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�ãáâì ! | ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«, A;B;C; : : : ;X; Y; Z � ! (á ¨­¤¥ªá ¬¨ ¨«¨ ¡¥§),
A = !nA, cA(x) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  A: cA(x) = 1, ¥á«¨ x 2 A, ¨ cA(x) = 0,
¥á«¨ x 2 A. �ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ hx; yi ª ­â®à®¢áª¨© ­®¬¥à ã¯®àï¤®ç¥­­®© ¯ àë (x; y), ¥á«¨
z=hx; yi, â® hzi1=x ¨ hzi2=y,   â ª¦¥ hAi1=fx : 9y[hx; yi 2 A]g ¨ hAi2=fy : 9x[hx; yi 2 A]g.
� ª ®¡ëç­®, ¯ãáâì Du | ª®­¥ç­®¥ ¬­®¦¥áâ¢® á ª ­®­¨ç¥áª¨¬ ¨­¤¥ªá®¬ u, á¨¬¢®« D ¡ã¤¥¬
¨á¯®«ì§®¢ âì ª ª ¯¥à¥¬¥­­ãî ¤«ï ª®­¥ç­ëå ¬­®¦¥áâ¢. �«ï ª®­¥ç­®£® ¬­®¦¥áâ¢  A ç¥à¥§ jAj
®¡®§­ ç¨¬ ç¨á«® í«¥¬¥­â®¢ A; jAj < 1, ¥á«¨ A | ª®­¥ç­®¥ ¬­®¦¥áâ¢®. �®â «ì­ë¥ äã­ªæ¨¨
¨§ ! ¢ ! ®¡®§­ ç¨¬ f; g; h (á ¨­¤¥ªá ¬¨ ¨«¨ ¡¥§). �á«¨ � | ç áâ¨ç­ ï äã­ªæ¨ï, â® ç¥à¥§
�� ®¡®§­ ç¨¬ ®¡« áâì ®¯à¥¤¥«¥­¨ï, �� | ¬­®¦¥áâ¢® §­ ç¥­¨©, �� = fhx; yi : x 2 ��& y =
�(x)g | £à ä¨ª äã­ªæ¨¨ �. �ã¤¥¬ ¯¨á âì � � �, ¥á«¨ �� � ��. �­®¦¥áâ¢® A ­ §ë¢ ¥âáï
®¤­®§­ ç­ë¬, ¥á«¨ A = �� ¤«ï ­¥ª®â®à®© äã­ªæ¨¨ �. �á¯®«ì§ãï â¥à¬¨­®«®£¨î ¨§ ([1], á. 39)
ç¥à¥§ Wt ®¡®§­ ç¨¬ t-¥ ¢ëç¨á«¨¬® ¯¥à¥ç¨á«¨¬®¥ (¢. ¯.) ¬­®¦¥áâ¢®, K = ft : t 2 Wtg ¨ K0 =
fhx; ti : x 2Wtg.

�­®¦¥áâ¢® A á¢®¤¨âáï ¯® ¯¥à¥ç¨á«¨¬®áâ¨ (¨«¨ e-á¢®¤¨âáï) ª ¬­®¦¥áâ¢ã B (á¨¬¢®«¨ç¥áª¨
A �e B), ¥á«¨ áãé¥áâ¢ã¥â à ¢­®¬¥à­ë©  «£®à¨â¬ ¤«ï ¯®«ãç¥­¨ï ­¥ª®â®à®£® ¯¥à¥ç¨á«¥­¨ï A ¨§
«î¡®£® ¯¥à¥ç¨á«¥­¨ï B. �®à¬ «ì­® [2],

A �e B () 9t 8x[x 2 A () 9u[hx; ui 2Wt&Du � B]]:

�á«®¢¨¬áï ¢¬¥áâ® �� �e A ¯¨á âì � �e A. �¡®§­ ç¨¬ ç¥à¥§ �t : 2! ! 2! t-© e-®¯¥à â®à, â ª®©,
çâ® ¤«ï «î¡®£® X

�t(X) = fx : 9u[hx; ui 2Wt&Du � X]g:

� ª¨¬ ®¡à §®¬, A �e B () 9t[A = �t(B)]. �®à®è® ¨§¢¥áâ­® [2], çâ® e-®¯¥à â®àë ¬®­®â®­­ë ¨
­¥¯à¥àë¢­ë, â. ¥. ¤«ï «î¡®£® t ¨ «î¡ëå X; Y

X � Y ! �t(X) � �t(Y )

¨
8x[x 2 �t(X)! (9D)[D � X &x 2 �t(D)]]:

�ãáâì, ª ª ®¡ëç­®, A �e B () A �e B&B �e A, de(A) = fX : X �e Ag | áâ¥¯¥­ì

¯¥à¥ç¨á«¨¬®áâ¨ ¨«¨ e-áâ¥¯¥­ì ¬­®¦¥áâ¢  A ¨ de(A) � de(B) () A �e B. �«ï ®¡®§­ ç¥­¨ï e-
áâ¥¯¥­¥© ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥ ¬ «ë¥ ¯®«ã¦¨à­ë¥ « â¨­áª¨¥ ¡ãª¢ë a;b; : : : (á ¨­¤¥ªá ¬¨
¨«¨ ¡¥§). �á«¨ e-áâ¥¯¥­¨ a ¨ b ­¥áà ¢­¨¬ë ®â­®á¨â¥«ì­® �, â® ®¡®§­ ç¨¬ íâ® ç¥à¥§ ajb,   â ª¦¥
a < b, ¥á«¨ a � b&b 6� a.

�ãáâì De | ¬­®¦¥áâ¢® e-áâ¥¯¥­¥©, ã¯®àï¤®ç¥­­®¥ ®â­®è¥­¨¥¬ �. �§¢¥áâ­® (á¬., ­ ¯à., [3]),
çâ® De | ¢¥àå­ïï ¯®«ãà¥è¥âª  á ­ ¨¬¥­ìè¨¬ í«¥¬¥­â®¬ 0e = de(;) = de(K) | ­¥ à¥è¥âª , ¢
ª®â®à®© ­ ¨¬¥­ìè ï ¢¥àå­ïï £à ­ì a _ b «î¡ëå ¤¢ãå e-áâ¥¯¥­¥© a = de(A) ¨ b = de(B) à ¢­ 
a _ b = de(A�B), £¤¥ A�B = f2x : x 2 Ag [ f2x+ 1 : x 2 Bg. �ãáâì De(� a) = fx : x � ag.

