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� ¤ ­­®© à ¡®â¥ ¯à®¨§¢®¤¨âáï ®¡®á­®¢ ­¨¥ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï
¨áª«îç¨â¥«ì­®£® á«ãç ï ãà ¢­¥­¨ï â¨¯  á¢¥àâª¨ (���). � ç áâ­®áâ¨, à áá¬ âà¨¢ ¥âáï ãà ¢-
­¥­¨¥

'(x) +
1p
2�

Z 1
0

K1(x� t)'(t)dt +
1p
2�

Z 0

�1

K2(x� t)'(t)dt = h(x); x 2 R; (1)

£¤¥ K1(x), K2(x), h(x) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨, ª®â®àë¥ ¯®¤ç¨­¨¬ ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¬ ãá«®¢¨-
ï¬.

�à¨¡«¨¦¥­­®¬ã à¥è¥­¨î ¨áª«îç¨â¥«ì­®£® á«ãç ï ��� ¯®á¢ïé¥­ë à ¡®âë [1]{[3], ¢ ª®â®-
àëå ãáâ ­ ¢«¨¢ îâáï ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¢ ¯à®áâà ­áâ¢¥ L2 ¬¥â®¤  ¯à¨¡«¨¦¥­­®© ä ªâ®à¨§ -
æ¨¨ à¥è¥­¨ï ���. �¤­ ª® ¢ íâ¨å à ¡®â å ­¥ ¡ë«  ãáâ ­®¢«¥­  áå®¤¨¬®áâì íâ®£® ¬¥â®¤ , â ª¦¥
­¥ ¡ë«¨ ®¯à¥¤¥«¥­ë ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ��� ª ¨å â®ç­ë¬
à¥è¥­¨ï¬.

1�. �à®áâà ­áâ¢ . �ãáâì x 2 R | ¢¥é¥áâ¢¥­­ ï ®áì; D+ = fz 2 C : Im z > 0g | ¢¥àå­ïï
¯®«ã¯«®áª®áâì,   D� = fz 2 C : Im z < 0g | ­¨¦­ïï ¯®«ã¯«®áª®áâì ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C .

�¥à¥§ C(r), £¤¥ r | æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«®, C(0) = C, ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® r

à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  á®¬ª­ãâ®© ¢¥é¥áâ¢¥­­®© ®á¨ R äã­ªæ¨© f(x) á ­®à¬®©

kf(x)kC(r) =
rP

k=0
max jf (k)(x)j. �¥à¥§ C(r)

01 , r � 0, C(0)
01 = C01, ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® äã­ªæ¨©

f(x) 2 C(r) ¨ ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥ f(x) = 2i
x+i

f1(x). �à¨ íâ®¬ kf(x)k
C
(r)
01

= kf1(x)kC(r) . �¥à¥§

H(r)
� , r � 0, H(0)

� = H�, ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® äã­ªæ¨© f(x) 2 C(r), r-¥ ¯à®¨§¢®¤­ë¥ ª®â®àëå
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ��¥«ì¤¥à  [4]

jf (r)(x+ h)� f (r)(x)j(1 + jx+ hj)�(1 + jxj)� � Ah� 8x 2 R; 8h > 0;

£¤¥ A, �| ¯®áâ®ï­­ë¥; A > 0, 0 < � � 1. �à®áâà ­áâ¢  L, L(r)
2 , r � 0, L(0)

2 = L2, ¨¬¥îâ ®¡ëç­ë©
á¬ëá«, ¨ ¢ ¯à®áâà ­áâ¢¥ L2 ¢¢¥¤¥­ë ®¡é¥¯à¨­ïâë¥ ­®à¬  ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥.

2�. �¯¯à®ªá¨¬ æ¨ï ­  R à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨. �ãáâì

!k(x) =
�
x� i

x+ i

�k
; k = 0;�1; : : : ; x 2 R: (2)

�á­®, çâ® ¯à¨ k � 0 äã­ªæ¨¨ !k(x)  ­ «¨â¨ç­ë ¢ D+,   ¯à¨ k � 0  ­ «¨â¨ç­ë ¢ D�. �®£« á­®
[5] á¨áâ¥¬  äã­ªæ¨© !k(x) ®àâ®£®­ «ì­  ¨ ¯®«­  ¢ ¯à®áâà ­áâ¢¥ L2�, �(x) = 1

1+x2
.

