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1. �¢¥¤¥­¨¥

�§¢¥áâ­ ï ¢ à¨ æ¨®­­ ï § ¤ ç  á ®£à ­¨ç¥­¨ï¬¨ [1] á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ íªáâà¥¬ «¥©
äã­ªæ¨®­ « 

I =
Z t1

t0

L(q; v; t)dt; q = (q1; : : : ; qn); v = (v1; : : : ; vn); vi = _qi =
dqi
dt

; i = 1; : : : ; n; (1.1)

q(t0) = q0; q(t1) = q1; (1.2)

f(q; t) = 0; f 0(q; v; t) = 0; f = (f1; : : : ; fm); f 0 = (fm+1; : : : ; fr); r � n; (1.3)

¨ á¢®¤¨âáï ª ®¯à¥¤¥«¥­¨î ¢¥ªâ®à-äã­ªæ¨¨ q = q(t), ã¤®¢«¥â¢®àïîé¥© ®¤­®¢à¥¬¥­­® £à ­¨ç­ë¬
ãá«®¢¨ï¬ (1.2), ãà ¢­¥­¨ï¬ á¢ï§¥© (1.3) ¨ ãà ¢­¥­¨ï¬ �©«¥à {� £à ­¦ 

_q = v;
d

dt

@L

@v
� @L

@q
= F T�; (1.4)

@L

@q
=
�
@L

@q1
; : : : ;

@L

@qn

�
; F = (f�i); F T = (fi�); f�i =

@f�
@qi

; f�i =
@f�
@vi

;

� = 1; : : : ; r; � = 1; : : : ;m; � = m+ 1; : : : ; r:

�¨áâ¥¬  (1.4) á®¤¥à¦¨â ¢¥ªâ®à ¬­®¦¨â¥«¥© � £à ­¦  � = (�1; : : : ; �r), ®¯à¥¤¥«ï¥¬ë© ¨§
ãá«®¢¨© �f = 0, _f 0 = 0. �à¨ íâ®¬ ¬­®£®®¡à §¨¥ 
(t) ¢ ¯à®áâà ­áâ¢¥ ¯¥à¥¬¥­­ëå (q; v), ®¯¨áë¢ ¥-
¬®¥ ãà ¢­¥­¨ï¬¨

f(q; t) = 0; _f(q; v; t) = 0; f 0(q; v; t) = 0; (1.5)

_f(q; v; t) � fqv + ft; fq = (f�i); ft = (f�t); � = 1; : : : ;m; i = 1; : : : ; n;

ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ¨­â¥£à «ì­ë¬ ¬­®£®®¡à §¨¥¬ á¨áâ¥¬ë (1.3), (1.4). �¤­ ª® ®­® ­¥ ¡ã¤¥â
ãáâ®©ç¨¢ë¬  á¨¬¯â®â¨ç¥áª¨, ¨ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ á¨áâ¥¬ë ãà ¢­¥­¨© (1.3), (1.4) ®âª«®­¥-
­¨ï ®â ¬­®£®®¡à §¨ï 
(t) ¡ã¤ãâ ¢®§à áâ âì ¢á«¥¤áâ¢¨¥ ®è¨¡®ª ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï.

�à ¢­¥­¨ï (1.3), (1.4) á®áâ ¢«ïîâ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨­-
¤¥ªá  âà¨ (���-3). �­¤¥ªá á¨áâ¥¬ë ��� ®¯à¥¤¥«ï¥âáï [2] ç¨á«®¬, ¯à¥¢ëè îé¨¬ ­  ¥¤¨­¨æã
¯®àï¤®ª ¬ ªá¨¬ «ì­®© ¯à®¨§¢®¤­®© ®â ãà ¢­¥­¨© á¢ï§¥© (1.3), ­¥®¡å®¤¨¬ë© ¤«ï ¨áª«îç¥­¨ï
¨§ ãà ¢­¥­¨© �©«¥à {� £à ­¦  ¢¥ªâ®à  �. ��� ï¢«ïîâáï ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ®¡ê¥ªâ®¬ ¨­â¥­-
á¨¢­ëå ¨áá«¥¤®¢ ­¨© [2], [3]. �á­®¢­®© ¯à®¡«¥¬®© ¢ íâ¨å ¨áá«¥¤®¢ ­¨ïå ï¢«ï¥âáï ®¡¥á¯¥ç¥­¨¥
 á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï 
(t). �á«®¢¨ï ãáâ®©ç¨¢®áâ¨ ¨­â¥-
£à «ì­®£® ¬­®£®®¡à §¨ï ���-2 ¡ë«¨ áä®à¬ã«¨à®¢ ­ë ¢ [4]. �®§¬®¦­ë¥ ®âª«®­¥­¨ï ®â ãà ¢-
­¥­¨© á¢ï§¥© (1.3), ¢®§­¨ª îé¨¥ ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ á¨áâ¥¬ë (1.3), (1.4), ¬®¦­® ®£à ­¨-
ç¨âì. � íâ®© æ¥«ìî ¢ ¯. 2 ¢¢®¤ïâáï ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯à¥¤« £ ¥âáï ¬¥â®¤ á®áâ ¢«¥­¨ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