� ­­ ï à ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ £à ­â  ò�00-1.0-208, ä¨­ ­á¨àã¥¬®£® �¨­¨áâ¥àáâ¢®¬ ®¡à -

§®¢ ­¨ï ¨ ­ ãª¨ �®áá¨©áª®© �¥¤¥à æ¨¨.
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�¤­® ¨§ ®¯à¥¤¥«¥­¨© e-áª çª  J(A) ¬­®¦¥áâ¢  A ¯à¨¢®¤¨âáï ¢ [4]:

J(A) = �cAe � Ae �Ae;

£¤¥ Ae = fx : x 2 �x(A)g. �ãáâì 00e = de(K) = de(J(;)) ¨ a0 = de(J(A)) ¤«ï ¯à®¨§¢®«ì­®©
e-áâ¥¯¥­¨ a = de(A).

e-áâ¥¯¥­ì ­ §ë¢ ¥âáï â®â «ì­®©, ¥á«¨ ®­  á®¤¥à¦¨â £à ä¨ª ­¥ª®â®à®© â®â «ì­®© äã­ªæ¨¨.
�á­®, çâ® e-áâ¥¯¥­ì a â®â «ì­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® A 2 a â ª®¥,
çâ® A �e A�A. �¡®§­ ç¨¬ ç¥à¥§ T ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® â®â «ì­ëå e-áâ¥¯¥­¥©.
� ª ª ª ¤«ï «î¡ëå A ¨ B

A �T B () A�A �e B �B;

â® áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ ¢¥àå­¨å ¯®«ãà¥è¥â®ª DT ¨ T.
�.�.�¥¤¢¥¤¥¢ ¢ [5] ¤®ª § «, çâ® áãé¥áâ¢ãîâ ­¥â®â «ì­ë¥ e-áâ¥¯¥­¨, â. ¥. De n T 6= ;. �­

¯®áâà®¨« â ªãî ç áâ¨ç­ãî äã­ªæ¨î  : ! ! !, ª®â®à ï ­¥ ï¢«ï¥âáï ç áâ¨ç­® ¢ëç¨á«¨¬®© ¨
¤«ï «î¡®© â®â «ì­®© äã­ªæ¨¨ f , ¥á«¨ f �e  , â® f | ¢ëç¨á«¨¬ ï äã­ªæ¨ï. �¥©á ¢ [3] ­ §¢ «
e-áâ¥¯¥­¨, á®¤¥à¦ é¨¥ £à ä¨ª¨ äã­ªæ¨©, ®¡« ¤ îé¨å ãª § ­­ë¬ ¢ëè¥ á¢®©áâ¢®¬, ª¢ §¨¬¨-
­¨¬ «ì­ë¬¨. �§ ®¯à¥¤¥«¥­¨ï á«¥¤ã¥â, çâ® ¥á«¨ a | ª¢ §¨¬¨­¨¬ «ì­ ï e-áâ¥¯¥­ì, â® ®­  ­¥â®-
â «ì­ ï ¨ De(� a) \T = f0eg. �¡®§­ ç¨¬ ç¥à¥§ Q ¬­®¦¥áâ¢® ª¢ §¨¬¨­¨¬ «ì­ëå e-áâ¥¯¥­¥©.

� [3] ¯®ª § ­®, çâ® e-áâ¥¯¥­ì de(A) â®â «ì­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯® «î¡®¬ã ¯¥à¥-
ç¨á«¥­¨î A ¬®¦­® íää¥ªâ¨¢­® ¯®«ãç¨âì ­¥ª®â®à®¥ ä¨ªá¨à®¢ ­­®¥ ¯¥à¥ç¨á«¥­¨¥ í«¥¬¥­â®¢
íâ®£® ¬­®¦¥áâ¢  A. �â®¦¤¥áâ¢¨¬ ¯à®¨§¢®«ì­®¥ ¯¥à¥ç¨á«¥­¨¥ ¬­®¦¥áâ¢  A á ­¥ª®â®à®© â®â «ì-
­®© äã­ªæ¨¥© f : ! ! A, ®¡« áâì §­ ç¥­¨© ª®â®à®© �f = A. �ãáâì P(A) | á¥¬¥©áâ¢® ¢á¥å
¯¥à¥ç¨á«¥­¨© ¬­®¦¥áâ¢  A, ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ®â­®è¥­¨¥¬ �e. �¥§ã«ìâ â �¥©á  ®§­ ç -
¥â, çâ®

de(A) 2 T () P(A) ¨¬¥¥â ­ ¨¬¥­ìè¨© í«¥¬¥­â:

�á¯®«ì§ãï ¢¢¥¤¥­­ãî â¥à¬¨­®«®£¨î, ¬®¦­® ¤®ª § âì, çâ® ¤«ï «î¡ëå A ¨ B

A �e B () (9z)(8f 2 P(B))(9g 2 P(A))(8x)[g(x) = ��fz (x)];

£¤¥ ��fz | ç áâ¨ç­ ï äã­ªæ¨ï, ¢ëç¨á«¨¬ ï ­  z-© ¬ è¨­¥ �ìîà¨­£  á ®à ªã«®¬ �f .
�§ á«¥¤ãîé¥© â¥®à¥¬ë á«¥¤ã¥â, çâ® P(A) ¤«ï jAj � 2 ¨¬¥¥â ­¥áç¥â­ãî ¬®é­®áâì.

�¥®à¥¬  1. �«ï «î¡®£® A, jAj � 2, ¢ P(A) áãé¥áâ¢ã¥â ­¥áç¥â­ë¥  ­â¨æ¥¯¨.

�®ª § â¥«ìáâ¢®. �á­®, çâ® A �e f ¤«ï «î¡®£® ¯¥à¥ç¨á«¥­¨ï f 2 P(A). �§ áà ¢­¥­¨ï
¬®é­®áâ¥© ff : f �e Ag ¨ ff : A �e fg á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ­¥ª®â®à®¥ f 2 P(A) â ª®¥, çâ®
A �e f ¨ f 6�e A, â. ¥. A <e f .

�¥¬¬  1. �«ï «î¡®© ­¥ ¡®«¥¥ ç¥¬ áç¥â­®© á®¢®ªã¯­®áâ¨ ffngn2! ¯¥à¥ç¨á«¥­¨© ¬­®¦¥áâ¢ 

A â ª¨å, çâ® A <e fn ¤«ï ¢á¥å n 2 !, áãé¥áâ¢ã¥â ¯¥à¥ç¨á«¥­¨¥ g 2 P(A) â ª®¥, çâ® gjefn ¤«ï
¢á¥å n 2 !.

�®ª § â¥«ìáâ¢®. �®áâà®¥­¨¥ äã­ªæ¨¨ g ®áãé¥áâ¢¨¬ á ¯®¬®éìî ¯®è £®¢®© ª®­áâàãªæ¨¨.
�¡®§­ ç¨¬ ç¥à¥§ g(t) ª®­¥ç­ë© ­ ç «ì­ë© á¥£¬¥­â äã­ªæ¨¨ g, ¯®áâà®¥­­ë© ª ª®­æã è £  t ¨ ç¥-
à¥§ xt = 1+max �g(t). �ãáâì fasgs2! | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ¯¥à¥ç¨á«¥­¨¥ A (¢®§¬®¦­®
á ¯®¢â®à¥­¨ï¬¨). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® a0 6= a1. � ç «ì­ë© á¥£¬¥­â � ¡ã¤¥¬ ­ §ë¢ âì A-
á¥£¬¥­â®¬, ¥á«¨ �� = f0; 1; : : : ; xg ¤«ï ­¥ª®â®à®£® x, ¨ �� � A. �ã¤¥¬ ¨á¯®«ì§®¢ âì á¨¬¢®« � ª ª
¯¥à¥¬¥­­ãî ¤«ï A-á¥£¬¥­â®¢.