�ãáâì ¤ «¥¥

 k(x) =
�
x� i

x+ i

�k 2i
x+ i

; k = 0;�1; : : : ; x 2 R: (3)
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�¥£ª® ¢¨¤¥âì, çâ® ¯à¨ k � 0 äã­ªæ¨¨  k(x)  ­ «¨â¨ç­ë ¢ D+,   ¯à¨ k < 0  ­ «¨â¨ç­ë ¢ D�.
�  ®á­®¢ ­¨¨ (2), (3) ¨ à ¡®âë [5] «¥£ª® ¯®ª § âì, çâ® á¨áâ¥¬  äã­ªæ¨©  k(x) ®àâ®£®­ «ì­  ¨
¯®«­  ¢ ¯à®áâà ­áâ¢¥ L2. �à¨ íâ®¬ k k(x)kL2

= 2
p
�.

�¡®§­ ç¨¬ ç¥à¥§ Qn ®¯¥à â®à, ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© äã­ªæ¨¨ f(x) 2 L2

®âà¥§®ª ¥¥ àï¤  �ãàì¥ ¯® á¨áâ¥¬¥ äã­ªæ¨© (3), â. ¥.

(Qnf)(x) =
nX

k=�n

fk k(x); (4)

£¤¥

fk =
1
4�

Z
R

f(x) k(x)dx =
1
2�x

Z
R

f(x)
�
x+ i

x� i

�k
dx

x� i
(5)

| ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ f(x) 2 L2 ¯® á¨áâ¥¬¥ äã­ªæ¨© (3). �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  1. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kQnkC01!L2
= kQnkL2!L2

= 1; n = 1; 2; : : :

�¥®à¥¬  2. �á«¨ f(x) 2 L(r)
2 , r � 1, ¨«¨ f(x) 2 C(r)

01 , â®

kf(x)� (Qnf)(x)kL2
� d1n

�r:

�¤¥áì ¨ ¤ «¥¥ di | ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â n.
�ãáâì f(x) 2 C01. �®£¤  ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦  äã­ªæ¨¨ f(x) ¯® á¨áâ¥¬¥

äã­ªæ¨© (2) á®£« á­® [5] ¨¬¥¥â ¢¨¤

(Lnf)(x) =
nX

k=�n

ak

�
x� i

x+ i

�k
; ak =

1
2n+ 1

nX
j=�n

f(xj)e�
2�i
2n+1 jk; (6)

£¤¥

xj = � ctg
�

2n+ 1
j; j = �n; n: (7)

�¥£ª® ¯®ª § âì, çâ® (Lnf)(x) 2 C01 ¨

(Lnf)(x) = �
nX

k=�n


k k(x); 
k = an + an�1 + � � � + ak+1:

�¥®à¥¬  3. �¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kLnkC01!C01
� d1 lnn; kLnkC01!L2

� 2
p
2�; n = 2; 3; : : :

�¥®à¥¬  4. �á«¨ f(x) 2 C(r)
01 , r � 1, â®

kf(x)� (Lnf)(x)kC01
� d3n

�r lnn;

kf(x)� (Lnf)(x)kL2
� d4n

�r:

3�. � §à¥è¨¬®áâì ãà ¢­¥­¨ï (1). �ãáâì k1(x); k2(x) 2 L,   h(x) 2 L2. �®£¤  á®£« á­® [6]
ãà ¢­¥­¨¥ (1) íª¢¨¢ «¥­â­® á«¥¤ãîé¥© § ¤ ç¥ �¨¬ ­ 

(K�)(x) � [1 +K1(x)]�
+(x)� [1 +K2(x)]�

�(x) = H(x); x 2 R; (8)

£¤¥ K1(x), K2(x), H(x) | ¯à¥®¡à §®¢ ­¨ï �ãàì¥ [7] á®®â¢¥âáâ¢¥­­® äã­ªæ¨© k1(x), k2(x), h(x).
�à¨ íâ®¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨ § ¤ ç¨ �¨¬ ­  (8) á¢ï§ ­ë á«¥¤ãîé¨¬ ®¡à §®¬

'(x) =
1p
2�

Z
R

[�+(t)���(t)]e�ixtdt: (9)
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�ãáâì K1(x);K2(x) 2 H(r+1)
� , 0 < � � 1, r � r0, £¤¥ ç¨á«® r0 ®¯à¥¤¥«¨¬ ­¨¦¥, ¨ äã­ªæ¨¨

1 + K1(x), 1 + K2(x) ¨¬¥îâ ­ã«¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å �0; �1; : : : ; �p; �0; �1; : : : ; �q ­  ¢¥é¥-
áâ¢¥­­®© ®á¨ R, �0 = 1, �0 = 1, á®®â¢¥âáâ¢¥­­® æ¥«ëå ¯®àï¤ª®¢ �0; �1; : : : ; �p; �0; �1; : : : ; �q.
�®£¤  á®£« á­® [8] á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï

