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� ¤ ­­®© à ¡®â¥ ¨áá«¥¤ãîâáï ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ­¥«¨­¥©­ëå
á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ­¥áâ æ¨®­ à­ë¬¨ ¢®§¬ãé¥­¨ï¬¨.

1. � áá¬®âà¨¬ á¨áâ¥¬ã

_xs =
nX

j=1

asjxj ; s = 1; : : : ; n; (1)

£¤¥ asj | ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë, ¨ á®®â¢¥âáâ¢ãîéãî ¢®§¬ãé¥­­ãî á¨áâ¥¬ã

_xs =
nX

j=1

(asj + bsj(t))xj ; s = 1; : : : ; n: (2)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äã­ªæ¨¨ bsj(t) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0 ¢¬¥áâ¥ á ¨­â¥£à -
« ¬¨ Z t

0

bsj(�)d�: (3)

� à ¡®â¥ [1] ¤®ª § ­®, çâ® ¨§  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë (1) ¬®¦¥â ­¥ á«¥¤®¢ âì
 á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á¨áâ¥¬ë (2). �® ¥áâì ¢®§¬ãé¥­¨ï à áá¬ âà¨¢ ¥¬®£® ¢¨¤  ¬®£ãâ
­ àãè âì  á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì «¨­¥©­ëå á¨áâ¥¬.

� áá¬®âà¨¬ ¤ «¥¥ ­¥«¨­¥©­ãî á¨áâ¥¬ã

_xs = fc(X) +
kX

j=1

bsj(t)hj(X); s = 1; : : : ; n: (4)

�¤¥áì fs(X) ¨ hj(X) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¤­®à®¤­ë¥ äã­ªæ¨¨ ¯®àï¤ª  � ¨ �
á®®â¢¥âáâ¢¥­­®, � = p=q, � > 1, � = u=r, � > 1, £¤¥ p, q, u, r | ­ âãà «ì­ë¥ ç¨á« , ¯à¨ç¥¬ q ¨
r ­¥ç¥â­ë¥,   äã­ªæ¨¨ bsj(t) ã¤®¢«¥â¢®àïîâ ãª § ­­ë¬ ¢ëè¥ ãá«®¢¨ï¬.

�ãáâì ­ã«¥¢®¥ à¥è¥­¨¥ ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë

_xs = fs(X); s = 1; : : : ; n; (5)

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. � á«ãç ¥, ª®£¤  ¯®àï¤®ª ¢®§¬ãé¥­¨© ¯à¥¢ëè ¥â ¯®àï¤®ª äã­ªæ¨©
fs(X), â.¥. � > �, ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (4) â ª¦¥  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® (á¬. [2]).

�®ª ¦¥¬, çâ® ¤«ï ­¥«¨­¥©­ëå á¨áâ¥¬  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï ¬®-
¦¥â á®åà ­ïâìáï ¨ ¯à¨ � � �.

2.�§¢¥áâ­® ([3], á.115{123 ), çâ® ¨§  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë
(5) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ äã­ªæ¨© V (X) ¨ W (X), ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨:

1) V (X) ¨ W (X) | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë¥ äã­ªæ¨¨;

� ¡®â  ç áâ¨ç­® ä¨­ ­á¨à®¢ « áì £à ­â®¬ òJKF 100 �¥¦¤ã­ à®¤­®£® ­ ãç­®£® ä®­¤  ¨ �®áá¨©áª®£®

¯à ¢¨â¥«ìáâ¢ .
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2) V (X) ¨ W (X) | ®¤­®à®¤­ë¥ äã­ªæ¨¨ ¯®àï¤ª  m ¨ m+ �� 1 á®®â¢¥âáâ¢¥­­®, m > 1;
3) äã­ªæ¨ï V (X) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ;
4) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

nX
s=1

@V

@xs
fs(X) = �W (X):

�à¥¤¯®«®¦¨¬, çâ® V (X) | ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï. �«ï ¢ë¯®«-
­¥­¨ï íâ®£® ãá«®¢¨ï ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨¨ fs(X) ï¢«ï«¨áì ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ë¬¨ (á¬. [3], á.119{123).