� £ 0. �®« £ ¥¬ �g(0) = fh0; a0ig.

� £ 3s+ 1. �ãáâì t = 3s, ¯®« £ ¥¬

�g(t+1) = �g(t) [ fhxt; asig:
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� £ 3s+ 2. �ãáâì t = 3s+ 1 ¨ s = hk; ni, ¯à®¢¥à¨¬ ¢ë¯®«­¨¬®áâì ãá«®¢¨ï

9�[g(t) � �&�k(��) 6� �fn]: (1)

�á«¨ ãá«®¢¨¥ (1) ¢ë¯®«­¥­®, â® ¯®« £ ¥¬ g(t+1) = ��, £¤¥ ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨©
¨­¤¥ªá áà¥¤¨ �, ã¤®¢«¥â¢®àïîé¨å (1). � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬ g(t+1) = g(t).

� £ 3s+ 3. �ãáâì t = 3s+ 2 ¨ s = hk; ni, ¯à®¢¥à¨¬ ¢ë¯®«­¨¬®áâì ãá«®¢¨ï

hxt; a0i 2 �k(�fn): (2)

�á«¨ ãá«®¢¨¥ (2) ¢ë¯®«­¥­®, â® ¯®« £ ¥¬ �g(t+1) = �g(t)[fhxt; a1ig. � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬
�g(t+1) = �g(t) [ fhxt; a0ig.

�®ª ¦¥¬, çâ® äã­ªæ¨ï g = [
t2!

g(t) ã¤®¢«¥â¢®àï¥â «¥¬¬¥ 1. �á­®, �g = ! ¨, ¡« £®¤ àï è £ ¬

3s + 1, s 2 !, �g = A. �â ª, g 2 P(A). �®ª ¦¥¬, çâ® fn 6�e g ¤«ï «î¡®£® n 2 !. �à¥¤¯®«®¦¨¬,
fn �e g ¤«ï ­¥ª®â®à®£® n, â. ¥. áãé¥áâ¢ã¥â e-®¯¥à â®à �k â ª®©, çâ® �fn = �k(�g). � áá¬®âà¨¬
è £ 3s+2, £¤¥ s = hk; ni. �á«®¢¨¥ (1) ­  íâ®¬ è £¥ ­¥ ¬®¦¥â ¡ëâì ¢ë¯®«­¥­®, â. ª. ¢ ¯à®â¨¢­®¬
á«ãç ¥ ¨¬¥«¨ ¡ë �k(�g) � �k(���) ¨ �k(���) 6� �fn, ¨ ¯®íâ®¬ã �k(�g) 6� �fn.

�â ª, ¢ íâ®¬ á«ãç ¥ ¨¬¥¥¬

8�[g(t) � � ! �k(��) � �fn]:

�âáî¤  ¨ ¨§ ­¥¯à¥àë¢­®áâ¨ e-®¯¥à â®à  �k á«¥¤ã¥â, ¢ ç áâ­®áâ¨, çâ®

�k(�g(t) [Xt �A) � �fn;

£¤¥ Xt = !n�g(t). �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® �k(�g) = �fn, â® �k(�g(t)[Xt�A) = �fn. � ª ª ª �g(t)

| ª®­¥ç­®¥,   Xt | ¢ëç¨á«¨¬®¥ ¬­®¦¥áâ¢ , â® fn �e A, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î â¥®à¥¬ë.
�â ª, �k(�g) 6= �fn, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î. �«¥¤®¢ â¥«ì­®, fn 6�e g ¤«ï ¢á¥å n 2 !.

� £¨ t = 3s+ 3, s = hk; ni, k; n 2 !, ®¡¥á¯¥ç¨¢ îâ ­¥à ¢¥­áâ¢® �g 6= �k(�fn) ¤«ï ¢á¥å k; n.
�â ª, áãé¥áâ¢ã¥â ¯¥à¥ç¨á«¥­¨¥ g 2 P(A), â ª®¥, çâ® gjefn ¤«ï ¢á¥å n ¨ «¥¬¬  3 ¤®ª § ­ .

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¥¬¬  1 ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¢ P(A) áç¥â-
­®©  ­â¨æ¥¯¨ ffngn2!, á®áâ®ïé¥© ¨§ ¯¥à¥ç¨á«¥­¨© A â ª¨å, çâ® A <e fn ¤«ï ¢á¥å n. � áá¬®âà¨¬
á¥¬¥©áâ¢® ¢á¥¢®§¬®¦­ëå â ª¨å  ­â¨æ¥¯¥©, ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ®â­®è¥­¨¥¬ â¥®à¥â¨ª®-¬­®-
¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï �. �® «¥¬¬¥ �®à­  ¢ ¤ ­­®¬ á¥¬¥©áâ¢¥ áãé¥áâ¢ã¥â ¬ ªá¨¬ «ì­ ï  ­-
â¨æ¥¯ì, ®¡®§­ ç¨¬ ¥¥ ç¥à¥§H. �à¥¤¯®«®¦¨¬, çâ® H| áç¥â­®¥ ¬­®¦¥áâ¢®, â®£¤  H = fhsgs2! �
P(A), £¤¥ A <e hs ¤«ï ¢á¥å s. �à¨ íâ®¬ ¢ë¯®«­¥­® ãá«®¢¨¥ «¥¬¬ë 1, á«¥¤®¢ â¥«ì­®, áãé¥-
áâ¢ã¥â ¯¥à¥ç¨á«¥­¨¥ g 2 P(A) â ª®¥, çâ® gjehs ¤«ï ¢á¥å s. � áá¬®âà¨¬ H0 = H [ fgg. � ª ª ª
H0 � H ¨ ï¢«ï¥âáï  ­â¨æ¥¯ìî, ¯®«ãç¥­® ¯à®â¨¢®à¥ç¨¥ á ¬ ªá¨¬ «ì­®áâìî H, á«¥¤®¢ â¥«ì­®,
H | ­¥áç¥â­ ï  ­â¨æ¥¯ì ¯¥à¥ç¨á«¥­¨© ¬­®¦¥áâ¢  A. �

�¡®§­ ç¨¬ ç¥à¥§ De(A) ¬­®¦¥áâ¢® e-áâ¥¯¥­¥©, á®¤¥à¦ é¨å ­¥ª®â®à®¥ ¯¥à¥ç¨á«¥­¨¥ A:

De(A) = fde(�f) : f 2 P(A)g;

ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ®â­®è¥­¨¥¬ �. �¥£ª® ¯à®¢¥à¨âì, çâ® De(A) | ¢¥àå­ïï ¯®¤¯®«ãà¥è¥â-
ª  De ¤«ï «î¡®£® A. � ¬¥â¨¬, çâ® ¥á«¨ de(A) | ­¥â®â «ì­ ï e-áâ¥¯¥­ì, â® de(A) =2De(A). �á«¨
A = ;, â® De(A) = ;, ¥á«¨ jAj = 1, â® De(A) = f0eg.

