
Z
(l22

k12 + p

k12 � p
Q1 + l12Q2)dx1 + (l12Q1 + l22Q2)dx2 = const :

�à¨ k2
12
� p2 > 0, k11 > 0 íâ®â ¨â¥£à « ¬®¦¥â ¡ëâì § ª®®¯à¥¤¥«¥ë¬. �®«ãç¨«¨ ¤®áâ â®ç-

ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì®£® à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë. �á«¨ k12 = �p,  
¥«¨¥©®áâ¨ ¨¬¥îâ ¢¨¤ Q2 = Q2(x2); Q1 = Q1(x1; x2), â® ¯à¨ k11 > 0 ¨¬¥¥â ¬¥áâ® ãáâ®©ç¨¢®áâì
¯® ¯¥à¥¬¥ë¬ x2, _x2. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¢ë¡à âì ¢ ¨â¥£à «¥ l12 = 0.

� ª®¥æ, à áá¬®âà¨¬ ¢ à¨ â, ¢ ª®â®à®¬ k11 = �k22, â.¥. SpK = 0. �®£¤  «¨¥© ï á¨áâ¥¬ 
(10) ¥ãáâ®©ç¨¢  ¯® ª®®à¤¨ â ¬, ¨ ¯®â®¬ã ¥ áãé¥áâ¢ã¥â § ª®®¯à¥¤¥«¥®£® ª¢ ¤à â¨ç®£®
¯® íâ¨¬ ¯¥à¥¬¥ë¬ ¨â¥£à « . �«ï â ª®© á¨áâ¥¬ë ¯à¨ k2

11
+ k2

12
� p2 6= 0 å à ªâ¥à¨áâ¨ç¥áª®¥

ãà ¢¥¨¥ ®¡ï§ â¥«ì® ¨¬¥¥â ª®à¨ á ¯®«®¦¨â¥«ì®© ¢¥é¥áâ¢¥®© ç áâìî, ¯à¨ k2
11
+k2

12
�p2 = 0

¢á¥ ª®à¨ ã«¥¢ë¥. �¥à¢ë© ¨â¥£à « ¢¨¤  (9) ¯®«ãç¨¬ ¨§ (16). �ãáâì k2
11
+ k2

12
� p2 = 0. �®£¤ 

ª¢ ¤à â¨ç ï ç áâì ¨â¥£à «  (9) ¨¬¥¥â ¢¨¤

V = l11 _x2 + (l11(k12 � p)� l22(k12 + p)) _x1 _x2=k11 + l22 _x22 +

+ (l11(k12 � p) + l22(k12 + p))((k12 � p)x2
1
+ 2k11x1x2 � (k12 + p)x2

2
)=2k11: (18)

�«ï ä®à¬ë (18) ãá«®¢¨ï § ª®®¯à¥¤¥«¥®áâ¨ ¯® xi, _xi ¥á®¢¬¥áâë. �á«®¢¨ï § ª®¯®áâ®ïáâ¢ 
¯à¨¢®¤ïâ ª âà¥¡®¢ ¨î l11(k12 � p) + l22(k12 + p) = 0. �ë¡¥à¥¬ l11 = k12 + p, l22 = p� k12. �®à¬ 
(18) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã V1 = _z2, £¤¥ _z =

p
k12 + p _x1 �

p
p� k12 _x2. V1 ï¢«ï¥âáï ¯¥à¢ë¬ ¨â¥-

£à «®¬ «¨¥©®© á¨áâ¥¬ë, ¨ ® á®åà ï¥âáï ¯à¨ ¤¥©áâ¢¨¨ ¥«¨¥©ëå á¨«, ¥á«¨ ®¨ á¢ï§ ë
á®®â®è¥¨¥¬ Q1 = �Q2

p
(p� k12)=(k12 + p). �á«¨ p > k12, V1 > 0 ¨, á«¥¤®¢ â¥«ì®, âà¨¢¨ «ì®¥

à¥è¥¨¥ ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë ãáâ®©ç¨¢® ¯® _z.
�ãáâì k2

11
+ k2

12
� p2 6= 0. �á«®¢¨ï § ª®®¯à¥¤¥«¥®áâ¨ ª¢ ¤à â¨ç®© ç áâ¨ ¨â¥£à «  (9)

¯®-¯à¥¦¥¬ã ¥á®¢¬¥áâë. � ª®¯®áâ®ïáâ¢® ä®à¬ë ¢®§¬®¦® ¯à¨ § ç¥¨ïå lii, ã¤®¢«¥â¢®àï-
îé¨å 4k2

11
l11l22 � (l11(k12 � p)� l22(k12 + p))2 = 0. �®¤áâ ¢«ïï lii ¢ (18), ¯®«ãç ¥¬, çâ® «¨¥© ï

á¨áâ¥¬  ¤®¯ãáª ¥â ª¢ ¤à â¨çë© ¨â¥£à «

V2 =
�
(k11 +

p
k211 + k212 � p2

k12 � p
_x1 + _x2

�2
+

+
q
k211 + k212 � p2

�
k11 +

p
k2
11
+ k2

12
� p2

k12 � p
x1 + x2

�2
; (k2

11
+ k2

12
� p2 > 0);
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ª®â®àë© á®åà ï¥âáï ¨ ¯à¨ ¤¥©áâ¢¨¨ ¥«¨¥©ëå á¨«, á¢ï§ ëå á®®â®è¥¨¥¬ Q1 = �Q2(k12�
p)=(k11+

p
k211 + k212 � p2). �«¥¤®¢ â¥«ì®, ¢ ¤ ®© á¨âã æ¨¨ âà¨¢¨ «ì®¥ à¥è¥¨¥ ãáâ®©ç¨¢® ¯®

¯¥à¥¬¥ë¬ y = x1(k11 +
p
k211 + k212 � p2)=(k12 � p) + x2 ¨ _y.
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