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�¡ê¥ªâ®¬ ¨§ãç¥­¨ï ï¢«ï¥âáï § ¤ ç 

maxf�xTQ0x+ (c0; x) j xTQjx+ (aj ; x) � bj ; j = 1; : : : ;mg; (1)

¢ ª®â®à®© fx; c0g � Rn, fQkg
m
k=0 | ¬ âà¨æë à §¬¥à­®áâ¨ n�n. � âà¨æã Q0 ¡ã¤¥¬ ¯à¥¤¯®« £ âì

¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©, ¬ âà¨æë fQjg
m
j=1 | ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨. �á«¨ ¢á¥ Qj,

j = 1; : : : ;m, | ­ã«¥¢ë¥ ¬ âà¨æë, â® (1) ï¢«ï¥âáï ®¡é¥© § ¤ ç¥© ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®-
¢ ­¨ï

maxf(c0; x)� xTQ0x j Ax � bg; (2)

£¤¥ A | ¬ âà¨æ  á® áâà®ª ¬¨ aj , b | ¢¥ªâ®à á ª®®à¤¨­ â ¬¨ bj , j = 1; : : : ;m. �á«¨ ¢ (2) ¢¬¥áâ®
Q0 ¢§ïâì �Q0, � > 0, â® ¯®«ãç¨¬ § ¤ çã

maxf(c0; x)� �xTQ0x j Ax � bg; (3)

ª®â®à ï à¥£ã«ïà¨§¨àã¥â (¯® �¨å®­®¢ã) § ¤ çã «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

L : maxf(c0; x) j Ax � bg:

�¨¦¥ ¡ã¤ãâ à áá¬®âà¥­ë ­¥ª®â®àë¥ ¢®¯à®áë, ®â­®áïé¨¥áï ª â¥®à¨¨ § ¤ ç ¢¨¤  (1), ¢ ¯¥à¢ãî
®ç¥à¥¤ì, ¢®¯à®áë ¤¢®©áâ¢¥­­®áâ¨, à¥£ã«ïà¨§ æ¨¨, ­¥á®¡áâ¢¥­­®áâ¨.

1. �¢®©áâ¢¥­­®áâì

�á«¨ F (x; u) = f0(x)�
mP
j=1

ujfj(x) | äã­ªæ¨ï � £à ­¦ , ¯®áâ ¢«¥­­ ï ¢ á®®â¢¥âáâ¢¨¥ § ¤ ç¥

¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï

P : maxff0(x) j fj(x) � 0; j = 1; : : : ;mg (4)

á ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ ffk(x)gmk=0, â® ¤¢®©áâ¢¥­­®© ª P ([1], x 23) ï¢«ï¥âáï

P � : minfF (x; u) j 5xF (x; u) = 0; u � 0g: (5)

�®à¬¨à®¢ ­¨¥ â ª®© ¤¢®©áâ¢¥­­®áâ¨ ®á­®¢ ­® ­  ã­¨¢¥àá «ì­®© áå¥¬¥, ¢ á¨«ã ª®â®à®© ¢ ª -
ç¥áâ¢¥ ¤¢®©áâ¢¥­­®© ª P ¢ëáâã¯ ¥â § ¤ ç  min

u�0
max
(x)

F (x; u), çâ® ¢ á«ãç ¥ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨

äã­ªæ¨© fk(x), k = 0; 1; : : : ;m, ¯à¨¢®¤¨â ª ¢ë¯¨á ­­®© § ¤ ç¥ P �.
�á«¨ (4) | § ¤ ç  ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï (��), â® á¯à ¢¥¤«¨¢®

�â¢¥à¦¤¥­¨¥ 1 ([1], â¥®à¥¬  24.3). �ãáâì § ¤ ç  ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï P ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨ï¬

10: P à §à¥è¨¬ ,

20: äã­ªæ¨¨ ffk(x)gmk=0 ¤¨ää¥à¥­æ¨àã¥¬ë,

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâë 96{01{00116 ¨ 96{15{96247).
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30: áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬ë© ¤«ï P ¢¥ªâ®à p â ª®©, çâ® fj(p) < 0 ¤«ï ­¥«¨­¥©­ëå fj(x)
(ãá«®¢¨¥ à¥£ã«ïà­®áâ¨).