�¡®§­ ç¨¬ ç¥à¥§ Ta = fg : g 2 T&a � gg ¢¥àå­¨© ª®­ãá ¢ T, ¯®à®¦¤¥­­ë© e-áâ¥¯¥­ìî a.
�®áâ â®ç­® ®ç¥¢¨¤­®, De(A) = Ta ¤«ï «î¡®£® A, jAj � 2. � ¬¥â¨¬, çâ® ¥á«¨ A| ¢. ¯., â® a = 0e
¨ T0e

= T.
�ãáâì De(A) = T nDe(A) | ¬­®¦¥áâ¢® â®â «ì­ëå e-áâ¥¯¥­¥©, ­¥ á®¤¥à¦ é¨å ¯¥à¥ç¨á«¥­¨©

¬­®¦¥áâ¢  A, â®£¤  De(A) = fg : g 2 T&a 6� gg.
�«¥¤ãîé ï â¥®à¥¬  2 ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì e-á¢®¤¨¬®áâì ç¥à¥§ ¯¥à¥ç¨á«¥­¨ï. �¥§ã«ìâ âë

â ª®£® ¢¨¤  (¤«ï àï¤  á¢®¤¨¬®áâ¥©) ¨¬¥îâáï â ª¦¥ ¢ áâ âì¥ �¥«¬ ­  [11].
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�¥®à¥¬  2. �«ï «î¡ëå A, jAj � 2 ¨ B

A �e B () De(B) � De(A):

�®ª § â¥«ìáâ¢®. ). �ãáâì A �e B ¨ g 2 P(B) | ¯à®¨§¢®«ì­®¥ ¯¥à¥ç¨á«¥­¨¥ B. �¬¥¥¬
A �e B �e g, ¯®íâ®¬ã A = �z0(�g) ¤«ï ­¥ª®â®à®£® z0. � ä¨ªá¨àã¥¬ ¥áâ¥áâ¢¥­­ë© ¯¥à¥áç¥â
�g = fh0; g(0)i; h1; g(1)i; : : : g ¨ ®¡®§­ ç¨¬ ç¥à¥§ f0 ¯¥à¥ç¨á«¥­¨¥ A â ª®¥, çâ®

f0(n) = [n-© í«¥¬¥­â, ¯®«ãç¥­­ë© ­  ¢ëå®¤¥ e-®¯¥à â®à  �z0 ;

¥á«¨ ­  ¢å®¤ ¯®¤ îâáï í«¥¬¥­âë �g ¢ ¥áâ¥áâ¢¥­­®¬ ¯®àï¤ª¥]:

�á­®, çâ® ­  ¢ëå®¤¥ e-®¯¥à â®à  ¯®«ãç¨¬ í«¥¬¥­âë ¬­®¦¥áâ¢  A ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥ (¢®§-
¬®¦­® á ¯®¢â®à¥­¨ï¬¨). �¯à¥¤¥«¨¬ ¯¥à¥ç¨á«¥­¨¥ f�0 2 P(A):

f�0 (x) =

8>><
>>:
f0(x=2); ¥á«¨ 9y[x = 2y];

a0; ¥á«¨ 9y[x = 2y + 1& y 2 �g];

a1; ¥á«¨ 9y[x = 2y + 1& y =2 �g]:

�á­®, çâ® f�0 �e g, â. ¥. De(B) � De(A).
(. �ãáâì A ¨ B 6= ; | ¯à®¨§¢®«ì­ë¥ ¬­®¦¥áâ¢ , B = fb0; b1; : : : g | ¯à®¨§¢®«ì­®¥ ¯¥à¥ç¨-

á«¥­¨¥ B. �®ª ¦¥¬, çâ® De(B) � De(A) ! A �e B. �à®¢¥à¨¬ á­ ç « , çâ® A �e f ¤«ï «î¡®£®
¯¥à¥ç¨á«¥­¨ï f 2 P(B). �¥©áâ¢¨â¥«ì­®, �f = B ! de(�f) 2 De(B) ! de(�f) 2 De(A), â®£¤ 
áãé¥áâ¢ã¥â ¯¥à¥ç¨á«¥­¨¥ g 2 P(A) â ª®¥, çâ® f �e g. �â ª, A �e g �e f .

� ª ¯®ª § ­® ¢ ([6], á. 46), ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ®

�¥¬¬  2. �ãé¥áâ¢ãîâ m 2 ! ¨ ª®­¥ç­ ï äã­ªæ¨ï � â ª ï, çâ® �� � B, ¨ ¤«ï «î¡®©

ª®­¥ç­®© äã­ªæ¨¨ e� â ª®©, çâ® �e� � B ¨ � � e�
(9f 2 P(B))[e� � f &A = �m(�f)]:

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì hx;Di ®§­ ç ¥â hx; ui, £¤¥ D = Du ¨

Wn = fhx; hDi2i : hx;Di 2Wm& �� [D | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®g:

�®ª ¦¥¬, çâ® A = �n(B). �ãáâì x 2 A ¨ f 2 P(B) â ª®¥, çâ® � � f ¨ A = �m(�f). � íâ®¬
á«ãç ¥

9D[hx;Di 2Wm&D � �f ]:

� ª ª ª D � �f ¨ �� � �f , â® �� [ D | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®. � ª ª ª hx; hDi2i 2 Wn ¨
hDi2 � �f = B, â® x 2 �n(B).

�¡à â­®, ¯ãáâì x 2 �n(B), â®£¤ 

9D[hx;Di 2Wm& hDi2 � B& �� [D | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®]:

�ãáâì � e� = �� [ D. �ç¥¢¨¤­®, � � � ¨ �e� � B, ¯®íâ®¬ã ¢ á¨«ã «¥¬¬ë 2 ­ ©¤¥âáï â ª®¥
¯¥à¥ç¨á«¥­¨¥ f 2 P(B), çâ® e� � f ¨ A = �m(�f). � ª ª ª hx;Di 2 Wm ¨ D � � e� � �f , â®
x 2 �m(�f) = A. �

�¢¥¤¥¬ ¯®­ïâ¨¥ ª®-â®â «ì­®© áâ¥¯¥­¨ ¯¥à¥ç¨á«¨¬®áâ¨.

�¯à¥¤¥«¥­¨¥. e-áâ¥¯¥­ì de(A) ­ §ë¢ ¥âáï ª®-â®â «ì­®©, ¥á«¨ de(A) 2 T.

�¡®§­ ç¨¬ ç¥à¥§ CT ¬­®¦¥áâ¢® ª®-â®â «ì­ëå e-áâ¥¯¥­¥©. � ª ª ª ¢ «î¡®© â®â «ì­®© ¥-
áâ¥¯¥­¨ a áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® A 2 a â ª®¥, çâ® A �e cA, ¨, á«¥¤®¢ â¥«ì­®, A �e A, â® «î¡ ï
â®â «ì­ ï e-áâ¥¯¥­ì ï¢«ï¥âáï ª®-â®â «ì­®©, â. ¥. T � CT. �¥£ª® § ¬¥â¨âì, çâ® �0

1 � CT ¨
CT\�0

2 ��
0
2. � [7] ¯®ª § ­®, çâ® áãé¥áâ¢ãîâ ª¢ §¨¬¨­¨¬ «ì­ë¥ ª®-â®â «ì­ë¥ e-áâ¥¯¥­¨, â. ¥.

