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1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ ãà ¢¥¨¥

Lu = K(y)uxx + uyy +Aux +Buy + Cu = F (x; y); (1)

£¤¥ yK(y) > 0 ¯à¨ y 6= 0, ¢ ®¡« áâ¨ D, ®£à ¨ç¥®© ¯à®áâ®© ªà¨¢®© �, «¥¦ é¥© ¢ ¯®«ã¯«®áª®áâ¨
y > 0 á ª®æ ¬¨ ¢ â®çª å A1(0; 0) ¨ B1(l; 0), l > 0, ¨ å à ªâ¥à¨áâ¨ª ¬¨ 1 ¨ 2 ãà ¢¥¨ï (1) ¯à¨
y < 0

1 : � = x+
Z y

0

q
�K(t) dt = 0; 2 : � = x�

Z y

0

q
�K(t) dt = l;

£¤¥ K(y) 2 C[yc1; 0] ^ C2[yc1 ; 0], yc1 | ®à¤¨ â  â®çª¨ C1 ¯¥à¥á¥ç¥¨ï å à ªâ¥à¨áâ¨ª 1 ¨ 2.
�ãáâì D+ = D \ fy > 0g, D� = D \ fy < 0g. �«ï ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D ¯®áâ ¢¨¬ § ¤ çã
â¨¯  �¥©¬  , ¨§ãç¥ãî �®à ¢¥æ [1].

� ¤ ç  �®à ¢¥æ. � ©â¨ äãªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) ^ C1(D [ �) ^ C2(D� [D+); (2)

Lu(x; y) � F (x; y); (x; y) 2 D+ [D�; (3)

Kuxdy � uydx = �(x; y); (x; y) 2 �; (4)

Kuxdy � uydx =  (x; y); (x; y) 2 ; (5)

£¤¥ � ¨  | § ¤ ë¥ ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨.

�â¬¥â¨¬, çâ® § ¤ ç  (2){(5) ¢¯¥à¢ë¥ ¨§ãç¥  �®à ¢¥æ [1] ¤«ï ãà ¢¥¨ï � ¯«ë£¨  (¢ íâ®¬
á«ãç ¥ ¢ (1) K(0) = 0, K 0(y) > 0 ¯à¨ ¢á¥å (x; y) 2 D, A(x; y) = B(x; y) = C(x; y) = F (x; y) = 0) ¢
¡®«¥¥ ®¡é¥© ¯®áâ ®¢ª¥ (¢ £¨¯¥à¡®«¨ç¥áª®© ç áâ¨ £à ¨ç®¥ ãá«®¢¨¥ (5) § ¤ ®, ¢®®¡é¥ £®¢®àï,
  ¥x à ªâ¥à¨áâ¨ç¥áª®© ªà¨¢®©) ¨ ¢ ¥áª®«ìª® ¨®© ®¡« áâ¨, ç¥¬ D. �¥â®¤®¬ ¢á¯®¬®£ â¥«ì-
ëå äãªæ¨© â ¬ ¤®ª §   â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ ¯à¨ áãé¥áâ¢¥ëå £¥®¬¥-
âà¨ç¥áª¨å ®£à ¨ç¥¨ïå   ªà¨¢ãî � ¢ â®çª å ¯®¤å®¤  ª ®á¨ y = 0. � ¬®®£à ä¨¨ �.�¥àá 
([2], á. 118) ¤«ï ãà ¢¥¨ï � ¢à¥âì¥¢ {�¨æ ¤§¥ ¬¥â®¤®¬ ¢á¯®¬®£ â¥«ìëå äãªæ¨© ¤®ª § -
  â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (2){(5) ¢ ¯®áâ ®¢ª¥ �®à ¢¥æ, ª®£¤  ªà¨¢ ï � ¢
â®çª å ¯®¤å®¤  ª ®á¨ y = 0 ¯¥à¯¥¤¨ªã«ïà , ¯à®¨§¢®¤ ï dy

dx
¥ ®¡à é ¥âáï ¢ ã«ì   �, § 

¨áª«îç¥¨¥¬ ®¤®© â®çª¨. � á«ãç ¥, ª®£¤  ªà¨¢ ï � á®¢¯ ¤ ¥â á å à ªâ¥à¨áâ¨ª®©, ¯®«ãç¥ 
â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®à ¢¥æ ¤«ï ãà ¢¥¨ï � ¯«ë£¨  [3] ¯à¨ ãá«®¢¨¨
3K 02 � 2KK 00 � 0, y < 0, ¨ � ¢à¥âì¥¢ {�¨æ ¤§¥ [4] ¡¥§ ª ª¨å-«¨¡® ®£à ¨ç¥¨© £¥®¬¥âà¨ç¥-
áª®£® å à ªâ¥à    ªà¨¢ãî �. � ¤ ®© à ¡®â¥ ¯à¨ ¥ª®â®àëå ®£à ¨ç¥¨ïå   ª®íää¨æ¨¥âë

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 99-0100934, ¨ �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨ ¯® äã¤ ¬¥â «ìë¬ ¨áá«¥¤®-