ª®¤ ò99-01-0164, ¨ ��� �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, ª®¤ ò205.02.01.038.

36



ãà ¢­¥­¨© �©«¥à {� £à ­¦ , ¯®§¢®«ïîé¨© ®£à ­¨ç¨âì ®âª«®­¥­¨ï ®â ãà ¢­¥­¨© á¢ï§¥© ¯à¨
ç¨á«¥­­®¬ à¥è¥­¨¨ á¨áâ¥¬ë, á®áâ®ïé¥© ¨§ ãà ¢­¥­¨© íªáâà¥¬ «¥© ¨ ãà ¢­¥­¨© á¢ï§¥©. � ¯. 3
áâà®¨âáï  «£®à¨â¬ ¯à¨¢¥¤¥­¨ï á¨áâ¥¬ë ���-3 ª á¨áâ¥¬¥ ���-2. � ¯. 4 ¯à¨¢®¤ïâáï ãá«®¢¨ï
 á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¬­®£®®¡à §¨ï 
(t) ¨ ¢ ¯. 5 ®¯à¥¤¥«ïîâáï ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ î-
é¨¥ ãáâ®©ç¨¢®áâì ¥£® ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ���-2 ¬¥â®¤®¬ �©«¥à  ¨ ¬¥â®¤®¬ �ã­£¥-�ãââ .

2. �à ¢­¥­¨ï íªáâà¥¬ «¥©

�à¨ à¥è¥­¨¨ á¨áâ¥¬ë (1.3), (1.4) ãà ¢­¥­¨ï á¢ï§¥© ¬®£ãâ ®ª § âìáï ­ àãè¥­­ë¬¨ ã¦¥ ¢
­ ç «ì­ë© ¬®¬¥­â. �á«¨ ¢¥ªâ®à � áç¨â âì ®¯à¥¤¥«¥­­ë¬ ¨§ ãá«®¢¨© �f = 0, _f 0 = 0, ¨ á¨áâ¥¬ã
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1.4) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ q(t0) = q0, v(t0) = v0 à¥è âì
ç¨á«¥­­®, â® ¢¯®«­¥ ¬®¦¥â ®ª § âìáï, çâ® ¯à¨ t = t0 ãá«®¢¨ï (1.5) ¡ã¤ãâ ­ àãè¥­ë:

f(q0; t0) = f 0; _f(q0; v0; t0) = _f 0; f 0(q0; v0; t0) = f 00:

�á«¨ ¤ ¦¥ ­ ç «ì­ë¥ ¤ ­­ë¥ â®ç­® ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ (1.5), â® ¤ «ì­¥©è¥¥ ­ ª®¯«¥-
­¨¥ ®è¨¡®ª ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï ­¥¨§¡¥¦­® ¯à¨¢¥¤¥â ª à®áâã ®âª«®­¥­¨© ®â ãà ¢­¥­¨©
á¢ï§¥©. �¢¥¤¥­¨¥¬ á®®â¢¥âáâ¢ãîé¥© ª®àà¥ªæ¨¨ ¢ à §­®áâ­ãî áå¥¬ã à¥è¥­¨ï á¨áâ¥¬ë (1.3), (1.4)
®âª«®­¥­¨ï ®â ãà ¢­¥­¨© á¢ï§¥© (1.3) ¬®¦­® ®£à ­¨ç¨âì. �«ï ®æ¥­ª¨ ®âª«®­¥­¨© ®â ãà ¢­¥­¨©
(1.5) § ¯¨è¥¬ ãà ¢­¥­¨ï á¢ï§¥© ¢ ¢¨¤¥ à ¢¥­áâ¢

f�(q; t) = ��; _f�(q; v; t) = �m+�; f�(q; v; t) = �m+�: (2.1)