T � CT. � [8] ¯®ª § ­®, çâ® ¯®¤ «î¡®© ­¥­ã«¥¢®© â®â «ì­®© e-áâ¥¯¥­ìî áãé¥áâ¢ãîâ ª¢ §¨¬¨-
­¨¬ «ì­ë¥ ­¥áà ¢­¨¬ë¥ e-áâ¥¯¥­¨ de(A) ¨ de(A), ¯®íâ®¬ã �

0
2 nCT 6= ;. � ç áâ­®áâ¨, ­¥ ¢áïª ï

­¥â®â «ì­ ï e-áâ¥¯¥­ì ï¢«ï¥âáï ª®-â®â «ì­®©.
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�¡®§­ ç¨¬ ¤«ï «î¡®© e-áâ¥¯¥­¨ a ç¥à¥§

CT(� a) = fx : x � a&x 2 CTg:

� [9] ¯®ª § ­®, çâ® áãé¥áâ¢ã¥â ­¥­ã«¥¢ ï e-áâ¥¯¥­ì a 2 CT(� 00e), ®¡à §ãîé ï ¬¨­¨¬ «ì­ãî
¯ àã á «î¡®© e-áâ¥¯¥­ìî ¨§ �0

1. � ç áâ­®áâ¨, ®âáî¤  á«¥¤ã¥â, çâ® �0
1 � CT(� 00e).

�¥®à¥¬  3. �î¡ ï â®â «ì­ ï e-áâ¥¯¥­ì a � 00e á®¤¥à¦¨â äã­ªæ¨î f â ªãî, çâ® de(�f)
ª¢ §¨¬¨­¨¬ «ì­ .

�®ª § â¥«ìáâ¢®. �ãáâì a � 00e ¨ A 2 a | à¥âà áá¨àã¥¬®¥ ¬­®¦¥áâ¢®. �â® ®§­ ç ¥â, çâ®
áãé¥áâ¢ã¥â ç áâ¨ç­® ¢ëç¨á«¨¬ ï äã­ªæ¨ï  â ª ï, çâ® A � � ,  (a0) = a0 ¨  (an+1) = an ¤«ï
¢á¥å n 2 !, £¤¥ fangn2! | í«¥¬¥­âë A, à á¯®«®¦¥­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï (¯àï¬®© ¯¥à¥áç¥â

A). �®áâà®¨¬ â®â «ì­ãî äã­ªæ¨î f á ¯®¬®éìî ª®­áâàãªæ¨¨, ¢ëç¨á«¨¬®© ®â­®á¨â¥«ì­® A,
â ªãî, çâ® �f = A ¨ de(�f) | ª¢ §¨¬¨­¨¬ «ì­ ï e-áâ¥¯¥­ì. � ª ª ª f �e A ª ª à¥§ã«ìâ â
ª®­áâàãªæ¨¨, ¨ A �e f , â® A �e f . �  è £¥ t + 1 ç¥à¥§ ft ®¡®§­ ç¨¬ ª®­¥ç­ë© ­ ç «ì­ë©
á¥£¬¥­â f , ¯®áâà®¥­­ë© ª ª®­æã è £  t. �ãáâì lt = 1 + max �ft. C¨¬¢®« � ¨á¯®«ì§ã¥âáï ª ª
¯¥à¥¬¥­­ ï ¤«ï ª®­¥ç­ëå ­ ç «ì­ëå A-á¥£¬¥­â®¢ (â.¥. �� � A).

� £ 0. �®« £ ¥¬ f0 = ; ¨ l0 = 0.

� £ 2s+ 1. �ãáâì t = 2s, ¯à®¢¥à¨¬

9D[�s(D) ­¥®¤­®§­ ç­®]: (3)

�á«¨ (3) ¢ë¯®«­¥­®, â® ¯ãáâì D� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ D, ã¤®¢«¥â¢®-
àïîé¨å (3). �à¨ íâ®¬ ¬®£ãâ ¯à¥¤áâ ¢¨âìáï ¥é¥ ¤¢¥ ¢®§¬®¦­®áâ¨

9�[ft � �& hD�i1 � ��&�s(��) ®¤­®§­ ç­®]: (4)

� á«ãç ¥ ¢ë¯®«­¥­¨ï ãá«®¢¨ï (4) ¯ãáâì ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá. �®« £ ¥¬

ft+1 = ��:

�á«¨ ãá«®¢¨¥ (4) ­¥ ¢ë¯®«­¥­®, â® ¨¬¥¥¬

8�[ft � �& hD�i1 � �� ! �s(��) ­¥®¤­®§­ ç­®]: (5)

�ãáâì ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ � â ª¨å, çâ®

ft � �& hD�i1 � ��&D� � �� � ! n ��:

�®« £ ¥¬ ft+1 = ��.
�á«¨ (3) ­¥ ¢ë¯®«­ï¥âáï, â® ¯®« £ ¥¬ ft+1 = ft ¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã è £ã.

� £ 2s+ 2. �ãáâì t = 2s+ 1, ¯®« £ ¥¬ ft+1 = ft [ fhlt; asig.
�¯¨á ­¨¥ ª®­áâàãªæ¨¨ § ª®­ç¥­®. �ãáâì f = [

t2!
ft, ¤®ª ¦¥¬, çâ® f | âà¥¡ã¥¬ ï äã­ªæ¨ï.

� ¬¥â¨¬, çâ® ¯à®¢¥àª  ãá«®¢¨© (3) ¨ (4) ­  è £ å 2s + 1 ¢ëç¨á«¨¬  ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ 
K0 � A,   ¢ë¯®«­¥­¨¥ ¯®áâà®¥­¨ï ­  è £ å 2s + 2 ¢ëç¨á«¨¬® ®â­®á¨â¥«ì­® A. �® ãá«®¢¨î
â¥®à¥¬ë a � 00e, ¯®íâ®¬ã ¢áï ª®­áâàãªæ¨ï ¢ëç¨á«¨¬  ®â­®áâ¥«ì­® A, ¨, á«¥¤®¢ â¥«ì­®, f �e A.
� ª ¢¨¤­® ¨§ ª®­áâàãªæ¨¨, �f = A, ¯®íâ®¬ã A �e f .

�ãáâì â®â «ì­ ï äã­ªæ¨ï g �e �f , â®£¤  �g = �s0(�f) ¤«ï ­¥ª®â®à®£® s0. � áá¬®âà¨¬ è £
2s0 + 1, ¯ãáâì t0 = 2s0. �á«¨ ãá«®¢¨¥ (3) ­¥ ¢ë¯®«­ï¥âáï, â® ¨¬¥¥¬

8D[�s0(D) | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®];

â®£¤  �s0(!) | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®. � ª ª ª �f � !, â® �g = �s0(�f) � �s0(!) ¨ â®£¤  ¢
á¨«ã â®â «ì­®áâ¨ g �g = �s0(!). �«¥¤®¢ â¥«ì­®, �g | ¢. ¯. ¨ g | ¢ëç¨á«¨¬ ï äã­ªæ¨ï.
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�á«¨ ãá«®¢¨¥ (3) ¢ë¯®«­¥­®, â® ¬®¦¥â ¯à¥¤áâ ¢¨âìáï «î¡®¥ ¨§ ¢§ ¨¬®¨áª«îç îé¨å ãá«®¢¨©
(4) ¨«¨ (5). �ãáâì ¢ë¯®«­ï¥âáï (4), â®£¤ , ª ª ¢¨¤­® ¨§ ¯®áâà®¥­¨ï, �s0(�f t0+1) ®¤­®§­ ç­®. � ª
ª ª �f � �f t0+1, â®

�g = �s0(�f) � �s0(�f t0+1);

¨ â®£¤  �g = �s0(�f t0+1). �­®¦¥áâ¢® �f t0+1 ¢ëç¨á«¨¬®, ¯®íâ®¬ã �g | ¢.¯. ¨ g | ¢ëç¨á«¨¬ ï
äã­ªæ¨ï.