�®£¤  P � à §à¥è¨¬ , ¯à¨ íâ®¬ optP = optP �.

� «¥¥ äã­ªæ¨¨ ffk(x)gmk=0 ¡ã¤ãâ ¨¬¥âì ¢¨¤, á®®â¢¥âáâ¢ãîé¨© § ¤ ç¥ (1), â. ¥. f0(x) = (c0; x)�
xTQ0x, fj(x) = xTQjx+ (aj ; x)� bj , j = 1; : : : ;m.

�¥¬¬  1. � ¤ ç  P �, ®¯à¥¤¥«¥­­ ï á®£« á­® (5) ¤«ï F (x; u) = f0(x) � (u; F (x)), F (x) =
[f1(x); : : : ; fm(x)], ¬®¦¥â ¡ëâì íª¢¨¢ «¥­â­® ¯à¥®¡à §®¢ ­  ª ¢¨¤ã

minf(b; u) + 1
4
(c0 �ATu)TQ�1

u (c0 �ATu) j u � 0g; (1)�

£¤¥ Qu := Q0 +
mP
j=1

ujQj.

�®ª § â¥«ìáâ¢®. �«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï äã­ªæ¨¨ � £à ­¦  F (x; u) = (c0; x) �

xTQ0x�
mP
j=1

uj [xTQjx+ (aj ; x)� bj ] ¤ îâ

F (x; u) = (b; u) + (c0 �AT
0 u; x)� xTQux: (6)

� ª ª ª 5xF (x; u) = �2Qux + (c0 � ATu) = 0, â® x = 1
2
Q�1
u (c0 � ATu). �®¤áâ ¢«ïï ­ ©¤¥­­®¥

§­ ç¥­¨¥ ¤«ï x ¢ á®®â­®è¥­¨¥ (6), ¯®«ãç ¥¬ â®â ¢¨¤ ¬¨­¨¬¨§¨àã¥¬®© äã­ªæ¨¨, ª®â®àë© ¨
ä¨£ãà¨àã¥â ¢ ¤¢®©áâ¢¥­­®© § ¤ ç¥ (1)�.

� ¬¥ç ­¨¥ 1. �á«¨ ¢ ¨áå®¤­®© § ¤ ç¥ (1) ¨¬¥¥âáï âà¥¡®¢ ­¨¥ x � 0, â® (1)� ¯à¨­¨¬ ¥â ¢¨¤

min
u�0

f(b; u) + 1
4
(c�ATu)T+Q

�1
u (c�ATu)+g; (7)

§¤¥áì (�)+ ®§­ ç ¥â ¯®«®¦¨â¥«ì­ãî áà¥§ªã ¢¥ªâ®à , áâ®ïé¥£® ¢­ãâà¨ áª®¡ª¨.

� ¬¥ç ­¨¥ 2. �á«¨ ¯®«®¦¨âì Q0 = �E, � > 0 (E | ¥¤¨­¨ç­ ï ¬ âà¨æ ), Qj = 0, j =
1; : : : ;m, â® § ¤ ç  (1) ¯à¨¬¥â ¢¨¤

maxf(c0; x)� �kxk2 j Ax � bg; (8)

  § ¤ ç  (1)� | ¢¨¤

min
u�0

f(b; u) + 1
4�
kc0 �ATuk2g: (8)�

�¥©áâ¢¨â¥«ì­®, ª ª ¢ á«ãç ¥ § ¤ ç (8) ¨ (8)�, â ª ¨ ¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨ § ¤ ç (1) ¨ (1)�,
á¯à ¢¥¤«¨¢ ¨ ®¡à â­ë© ¯¥à¥å®¤, á¢ï§ ­­ë© á ä®à¬¨à®¢ ­¨¥¬ ¤¢®©áâ¢¥­­ëå § ¤ ç, â. ¥. ((1)�)� ¨
((8)�)�. �¤¥áì á¯à ¢¥¤«¨¢  ¢§ ¨¬­ ï ¤¢®©áâ¢¥­­®áâì, â. ¥. ((1)�)� �(1) ¨, ¢ ç áâ­®áâ¨, ((8)�)� �(8).
�® ¨§¡¥¦ ­¨¥ £à®¬®§¤ª¨å ¯à¥®¡à §®¢ ­¨© ®£à ­¨ç¨¬áï ¯à®¢¥àª®© ¢â®à®£® á®®â­®è¥­¨ï.