1 +K1(x) = A(x)��(x); 1 +K2(x) = B(x)�+(x); (10)

£¤¥

��(x) = (x� i)��0
�
x� �1
x� i

��1
� � �
�
x� �p
x� i

��p
; (11)

�+(x) = (x� i)��0
�
x� �1
x� i

��1
� � �
�
x� �q
x� i

��q
; (12)

  äã­ªæ¨¨ A(x); B(x) 2 H(r+1)
� , 0 < � � 1, r � r0; A(x) 6= 0, B(x) 6= 0, £¤¥

r0 = maxf�0; �1; : : : ; �p; �0; �1; : : : ; �qg: (13)

�®£¤  § ¤ çã �¨¬ ­  (8) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

K� � (A��P +B�+Q)� = H; (14)

£¤¥ P = 1
2
(I+S), Q = 1

2
(Q+S) | ¯à®¥ªâ®àë �¨áá ; I | ¥¤¨­¨ç­ë© ®¯¥à â®à,   S| á¨­£ã«ïà­ë©

¨­â¥£à « �®è¨.
� ¬¥â¨¬, çâ® á«ãç © �0 6= 0, �0 6= 0 á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï

ãà ¢­¥­¨¥¬ ¯¥à¢®£® à®¤ .
�ãáâì { = ind[B(x)=A(x)]. �®£¤  ¯à¨ ¤ ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® äã­ªæ¨© K1(x)

¨ K2(x) ¯à¨ { � 0 § ¤ ç  �¨¬ ­  (8),   §­ ç¨â, ¨ ãà ¢­¥­¨¥ (1), ¡¥§ãá«®¢­® à §à¥è¨¬ë, ¥á«¨
H(x) 2 L(r)

2 , r � 0, ¨ à¥è¥­¨¥ § ¤ ç¨ ¯à¨­ ¤«¥¦¨â L2. �¯à ¢¥¤«¨¢ 

�¥¬¬  [9]. �ãáâì äã­ªæ¨ï C(x) 2 H(r+1)
� , r � 0, 3

4
< � � 1. �®£¤  ª®¬¬ãâ â®à T : L2 !

C
(r)
01 , r � 0, ª®¬¯ ªâ¥­, £¤¥

(T')(x) =
1
�i

Z
R

C(t)�C(x)
t� x

dt:

� ¤ «ì­¥©è¥¬ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¡ã¤¥¬ áâà®¨âì ­  ®á­®¢¥ ¯à¨¡«¨¦¥­-
­®£® à¥è¥­¨ï § ¤ ç¨ (8).

4�. �¥â®¤ à¥¤ãªæ¨¨. �ãáâì M |  «£¥¡à  í«¥¬¥­â®¢ C(x) 2 H(r+1)
� , r � r0, 3

4
< � < 1, â ª¨å,

çâ® C(x) 6= 0 ­  R, indC(x) = 0. �®£¤  á®£« á­® [6], [8] á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï

C(x) = C+(x)C�(x); C(x) = d+(x)d�(x);

£¤¥ C�1� (x) 6= 0, d�1� (x) 6= 0 ­  R; C�1� (x), d�1� (x)  ­ «¨â¨ç­ë á®®â¢¥âáâ¢¥­­® ¢ D�, C�1� (x);
d�1� (x) 2 H(r+1)

� , r � r0, 3
4
< � < 1, â. ¥. C�1� (x); d�1� (x) 2M.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (8) ¨é¥¬ ¢ ¢¨¤¥

�n(x) =
nX

k=�n

'k k(x); (15)

£¤¥ äã­ªæ¨¨  k(x) ¨¬¥îâ ¢¨¤ (3). �á­®, çâ® �n(x) = �+
n (x)� ��n (x), £¤¥

�+
n (x) =

nX
k=0

'k k(x); ��n (x) = �
�1X

k=�n

'k k(x): (16)
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�¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥ 'k ®¯à¥¤¥«ï¥¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

nX
k=0

Ajk'k �
�1X

k=�n

Bjk'k = Hj; j = �n; n; (17)

£¤¥ Ajk, Bjk, Hj | ª®íää¨æ¨¥­âë �ãàì¥ (5) á®®â¢¥âáâ¢¥­­® äã­ªæ¨© [1 + K1(x)] k(x),
[1 +K2(x)] k(x), H(x) ¯® á¨áâ¥¬¥ äã­ªæ¨© (3).