�à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (2.1) ¢ë¡¨à îâáï ª ª à¥è¥­¨ï �
 = �
(t) ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©

_�
 = '
(�; q; v; t); '� = �m+�; � = (�1; : : : ; �m+r); '
(0; q; v; t) = 0; 
 = 1; : : : ;m+ r; (2.2)

à áá¬ âà¨¢ ¥¬ëå á®¢¬¥áâ­® á ãà ¢­¥­¨ï¬¨ íªáâà¥¬ «¥© (1.4) ¨ ã¤®¢«¥â¢®àïîé¨å ­ ç «ì­ë¬
ãá«®¢¨ï¬

qi(t0) = q0i ; vi(t0) = v0i ; ��(t0) = f 0�; �m+�(t0) = _f 0�; �m+�(t0) = f 0� ; (2.3)

f 0� = f�(q0; t0); _f 0� =
nX
i=1

f�i(q0; t0)v0i + f�t(q0; t0); f 0� = f�(q0; v0; t0):

�à ¢ë¥ ç áâ¨ á¨áâ¥¬ë (2.2) ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë ¥¥ âà¨¢¨ «ì­®¥ à¥è¥­¨¥ �1 = � � � =
�r+m = 0 ¡ë«®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® [4]. �® ¤ ¦¥ ¯à¨ íâ®¬ ®âª«®­¥­¨ï ®â ãà ¢­¥­¨© á¢ï-
§¥© ¯à¨ ç¨á«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ ãà ¢­¥­¨© (1.4), (2.2) ¬®£ãâ ¢®§à áâ âì [2]. �â ¡¨«¨§ æ¨î
ãà ¢­¥­¨© á¢ï§¥© (1.3) ¯à¨ ç¨á«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ ¬®¦­® ®¡¥á¯¥ç¨âì §  áç¥â ®£à ­¨ç¥­¨©,
­ ª« ¤ë¢ ¥¬ëå ­  ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© á¨áâ¥¬ë (2.2). � «¥¥ ¡ã¤¥â ¯®ª § ­®, çâ® ¨á¯®«ì-
§®¢ ­¨¥ ãà ¢­¥­¨© á¢ï§¥© (2.1), (2.2) ­¥ ¨§¬¥­ï¥â áâàãªâãàë ãà ¢­¥­¨© (1.4), ­® ¯à¨¢®¤¨â ª
¨§¬¥­¥­¨î ¢ëà ¦¥­¨© ¢¥ªâ®à  �, á®áâ ¢«¥­­®£® ¨§ ¬­®¦¨â¥«¥© � £à ­¦ .

�¯à¥¤¥«¥­¨¥ 1. �á«®¢¨ï (2.1), ­ «®¦¥­­ë¥ ­  äã­ªæ¨¨ q1(t); : : : ; qn(t) ¨ ¨å ¯à®¨§¢®¤­ë¥
v1(t); : : : ; vn(t), ­ §ë¢ îâáï ãà ¢­¥­¨ï¬¨ ¯à®£à ¬¬­ëå á¢ï§¥©,   ãá«®¢¨ï (2.2), ª®â®àë¬ ã¤®¢«¥-
â¢®àïîâ ¨å ¯à ¢ë¥ ç áâ¨ �1(t); : : : ; �m+r(t), | ãà ¢­¥­¨ï¬¨ ¢®§¬ãé¥­¨© á¢ï§¥©.