�¥¬¬  2. � ¤ ç  ((8)�)�, ¤¢®©áâ¢¥­­ ï ª (8)�, á®¢¯ ¤ ¥â á § ¤ ç¥© (8).

�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ § ¤ çã (8)� ¢ ¢¨¤¥

min
u�0

f(b; u) + 1
4�
kyk2 j y = c0 �ATug

¨ ¯®áâ ¢¨¬ ¥© ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨î � £à ­¦ 

F (u; y;x; v) := (b; u) + 1
4�
kyk2 + (c0 �ATu� y; x)� (v; u);

¢ ª®â®à®© u ¨ y | á¢®¡®¤­ë¥ ¯¥à¥¬¥­­ë¥,   x ¨ v � 0 | ¬­®¦¨â¥«¨ � £à ­¦ , á®®â­¥á¥­-
­ë¥ ®£à ­¨ç¥­¨ï¬ y = c0 � ATu ¨ u � 0 á®®â¢¥âáâ¢¥­­®. � ¤ ç  ((8)�)�, ¤¢®©áâ¢¥­­ ï ª (8)�,
§ ¯¨è¥âáï ¢ ¢¨¤¥

maxfF (�) j 5[u;y]F (�) = 0; v � 0g:

�ã¦­® ¯®ª § âì, çâ® ®­  ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­  ¢ § ¤ çã (8).
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�¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨ï äã­ªæ¨¨ F (�) ¨ ãà ¢­¥­¨ï 5[u;y]F (�) = 0:

F (�) = 1
4�
kyk2 � (Ax� b+ v; u) � (c0 � y; x);

5uF (�) = �(Ax� b+ v) = 0; 5yF (�) = 1
2�
y � x = 0:

� ãç¥â®¬ íâ¨å á®®â­®è¥­¨© ¯®«ãç ¥¬

F (�) = (c0; x)� �kxk2;

  á ¬  § ¤ ç  ((8)�)� ¯à¨¬¥â ¢¨¤

maxf(c0; x)� �kxk2 j Ax� b = �v � 0g;

â. ¥. ¢¨¤ § ¤ ç¨ (8).

�¥®à¥¬  1 (¤¢®©áâ¢¥­­®áâ¨). �ãáâì ¢ § ¤ ç¥ (1) Q0 | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï,  

fQjg
k
j=1 | ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë. �á«¨ ¤«ï ®£à ­¨ç¥­¨© § ¤ ç¨ (1) ¢ë¯®«-

­¥­® ãá«®¢¨¥ à¥£ã«ïà­®áâ¨ (¯ãáâì ¢ ä®à¬¥ 30), â® § ¤ ç¨ (1) ¨ (1)� à §à¥è¨¬ë, ¯à¨ íâ®¬

opt(1) = opt(1)�.

�®ª § â¥«ìáâ¢®. �§ á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë ®£à ­¨ç¥­¨© § ¤ ç¨ (1) ¨ ®£à ­¨ç¥­­®áâ¨ «¥¡¥-
£®¢ëå ¬­®¦¥áâ¢ fx j f0(x) � �g, £¤¥ f0(x) = (c0; x)�xTQ0x, ¢ëâ¥ª ¥â à §à¥è¨¬®áâì íâ®© § ¤ ç¨.
� á¨«ã ®¡é¥© â¥®à¥¬ë ¤¢®©áâ¢¥­­®áâ¨, áä®à¬ã«¨à®¢ ­­®© ¢ëè¥ ª ª ãâ¢¥à¦¤¥­¨¥ 1, à §à¥è¨-
¬  ¨ § ¤ ç  (5), á®®â­¥á¥­­ ï ª (1), ¯à¨ç¥¬ opt(1) = opt(5). �® â ª ª ª ¯¥à¥å®¤ ®â § ¤ ç¨ (5)
ª § ¤ ç¥ (1)� ¡ë« íª¢¨¢ «¥­â­ë¬ (å®âï ¨ á®¯à®¢®¦¤ ¢è¨¬áï ¨áª«îç¥­¨¥¬ ¨§ § ¯¨á¨ § ¤ ç¨
¯¥à¥¬¥­­®© x), â® à ¢¥­áâ¢® opt(1) = opt(1)� á®¡«î¤ ¥âáï.