�¥®à¥¬  1. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ 

2� > �+ 1 (6)

­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (4)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �ãáâì

V1 = V (X)�
nX

s=1

@V

@xs

kX
j=1

Z t

0
bsj(�)d� hj(X); (7)

£¤¥ V (X) | äã­ªæ¨ï �ï¯ã­®¢ , á®®â¢¥âáâ¢ãîé ï ­¥¢®§¬ãé¥­­®© á¨áâ¥¬¥ (5).
�ã­ªæ¨ï V1(t;X) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­  ¨ ¤®¯ãáª ¥â ¡¥áª®­¥ç­® ¬ «ë© ¢ëáè¨© ¯à¥¤¥«.

�¨ää¥à¥­æ¨àãï ¥¥, ¢ á¨«ã á¨áâ¥¬ë (4) ¯®«ãç ¥¬

dV1
dt

=
nX

s=1

@V

@xs
fs(X)�

nX
r=1

nX
s=1

kX
j=1

Z t

0
bsj(�)d�

@

@xr

�
@V

@xs
hj(X)

�
fr(X)�

�
nX

r=1

nX
s=1

kX
j=1

kX
i=1

bri(t)
Z t

0

bsj(�)d�
@

@xr

�
@V

@xs
hj(X)

�
hi(X):

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬

dV1
dt

= �W (X) +W1(t;X) +W2(t;X); (8)

£¤¥ W (X) | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ®¤­®à®¤­ ï äã­ªæ¨ï ¯®àï¤ª  m+ �� 1,   W1(t;X) ¨
W2(t;X) | «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ®¤­®à®¤­ëå äã­ªæ¨© ¯¥à¥¬¥­­ëå x1; : : : ; xn ¯®àï¤ª  m+�+
��2 ¨m+2��2 á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ ª®íää¨æ¨¥­âë «¨­¥©­ëå ª®¬¡¨­ æ¨© ï¢«ïîâáï ­¥¯à¥-
àë¢­ë¬¨ ¨ ®£à ­¨ç¥­­ë¬¨ ¯à¨ t � 0 äã­ªæ¨ï¬¨. �«¥¤®¢ â¥«ì­®, ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ 
(6) ¯à®¨§¢®¤­ ï äã­ªæ¨¨ V1(t;X) ¢ á¨«ã á¨áâ¥¬ë (4) ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ .

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï (7) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë �ï¯ã­®¢  ®¡  á¨¬¯â®â¨ç¥-
áª®© ãáâ®©ç¨¢®áâ¨ ([4], á.61{65).

�à¨¬¥à 1. � áá¬®âà¨¬ á¨áâ¥¬ã

_xs =
nX

j=1

asjx
�
j ; s = 1; : : : ; n; (9)

£¤¥ asj | ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë,   � = p=q, � > 1, ¯à¨ç¥¬ p ¨ q ­¥ç¥â­ë¥.
�ãáâì ¢á¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë (A+A�)=2 ®âà¨æ â¥«ì­ë. �§¢¥áâ­® ([5], á.78{80), çâ®

¢ íâ®¬ á«ãç ¥ ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (9)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®,   ®¤­®à®¤­ãî äã­ªæ¨î
�ï¯ã­®¢  ¬®¦­® ¢ë¡à âì ¢ ¢¨¤¥

V (X) =
nX

s=1

x�+1s :
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�ãáâì § ¤ ­  ¢®§¬ãé¥­­ ï á¨áâ¥¬ 

_xs =
nX

j=1

(asj + bsj(t))x
�
j ; s = 1; : : : ; n: (10)

�®-¯à¥¦­¥¬ã ¯à¥¤¯®« £ ¥¬, çâ® äã­ªæ¨¨ bsj(t) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0 ¢¬¥áâ¥ á
¨­â¥£à « ¬¨ (3).

�à¨¬¥­ïï â¥®à¥¬ã 1, ã¡¥¦¤ ¥¬áï çâ® ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (10)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-
ç¨¢®.

3. �®ª ¦¥¬ ¤ «¥¥, çâ® ¢ á«ãç ¥, ª®£¤  äã­ªæ¨¨ bsj(t) ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ ¤®¯®«­¨-
â¥«ì­ë¬ ãá«®¢¨ï¬, ®¡« áâì §­ ç¥­¨© ¯ à ¬¥âà®¢ � ¨ �, ¯à¨ ª®â®àëå ¨¬¥¥â ¬¥áâ®  á¨¬¯â®â¨-
ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë (4), ¬®¦­® à áè¨à¨âì, ¨á¯®«ì§ãï ­¥áª®«ìª®
¬®¤¨ä¨æ¨à®¢ ­­ë© á¯®á®¡ ¯®áâà®¥­¨ï äã­ªæ¨¨ �ï¯ã­®¢ .