�®ª ¦¥¬, çâ® ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (5), â® �s0(�f) | ­¥®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®. �¥©-
áâ¢¨â¥«ì­®, ¯à¨ ¢ë¡®à¥ ft0+1 ¬ë ¤®¡¨«¨áì, çâ®¡ë ¬­®¦¥áâ¢® �s0(D

�) áâ «® ­¥®¤­®§­ ç­ë¬, £¤¥
D� � �f t0+1 ¨ hD

�i1 � �ft0+1. � íâ®¬ á«ãç ¥, ª ª ¢¨¤­® ¨§ ª®­áâàãªæ¨¨, D� � �f . �®£¤  �s0(�f)
­¥®¤­®§­ ç­®, ª ª ¨ �s0(D

�). � ª¨¬ ®¡à §®¬, ¢ ­ è¥¬ á«ãç ¥, ª®£¤  �g = �s0(�f), ãá«®¢¨¥ (5)
­  è £¥ 2s0 + 1 ­¥ ¬®¦¥â ¡ëâì ¢ë¯®«­¥­®. �â ª, de(�f) | ª¢ §¨¬¨­¨¬ «ì­ ï e-áâ¥¯¥­ì. �

�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ¡®«¥¥ á¨«ì­ë¬  ­ «®£®¬ â¥®à¥¬ë � ª�¢®ï [4].

�¥®à¥¬  4. �«ï «î¡®© â®â «ì­®© e-áâ¥¯¥­¨ b � 00e áãé¥áâ¢ã¥â ª¢ §¨¬¨­¨¬ «ì­ ï ª®-

â®â «ì­ ï e-áâ¥¯¥­ì a â ª ï, çâ® a0 = b.

�®ª § â¥«ìáâ¢®. �ãáâì B 2 b â ª®¥, çâ® B �e cB . �®áâà®¨¬ ¯® è £ ¬ â®â «ì­ãî äã­ªæ¨î
f , ã¤®¢«¥â¢®àïîéãî âà¥¡®¢ ­¨ï¬

(Q) : 8z[�f 6=Wz] &8g[g �e �f ! g | ¢ëç¨á«¨¬ ï äã­ªæ¨ï ],
(J) : J(�f) �e B.
� ¬¥â¨¬, çâ® â®â «ì­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï âà¥¡®¢ ­¨î (Q), ¯®áâà®¥­  ¢ [7] á ¯®¬®-

éìî ¤®áâ â®ç­® á«®¦­®© ¯à¨®à¨â¥â­®© ª®­áâàãªæ¨¨. �¤¥áì ¯à¥¤« £ ¥âáï ¯à®áâ ï ¨­â¥à¢ «ì­ ï
ª®­áâàãªæ¨ï, á ¯®¬®éìî ª®â®à®© áâà®¨âáï â®â «ì­ ï äã­ªæ¨ï f , ã¤®¢«¥â¢®àïîé ï âà¥¡®¢ ­¨-
ï¬ (Q) ¨ (J).

�  è £¥ t+1 ç¥à¥§ ft ®¡®§­ ç¨¬ ª®­¥ç­ë© ­ ç «ì­ë© á¥£¬¥­â f , ¯®áâà®¥­­ë© ª ª®­æã è £ 
t. �ãáâì lt = 1 + max �ft. C¨¬¢®« � ¨á¯®«ì§ã¥âáï ª ª ¯¥à¥¬¥­­ ï ¤«ï ª®­¥ç­ëå ­ ç «ì­ëå
á¥£¬¥­â®¢.

� £ 0. �®« £ ¥¬ f0 = ; ¨ l0 = 0.

� £ 4s+ 1. �ãáâì t = 4s, ¯à®¢¥à¨¬

9y[hlt; yi 2Ws]: (6)

�á«¨ (6) ¢ë¯®«­¥­®, â® ¯®« £ ¥¬
ft+1 = ft [ fhlt; y

�ig;

£¤¥ y� | ­ ¨¬¥­ìè¥¥ y, ã¤®¢«¥â¢®àïîé¥¥ (6). � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬

ft+1 = ft [ fhlt; 0ig;

¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã è £ã.

� £ 4s+ 2. �ãáâì t = 4s+ 1, ¯à®¢¥à¨¬

9D[�s(D) ­¥®¤­®§­ ç­®]: (7)

�á«¨ (7) ¢ë¯®«­¥­®, â® ¯ãáâì D� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ D, ã¤®¢«¥â¢®-
àïîé¨å (7). �à¨ íâ®¬ ¬®£ãâ ¯à¥¤áâ ¢¨âìáï ¥é¥ ¤¢¥ ¢®§¬®¦­®áâ¨

9�[ft � �& hD�i1 � ��&�s(��) ®¤­®§­ ç­®]: (8)

� á«ãç ¥ ¢ë¯®«­¥­¨ï ãá«®¢¨ï (8) ¯ãáâì ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá. �®« £ ¥¬
ft+1 = ��. �á«¨ ãá«®¢¨¥ (8) ­¥ ¢ë¯®«­¥­®, â® ¨¬¥¥¬

8�[ft � �& hD�i1 � �� ! �s(��) ­¥®¤­®§­ ç­®]:

�ãáâì ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ � â ª¨å, çâ®

ft � �& hD�i1 � ��&D� � �� � ! n ��:
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�®« £ ¥¬ ft+1 = ��. �á«¨ (7) ­¥ ¢ë¯®«­ï¥âáï, â® ¯®« £ ¥¬ ft+1 = ft ¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã
è £ã.

� £ 4s+ 3. �ãáâì t = 4s+ 2, ¯à®¢¥à¨¬

9�[ft � �& s 2 �s(��)]: (9)

�á«¨ (9) ¢ë¯®«­¥­®, â® ¯ãáâì D� � �� | ª®­¥ç­®¥ ¬­®¦¥áâ¢® á ­ ¨¬¥­ìè¨¬ ª ­®­¨ç¥áª¨¬
¨­¤¥ªá®¬, ¤«ï ª®â®à®£® s 2 �s(D�). �®« £ ¥¬

ft+1 = ��;

£¤¥ ��� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (9) ¨ â ª¨å,
çâ® hD�i1 � ��. � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬

ft+1 = ft;

¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã è £ã.