� ¬¥ç ­¨¥ 3. �à¨¬¥­¨â¥«ì­® ª ç áâ­®© á¨âã æ¨¨ (8){(8)� áä®à¬ã«¨à®¢ ­­®© â¥®à¥¬¥ ¬®¦-
­® ¯à¨¤ âì â ªãî à¥¤ ªæ¨î:

¥á«¨ M = fx j Ax � bg 6= ;, â® § ¤ ç¨ (8) ¨ (8)� à §à¥è¨¬ë, ¯à¨ íâ®¬ opt(8) = opt(8)�.

� ¬¥ç ­¨¥ 4. �á«¨ ¢ (8) ¥áâì âà¥¡®¢ ­¨¥ x � 0, â® (8)� ¯à¨­¨¬ ¥â ¢¨¤

minf(b; u) + 1
4�
k(c�ATu)+k2 j u � 0g:

2. �§ ¨¬­ ï á®¯àï¦¥­­®áâì ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ ¨ ª¢ ¤à â¨ç­ëå

èâà ä­ëå äã­ªæ¨© ¤«ï § ¤ ç «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

� íâ®¬ ¯ã­ªâ¥ á¢ï¦¥¬ á § ¤ ç¥© «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï (��) ¢¨¤ 

L : maxf(c; x) j Ax � b; x � 0g (9)

§ ¤ çã à¥£ã«ïà¨§ æ¨¨ (¯® �¨å®­®¢ã)

Lreg : maxf(c; x) � �kxk2 j Ax � b; x � 0g (10)

¨ § ¤ çã, à¥ «¨§ãîéãî ª¢ ¤à â¨ç­ë© ¬¥â®¤ èâà ä­ëå äã­ªæ¨©,

Lpen : maxf(c; x) �Rk(Ax� b)+k
2 j x � 0g; R > 0: (11)

�à¨¢¥¤¥¬ å®à®è® ¨§¢¥áâ­ë¥ ä ªâë (á¬., ­ ¯à., [2]):

¥á«¨ v0 | ¤¢®©áâ¢¥­­ ï ®æ¥­ª  ­¥à ¢¥­áâ¢  (c; x) � �0 (:= optL) ¢ § ¤ ç¥ minfkxk2 j Ax �
b; x � 0; (c; x) � �0g, â® ¯à¨ ��1 > jv0j

arg(10) = argminfkxk2 j x 2 ArgLg; (12)

¥á«¨ L à §à¥è¨¬  ¨ eu 2 ArgL�, â®

0 � optLpen � optL � 1
4R
keuk2: (13)
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� ¯¨è¥¬ § ¤ çã, ¤¢®©áâ¢¥­­ãî ª (10), ¨¬¥ï ¢ ¢¨¤ã áå¥¬ã ¯¥à¥å®¤  ®â (1) ª (1)�,

minf(b; u) + 1
4�
k(c�ATu)+k

2 j u � 0g: (10)�

� ¤àã£®© áâ®à®­ë, § ¤ ç , ¤¢®©áâ¢¥­­ ï ª ª®â®à®© á®¢¯ ¤ ¥â á Lpen, ¡ã¤¥â

(L�)reg : minf(b; u) + 1
4R
kuk2 j ATu � c; u � 0g: (14)

� ¤ ç  (10)�, ¯®«ãç¥­­ ï ¯® áå¥¬¥ ¯¥à¥å®¤  (1) ! (1)�, ª ª à § ¨ ¤ ¥â § ¤ çã (11), çâ® «¥£ª®
¯à®¢¥àï¥âáï. �¡áã¦¤ ¥¬ë¥ § ¤ ç¨ á¢ï¦¥¬ áå¥¬®©

(10)� � (L�)pen (L�)reg � (14)

6

?