¢ ¨ï¬ ¢ ®¡« áâ¨ ¬ â¥¬ â¨ª¨, £à â ò22 .
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ãà ¢¥¨ï (1) ãáâ ®¢«¥ë íªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© § ¤ ç¨ (2){(5) ¢ ®¡« áâ¨ £¨¯¥à-
¡®«¨ç®áâ¨ D� ¨ á¬¥è ®© ®¡« áâ¨ D. �  ®á®¢ ¨¨ íâ¨å á¢®©áâ¢ ¯®«ãç¥ë â¥®à¥¬ë ¥¤¨-
áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (2){(5) ¡¥§ ®£à ¨ç¥¨© £¥®¬¥âà¨ç¥áª®£® å à ªâ¥à    ªà¨¢ãî �.
� ¯. 4 ¯à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ®â®á¨â¥«ì® äãªæ¨¨ K(y), ¯à¨ ª®â®àëå á¯à ¢¥¤«¨¢ë
â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®à ¢¥æ ¤«ï ãà ¢¥¨ï � ¯«ë£¨  ¡¥§ ª ª¨å-«¨¡®
®£à ¨ç¥¨© £¥®¬¥âà¨ç¥áª®£® å à ªâ¥à    ªà¨¢ãî �.

2. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© § ¤ ç¨ �®à ¢¥æ ¢ ®¡« áâ¨
£¨¯¥à¡®«¨ç®áâ¨

� ®¡« áâ¨ D� ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨ â ¬ (�; �). �®£¤  ãà ¢¥¨¥ (1) ¯à¨-
¬¥â ¢¨¤

L0u � u�� + a(�; �)u� + b(�; �)u� + c(�; �)u = f(�; �); (6)

£¤¥

a =
(A+B

p�K �K 0=2
p�K)

4K
; c =

C

4K
;

b =
(A�B

p�K +K 0=2
p�K)

4K
; f =

F

4K
;

  ®¡« áâì D� ®â®¡à ¦ ¥âáï ¢ ®¡« áâì �, ®£à ¨ç¥ãî ®âà¥§ª ¬¨ A0B0 (� = �), B0C0 (� = l) ¨
A0C0 (� = 0).

�ãáâì � = a�, � = exp
Z
b d�, äãªæ¨¨ a(�; �), a�(�; �), b(�; �), c(�; �) ¥¯à¥àë¢ë ¢ �, ªà®¬¥,

¡ëâì ¬®¦¥â, ®âà¥§ª  A0B0, ¨ ¯à¨ (�; �) 2 �[B0C0 ã¤®¢«¥â¢®àïîâ ®¤®¬ã ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

�(0; �) � 0; h = �� + �b� c � 0;
Z �

0
�(t; �)c(t; �)dt > 0; 0 < � < � � l; (B1)

c(�; �) = 0; �(�; �) �
Z �

0
�(t; �)jh(t; �)jdt > 0; 0 < � < � � l: (B2)

�à¥¤¯®« £ ¥âáï, çâ® ¯à ¢ ï ç áâì f(�; �) ãà ¢¥¨ï (6) ¨â¥£à¨àã¥¬  ¯® �   ª ¦¤®¬ ®âà¥§ª¥
[0; �0] å à ªâ¥à¨áâ¨ª¨ � = �0, £¤¥ 0 < �0 < �0 � l.

�¯à¥¤¥«¥¨¥ 1. �¥£ã«ïàë¬ ¢ � à¥è¥¨¥¬ ãà ¢¥¨ï (6)  §®¢¥¬ äãªæ¨î u(�; �), ã¤®-
¢«¥â¢®àïîéãî ãá«®¢¨ï¬:

1) u(�; �) 2 C(�) ^C1(�), u�� 2 C(�), L0u � 0 ¢ �;
2) ¯à®¨§¢®¤ ï u� ¥¯à¥àë¢  ¢ �, ªà®¬¥, ¡ëâì ¬®¦¥â, ®âà¥§ª  A0B0.

�¥¬¬  1. �ãáâì 1) ª®íää¨æ¨¥âë ãà ¢¥¨ï (6) ®¡« ¤ îâ ®â¬¥ç¥®© ¢ëè¥ £« ¤ª®áâìî

¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (B1); 2) f(�; �) � 0 (� 0)   � [ B0C0; 3) u(�; �) | à¥£ã«ïà®¥ ¢ �
à¥è¥¨¥ ãà ¢¥¨ï (6), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î u� = 0   å à ªâ¥à¨áâ¨ª¥ A0C0. �®£¤ , ¥á«¨

max
�

(�; �) > 0 (min
�
(�; �) < 0), â® íâ®â ¬ ªá¨¬ã¬ (¬¨¨¬ã¬) ¤®áâ¨£ ¥âáï   ®âà¥§ª¥ A0B0.

�®ª § â¥«ìáâ¢®. �à®¨â¥£à¨àã¥¬ â®¦¤¥áâ¢®

�L0(u) � @

@�
(�u� + �u)� �hu = f� (7)

¯o ®âà¥§ªã NM ¯àï¬®© � = const, ¯à¨ ¤«¥¦ é¥¬ã ®¡« áâ¨ �. �®£¤  ¯®«ãç¨¬

(�u� + �u)
��M
N
=
Z
NM

�hu d� +
Z
NM

�f d�: (8)