� £ 4s+ 4. �ãáâì t = 4s+ 3, ¯®« £ ¥¬

ft+1 = ft [ fhlt; 1� cB(s)ig:

�¯¨á ­¨¥ ª®­áâàãªæ¨¨ § ª®­ç¥­®. �ãáâì f = [
t2!

ft, ¤®ª ¦¥¬, çâ® ¢ å®¤¥ ª®­áâàãªæ¨¨ ã¤®-

¢«¥â¢®à¥­ë âà¥¡®¢ ­¨ï (Q) ¨ (J).
� £¨ 4s+ 1, s 2 !, ®¡¥á¯¥ç¨¢ îâ �f 6= Ws ¤«ï ¢á¥å s 2 !, â. ª. ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (6)

hlt; y
�i 2Ws \ �f ,   ¢ ¯à®â¨¢­®¬ á«ãç ¥ hlt; 1i 2 �f nWs.
�ãáâì â®â «ì­ ï äã­ªæ¨ï g �e �f , â®£¤  �g = �s0(�f) ¤«ï ­¥ª®â®à®£® s0. � áá¬®âà¨¬ è £

4s0 + 2, ¯ãáâì t0 = 4s0 + 1. �®¢â®àïï ç áâì ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3, ¢ íâ®¬ á«ãç ¥ ¬®¦­®
¯à®¢¥à¨âì, çâ® g | ¢ëç¨á«¨¬ ï äã­ªæ¨ï. �â ª, âà¥¡®¢ ­¨¥ (Q) ã¤®¢«¥â¢®à¥­®.

�à®¢¥à¨¬, çâ® ã¤®¢«¥â¢®à¥­® â ª¦¥ ¨ âà¥¡®¢ ­¨¥ (J). �§ ª®­áâàãªæ¨¨ á«¥¤ã¥â, çâ® ¢á¥ è £¨
4s + 1, 4s + 2, 4s + 3, s 2 !, ¢ëç¨á«¨¬ë ¢ 00e,   è £¨ 4s + 4, s 2 !, ¢ëç¨á«¨¬ë ¢ B. � ª
ª ª ¯® ãá«®¢¨î â¥®à¥¬ë 00e � b, â® ¢áï ª®­áâàãªæ¨ï ¢ëç¨á«¨¬  ®â­®á¨â¥«ì­® ¯à®¨§¢®«ì­®£®
¯¥à¥ç¨á«¥­¨ï B. �à®¢¥àïï ­  è £ å 4x+ 3 ¢ë¯®«­¨¬®áâì ãá«®¢¨ï (9), ¨¬¥¥¬

x 2 (�f)e () f4x+3 6= f4x+2;

®âªã¤  J(�f) �e B.
�â®¡ë ¯à®¢¥à¨âì B �e J(�f), ¯®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ­ ç «ì­ëå á¥£¬¥­â®¢

fftgt2!, ¨, á«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì ¢ëç¨á«¨¬ëå ¬­®¦¥áâ¢ f�fgt2! ¢ëç¨á«¨¬  ®â­®-
á¨â¥«ì­® J(�f). �®£¤  cB(x) = 1�f4x+4(lx) ¤«ï ¢á¥å x 2 !, â. ¥. B �e J(�f). �á­®, çâ® �f �e J(�f).
�á¥ è £¨, ªà®¬¥ 4s+4, s 2 !, ¢ëç¨á«¨¬ë ¢ 00e,   ­  è £ å 4s+4, s 2 !, ¢ë¯®«­ï¥âáï ¯®áâà®¥­¨¥

f4s+4 = f4s+3 [ fhl4s+3; 1� c �f (l4s+3)ig;

ª®â®à®¥ ¢ëç¨á«¨¬® ¢ �f . �â ª, J(�f) �e B, ¨ âà¥¡®¢ ­¨¥ (J) ã¤®¢«¥â¢®à¥­®.
�ãáâì a = de(�f). �§ ª®­áâàãªæ¨¨ ¨ âà¥¡®¢ ­¨ï (Q) á«¥¤ã¥â, çâ® a | ª®-â®â «ì­ ï ª¢ §¨-

¬¨­¨¬ «ì­ ï e-áâ¥¯¥­ì,   ¨§ âà¥¡®¢ ­¨ï (J) | çâ® a0 = b. �

�à¥¤áâ ¢«ï¥â ¨­â¥à¥á á«¥¤ãîé ï à¥«ïâ¨¢¨§ æ¨ï ¯®­ïâ¨ï ª¢ §¨¬¨­¨¬ «ì­®£® ¬­®¦¥áâ¢ .
�ãáâì B | ¯à®¨§¢®«ì­®¥ ¤ ­­®¥ ¬­®¦¥áâ¢®. �­®¦¥áâ¢® A ­ §ë¢ ¥âáï B-ª¢ §¨¬¨­¨¬ «ì­ë¬,
¥á«¨ B <e A ¨ f �e A ! f �e B ¤«ï «î¡®© â®â «ì­®© äã­ªæ¨¨ f . � íâ®¬ á«ãç ¥ e-áâ¥¯¥­ì
de(A) ­ §ë¢ ¥âáï b-ª¢ §¨¬¨­¨¬ «ì­®©, £¤¥ b = de(B). �¡®§­ ç¨¬ ç¥à¥§ Qb ¬­®¦¥áâ¢® b-
ª¢ §¨¬¨­¨¬ «ì­ëå e-áâ¥¯¥­¥©. �á­®, çâ® Q = Q0 ¨ «î¡ ï b-ª¢ §¨¬¨­¨¬ «ì­ ï e-áâ¥¯¥­ì ­¥-
â®â «ì­ . � [10] ¯®ª § ­®, çâ® Qb 6= ; ¤«ï ª ¦¤®© ¥-áâ¥¯¥­¨ b.

�¡®¡é¥­¨¥¬ â¥®à¥¬ë � ââ¥à¨¤¦  [7] ï¢«ï¥âáï á«¥¤ãîé ï

�¥®à¥¬  5. �«ï «î¡®© â®â «ì­®© e-áâ¥¯¥­¨ b áãé¥áâ¢ã¥â b-ª¢ §¨¬¨­¨¬ «ì­ ï ª®-â®-

â «ì­ ï e-áâ¥¯¥­ì a.
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�®ª § â¥«ìáâ¢®. �ãáâì b| ¯à®¨§¢®«ì­ ï â®â «ì­ ï e-áâ¥¯¥­ì, ¨ B 2 b â ª®¥, çâ® B �e cB.
�®áâà®¨¬ ¯® è £ ¬ â®â «ì­ãî äã­ªæ¨î f , ã¤®¢«¥â¢®àïîéãî âà¥¡®¢ ­¨î

(BQ) : (8s)[�f 6= �s(B)]& (8g)[�t(�f) = �g ! g �e B].
�¥à¥§ ft ®¡®§­ ç¨¬ ¯®¤äã­ªæ¨î f , ¯®áâà®¥­­ãî ª ª®­æã è £  t, ¨¬¥îéãî ¢¨¤ cB � �t, £¤¥

�t | ­¥ª®â®àë© ª®­¥ç­ë© ­ ç «ì­ë© á¥£¬¥­â, ¢ë¡à ­­ë© ­  è £¥ t. �ãáâì lt = 1 + max ��t.
� ª¨¬ ®¡à §®¬, f = [

t2!
ft = cB � [

t2!
�t = cB � �.