�¥®à¥¬  5. �ãáâì k1(x); k2(x) 2 L; K1(x);K2(x) 2 H(r+1)
� , 3

4
< � < 1, r � r0, £¤¥ ç¨á«®

r0 ®¯à¥¤¥«¥­® á®®â­®è¥­¨¥¬ (13); á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï (10), £¤¥ A(x) 6= 0, B(x) 6= 0,
indA(x) = indB(x) = 0; H(x) 2 L

(r)
2 , r � r0. �®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (17) ®¤­®§­ ç­® à §-

à¥è¨¬  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n, ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï �n(x) § ¤ ç¨ (8) áå®¤ïâáï ¢

¯à®áâà ­áâ¢¥ L2 ª ¥¥ â®ç­®¬ã à¥è¥­¨î �(x) á® áª®à®áâìî

k�(x)� �n(x)kL2
� d5n

�r: (18)

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ á­ ç « , çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë § ¤ ç  (8) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥, ¯à¨­ ¤«¥¦ é¥¥ ¯à®áâà ­áâ¢ã L2. � «¥¥ ¡ã¤¥¬ á«¥¤®¢ âì à¥§ã«ìâ â ¬ £« ¢ë XI à ¡®âë
[8]. �®«®¦¨¬ X = Y = L2. �ãáâì Pn | ®¯¥à â®à, ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã
í«¥¬¥­âã ¯à®áâà ­áâ¢  X  £à¥£ â ¢¨¤  (15), (16),   ®¯¥à â®à Qn | ®¯¥à â®à (4). �á­®, çâ®
íâ¨ ®¯¥à â®àë ®¡« ¤ îâ á¢®©áâ¢ ¬¨ ImPn � X, ImQn � Y , P 2

n = Pn, Q2
n = Qn, dim ImPn =

dim ImQn = 2n+ 1. �®£¤  á¨áâ¥¬ã (17) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

(QnKPn�)(x) = (QnH)(x): (19)

�á­®, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à K ­¥¯à¥àë¢­® ®¡à â¨¬. �®ª ¦¥¬ â¥¯¥àì, çâ® á¨áâ¥¬ 
(19),   §­ ç¨â, ¨ á¨áâ¥¬  (17) à §à¥è¨¬ë ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n,   ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï
§ ¤ ç¨ (8) áå®¤ïâáï ª ¥¥ â®ç­ë¬ à¥è¥­¨ï¬ ¯® ­®à¬¥ ¯à®áâà ­áâ¢  X; ¤«ï íâ®£® ¤®áâ â®ç­®
¯®ª § âì, çâ® ª ®¯¥à â®àã K ¯à¨¬¥­¨¬ [8] ¯à®¥ªæ¨®­­ë© ¯à®æ¥áá ¯® á¨áâ¥¬¥ ¯à®¥ªâ®à®¢ Pn ¨
Qn. � áá¬®âà¨¬ ãà ¢­¥­¨¥

B� � (P�� +Q�+)� = 0;

£¤¥ P , Q | ¯à®¥ªâ®àë �¨áá ,   ��(x) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã« ¬ (11), (12). �®î§­®¥ ¥¬ã ãà ¢-
­¥­¨¥ ï¢«ï¥âáï § ¤ ç¥© �¨¬ ­ 

��(x)R+(x) = �+(x)R�(x); x 2 R;

ª®â®à ï [7] ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥. �®íâ®¬ã dimkerB = 0. � áá¬®âà¨¬ â¥¯¥àì ¯à®-
áâà ­áâ¢  Z = L2, Z0 = C(r)

01 , r � r0, ¨ ¯®áâà®¨¬ ¯à®áâà ­áâ¢® X = f�(x) : �(x) 2 X; (B�)(x) 2
Zg, ª®â®à®¥ áâ ­®¢¨âáï ¡ ­ å®¢ë¬, ¥á«¨ ¢ ­¥¬ ¢¢¥áâ¨ ­®à¬ã k�(x)kX = k(B�)(x)kX . �¥£ª®
¢¨¤¥âì, çâ® ®¯¥à â®à P ®£à ­¨ç¥­ [5] ¢ ¯à®áâà ­áâ¢¥ Z, ¨ ®¯¥à â®à ã¬­®¦¥­¨ï í«¥¬¥­â®¢ ¯à®-
áâà ­áâ¢  Z0 ­  í«¥¬¥­âë  «£¥¡àë M â ª¦¥ ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬,   ¯®â®¬ã á«¥¤ã¥â ¢ª«î-
ç¥­¨¥ Z � X. �«¥¤®¢ â¥«ì­®, áã¦¥­¨¥ B ®¯¥à â®à  B ­  ¯à®áâà ­áâ¢® X ¢§ ¨¬­®®¤­®§­ ç­®
¨ ­¥¯à¥àë¢­® ®â®¡à ¦ ¥â ¯à®áâà ­áâ¢® X ­  ¯à®áâà ­áâ¢® Z, â. ¥. B : X ! Z ­¥¯à¥àë¢­®
®¡à â¨¬ 1).