� à ¢¥áâ¢¥ (8) ®âà¥§®ª NM ¬®¦¥â ¯à¨ ¤«¥¦ âì ¥ â®«ìª® ®¡« áâ¨ �, ® ¨ � n A0B0. �ãáâì
max
�

u(�; �) = u(Q) > 0. �®¯ãáâ¨¬, çâ® Q =2 A0B0. �®£¤  â®çª  Q 2 � [ B0C0. �§ â®çª¨ Q
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¯à®¢¥¤¥¬ ®âà¥§®ª � = const ¤® ¯¥à¥á¥ç¥¨ï á å à ªâ¥à¨áâ¨ª®© � = 0 ¢ â®çª¥ P . � (8) ¢ ª ç¥áâ¢¥
®âà¥§ª  NM ¢®§ì¬¥¬ PQ. �®£¤  ¯®«ãç¨¬

�(Q)u�(Q) =
Z
PQ

�hu d� +
Z
PQ

�f d� � �(Q)u(Q) + �(P )u(P ) =

=
Z
PQ

�f d� +
Z
PQ

�h[u� u(Q)]d� + u(Q)
Z
PQ

�h d� � �(Q)u(Q) + �(P )u(P ) =

=
Z
PQ

�f d� +
Z
PQ

�h[u� u(Q)]d� � u(Q)
Z
PQ

�c d� � �(P )[u(Q) � u(P )]:

�âáî¤  ¢ á¨«ã ãá«®¢¨ï (B1) ¨§ ¥à ¢¥áâ¢ f � 0 ¢ � [ B0C0 ¨ u(Q) > 0 á«¥¤ã¥â u�(Q) < 0. �®
íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ¢ â®çª¥ Q ¬ ªá¨¬ã¬  äãªæ¨¨ u(�; �) ¯à®¨§¢®¤ ï u�(Q) � 0.

� ¬¥ç ¨¥ 1. �¥¬¬  1 ¯® áãé¥áâ¢ã ¯à¥¤áâ ¢«ï¥â á®¡®© à¥§ã«ìâ â �£¬® , �¨à¥¡¥à£  ¨
�à®ââ¥à  [5], ª®â®àë© ¯à¨¢¥¤¥ ¤«ï ã¤®¡áâ¢  ¤ «ì¥©è¥£® ¨§«®¦¥¨ï.

�¥¬¬  2. �ãáâì 1) ª®íää¨æ¨¥âë ãà ¢¥¨ï (6) ®¡« ¤ îâ ®â¬¥ç¥®© ¢ëè¥ £« ¤ª®áâìî

¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (B2); 2) f(�; �) � 0 a � [ B0C0; 3) u(�; �) | à¥£ã«ïà®¥ ¢ � à¥-

è¥¨¥ ãà ¢¥¨ï (6), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î u = 0   å à ªâ¥à¨áâ¨ª¥ A0C0. �®£¤ , ¥á«¨

max
�

ju(�; �)j > 0, â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï   ®âà¥§ª¥ A0B0.

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î u(�; �) ¥¯à¥àë¢  ¢ � ¨ u�(0; �) = 0   å à ªâ¥à¨áâ¨ª¥ A0C0.
�®£¤  u(0; �) = const = u(A0) ¯à¨ ¢á¥å 0 � � � l. �®áª®«ìªã ª®íää¨æ¨¥â c(�; �) � 0 ¢ �, â®, ¥
â¥àïï ®¡é®áâ¨, áç¨â ¥¬ u = 0   A0C0, â. ª. ¢ ¯à®â¨¢®¬ á«ãç ¥, à áá¬ âà¨¢ ï ®¢ãî äãªæ¨î
v(�; �) = u(�; �) � u(A0), ¨¬¥«¨ ¡ë, çâ® v(�; �) ¢ ®¡« áâ¨ � ï¢«ï¥âáï à¥£ã«ïàë¬ à¥è¥¨¥¬
ãà ¢¥¨ï (6)

L0(v) � v�� + av� + bv� = 0;

v� = u� = 0   A0C0 ¨ v = 0   A0C0. �ãáâì max
�

ju(�; �)j = ju(Q)j > 0. B á¨«ã «¨¥©®áâ¨ ¨

®¤®à®¤®áâ¨ ãà ¢¥¨ï (6) ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ® u(Q) > 0. �®£¤  max
�

u(�; �)=u(Q)>0 ¨

ju(�; �)j � u(Q) ¢ �. �®¯ãáâ¨¬, çâ® â®çª  Q 2 � [ B0C0. �®£¤ , à ááã¦¤ ï   «®£¨ç® ¤®ª § -
â¥«ìáâ¢ã «¥¬¬ë 1, ¨§ (8) ¯®«ãç¨¬

�(Q)u�(Q) + �(Q)u(Q) =
Z
PQ

�hu d�: (9)

�æ¥¨¢ ï ¯à ¢ãî ç áâì (9), ¨¬¥¥¬

�(Q)u�(Q) �
Z
PQ

�jhj jujd� � �(Q)u(Q) � �u(Q)
�
�(Q)�

Z
PQ

�jhjd�
�
:

�âáî¤  ¢ á¨«ã ãá«®¢¨ï (B2) á«¥¤ã¥â u�(Q) < 0. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® u�(Q) � 0. �«¥¤®-
¢ â¥«ì®,  è¥ ¤®¯ãé¥¨¥ ¥¢¥à®, ¨ Q 2 A0B0.