� áá¬®âà¨¬ äã­ªæ¨¨

c(ri)sj (t) = bri(t)
Z t

0

bsj(�)d�; s; r = 1; : : : ; n; i; j = 1; : : : ; k:

�â¨ äã­ªæ¨¨ ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0. �à¥¤¯®«®¦¨¬, çâ® ¨­â¥£à «ë
Z t

0

c
(ri)
sj (�)d� (11)

â ª¦¥ ®£à ­¨ç¥­ë ¯à¨ t � 0.

�¥®à¥¬  2. �á«¨ äã­ªæ¨¨

@

@xr

�
@V

@xs
hj

�
hi; r; s = 1; : : : ; n; i; j = 1; : : : ; k;

­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë, â® ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ 

3� > �+ 2 (12)

­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (4)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨î �ï¯ã­®¢  ¤«ï á¨áâ¥¬ë (4) ¢ë¡¨à ¥¬ ¢ ¢¨¤¥

V2 = V1(t;X) +
nX

s=1

nX
r=1

kX
j=1

kX
i=1

Z t

0
c
(ri)
sj (�)d�

@

@xr

�
@V

@xs
hj(X)

�
hi(X);

£¤¥ V1(t;X) | äã­ªæ¨ï, ¯®áâà®¥­­ ï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.
� ª ª ª ¨­â¥£à «ë (11) ®£à ­¨ç¥­ë ¯à¨ t � 0,   � > 1, â® äã­ªæ¨ï V2(t;X) ¯®«®¦¨â¥«ì­®

®¯à¥¤¥«¥­  ¨ ¤®¯ãáª ¥â ¡¥áª®­¥ç­® ¬ «ë© ¢ëáè¨© ¯à¥¤¥«. �¥ ¯à®¨§¢®¤­ ï ¢ á¨«ã á¨áâ¥¬ë (4)
¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

dV2
dt

= �W (X) +W1(t;X) +W3(t;X) +W4(t;X); (13)

£¤¥ W (X) ¨ W1(t;X) | äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ¢ëà ¦¥­¨¥ (8),   W3(t;X) ¨ W4(t;X) | «¨­¥©­ë¥
ª®¬¡¨­ æ¨¨ á ®£à ­¨ç¥­­ë¬¨ ¯à¨ t � 0 ª®íää¨æ¨¥­â ¬¨ ®¤­®à®¤­ëå äã­ªæ¨© ¯®àï¤ª  m +
�+ 2� � 3 ¨ m+ 3� � 3 á®®â¢¥âáâ¢¥­­®.

�á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (12), â® íâ  ¯à®¨§¢®¤­ ï ï¢«ï¥âáï ®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­®©
äã­ªæ¨¥©.

� ¬¥ç ­¨¥ 1. � ­¥ª®â®àëå á«ãç ïå ã¤ ¥âáï ãâ®ç­¨âì ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨-
¢®áâ¨, ­¥ âà¥¡ãï ®£à ­¨ç¥­­®áâ¨ ¨­â¥£à «®¢ (11).
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�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã

_xs =
@

@xs

�
W (X) +

kX
j=1

bj(t)Wj(X)
�
; s = 1; : : : ; n: (14)

�¤¥áì W (X) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï ®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­ ï ®¤­®à®¤­ ï ¯®àï¤-
ª  �+1 äã­ªæ¨ï, � > 1,Wj(X) | ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¤­®à®¤­ë¥ ¯®àï¤ª 
�+1 äã­ªæ¨¨, � > 1,   äã­ªæ¨¨ bj(t) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0 ¢¬¥áâ¥ á ¨­â¥£à « ¬¨

Z t

0
bj(�)d�:

�ãáâì

V (X) =
1
2

nX
s=1

x2s:

�ã­ªæ¨ï V1(t;X), ¯®áâà®¥­­ ï ¯® ä®à¬ã«¥ (7), ¨¬¥¥â ¢¨¤

V1 = V (X)� (� + 1)
kX

j=1

Z t

0

bj(�)d� Wj(X):

�® â¥®à¥¬¥ 1 ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (14)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à -
¢¥­áâ¢  (6).