� ª ª ª A(x) 6= 0, B(x) 6= 0 ­  R, indA(x) = indB(x) = 0, A(x); B(x) 2 H(r+1)
� , r � r0,

3
4
< � < 1, â® á¯à ¢¥¤«¨¢ë [6], [8] ä ªâ®à¨§ æ¨¨

A(x) = A+(x)A�(x); B(x) = B+(x)B�(x); (20)

1)�¤¥áì ¨ ¤ «¥¥ ­¨¦¥ ç¥àâ  ­ ¤ ®¯¥à â®à®¬ ®§­ ç ¥â ¥£® áã¦¥­¨¥ ­ ¤ á®®â¢¥âáâ¢ãîé¨¬¯à®áâà ­áâ¢®¬.
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£¤¥ A�1� (x) 6= 0, B�1� (x) 6= 0 ­  R; A�1� (x), B�1� (x)  ­ «¨â¨ç­ë ¢ D�, A�1� (x); B�1� (x) 2 H(r+1)
� ,

r � r0, 3
4
< � < 1. �ãáâì E : X ! X | ®¯¥à â®à ¢«®¦¥­¨ï. �á­®, çâ® ®­ ®£à ­¨ç¥­. �®£¤  ¤«ï

áã¦¥­¨ï K ®¯¥à â®à  K á¯à ¢¥¤«¨¢® [8] ¯à¥¤áâ ¢«¥­¨¥

K = K1 + T1;

£¤¥
K1 = (A+P +B�Q)(PA� +QB+)B; T1 = (A+QA���P +B�PB+�+Q)E:

�  ®á­®¢ ­¨¨ [6] ®¯¥à â®àë A+P +B�P , PA�+QB+ ®¡à â¨¬ë, â. ª. ¯à¥¤áâ ¢«ïîâ á®¡®© á¨­£ã-
«ïà­ë¥ ®¯¥à â®àë á ­ã«¥¢ë¬¨ ¨­¤¥ªá ¬¨ ¨ ®â«¨ç­ë¬¨ ®â ­ã«ï á¨¬¢®« ¬¨,   ¯®íâ®¬ã ®¯¥à â®à
K1 : X ! Z ®¡à â¨¬ ª ª ¯à®¨§¢¥¤¥­¨¥ ®¡à â¨¬ëå ®¯¥à â®à®¢. �  ®á­®¢ ­¨¨ (20) ¨ «¥¬¬ë
®¯¥à â®à A+QA���P + B�PB+�+Q : X ! Z0 ª®¬¯ ªâ¥­. �®íâ®¬ã ®¯¥à â®à T1 : X ! Z0 ª®¬-
¯ ªâ¥­ ª ª ¯à®¨§¢¥¤¥­¨¥ ª®¬¯ ªâ­®£® ¨ ®£à ­¨ç¥­­®£® ®¯¥à â®à®¢. �ãáâì X�(x) 2M. �®£¤  ­ 
®á­®¢ ­¨¨ à ¡®âë [5] ¢ á¨«ã (2) á¯à ¢¥¤«¨¢ë à §«®¦¥­¨ï

X+(x) =
1X
k=0

�+k

�
x� i

x+ i

�k
; X�(x) =

0X
k=�1

��k

�
x� i

x+ i

�k
: (21)

�®£¤  ­  ®á­®¢ ­¨¨ ¯à¥¤áâ ¢«¥­¨© (21), (15) á«¥¤ã¥â æ¥¯®çª  à ¢¥­áâ¢

Pn[PX� +QX+]Pn� = Pn[PX� +QX+]�n = Pn[PX��n +QX+�n] =

= Pn

�
P

0X
k=�1

��k

�
x� i

x+ i

�k nX
k=�n

'k k(x) +Q
1X
k=0

�+k

�
x� i

x+ i

�k nX
k=�n

'k k(x)
�
=

= Pn

�
P

nX
k=�1

Ak k(x) +Q
1X

k=�n

Bk k(x)
�
= Pn

� nX
k=0

Ak k(x) +
�1X

k=�n

Bk k(x)
�
=

=
nX

k=0

Ak k(x) +
�1X

k=�n

Bk k(x) =
nX

k=�n

Ck k(x): (22)