� ¬¥ç ¨¥ 2. �á«¨ h = a� + ab � 0   ¬®¦¥áâ¢¥ � [ B0C0, â® ãá«®¢¨¥ (B2) à ¢®á¨«ì®
á¨áâ¥¬¥ ¥à ¢¥áâ¢ a(0; �) > 0, h � 0, c � 0 ¯à¨ 0 < � < � � l; ¥á«¨ ¦¥ h = a� + ab < 0  
¬®¦¥áâ¢¥ � [ B0C0, â® ãá«®¢¨¥ (B2) à ¢®á¨«ì® á¨áâ¥¬¥ ¥à ¢¥áâ¢ 2�(�; �) � �(0; �) > 0,
h < 0, c � 0 ¯à¨ 0 < � < � � l.

� ¬¥ç ¨¥ 3. �á«¨ ¢ «¥¬¬ å 1 ¨ 2 ªà ¥¢®¥ ãá«®¢¨¥ u� = 0   «¥¢®© å à ªâ¥à¨áâ¨ª¥ A0C0

§ ¬¥¨âì   u� = 0   ¯à ¢®© å à ªâ¥à¨áâ¨ª¥ C0B0, â® ¤«ï ¢ë¯®«¥¨ï § ª«îç¥¨ï íâ¨å «¥¬¬
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ã¦® § ¬¥¨âì ãá«®¢¨ï (Bk), k = 1; 2,   á«¥¤ãîé¨¥ ãá«®¢¨ï:

b(�; l) < 0; h� = b� + ab� c � 0;
Z l

�

��(�; t)c(�; t)dt > 0; 0 � � < � < l; (B�

1)

c(�; �) = 0; ��(�; �) +
Z l

�

��(�; t)jh�(�; t)jdt < 0; 0 � � < � < l; (B�

2)

£¤¥ �� = exp
Z
a d�, �� = b��. �®«ãç¥ë¥ â ª¨¬ ®¡à §®¬ ãâ¢¥à¦¤¥¨ï  §®¢¥¬ á®®â¢¥âáâ¢¥®

«¥¬¬ ¬¨ 1� ¨ 2�.

3. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  à¥è¥¨© § ¤ ç¨ �®à ¢¥æ ¢ á¬¥è ®© ®¡« áâ¨

�¥¬¬  3 ([5], [6]). �ãáâì 1) ¢ ®¡« áâ¨ D+ ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ®£à ¨ç¥ë ¨

C(x; y) � 0; 2) u(x; y) 2 C(D) ^ C1(D+ [ AB) ^ C2(D+), Lu � F (x; y) � 0 (� 0) ¢ D+;
3) max

D+

u(x; y) = u(x0; 0) > 0 (min
D+

u(x; y) = u(x0; 0) < 0), 0 < x0 < l. �®£¤ 

lim
y!0+0

uy(x0; y) = uy(x0; 0 + 0) < 0 (> 0): (10)

�¡®§ ç¨¬ ç¥à¥§ 
 ¤®áâ â®ç® ¬ «ãî ®ªà¥áâ®áâì â®çª¨ B1, ¨ ¯ãáâì 
1 = D+ \ 
.
�¥¬¬  4. �ãáâì 1) ¢ë¯®«¥ë ãá«®¢¨ï 1) ¨ 2) «¥¬¬ë 3; 2) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1)

¨ ¯à®¨§¢®¤ë¥ Ax ¨ By ¥¯à¥àë¢ë ¢ 
1 ¨ â ¬ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ 2C � Ax � By � 0,
B(x; 0) � 0; B dx� Ady � 0   � \ 
1; 3) Ku2x + u2y ¨ F (x; y) áã¬¬¨àã¥¬ë ¢ 
1. �®£¤ , ¥á«¨ B1

ï¢«ï¥âáï â®çª®© ¨§®«¨à®¢ ®£® ¯®«®¦¨â¥«ì®£® ¬ ªá¨¬ã¬  (®âà¨æ â¥«ì®£® ¬¨¨¬ã¬ )
äãªæ¨¨ u(x; y), â® áãé¥áâ¢ã¥â â®çª  Q1 2 (� [A1B1) \ 
1 â ª ï, çâ®

�s[u(Q1)] > 0 (�s[u(Q1)] < 0): (11)

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ç¨á«® r 2 (0; u(B1)),  áâ®«ìª® ¡«¨§ª®¥ ª ç¨á«ã u(B1), çâ®¡ë
ªà¨¢ ï �0, á®áâ ¢«¥ ï ¨§ «¨¨¨ ãà®¢ï u(x; y) = r, æ¥«¨ª®¬ «¥¦ «  ¢ ¬ «®© ®ªà¥áâ®áâ¨

 â®çª¨ B1 ¨ ¯à¨ ¢á¥å (x; y), ¯à¨ ¤«¥¦ é¨å ®¡« áâ¨ G, ®£à ¨ç¥®© ªà¨¢ë¬¨ B1B2, �0 ¨
®âà¥§ª®¬ B0B1, u(x; y) � r. �¤¥áì B0 ¨ B2 | â®çª¨ ¯¥à¥á¥ç¥¨ï ªà¨¢®© �0 á®®â¢¥âáâ¢¥® á
®âà¥§ª®¬ A1B1 ¨ ªà¨¢®© �. �ãé¥áâ¢®¢ ¨¥ â ª®© ªà¨¢®© �0 ®¡®á®¢ë¢ ¥âáï   «®£¨ç® à ¡®â¥
[7], ¯à¨ç¥¬ ªà¨¢ ï �0 ï¢«ï¥âáï ªãá®ç®-£« ¤ª®©. � ®¡« áâ¨ G à áá¬®âà¨¬ äãªæ¨î v(x; y) =
u(x; y)� r, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï

Lv(x; y) � K(y)vxx + vyy +Avx +Bvy + Cv = F � Cr � 0; (12)

v(x; y) = 0   �0: (13)

�à¥¤¯®«®¦¨¬, çâ® ¥à ¢¥áâ¢® (11) ¥ ¢ë¯®«ï¥âáï, â. ¥.