� ©¤¥­­ë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¬®¦­® ãâ®ç­¨âì, ¨á¯®«ì§ãï äã­ªæ¨î

V2 = V1(t;X) +
(� + 1)

2

kX
i=1

kX
j=1

Z t

0

bi(�)d�
Z t

0

bj(�)d�
nX

s=1

@Wi

@xs

@Wj

@xs
:

�âáî¤  ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  (12) ¨¬¥¥â ¬¥áâ®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£®
à¥è¥­¨ï á¨áâ¥¬ë (14).

� ¬¥ç ­¨¥ 2. � ª« ¤ë¢ ï  ­ «®£¨ç­ë¬ ®¡à §®¬ ­®¢ë¥ ãá«®¢¨ï ­  äã­ªæ¨¨ bsj(t), ¬®¦­®
¯à®¤®«¦¨âì ¯à®æ¥áá ¯®áâà®¥­¨ï äã­ªæ¨© �ï¯ã­®¢ , à áè¨àïï ®¡« áâì §­ ç¥­¨© ¯ à ¬¥âà®¢ �
¨ �, ¯à¨ ª®â®àëå ¢®§¬ãé¥­¨ï ­¥ ­ àãè îâ  á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï.

� áá¬®âà¨¬ ­¥ª®â®àë¥ â¨¯ë á¨áâ¥¬, ¤«ï ª®â®àëå ¯à¨¬¥­¥­¨¥ ãª § ­­®£® ¯à®æ¥áá  ¯®§¢®«ï-
¥â ¤®ª § âì, çâ®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á®åà ­ï¥âáï ¯à¨ ¢á¥å � ¨ �, ã¤®¢«¥â¢®àïîé¨å
­¥à ¢¥­áâ¢ ¬

� > 1; � > 1: (15)

�à¨ íâ®¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì áãé¥áâ¢®¢ ­¨¥ ¨ ­¥¯à¥àë¢­®áâì à áá¬ âà¨¢ ¥¬ëå ç áâ­ëå ¯à®-
¨§¢®¤­ëå.

�à¨¬¥à 3. �ãáâì á¨áâ¥¬  (4) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

_xs = fs(X) + b(t)hs(X); s = 1; : : : ; n: (16)

�®£¤  äã­ªæ¨¨ �ï¯ã­®¢  ¡ã¤ãâ ®¯à¥¤¥«ïâìáï ¯® à¥ªãàà¥­â­ë¬ ä®à¬ã« ¬

V1 = V (X)� g1(X)
Z t

0

b(�)d�;

Vi = Vi�1 +
(�1)i

i !
gi(X)

�Z t

0

b(�)d�
�i
; i = 2; 3; : : : ;

£¤¥

g1 =
nX

s=1

@V

@xs
hs(X); gi =

nX
s=1

@gi�1
@xs

hs(X); i = 2; 3; : : :
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�á«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨, ¯®«ãç îé¨¥áï á ¯®¬®éìî äã­ªæ¨¨ Vi(t;X), ¨¬¥îâ ¢¨¤

� > 1 + (�� 1)=(i + 1):

�«¥¤®¢ â¥«ì­®, ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ (15) ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (16)  á¨¬¯â®â¨ç¥áª¨
ãáâ®©ç¨¢®.

�à¨¬¥à 4. �à¥¤¯®«®¦¨¬, çâ® ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ë (4) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

hj = hj(x1; : : : ; xr); 1 � r < n; bsj(t) = 0; s = 1; : : : ; r; j = 1; : : : ; k:

�ãáâì

V1 = V (X)�
nX

�1=r+1

@V

@x�1

kX
�1=1

Z t

0
b�1�1(�)d� h�1(X);

Vi = Vi�1 +
(�1)i

i !

nX
�1=r+1

� � �
nX

�i=r+1

@iV

@x�1 � � � @x�i
�

kX
�1=1

� � �
kX

�i=1

Z t

0
b�1�1(�)d� � � �

Z t

0
b�i�i(�)d� h�1(X) � � � h�i(X); i = 2; 3; : : :

�á¯®«ì§ãï ¤ ­­ë¥ äã­ªæ¨¨, ¯®«ãç ¥¬, çâ®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï
¡ã¤¥â ¨¬¥âì ¬¥áâ® ¯à¨ ¢á¥å §­ ç¥­¨ïå � ¨ �, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ (15).