6

?
(�) (�)

Lreg Lpen

�
�
��	

@
@
@@R

L

(reg) (pen)

�å¥¬  1.

�à¨¢¥¤¥­­ ï áå¥¬  ä¨ªá¨àã¥â á«¥¤ãîé¨¥ ä ªâë.

1) �¢®©áâ¢¥­­ ï § ¤ ç  (10)� ª § ¤ ç¥ à¥£ã«ïà¨§ æ¨¨ Lreg à¥ «¨§ã¥â ª¢ ¤à â¨ç­ë© ¬¥â®¤
èâà ä­ëå äã­ªæ¨© ¤«ï L� | ¤¢®©áâ¢¥­­®© ª L (¨ ®¡à â­®).

2) �¢®©áâ¢¥­­ ï ª § ¤ ç¥ (L�)reg, â. ¥. ª § ¤ ç¥, à¥£ã«ïà¨§¨àãîé¥© L�, à¥ «¨§ã¥â ª¢ ¤à -
â¨ç­ë© ¬¥â®¤ èâà ä­ëå äã­ªæ¨© ¤«ï L (¨ ®¡à â­®).

�à¨¢¥¤¥­­ë¥ ä ªâë ª ª à § ¨ ¢ëà ¦ îâ á¬ëá« â®£®, çâ® ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ ¨ ª¢ ¤à â¨ç­ë©
¬¥â®¤ èâà ä­ëå äã­ªæ¨© ­ å®¤ïâáï ¢ á®®â­®è¥­¨¨ ¢§ ¨¬­®© á®¯àï¦¥­­®áâ¨. �â® ®¡áâ®ïâ¥«ì-
áâ¢® ¡ë«® ¢áªàëâ® ¢ à ¡®â¥  ¢â®à  [3] (á¬. ä®à¬ã«ë (8) ¨ (9) íâ®© à ¡®âë). � ãç¥â®¬ á®®â­®-
è¥­¨ï (12) (â ª¦¥ ¯à¨­ ¤«¥¦ é¥£®  ¢â®àã) ®âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥, á¬ëá« ª®â®à®£® ¢
á«¥¤ãîé¥¬: å®âï ª¢ ¤à â¨ç­ë© ¬¥â®¤ èâà ä­ëå äã­ªæ¨© à¥è ¥â § ¤ çã L ¯à¨¡«¨¦¥­­®, â¥¬
­¥ ¬¥­¥¥ ¤¢®©áâ¢¥­­ ï ª ­¥¬ã § ¤ ç  à¥è ¥â § ¤ çã L� â®ç­®. �âà®£®© ä®à¬ã«¨à®¢ª®© íâ®£®
à¥§ã«ìâ â   ¢â®à ¢ â® ¢à¥¬ï ­¥ à á¯®« £ « (® ­¥¬  ¢â®àã á®®¡é¨« ¢ 1995 £. �.�. �®«¨ª®¢).

�¥¯¥àì ¯à¨¢¥¤¥¬ áâà®£ãî ä®à¬ã«¨à®¢ªã íâ®£® ä ªâ , ¯®«®¦¨¢ ¢ ®á­®¢ã § ¤ çã

maxf(c; x) �R(Ax� b)T+Q(Ax� b)+ j x � 0g; (15)

á®®â­¥á¥­­ãî § ¤ ç¥ L ¢ á®®â¢¥âáâ¢¨¨ á ª¢ ¤à â¨ç­ë¬¬¥â®¤®¬ èâà ä­ëå äã­ªæ¨©; §¤¥áìR > 0
| èâà ä­®© ¯ à ¬¥âà, Q | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ . � á®®â¢¥âáâ¢¨¨ á® áå¥¬®©
¤¢®©áâ¢¥­­®áâ¨ (1)! (1)� § ¤ ç  (15) ¡ã¤¥â ¤¢®©áâ¢¥­­®© ª

minf(b; u) + 1
4R
uTQ�1u j ATu � c; u � 0g; (16)
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â. ¥. (16)� � (15). �®á«¥¤­ïï ¢ëáâã¯ ¥â ª ª § ¤ ç  à¥£ã«ïà¨§ æ¨¨ (¯® �¨å®­®¢ã) § ¤ ç¨ L� ¯à¨
áâ ¡¨«¨§ â®à¥ uTQ�1u. �¥®à¥¬  1 ¢ à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨ ¯à¨­¨¬ ¥â á«¥¤ãîéãî ¯à®áâãî
ä®à¬ã«¨à®¢ªã.