�s[u(x; y)] � 0 8(x; y) 2 B0B1 [B1B2: (13�)

�â¥£à¨àãï â®¦¤¥áâ¢®

vLv = (Kvvx + 1
2
Av2)x + (vvy + 1

2
Bv2)y �Kv2x � v2y + v2(C � 1

2
Ax � 1

2
By)

¯® ®¡« áâ¨ G á ãç¥â®¬ ãá«®¢¨© (12), (13) ¨ (13�), ¯®«ãç¨¬
Z
B0B1

[2v(x; 0)vy(x; 0) +B(x; 0)v2(x; 0)]dx +
Z
B1B2

v2(B dx�Ady) +

+
Z
B1B2

v(vy dx�Kvx dy) +
ZZ

G

(Kv2x + v2y)dx dy �

�
ZZ

G

[v2(2C �Ax �By) + 2(Cr � F )v]dx dy = 0: (14)
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�âáî¤  á«¥¤ã¥â v = 0, â. ¥. u = const ¢ G+,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® B1 ï¢«ï¥âáï â®çª®©
¨§®«¨à®¢ ®£® ¬ ªá¨¬ã¬ .

�¯à¥¤¥«¥¨¥ 2. �¥£ã«ïàë¬ ¢ ®¡« áâ¨ D à¥è¥¨¥¬ ãà ¢¥¨ï (1)  §®¢¥¬ äãªæ¨î, ã¤®-
¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (2) ¨ (3), ¨ ¤®¯®«¨â¥«ì® ¯®âà¥¡ã¥¬, çâ®¡ë ¯à®¨§¢®¤ ï u� ¡ë« 
¥¯à¥àë¢®© ¢ § ¬ªãâ®© ®¡« áâ¨ D�, ªà®¬¥, ¡ëâì ¬®¦¥â, ®âà¥§ª  A1B1.

�¥®à¥¬  1. �ãáâì 1) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D+ ®£à ¨ç¥ë ¨ C(x; y) � 0;
2) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D� ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨ â å (�; �) ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 1; 3) F (x; y) � 0 (� 0)   D+ [ D�; 4) u(x; y) | à¥£ã«ïà®¥ ¢

D à¥è¥¨¥ ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (5), £¤¥ äãªæ¨ï  (x; y) = 0   å à ªâ¥-

à¨áâ¨ª¥ 1; 5) max
D

u(x; y) > 0 (min
D

u(x; y) < 0). �®£¤  max
D

u(x; y)
�
min
D

u(x; y)
�
¤®áâ¨£ ¥âáï  

ªà¨¢®© �.

�®ª § â¥«ìáâ¢®. �ãáâì max
D

u(x; y) = u(Q) > 0. � á¨«ã ¢ãâà¥¥£® ¯à¨æ¨¯  íªáâà¥¬ã¬ 

¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© u(x; y) 6= const ¥ ¬®¦¥â ¯à¨¨¬ âì ¯®«®¦¨â¥«ì®£® ¬ ªá¨¬ã¬ 
u(Q) ¢ ®¡« áâ¨ D+. �®íâ®¬ã § ç¥¨¥ u(Q) ¯à¨¨¬ ¥âáï   D� ¨«¨   �. �®¯ãáâ¨¬, çâ® Q 2 D�.
�® ãá«®¢¨î 4) â¥®à¥¬ë Kux dy � uy dx = 0   å à ªâ¥à¨áâ¨ª¥ 1:

p
(�K)dy + dx = 0. �âáî¤ 

á«¥¤ã¥â, çâ® ¢¤®«ì ªà¨¢®© 1 ¯à®¨§¢®¤ ï u� = 0. �®£¤  ¢ íâ®¬ á«ãç ¥   ®á®¢ ¨¨ «¥¬¬ë 1
â®çª  Q 2 A1B1. �ãáâì Q 2 A1B1, â. ¥. Q = (x0; 0), 0 < x0 < l. � íâ®© â®çª¥ ¨§ £¨¯¥à¡®«¨ç¥áª®©
ç áâ¨ ®¡« áâ¨ D ¨¬¥¥¬ uy(x0;�0) � 0, çâ® ¢ á¨«ã «¥¬¬ë 3 ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã (10).
�«¥¤®¢ â¥«ì®, Q 2 �.