�à¨¬¥à 5. � áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = f1(X) +
kX

j=1

bj(t)hj(X); _xs = fs(X); s = 2; : : : ; n;

£¤¥
hj(X) =  (x1)'j(x2; : : : ; xn):

� íâ®¬ á«ãç ¥ äã­ªæ¨¨ �ï¯ã­®¢  áâà®ïâáï ¯® ä®à¬ã« ¬

V1 = V (X)� g1(X)
kX

�1=1

'�1

Z t

0
b�1(�)d�;

Vi = Vi�1 +
(�1)i

i !
gi(X)

kX
�1=1

� � �
kX

�i=1

'�1 � � �'�i

Z t

0

b�1(�)d� � � �
Z t

0

b�i(�)d�; i = 2; 3; : : : ;

  äã­ªæ¨¨ gi(X) ¨¬¥îâ ¢¨¤

g1 =
@V

@x1
 (x1); gi =

@gi�1
@x1

 (x1); i = 2; 3; : : :

�à®¢¥àïï ¤«ï äã­ªæ¨© Vi(t;X) ãá«®¢¨ï â¥®à¥¬ë �ï¯ã­®¢  ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®-
áâ¨, ª ª ¨ ¢ ¯à¨¬¥à å 3 ¨ 4, ¯®«ãç ¥¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ (15) ­ã«¥¢®¥ à¥è¥­¨¥
à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ¡ã¤¥â  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

4.�à¥¤«®¦¥­­ë© ¢ ¤ ­­®© à ¡®â¥ ¬¥â®¤ ¯®áâà®¥­¨ï äã­ªæ¨©�ï¯ã­®¢  ¬®¦­® ¨á¯®«ì§®¢ âì
¨ ¢ á«ãç ¥, ª®£¤  ¢®§¬ãé¥­¨ï ¨ ¯à ¢ë¥ ç áâ¨ ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë ï¢«ïîâáï ®¡®¡é¥­­®-
®¤­®à®¤­ë¬¨ äã­ªæ¨ï¬¨.

�¯à¥¤¥«¥­¨¥ ([6], á.187). �ã­ªæ¨î f(X), § ¤ ­­ãî ¨ ­¥¯à¥àë¢­ãî ¯à¨ ¢á¥å X 2 En, ­ -
§®¢¥¬ ®¡®¡é¥­­®-®¤­®à®¤­®© ª« áá  (m1; : : : ;mn) ¯®àï¤ª  m, ¥á«¨ ¤«ï «î¡®£® c 2 (�1;+1)
¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

f(cm1x1; : : : ; c
mnxn) = cmf(x1; : : : ; xn);

£¤¥ m;m1; : : : ;mn | ¯®«®¦¨â¥«ì­ë¥ à æ¨®­ «ì­ë¥ ç¨á«  á ­¥ç¥â­ë¬¨ §­ ¬¥­ â¥«ï¬¨.
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� áá¬®âà¨¬ á¨áâ¥¬ã

_xs = fs(X) +
kX

j=1

bsj(t)hsj(X); s = 1; : : : ; n: (17)

�¤¥áì fs(X) | ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¡®¡é¥­­®-®¤­®à®¤­ë¥ äã­ªæ¨¨ ª« áá 
(m1; : : : ;mn) ¯®àï¤ª  ms + �, hsj(X) { ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ®¡®¡é¥­­®-®¤­®à®¤­ë¥
äã­ªæ¨¨ ª« áá  (m1; : : : ;mn) ¯®àï¤ª ms+�s, £¤¥ �; �1; : : : ; �n | ¯®«®¦¨â¥«ì­ë¥ à æ¨®­ «ì­ë¥
ç¨á«  á ­¥ç¥â­ë¬¨ §­ ¬¥­ â¥«ï¬¨,   äã­ªæ¨¨ bsj(t) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0 ¢¬¥áâ¥
á ¨­â¥£à « ¬¨ (3).