�â¢¥à¦¤¥­¨¥ 2. �á«¨ M := fx � 0 j Ax � bg 6= ;, â® § ¤ ç¨ (15) ¨ (16) à §à¥è¨¬ë, ¯à¨
íâ®¬ opt(15) = opt(16).

� ¬¥ç ­¨¥ 5. � ­ è¥¬ á«ãç ¥ á®®â­®è¥­¨ï (12) ¨ (13) ¯à¨­¨¬ îâ ¢¨¤

arg(16) = argminfuTQ�1u j x 2 ArgL�g (17)

¯à¨ 4R > jv0j (â. ¥. ¯à¨ R > jv0j=4), £¤¥ v0 | ¤¢®©áâ¢¥­­ ï ®æ¥­ª  ­¥à ¢¥­áâ¢  (b; u) � � ¢ § ¤ ç¥

minfuTQ�1u j ATu � c; u � 0; (b; u) � �g;

£¤¥ � := opt L�.
�á«¨ § ¤ ç  L à §à¥è¨¬  ¨ eu 2 ArgL�, â®

0 � opt(15)� optL � 1
4R
euTQ�1eu: (18)

�¥®à¥¬  2. �á«¨ ¢ ª¢ ¤à â¨ç­®¬ ¬¥â®¤¥ èâà ä­ëå äã­ªæ¨© (15) ¯ à ¬¥âà R ¢ë¡à ­ ¢

á®®â¢¥âáâ¢¨¨ á § ¬¥ç ­¨¥¬ 5, â. ¥. R > 1
4
jv0j, â®

0 � opt(15)� optL = 1
4R
euTQ�1eu;

£¤¥ eu | ­®à¬ «ì­®¥ à¥è¥­¨¥ (¢ á¬ëá«¥ argminfuTQ�1u j ATu � c, u � 0g) § ¤ ç¨ L�.

�®ª § â¥«ìáâ¢®. � ®¤­®© áâ®à®­ë, á®£« á­® (17) opt(16) = (b; eu) + 1
4R
euTQ�1eu = optL +

1
4R
euTQ�1eu; á ¤àã£®© | ¢ á®®â¢¥âáâ¢¨¨ á ãâ¢¥à¦¤¥­¨¥¬ 2 opt(15) = opt(16), â. ¥.

0 � opt(15)� optL = (b; eu)� optL+ 1
4R
euTQ�1eu = 1

4R
euTQ�1eu;

çâ® ¨ âà¥¡®¢ «®áì.

3. �¥á®¡áâ¢¥­­ë¥ § ¤ ç¨ ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

�¥â®¤ â¨å®­®¢áª®© à¥£ã«ïà¨§ æ¨¨ ¨ ¬¥â®¤ ª¢ ¤à â¨ç­ëå èâà ä­ëå äã­ªæ¨© ¤®¯ãáª îâ
á®¥¤¨­¥­¨¥ ¢ à ¬ª å ®¤­®© § ¤ ç¨, á®®â­¥á¥­­®© § ¤ ç¥ L, ¯ãáâì ¢ ¯®áâ ­®¢ª¥ (9). �®áâà®¨¬
§ ¤ ç¨

P : max
x�0

f(c; x) � 1
4r
xTQx�R(Ax� b)T+S(Ax� b)+g; (19)

P � : minf(b; u) + 1
4R
uTS�1u+ r(c�ATu)T+Q

�1(c�ATu)+g; (20)