�¥®à¥¬  2. �ãáâì 1) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D+ ®£à ¨ç¥ë ¨ C(x; y)�0;
2) ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D� ¢ å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨ â å (�; �) ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 2; 3) F (x; y) � 0 ¢ D; 4) u(x; y) | à¥£ã«ïà®¥ ¢ D à¥è¥¨¥ ãà ¢-

¥¨ï (1), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (5), £¤¥ äãªæ¨ï  (x; y) � 0. �®£¤ , ¥á«¨ max
D

ju(x; y)j>0,
â® íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï   ªà¨¢®© �.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã Kux dy � uy dx = 0   å à ªâ¥à¨áâ¨ª¥ 1, â® u� = 0 ¢¤®«ì
íâ®© ªà¨¢®©. �ãáâì max

D

ju(x; y)j = ju(Q)j > 0. � á¨«ã «¨¥©®áâ¨ ¨ ®¤®à®¤®áâ¨ ãà ¢¥¨ï

(1) ¬®¦® ¯®« £ âì, çâ® u(Q) > 0. � ááã¦¤ ï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1, ¯®«ãç¨¬
Q 2 D� [ �. �®¯ãáâ¨¬, çâ® Q 2 D�. �®£¤  ¯® «¥¬¬¥ 2 â®çª  Q 2 A1B1. �ãáâì Q 2 A1B1, â. ¥.
Q = (x0; 0), 0 < x0 < l. � íâ®© â®çª¥ ¨§ £¨¯¥à¡®«¨ç¥áª®© ç áâ¨ D� ¨¬¥¥¬ uy(x0;�0) � 0, çâ®  
®á®¢ ¨¨ «¥¬¬ë 3 ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã (10). � ç¨â, Q 2 �.

�¥®à¥¬  3. �ãáâì 1) ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 4 ¨ ãá«®¢¨¥ 2) â¥®à¥¬ë 1; 2) u(x; y) |
à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ (2){(5) ¨§ ª« áá  à¥£ã«ïàëå ¢ D à¥è¥¨© ãà ¢¥¨ï (1); 3) u(0; 0)=0.
�®£¤  u(x; y) � 0 ¢ D.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â®çª  (x1; y1) 2 D â ª ï, çâ® u(x1; y1) 6= 0,
u(x; y) 6= const ¢ D+. �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ u(x1; y1) > 0. �®£¤  max

D

u(x; y) = u(Q)>0,

Q 2 D. � á¨«ã â¥®à¥¬ë 1 â®çª  Q 2 � [ B1. �ãáâì Q 2 �. � íâ®¬ á«ãç ¥   ®á®¢ ¨¨
£à ¨ç®£® ¯à¨æ¨¯  íªáâà¥¬ã¬  ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¢ â®çª¥ Q ¨¬¥¥¬ ¥à ¢¥áâ¢®
�s(u) = Kux

dy

ds
�uy dxds

��
Q
> 0, ª®â®à®¥ ¯à®â¨¢®à¥ç¨â à ¢¥áâ¢ã �s(u) = 0   �. �ãáâì Q = B1. � íâ®¬

á«ãç ¥ B1 ï¢«ï¥âáï â®çª®© ¨§®«¨à®¢ ®£® ¯®«®¦¨â¥«ì®£® £«®¡ «ì®£® ¬ ªá¨¬ã¬  äãªæ¨¨
u(x; y). �®£¤  «¨¨¨ ãà®¢ï u(x; y) = r äãªæ¨¨ u(x; y) ¢ D+, £¤¥ r 2 (0; u(Q)), ¯à¨ r, ¡«¨§ª¨å ª
ç¨á«ã u(Q), ¡ã¤ãâ à á¯®« £ âìáï ª®æ¥âà¨ç® ¢®ªàã£ â®çª¨ B1 á ª®æ ¬¨   ªà¨¢®© A1B1 [ �
[8]. �âáî¤  á«¥¤ã¥â, çâ® äãªæ¨ï u(x; 0) ¢ ¬ «®© ®ªà¥áâ®áâ¨ B1, â. ¥.   [b0; l) ®á¨ y = 0 ¢®§à áâ -
¥â. � ¯à®â¨¢®¬ á«ãç ¥ áãé¥áâ¢ãîâ â ª¨¥ x1; x2 2 [b0; l), çâ® x1 < x2 ¨ u(x1; 0) = u(x2; 0). �ãáâì
u(x1; 0) = u(x2; 0). � áá¬®âà¨¬ «¨¨¨ ãà®¢ï u(x; y) = u(x1; 0), u(x; y) = u(x2; 0). �ãªæ¨ï u(x; 0)
  ®âà¥§ª¥ [x1; x2] ¨¬¥¥â íªáâà¥¬ã¬, ª®â®àë© ¤®áâ¨£ ¥âáï ¢ ¥ª®â®à®© â®çª¥ (x0; 0), x0 2 (x1; x2).
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�¨¨ï ãà®¢ï u(x; y) = u(x0; 0) ¡ã¤¥â à á¯®«®¦¥  ¬¥¦¤ã «¨¨ï¬¨ u(x1; y) = u(x1; 0) ¨
u(x; y) = u(x2; 0). �â® ®§ ç ¥â, çâ®   «¨¨¨ u(x; y) = u(x0; 0) äãªæ¨ï u(x; y) ¢ ®¡« áâ¨ D0 ¨¬¥-
¥â «®ª «ìë© íªáâà¥¬ã¬, ç¥£® ¡ëâì ¥ ¬®¦¥â. �á«¨ u(x1; y) > u(x2; 0), â® áãé¥áâ¢ã¥â x3 2 [x2; l)
â ª ï, çâ® u(x1; 0) = u(x3; 0). �®£¤ , à ááã¦¤ ï   «®£¨ç®, á®¢  ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥. �ãáâì
� | «î¡ ï â®çª  ¨§ [b0; l). �§ â®çª¨ E(�; 0) ®¯ãáâ¨¬ ¯¥à¯¥¤¨ªã«ïà á ®á®¢ ¨¥¬ ¢ Q2 2 D� ¨
¨§ íâ®© â®çª¨ ¯à®¢¥¤¥¬ å à ªâ¥à¨áâ¨ªã ãà ¢¥¨ï (1) ¤® ¯¥à¥á¥ç¥¨ï á å à ªâ¥à¨áâ¨ª®© A1C1

¢ â®çª¥ C0. �¡« áâì, ®£à ¨ç¥ãî ªà¨¢ë¬¨ A1C0, C0Q2, Q2E ¨ EA1, ®¡®§ ç¨¬ ç¥à¥§ H. � 
®á®¢ ¨¨ «¥¬¬ë 1 ¬®¦® ¯®ª § âì, çâ® max

H

u(x; y) > 0 ¤®áâ¨£ ¥âáï   ®âà¥§ª¥ A1E ¢ â®çª¥ E.