�§ íâ®© æ¥¯®çª¨ ¢ëâ¥ª ¥â à ¢¥­áâ¢® Pn[PX� + QX+]Pn = [PX� + QX+]Pn, ¨§ ª®â®à®£® ¢ á¨-
«ã ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à®¢ Pn á«¥¤ã¥â ¢ª«îç¥­¨¥ ImPn � B(ImPn). �¥£ª® ¢¨¤¥âì, çâ®
ImPn = ImQn � Z. �®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë ® ­¥¯à¥àë¢­®¬ £à ä¨ª¥ áã¦¥­¨¥ P n ®¯¥à -
â®à  Pn ­  ¯à®áâà ­áâ¢® X ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¯à®¥ªâ®à®¬ ¢ ¯à®áâà ­áâ¢¥ X. �à¨ íâ®¬ ¢
á¨«ã ®¯à¥¤¥«¥­¨ï ¯à®áâà ­áâ¢ Z ¨ Z0 ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 ®¯¥à â®à Qn : Z0 ! Z ï¢«ï¥âáï
®£à ­¨ç¥­­ë¬. � ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  Z1 ¯®«®¦¨¬ L

(r)
2 , r � r0. �®£¤  ®ç¥¢¨¤­® ¢ª«îç¥­¨¥

Z0 � Z1 � B(Qn). �à¨ íâ®¬ ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 2 (Qn�)(x)! �(x) ¯® ­®à¬¥ ¯à®áâà ­áâ¢  X
¤«ï «î¡®£® í«¥¬¥­â  �(x) � Z1. � áá¬®âà¨¬ â¥¯¥àì ®¯¥à â®à C = X+P +X�Q, £¤¥ X�(x) 6= 0
­  R, X�(x)  ­ «¨â¨ç­ë ¢ D�, X�(x) 2 H(r+1)

� , r � r0, 3
4
< � < 1. �®  ­ «®£¨¨ á æ¥¯®çª®©

(22) «¥£ª® ¯à®¢¥àï¥âáï à ¢¥­áâ¢® QnCQn = CQn. �à®¬¥ â®£®, «¥£ª® ¯à®¢¥à¨âì, çâ® C(Z1) � Z1,
C(Z0) � Z0. �®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1.4 £« ¢ë XI à ¡®âë [8] á«¥¤ã¥â, çâ® ¯à®áâà ­áâ¢®
Z1 ¯à¨­ ¤«¥¦¨â ¬­®£®®¡à §¨î áå®¤¨¬®áâ¨ ®¯¥à â®à  K1 ¯® á¨áâ¥¬¥ ¯à®¥ªâ®à®¢ P n ¨ Qn. �â®
®§­ ç ¥â, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n áãé¥áâ¢ãîâ ®¯¥à â®àë (QnK1P n)�1, ¨ ¯®á«¥¤®¢ â¥«ì-
­®áâì xn = (QnK1P n)�1Qny ¤«ï «î¡®£® y 2 Y áå®¤¨âáï ­® ­®à¬¥ ¯à®áâà ­áâ¢  X ª ­¥ª®â®à®¬ã
í«¥¬¥­âã ¨§ X, â. ¥. ª ®¯¥à â®àã K1 ¯à¨¬¥­�̈¬ ¯à®¥ªæ¨®­­ë© ¯à®æ¥áá ¯® á¨áâ¥¬¥ ¯à®¥ªâ®à®¢ P n

¨ Qn. � ª ª ª ®¯¥à â®à T1 ª®¬¯ ªâ¥­ ¨ ®¯¥à â®à K ®¡à â¨¬, â® ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1.1 £« ¢ë
XI à ¡®âë [8] á«¥¤ã¥â, çâ® ª ®¯¥à â®àã K = K1 + T1 â ª¦¥ ¯à¨¬¥­�̈¬ ¯à®¥ªæ¨®­­ë© ¯à®æ¥áá ¯®
á¨áâ¥¬¥ ¯à®¥ªâ®à®¢ P n ¨ Qn. �â® ®§­ ç ¥â, çâ® á¨áâ¥¬  (17) à §à¥è¨¬  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å
n. �¥£ª® ¢¨¤¥âì, çâ®

y0(x) = (A�1+ P +B�1
�
Q)[H � T1�](x) 2 L(r)

2 ; r � r0:
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�®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 2.3 £« ¢ë XI à ¡®âë [8] ¨§ â¥®à¥¬ë 2 á«¥¤ã¥â ®æ¥­ª  (18).