§¤¥áì Q ¨ S | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ ¬ âà¨æë, R ¨ r | ¯®«®¦¨â¥«ì­ë¥ ¯ à ¬¥âàë.
� ¤ ç¨ P ¨ P � ï¢«ïîâáï ¢§ ¨¬­® ¤¢®©áâ¢¥­­ë¬¨ ¢ á¬ëá«¥ â®£® ¯à ¢¨«  ä®à¬¨à®¢ ­¨ï ¤¢®©-
áâ¢¥­­®áâ¨, ª®â®à®¥ ¡ë«® à¥ «¨§®¢ ­® ¢ ¯. 1, ¢ ç áâ­®áâ¨, ä®à¬¨à®¢ ­¨¥ § ¤ ç¨ (1)� ¨§ (1) ¨ (16)
¨§ (15). �®­¥ç­®, áª § ­­®¥ âà¥¡ã¥â ®¡®á­®¢ ­¨ï, å®âï ¨ ­®á¨â ç¨áâ® ¢ëª« ¤®ç­ë© å à ªâ¥à. �
á¨«ã ®¯à¥¤¥«¥­­®© £à®¬®§¤ª®áâ¨ íâ¨å ¢ëª« ¤®ª ®¡®á­®¢ ­¨¥ ®¯ãáª ¥¬.

�«ï  ­ «¨§  á¢ï§¥© ¬¥¦¤ã § ¤ ç ¬¨ P ¨ L,   â ª¦¥ P � ¨ L�, ¢ë¯¨è¥¬ ®â¤¥«ì­® § ¤ ç¨

maxf(c; x) � 1
4r
xTQx j x 2Mg; (21)

minf(b; u) + 1
4R
uTS�1u j u 2M�g; (22)

£¤¥ M = fx � 0 j Ax � bg, M� = fu � 0 j ATu � cg. �¢®©áâ¢¥­­ë¬¨ ª ­¨¬ ¡ã¤ãâ

min
u�0

f(b; u) + r(c�ATu)T+Q
�1(c�ATu)+g; (21)�

max
x�0

f(c; x) �R(Ax� b)T+S(Ax� b)+g: (22)�

26



�¥à¥å®¤ ®â § ¤ ç (21) ¨ (22) ª P ¨ P � á¢ï§ ­ á ¯à¨¬¥­¥­¨¥¬ ª ¯¥à¢ë¬ â¥å­¨ª¨ ª¢ ¤à â¨ç­®-
£® ¬¥â®¤  èâà ä­ëå äã­ªæ¨©, ¤«ï ª®â®à®£® ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ ãª«®­¥­¨ï. � ¨¬¥­­®, ¥á«¨,
­ ¯à¨¬¥à, à¥çì ¨¤¥â ® § ¤ ç¥

maxff(x) j Ax � b; x � 0g (23)

¨ ¥¥ à¥¤ãªæ¨¨ ª § ¤ ç¥

max
x�0

ff(x)�R(Ax� b)T+S(Ax� b)+g; (24)

â® ¢ á¨âã æ¨¨ à §à¥è¨¬®áâ¨ (23) á¯à ¢¥¤«¨¢  ®æ¥­ª 

0 � opt(24)� opt(23) � 1
4R
kuk2;

£¤¥ u 2 Arg(23)� (­ ¯à., [2], â¥®à¥¬  5.2). �à¨¬¥­¨â¥«ì­® ª á¨âã æ¨¨ § ¤ ç¨ (21) íâ  ®æ¥­ª 
§ ¯¨è¥âáï ¢ ¢¨¤¥

0 � optP � opt(21) � 1
4R
kurk

2;

£¤¥ ur 2 Arg(21)�. � á®®â¢¥âáâ¢¨¨ á (17) ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ r > 0

arg(21) = argminfxTQx j x 2 ArgLg (=: ex);
á«¥¤®¢ â¥«ì­®,

opt(21) = (c; ex)� 1
4r
exTQex:

�á¯®«ì§ãï íâ® á®®â­®è¥­¨¥, ¯®«ãç ¥¬

j optP � optLj � j optP � opt(21)j+ 1
4r
exTQex � 1

4R
kurk

2 + 1
4r
exTQex: (25)

�­ «®£¨ç­®

j optP � � optL�j � 1
4r
kxRk

2 + 1
4R
euTS�1eu; (26)

£¤¥ xR 2 Arg(22)�, eu 2 ArgminfuTS�1u j u 2 ArgL�g. �®¤¢®¤¨â ¨â®£¨ ¯® á®¢®ªã¯­®áâ¨ á¢®©áâ¢,
á¢ï§ë¢ îé¨å § ¤ ç¨ (19) ¨ (20), â. ¥. P ¨ P �,

�¥®à¥¬  3. 10: P ¨ P � ¢§ ¨¬­® ¤¢®©áâ¢¥­­ë, ¢ ç áâ­®áâ¨, P �
(�)
�! (P �)� � P .