� ç¨â, uy(�; 0� 0) � 0 ¯à¨ ¢á¥å � 2 [b0; l). � á¨«ã «¥¬¬ë 4 ¢ «î¡®© ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®-
áâ¨ 
 â®çª¨ B1   � [A1B1 áãé¥áâ¢ã¥â â®çª  Q1 â ª ï, çâ® �s[u(Q1)] > 0. �á«¨ Q1 2 
1 \ �, â®
¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥ á £à ¨çë¬ ãá«®¢¨¥¬ �s[u(Q1)] = 0   �. �ãáâì Q1 2 
1 \ A1B1. �®£¤ 
  ®âà¥§ª¥ [b0; l) áãé¥áâ¢ã¥â â®çª  (�0; 0) â ª ï, çâ® uy(�0; 0 + 0) < 0,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã,
çâ® uy(�0; 0� 0) � 0. �«¥¤®¢ â¥«ì®, u(x; y) � const. � ãç¥â®¬ ãá«®¢¨ï 3) u(x; y) � 0 ¢ D.

�¥®à¥¬  4. �ãáâì 1) ¢ë¯®«¥ë ãá«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 2 ¨ ãá«®¢¨ï «¥¬¬ë 4; 2) C(x; y)�0
¢ ®¡« áâ¨ D+. �®£¤  u(x; y) = const ¢ D.

�®ª § â¥«ìáâ¢®. � ®¡« áâ¨ D ¢¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î W (x; y) = u(x; y)�u(A1),
ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ®¤®à®¤®© § ¤ ç¨ (2){(5), £¤¥ �(x; y) � 0,  (x; y) � 0, F (x; y) � 0,
C(x; y) � 0, ¯à¨ç¥¬ W (A1) = 0. �®ª ¦¥¬, çâ® W (x; y) � 0 ¢ D. �®¯ãáâ¨¬, çâ® W (x; y) 6= const
¢ ®¡« áâ¨ D+. �®£¤  max

D

jW (x; y)j = jW (Q)j > 0. � á¨«ã â¥®à¥¬ë 2 â®çª  Q 2 � [ B1. �¥ â¥àïï

®¡é®áâ¨ à ááã¦¤¥¨©, áç¨â ¥¬, çâ® W (Q) > 0. � «¥¥, à ááã¦¤ ï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã
â¥®à¥¬ë 3, ¯®«ãç¨¬ W (x; y) � 0 ¢ D. �âáî¤  á«¥¤ã¥â u(x; y) � u(A1) ¢ D.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ãà ¢¥¨¥

sgn yjyjnuxx + uyy + a0jyj
n�1

2 ux = 0; (15)

£¤¥ n > 0, a0 = const, ª®â®à®¥ ¨§ãç «®áì ¬®£¨¬¨  ¢â®à ¬¨ [8], [9]. � å à ªâ¥à¨áâ¨ç¥áª¨å
ª®®à¤¨ â å (�; �) ãà ¢¥¨¥ (15) ¯à¨¨¬ ¥â ¢¨¤

u�� +
p1

n� �
u� � p2

n� �
u� = 0; (16)

£¤¥

p1 =
n� 2a0
2(n+ 2)

; p2 =
n+ 2a0
2(n+ 2)

:

� á«ãç ¥ ãà ¢¥¨ï (16)

a =
p1

n� �
; b = � p2

n� �
; c = 0; � = (n� �)p2 ;

� = p1(n� �)p2�1; h =
p1(1� p2)
(n� �)2

:

�âáî¤  ¥âàã¤® ¢¨¤¥âì, çâ® ª®íää¨æ¨¥âë a, b ¨ a� ¥¯à¥àë¢ë ¢ � n A0B0 ¨ ¯à¨ a0 < n=2
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (B2). �«¥¤®¢ â¥«ì®, ¥á«¨ a0 < n=2, â® ¤«ï ãà ¢¥¨ï (14) á¯à ¢¥¤«¨¢ 
â¥®à¥¬  2 ¨ ¢á¥ ãâ¢¥à¦¤¥¨ï, ¢ëâ¥ª îé¨¥ ¨§ íâ®© â¥®à¥¬ë. �¥®à¥¬  4 ® ¥¤¨áâ¢¥®áâ¨ à¥è¥-
¨ï § ¤ ç¨ (2){(5) ¤«ï ãà ¢¥¨ï (14) ¨¬¥¥â ¬¥áâ® ¯à¨ a0 � 0. �®á«¥¤¥¥ ®£à ¨ç¥¨¥ ¢ë§¢ ®
ãá«®¢¨ï¬¨ (11).
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4. �¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ �®à ¢¥æ ¤«ï ãà ¢¥¨ï � ¯«ë£¨ 