�ãáâì ­ã«¥¢®¥ à¥è¥­¨¥ ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë (5)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �®£¤  áãé¥-
áâ¢ã¥â ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ®¡®¡é¥­­®-®¤­®-
à®¤­ ï äã­ªæ¨ï V (X) ª« áá  (m1; : : : ;mn) ¯®àï¤ª  m, m > 0, ¯à®¨§¢®¤­ ï ª®â®à®© ¢ á¨«ã
á¨áâ¥¬ë (5) ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­  ([6], á.189{192). �§¢¥áâ­® â ª¦¥ ([6], á.197), çâ® ¯à¨ ¢ë-
¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ �s > �, s = 1; : : : ; n, ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (17)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-
ç¨¢®.

�¥®à¥¬  3. �á«¨

2�s > �; s = 1; : : : ; n; (18)

â® ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (17)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �ãáâì

V1 = V (X)�
nX

s=1

@V

@xs

kX
j=1

Z t

0
bsj(�)d� hsj(X); (19)

� = minf�1; : : : ; �ng; z =
nX

s=1

jxsj
1

ms :

�«ï äã­ªæ¨¨ V (X) áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ �1 ¨ �2 â ª¨¥, çâ® ¯à¨ ¢á¥å X 2 En

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
�1z

m � V (X) � �2z
m;

  ¢ëà ¦¥­¨ï
@V

@xs
hsj(X); s = 1; : : : ; n; j = 1; : : : ; k;

ï¢«ïîâáï ®¡®¡é¥­­®-®¤­®à®¤­ë¬¨ äã­ªæ¨ï¬¨ ª« áá  (m1; : : : ;mn) ¯®àï¤ª  m + �s (á¬. [6],
á.190).

�à®¨§¢®¤­ ï äã­ªæ¨¨ V1(t;X) ¢ á¨«ã á¨áâ¥¬ë (17) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ (8), ¯à¨ç¥¬ ¢
¤ ­­®¬ á«ãç ¥ W (X) | ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ®¡®¡é¥­­®-®¤­®à®¤­ ï äã­ªæ¨ï ª« áá 
(m1; : : : ;mn) ¯®àï¤ª  m + �,   äã­ªæ¨¨ W1(t;X) ¨ W2(t;X) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨
X = 0 ¨ ¯à¨ ¢á¥å t � 0 ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

jW1(t;X)j � a1z
m+�+�; jW2(t;X)j � a2z

m+2�;

£¤¥ a1 ¨ a2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
�«¥¤®¢ â¥«ì­®, ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ (18) ¯à®¨§¢®¤­ ï äã­ªæ¨¨ V1(t;X) ¡ã¤¥â ®âà¨-

æ â¥«ì­® ®¯à¥¤¥«¥­ .

�à¨¬¥à 6. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �ì¥­ à 

�x+ ax� _x+ cx2�+1 = 0;

£¤¥ a ¨ c | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, � = p=q, � > 1, ¯à¨ç¥¬ p | ç¥â­®¥,   q | ­¥ç¥â­®¥
ç¨á« . �§¢¥áâ­® ([5], á.69{70), çâ® ­ã«¥¢®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.
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�à®¨§¢¥¤ï § ¬¥­ã

y = _x+
a

�+ 1
x�+1;

¯®«ãç¨¬ á¨áâ¥¬ã

_x = y �
a

�+ 1
x�+1;

_y = �cx2�+1;

¯à ¢ë¥ ç áâ¨ ª®â®à®© ï¢«ïîâáï ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ ®¡®¡é¥­­®-®¤­®-
à®¤­ë¬¨ äã­ªæ¨ï¬¨. �¤¥áì m1 = 1, m2 = �+ 1.