� ª ª ª á¨áâ¥¬  (17) à §à¥è¨¬  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n, â® ¯à¨ â ª¨å n ¯®áâ®ï­­ë¥ 'k
®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®. �®£¤  ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) áâà®ïâáï ¯® ä®à¬ã«¥

'n(x) =
1p
2�

Z
R

[�+
n (t)� ��n (t)]e

�ixtdt; (23)

£¤¥ ��n (x) | ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï § ¤ ç¨ (8). �®£« á­® [7], [6] ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ãà ¢-
­¥­¨ï (1) ¢ ï¢­®¬ ¢¨¤¥ § ¬ª­ãâáï á«¥¤ãîé¨¬ ®¡à §®¬

'n(x) =

8>>>><
>>>>:

2
p
2�e�x

nX
k=0

'k

kX
j=0

Cj
k

2j

j !
(�1)jxj ; x > 0;

2
p
2�ex

�1X
k=�n

'k

�1X
j=0

Cj
�k

2j

j !
xj ; x < 0:

(24)

�®£¤  ­  ®á­®¢ ­¨¨ ¯à¥¤áâ ¢«¥­¨© (9), (23), à ¢¥­áâ¢  � àá¥¢ «ï ¤«ï ¨­â¥£à «®¢ �ãàì¥ [7] ¨
â¥®à¥¬ë 5 á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �ãáâì äã­ªæ¨¨ k1(x); k2(x) 2 L; äã­ªæ¨¨ K1(x);K2(x) 2 H(r+1)
� , 3

4
< � < 1, r �

r0, £¤¥ ç¨á«® r0 ®¯à¥¤¥«¥­® á®®â­®è¥­¨¥¬ (13); á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï (10), £¤¥ A(x) 6= 0,
B(x) 6= 0, indA(x) = indB(x) = 0, H(x) 2 L(r)

2 , r � r0. �®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (17) ®¤­®§­ ç­®
à §à¥è¨¬  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n,   ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) áâà®ïâáï ¯®

ä®à¬ã« ¬ (24), £¤¥ 'k | à¥è¥­¨ï á¨áâ¥¬ë (17), ¨ áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ L2 ª ¥£® â®ç­®¬ã

à¥è¥­¨î á® áª®à®áâìî

k'(x) � 'n(x)kL2
� d5n

�r: (25)

5�. �¥â®¤ ª®««®ª æ¨©. �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (8) ¨é¥¬ ¢ ¢¨¤¥ (15), (16),   ­¥¨§¢¥áâ-
­ë¥ ¯®áâ®ï­­ë¥ 'k ®¯à¥¤¥«ï¥¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

nX
k=0

[1 +K1(xj)] k(xj)'k +
�1X

k=�n

[1 +K2(xj)] k(xj)'k = H(xj); j = �n; n; (26)

£¤¥ xj | ã§«ë (7). �á­®, çâ® á¨áâ¥¬ã (26) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

(LnKPn�)(x) = (LnH)(x);

£¤¥ ®¯¥à â®à Pn ¨¬¥¥â ¯à¥¦­¨© á¬ëá«,   ®¯¥à â®à Ln | ®¯¥à â®à (6). �¤¥áì X = L2, Y = C01,
Z = L2, Z0 = C(r)

01 , Z1 = L(r)
2 , r � r0. �®£¤  ®¯¥à â®à Ln ®¡« ¤ ¥â á¢®©áâ¢®¬ Lr

n = Ln. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �ãáâì äã­ªæ¨¨ k1(x); k2(x) 2 L, äã­ªæ¨¨ K1(x);K2(x) 2 H(r+1)
� , 3

4
< � < 1,

r � r0, £¤¥ ç¨á«® r0 ®¯à¥¤¥«¥­® á®®â­®è¥­¨¥¬ (13); á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï (10), £¤¥ A(x) 6=
0, B(x) 6= 0, indA(x) = indB(x) = 0; H(x) 2 C

(r)
01 , r � r0. �®£¤  á¨áâ¥¬  (26) à §à¥è¨¬  ¯à¨

¤®áâ â®ç­® ¡®«ìè¨å n,   ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (1) áâà®ïâáï ¯® ä®à¬ã« ¬ (24),
£¤¥ 'k | à¥è¥­¨ï á¨áâ¥¬ë (26), ¨ áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ L2 ª ¥£® â®ç­®¬ã à¥è¥­¨î á®

áª®à®áâìî (25).