� áá¬®âà¨¬ ¢ ®¡« áâ¨ D ãà ¢¥¨¥ � ¯«ë£¨ 

K(y)uxx + uyy = 0; (17)

£¤¥ K(0) = 0, K 0(y) > 0 ¯à¨ y 2 [yc1 ; ym], ym = maxfy j (x; y) 2 Dg, K(y) | ¤®áâ â®ç® £« ¤ª ï
  [yc1 ; ym] äãªæ¨ï. �¬¥® ¤«ï íâ®£® ãà ¢¥¨ï ¢¯¥à¢ë¥ ¡ë«  ¯®áâ ¢«¥  § ¤ ç  (2){(5) ¢
£ §®¢®© ¤¨ ¬¨ª¥ [11], [2].

� å à ªâ¥à¨áâ¨ç¥áª¨å ª®®à¤¨ â å ãà ¢¥¨¥ (17) ¨¬¥¥â ¢¨¤ (6), £¤¥

a =
1
8
K 0(y)(�K)�

3
2 ; b = �1

8
K 0(y)(�K)�

3
2 ; c = f � 0;

� = (�K)
1
4 ; � = a� =

1
8
K 0(y)(�K)�

5
4 ;

h = a� + ab = a0yy
0

� + ab =
1

64(�K)3
[5K 02 � 4KK 00]:

�á«¨ 5K 02 � 4KK 00 � 0 ¢ D� [C1B1, â® ª®íää¨æ¨¥âë ãà ¢¥¨ï (17) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
(B2). �á«¨ ¦¥ 5K 02 � 4KK 00 < 0 ¢ D� [ C1B1, â® ¯à¨ ãá«®¢¨¨

2�(�; �) � �(0; �) =
1
8
K 0(y)(�K)�

5
4

�
2� K 0

0(y)
K 0(y)

�
K

K0

� 5
4
�
> 0;

£¤¥ K0(y) = K(y)
��
�=0

, K 0

0(y) = K 0(y)
��
�=0

, â ª¦¥ ¢ë¯®«¥® ãá«®¢¨¥ (B2) (á¬. § ¬¥ç ¨¥ 2).
� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �á«¨ 5K 02 � 4KK 00 ¨«¨ 5K 02 < 4KK 00 ¨ 2 � K0

0(y)

K0(y)

�
K

K0

� 5
4 > 0 ¯à¨ y < 0, â® ¤«ï

ãà ¢¥¨ï (17) á¯à ¢¥¤«¨¢  â¥®à¥¬  2, ¢ ç áâ®áâ¨, â¥®à¥¬  4 ® ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï

§ ¤ ç¨ (2){(5).

�¥¯¥àì   ®á®¢ ¨¨ à¥§ã«ìâ â®¢ �à®ââ¥à  [12], [13] ¬®¦® ¯®«ãç¨âì ¤àã£¨¥ ¤®áâ â®çë¥
ãá«®¢¨ï ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (2){(5) ¤«ï ãà ¢¥¨ï � ¯«ë£¨ .

�¥®à¥¬  6. �ãáâì 1) ¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:  ) äãªæ¨ï F (y) = 2
�
K

K0

�0
+1 =

1
K02 (3K 02�2KK 00) � 0 ¯à¨ y < 0; ¡) áãé¥áâ¢ã¥â d1 = const < 0, § ¢¨áïé ï ®â à §¬¥à®¢ ®¡« áâ¨

D�, â ª ï, çâ® F (y) � d1; ¢) áãé¥áâ¢ã¥â d2 = const > 0 â ª ï, çâ® ym < d2, a äãªæ¨ï F (y)
¯à¨ y < 0 ¬®¦¥â ¯à¨¨¬ âì «î¡ë¥ ª®¥çë¥ § ç¥¨ï ; 2) u(x; y)| à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨

(2){(5) ¤«ï ãà ¢¥¨ï (17), ¯à¨ íâ®¬ Ku2x+ u
2
y áã¬¬¨àã¥¬  ¢ ¬ «ëå ®ªà¥áâ®áâïå â®ç¥ª A1 ¨

B1.

�®£¤  u(x; y) � const ¢ D.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î v(x; y) = u(x; y) � u(C1), £¤¥ u(C1) |
§ ç¥¨¥ äãªæ¨¨ u(x; y) ¢ â®çª¥ C1, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ®¤®à®¤®© § ¤ ç¨ (2){(5)
¤«ï ãà ¢¥¨ï (17), ¯à¨ç¥¬ v(C1) = 0. �§ ãá«®¢¨ï Kvx dy � vy dx = 0   å à ªâ¥à¨áâ¨ª¥ A1C1

çâ® à ¢®á¨«ì® v�(0; �) = 0 ¯à¨ 0 < � < l, ¨ v(C1) = 0 ¢ëâ¥ª ¥â v(x; y) = 0   A1C1. � «¥¥,
¯à®¢¥¤ï à ááã¦¤¥¨ï,   «®£¨çë¥ ¤®ª § â¥«ìáâ¢ã ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �à¨ª®¬¨
¤«ï ãà ¢¥¨ï � ¯«ë£¨  [12], [13], [8], ¯®«ãç¨¬ v(x; y) = 0 ¢ D. �âáî¤  á«¥¤ã¥â u(x; y) � u(C1)
¢ D.
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