20: P ¨ P � à §à¥è¨¬ë ­¥§ ¢¨á¨¬® ®â à §à¥è¨¬®áâ¨ ¨«¨ ­¥à §à¥è¨¬®áâ¨ L.
30: optP = optP �.
40: �á«¨ E | ®¡é¥¥ §­ ç¥­¨¥ «¥¢ëå ç áâ¥© ¢ á®®â­®è¥­¨ïå (25) ¨ (26), â®

E � minf 1
4R
kurk

2 + 1
4r
exTQex; 1

4r
kxRk

2 + 1
4R
euTS�1eug

(á¬ëá« ur ¨ xR à §êïá­¥­ ¢ëè¥).

�¤¥« ¥¬ ¯®ïá­¥­¨ï ª ª ¦¤®¬ã ¯ã­ªâã áä®à¬ã«¨à®¢ ­­®© ¢ëè¥ â¥®à¥¬ë.

1. �â®¡ë ¯®«ãç¨âì ¢¨¤ § ¤ ç¨ P � ª ª ¤¢®©áâ¢¥­­®© ª P , ¢­ ç «¥ P á«¥¤ã¥â ¯¥à¥¯¨á âì ¢
¢¨¤¥

maxf(c; x) � 1
4r
xTQx�RyTQy j Ax� b � y; y � 0; x � 0g;

¤ «¥¥ ¯®áâà®¨âì ¤«ï ­¥¥ äã­ªæ¨î � £à ­¦ 

F (x; y;u; v; w) = (c; x) � 1
4r
xTQx�RyTQy � (u;Ax� b� y) + (v; x) + (w; y);

ç¥à¥§ ª®â®àãî ¨ áâà®¨âáï ¤¢®©áâ¢¥­­ ï § ¤ ç  ¢ ä®à¬¥

minfF (x; y;u; v; w) j 5[x;y]F (x; y;u; v; w) = 0; [u; v; w] � 0g:

�®á«¥¤­ïï ¦¥ ¯ãâ¥¬ íª¢¨¢ «¥­â­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢®¤¨âáï ª ¢¨¤ã P �. �®  ­ «®-

£¨ç­®© áå¥¬¥ ¯à®¢¥àï¥âáï ¨ ®¡à â­ë© ¯¥à¥å®¤,   ¨¬¥­­®, P �
(�)
�! (P �)� � P .
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2. � §à¥è¨¬®áâì § ¤ ç P ¨ P � ¡ã¤¥â á«¥¤®¢ âì ¨§ ¯à®¢¥àª¨ å®âï ¡ë â®£® ä ªâ , çâ® ª -
¦¤®¥ ¨§ «¥¡¥£®¢ëå ¬­®¦¥áâ¢ f(x) � �, f�(u) � � ¢ë¯ãª«® ¨ ®£à ­¨ç¥­® (¬®¦¥â ¡ëâì ¨
¯ãáâë¬); §¤¥áì f(x) | ¬ ªá¨¬¨§¨àã¥¬ ï äã­ªæ¨ï ¢ § ¤ ç¥ P , f�(u) | ¬¨­¨¬¨§¨àã¥¬ ï
äã­ªæ¨ï ¢ § ¤ ç¥ P �, � ¨ � | ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« .

3. �¢®©áâ¢® 30 ¢ëâ¥ª ¥â ¨§ ãâ¢¥à¦¤¥­¨ï 1.
4. �æ¥­ª  ¤«ï E á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ ­¥à ¢¥­áâ¢ (25) ¨ (26).
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