�ãáâì § ¤ ­® ¢®§¬ãé¥­­®¥ ãà ¢­¥­¨¥

�x+ (ax� + b1(t)x�) _x+ cx2�+1 + b2(t)x� = 0;

£¤¥ � ¨ � | à æ¨®­ «ì­ë¥ ç¨á«  á ­¥ç¥â­ë¬¨ §­ ¬¥­ â¥«ï¬¨, � > 1, � > 1,   äã­ªæ¨¨ b1(t) ¨
b2(t) ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¯à¨ t � 0 ¢¬¥áâ¥ á ¨­â¥£à « ¬¨

Z t

0

bj(�)d�; j = 1; 2:

�à¨¬¥­ïï â¥®à¥¬ã 3, ­ å®¤¨¬ ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå ¢®§¬ãé¥­¨ï ­¥ ­ àãè îâ
 á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï,

2� > �; 2� > 3�+ 2:

� ç áâ­®áâ¨,  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

�x+ (a+ b1(t))x
� _x+ (c+ b2(t))x

2�+1 = 0:

� ¬¥ç ­¨¥ 3. �«ï á¨áâ¥¬ë (17) â ª¦¥ ¬®¦­® ãâ®ç­¨âì ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©-
ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï, ­ ª« ¤ë¢ ï ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ­  äã­ªæ¨¨ bsj(t) ¨ ¯à¨-
¬¥­ïï ¬®¤¨ä¨æ¨à®¢ ­­ë© ¬¥â®¤ ¯®áâà®¥­¨ï äã­ªæ¨© �ï¯ã­®¢ .

� ¯à¨¬¥à, ¢ á«ãç ¥, ª®£¤  ¨­â¥£à «ë (11) ®£à ­¨ç¥­ë ¯à¨ t � 0, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �ãáâì äã­ªæ¨¨

@

@xr

�
@V

@xs
hsj

�
hri; r; s = 1; : : : ; n; i; j = 1; : : : ; k;

­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë. �®£¤  ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢

3�s > �; s = 1; : : : ; n; (20)

­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (17)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äã­ªæ¨î

V2 = V1(t;X) +
nX

s=1

nX
r=1

kX
j=1

kX
i=1

Z t

0
c
(ri)
sj (�)d�

@

@xr

�
@V

@xs
hsj(X)

�
hri(X):

�¤¥áì V1(t;X) | äã­ªæ¨ï, ¯®áâà®¥­­ ï ¯® ä®à¬ã«¥ (19). �ã­ªæ¨ï V2(t;X) ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­  ¨ ¤®¯ãáª ¥â ¡¥áª®­¥ç­® ¬ «ë© ¢ëáè¨© ¯à¥¤¥«. �¥ ¯à®¨§¢®¤­ ï ¢ á¨«ã á¨áâ¥¬ë (17)
¨¬¥¥â ¢¨¤ (13), £¤¥ äã­ªæ¨¨ W (X) ¨ W1(t;X) ®¡« ¤ îâ á¢®©áâ¢ ¬¨, ãª § ­­ë¬¨ ¢ ¤®ª § â¥«ì-
áâ¢¥ â¥®à¥¬ë 3,   ¤«ï äã­ªæ¨© W3(t;X) ¨ W4(t;X) ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ ­ ç « 
ª®®à¤¨­ â ¨ ¯à¨ ¢á¥å t � 0 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

jW3(t;X)j � a3z
m+�+2�; jW4(t;X)j � a4z

m+3�:

�¤¥áì a3 ¨ a4 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
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� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ (20) äã­ªæ¨ï V2(t;X) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
â¥®à¥¬ë �ï¯ã­®¢  ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨.

� ¬¥ç ­¨¥ 4. �­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç îâáï ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­¥ãáâ®©ç¨¢®áâ¨ ­ã-
«¥¢®£® à¥è¥­¨ï á¨áâ¥¬ë (4) (á¨áâ¥¬ë (17)), ¥á«¨ â®«ìª® ¤«ï ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë (5) á
®¤­®à®¤­ë¬¨ (®¡®¡é¥­­®-®¤­®à®¤­ë¬¨) ¯à ¢ë¬¨ ç áâï¬¨ áãé¥áâ¢ã¥â ®¤­®à®¤­ ï (®¡®¡é¥­­®-
®¤­®à®¤­ ï) äã­ªæ¨ï V (X), ã¤®¢«¥â¢®àïîé ï âà¥¡®¢ ­¨ï¬ ¯¥à¢®© â¥®à¥¬ë �ï¯ã­®¢  ® ­¥-
ãáâ®©ç¨¢®áâ¨ ([4], á.65{66). �á«®¢¨ï áãé¥áâ¢®¢ ­¨ï â ª¨å äã­ªæ¨© ¯®«ãç¥­ë ¢ à ¡®â å [2], [7].
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