� £ 0. �®« £ ¥¬ f0 = cB � ; ¨ l0 = 0.

� £ 2s+ 1. �ãáâì t = 2s, ¯à®¢¥à¨¬

9y[h2lt + 1; yi 2 �s(B)]: (10)

�á«¨ (10) ¢ë¯®«­¥­®, â® ¯®« £ ¥¬ ft+1 = ft [ fh2lt + 1; y�ig, £¤¥ y� | ­ ¨¬¥­ìè¥¥ y, ã¤®¢«¥â¢®-
àïîé¥¥ (10). � ¯à®â¨¢­®¬ á«ãç ¥ ¯®« £ ¥¬ ft+1 = ft [ fh2lt + 1; 0ig ¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã
è £ã.

� ¬¥â¨¬, çâ® ¥á«¨ ¢ë¯®«­¥­® (10), â® h2lt+1; y�i 2 �s(B)\�f , á«¥¤®¢ â¥«ì­®, h2lt+1; y�i =2 �f .
�á«¨ (10) ­¥ ¢ë¯®«­¥­®, â® h2lt+1; 1i 2 �f n�s(B). � «î¡®¬ á«ãç ¥ ¯®á«¥ è £  2s+1 �f 6= �s(B).

� £ 2s+ 2. �ãáâì t = 2s+ 1, ¯à®¢¥à¨¬

9D[�s(D) ­¥®¤­®§­ ç­®]: (11)

�á«¨ (11) ¢ë¯®«­¥­®, â® ¯ãáâì D� ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ D, ã¤®¢«¥â¢®-
àïîé¨å (11). �à¨ íâ®¬ ¬®£ãâ ¯à¥¤áâ ¢¨âìáï ¥é¥ ¤¢¥ ¢®§¬®¦­®áâ¨

9�[�t � �& hD�i1 � �(cB � �)&�s(�(cB � �)) ®¤­®§­ ç­®]: (12)

� á«ãç ¥ ¢ë¯®«­¥­¨ï ãá«®¢¨ï (12) ¯ãáâì ��t+1 ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá. �®« -
£ ¥¬ ft+1 = cB � �t+1. �á«¨ ãá«®¢¨¥ (12) ­¥ ¢ë¯®«­¥­®, â® ¨¬¥¥¬

8�[�t � �& hD�i1 � �(cB � �)! �s(�(cB � �)) ­¥®¤­®§­ ç­®]: (13)

�ãáâì ��t+1 ¨¬¥¥â ­ ¨¬¥­ìè¨© ª ­®­¨ç¥áª¨© ¨­¤¥ªá áà¥¤¨ � â ª¨å, çâ®

�t � �& hD�i1 � �(cB � �)&D� � �(cB � �)� ! n �(cB � �):

�®« £ ¥¬ ft+1 = cB � �t+1.
�á«¨ (11) ­¥ ¢ë¯®«­ï¥âáï, â® ¯®« £ ¥¬ ft+1 = ft ¨ ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¥¬ã è £ã.
�¯¨á ­¨¥ ª®­áâàãªæ¨¨ § ª®­ç¥­®. � ª ª ª

8x[x 2 B () h2x; 1i 2 �f () h2x; 0i 2 �f ];

â® B �e �f .
�®ª ¦¥¬, çâ® ã¤®¢«¥â¢®à¥­® âà¥¡®¢ ­¨¥ (BJ). �ãáâì â®â «ì­ ï äã­ªæ¨ï g �e �f , â®£¤ 

�g = �s0(�f) ¤«ï ­¥ª®â®à®£® s0. � áá¬®âà¨¬ è £ 2s0 + 2, ¯ãáâì t0 = 2s0 + 1. �á«¨ ãá«®¢¨¥ (11)
­¥ ¢ë¯®«­ï¥âáï, â® ¨¬¥¥¬

8D[�s0(D) | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®];

â®£¤  �s0(!) | ®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®. � ª ª ª �f � !, â® �g = �s0(�f) � �s0(!) ¨ â®£¤  ¢
á¨«ã â®â «ì­®áâ¨ g �g = �s0(!). �«¥¤®¢ â¥«ì­®, �g | ¢. ¯. ¨ g | ¢ëç¨á«¨¬ ï äã­ªæ¨ï.

�á«¨ ãá«®¢¨¥ (11) ¢ë¯®«­¥­®, â® ¬®¦¥â ¯à¥¤áâ ¢¨âìáï «î¡®¥ ¨§ ¢§ ¨¬®¨áª«îç îé¨å ãá«®-
¢¨© (12) ¨«¨ (13). �ãáâì ¢ë¯®«­ï¥âáï (12), â®£¤ , ª ª ¢¨¤­® ¨§ ¯®áâà®¥­¨ï, �s0(�f t0+1) =
�s0(�(cB � �t+1)) ®¤­®§­ ç­®. � ª ª ª �f � �f t0+1, â®

�g = �s0(�f t0+1) = �s0(�(cB � �t+1)):

�­®¦¥áâ¢® ��t0+1 ª®­¥ç­®, ¯®íâ®¬ã �(cB � �t+1) �e cB �e B. �«¥¤®¢ â¥«ì­®, g �e B.
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�®ª ¦¥¬, çâ® ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (13), â® �s0(�f) | ­¥®¤­®§­ ç­®¥ ¬­®¦¥áâ¢®. �¥©-
áâ¢¨â¥«ì­®, ¯à¨ ¢ë¡®à¥ ft0+1 ¬ë ¤®¡¨«¨áì, çâ®¡ë ¬­®¦¥áâ¢® �s0(D

�) áâ «® ­¥®¤­®§­ ç­ë¬, £¤¥
D� � �f t0+1 ¨ hD

�i1 � �ft0+1. � íâ®¬ á«ãç ¥, ª ª ¢¨¤­® ¨§ ª®­áâàãªæ¨¨, D� � �f . �®£¤  �s0(�f)
­¥®¤­®§­ ç­®, ª ª ¨ �s0(D

�). � ª¨¬ ®¡à §®¬, ¢ ­ è¥¬ á«ãç ¥, ª®£¤  �g = �s0(�f), ãá«®¢¨¥ (13)
­  è £¥ 2s0 + 2 ­¥ ¬®¦¥â ¡ëâì ¢ë¯®«­¥­®. �â ª, âà¥¡®¢ ­¨¥ (Q) ã¤®¢«¥â¢®à¥­®.

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì a = de(�f) | ¯®áâà®¥­­ ï ¢ å®¤¥ ª®­áâàãªæ¨¨
ª®-â®â «ì­ ï e-áâ¥¯¥­ì. �¦¥ ¯®ª § ­® ¢ëè¥, çâ® b < a. �§ â®£®, çâ® ã¤®¢«¥â¢®à¥­® âà¥¡®¢ ­¨¥
(BJ), á«¥¤ã¥â a | b-ª¢ §¨¬¨­¨¬ «ì­ ï ¥-áâ¥¯¥­ì.
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