6�. �à ¢­¥­¨¥ �¨­¥à {�®¯ä . �á«¨ k(x) 2 L,   h(x) 2 L2, h(x) � 0 ¯à¨ x < 0, â® á®£« á­® [6]
ãà ¢­¥­¨¥ �¨­¥à {�®¯ä 

'(x) +
1p
2�

Z 1
0

k(x� t)'(t)dt = h(x); x > 0 (27)

íª¢¨¢ «¥­â­® § ¤ ç¥ �¨¬ ­ 

[1 +K(x)]�+(x)� ��(x) = H(x); x 2 R; (28)
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£¤¥K(x), H(x) | ¯à¥®¡à §®¢ ­¨ï �ãàì¥ á®®â¢¥âáâ¢¥­­® äã­ªæ¨© k(x) ¨ h(x). �à¨ íâ®¬ à¥è¥­¨¥
ãà ¢­¥­¨ï (27) ¢ëà ¦ ¥âáï ç¥à¥§ à¥è¥­¨¥ § ¤ ç¨ (28) á«¥¤ãîé¨¬ ®¡à §®¬

'(x) =
1p
2�

Z
R

�+(t)e�ixtdt; x > 0:

�ãáâì K(x) 2 H(r+1)
� , 0 < � < 1, r � r0, £¤¥ ç¨á«® r0 ®¯à¥¤¥«¨¬ ­¨¦¥, ¨ äã­ªæ¨ï 1 +K(x)

¨¬¥¥â ­ã«¨ ¢ â®çª å �0; �1; : : : ; �p ­  ¢¥é¥áâ¢¥­­®© ®á¨ R, �0 = 1, á®®â¢¥âáâ¢¥­­® ªà â­®áâ¥©
�0; �1; : : : ; �p. �®£¤  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ 1 +K(x) = A(x)��(x), £¤¥ ��(x) ¨¬¥¥â ¢¨¤ (12),
A(x) 2 H(r+1)

� , 0 < � < 1, r � r0; A(x) 6= 0, £¤¥ r0 = maxf�0; �1; : : : ; �pg. �à¨¡«¨¦¥­­ë¥ à¥è¥-
­¨ï § ¤ ç¨ �¨¬ ­  (28) ¨é¥¬ ¢ ¢¨¤¥ (15), (16),   ­¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥ 'k ¢ á«ãç ¥ ¬¥â®¤ 
à¥¤ãªæ¨¨ ®¯à¥¤¥«ï¥¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

nX
k=0

Ajk'k + 
0'j = Hj; j = �n; n; (29)

£¤¥ 
0 = 0 ¯à¨ j � 0, 
0 = 1 ¯à¨ j � 0,   Akj , Hj | ª®íää¨æ¨¥­âë �ãàì¥ á®®â¢¥âáâ¢¥­­® äã­ªæ¨©
[1 +K(x)] k(x), H(x). � á«ãç ¥ ¬¥â®¤  ª®««®ª æ¨© ­¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥ 'k ®¯à¥¤¥«ï¥¬ ¨§
á¨áâ¥¬ë ãà ¢­¥­¨©

[1 +K(xj)]
nX

k=0

 k(xj)'k +
�1X

k=�n

 k(xj)'k = H(xj); j = �n; n; (30)

£¤¥ xj | ã§«ë (7). �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï 'n(x) ãà ¢­¥­¨ï (27) áâà®ïâáï ¯® ä®à¬ã«¥

'n(x) =

8>><
>>:
2
p
2�e�x

nX
k=0

'k

kX
j=0

Cj
k

2j

j !
(�1)jxj ; x > 0;

0; x < 0:

�®  ­ «®£¨¨ á â¥®à¥¬ ¬¨ 5{7 ãáâ ­ ¢«¨¢ ¥âáï à §à¥è¨¬®áâì ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n á¨-
áâ¥¬ (29), (30) ¨ ®¯à¥¤¥«ïîâáï ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨© ãà ¢­¥­¨ï
(27) ª ¥£® â®ç­®¬ã à¥è¥­¨î.

� ¬¥â¨¬ â ª¦¥, çâ® á«ãç © �0 6= 0 á®®â¢¥âáâ¢ã¥â á«ãç î ãà ¢­¥­¨ï �¨­¥à {�®¯ä  ¯¥à¢®£®
à®¤ .

�® ¨§«®¦¥­­®© ¢ëè¥ áå¥¬¥ áâà®ïâáï ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï ¨áª«îç¨â¥«ì­®£® á«ãç ï ¯ à-
­®£® ãà ¢­¥­¨ï 8>>><

>>>:

'(x) +
1p
2�

Z
R

k1(x� t)'(t)dt = h(x); x > 0;

'(x) +
1p
2�

Z
R

k2(x� t)'(t)dt = h(x); x < 0:

�¨â¥à âãà 
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