�¯à¥¤¥«¥­¨¥ 2. �­â¥£à «ì­®¥ ¬­®£®®¡à §¨¥ 
(t) á¨áâ¥¬ë (1.4), ®¯¨áë¢ ¥¬®¥ ãà ¢­¥­¨ï¬¨
(1.5), ­ §ë¢ ¥âáï ãáâ®©ç¨¢ë¬ ¨­â¥£à «ì­ë¬ ¬­®£®®¡à §¨¥¬, ¥á«¨ ¤«ï «î¡®£® " áãé¥áâ¢ã¥â
â ª®¥ �, çâ® ¤«ï ¢á¥å ­ ç «ì­ëå §­ ç¥­¨© (2.3), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î k�0k � �, ¯à¨ ¢á¥å t >
t0 ¡ã¤¥â ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® k�(t)k � ", ¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬ ¨­â¥£à «ì­ë¬

¬­®£®®¡à §¨¥¬, ¥á«¨ ®­® ãáâ®©ç¨¢® ¨ lim
t!1

k�(t)k = 0.

�¥®à¥¬  1. �«ï â®£® çâ®¡ë äã­ªæ¨¨ qi = qi(t), i = 1; : : : ; n, ®¯à¥¤¥«ï«¨ íªáâà¥¬ «¨ äã­ª-

æ¨®­ «  (1:1) ¯à¨ ®£à ­¨ç¥­¨ïå (1:3), (2:3), f 0� = _f 0� = 0, � = 1; : : : ;m, f 0� = 0, � = m+ 1; : : : ; r,
­¥®¡å®¤¨¬®, çâ®¡ë ®­¨ ã¤®¢«¥â¢®àï«¨ á¨áâ¥¬¥ ãà ¢­¥­¨© (1:4), (2:1), (2:2).
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�®ª § â¥«ìáâ¢®. �á«®¢¨¥ áâ æ¨®­ à­®áâ¨

�

Z t1

t0

(L+ �T bf)dt = 0; bf = (f1; : : : ; fr);

äã­ªæ¨®­ «  (1.1) ­  íªáâà¥¬ «ïå, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (2.1), (2.2), ¯à¨¢®¤¨â ª ¨§¢¥áâ-
­®¬ã à ¢¥­áâ¢ã Z t1

t0

(�L+ �T � bf)dt = 0: (2.4)

�ëà ¦¥­¨¥ ¢¥ªâ®à  � ®¯à¥¤¥«ï¥âáï á¯®á®¡®¬ ¢ àì¨à®¢ ­¨ï äã­ªæ¨© f� ¨ f�. �®«®¦¨¬ [5]

�f� =
nX
i=1

@f�
@qi

�qi; �f� =
nX
i=1

@f�
@vi

�qi: (2.5)

�®£¤ , ãç¨âë¢ ï ãá«®¢¨ï (2.5), à ¢¥­áâ¢  �q(t0) = �q(t1) = 0, ¯®«ãç¨¬

�L = ET (L)�q; E(L) =
d

dt

@L

@v
� @L

@q
;

¨ ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®¡®§­ ç¥­¨ï (1.4), ¯à¥¤áâ ¢¨¬ à ¢¥­áâ¢® (2.4) ¢ ¢¨¤¥Z t1

t0

(�ET (L) + �TF )�q dt = 0: (2.6)

�á«®¢¨¥ (2.6) ¢ë¯®«­ï¥âáï, ¥á«¨

(ET (L)� �TF )�q = 0: (2.7)

�§ (2.1), (2.5) á«¥¤ã¥â à ¢¥­áâ¢®

F�q = �b�; b� = (�1; : : : ; �m; �2m+1; : : : ; �m+r); (2.8)

ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® á®áâ -
¢«ïîé¨å ¢¥ªâ®à  �q á ¯àï¬®ã£®«ì­®© ¬ âà¨æ¥© ª®íää¨æ¨¥­â®¢. � [6] ¤®ª § ­®, çâ® ®¡é¥¥ à¥-
è¥­¨¥ ãà ¢­¥­¨ï (2.8) ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥­¨¥¬

�q = [FC]�s+ F+�b�; (2.9)

£¤¥ [FC] ¥áâì ¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ f1q; : : : ; fmq; fm+1v; : : : ; frv, á®áâ ¢«ïîé¨å áâà®ª¨
¬ âà¨æë F ¨ ¯à®¨§¢®«ì­ëå ¢¥ªâ®à®¢ cr+1; : : : ; cn�1, á®áâ ¢«ïîé¨å ¬ âà¨æã C = (c�i), � = r +
1; : : : ; n � 1, F+ = F T (FF T )�1, �s | ¯à®¨§¢®«ì­ ï ¬ « ï áª «ïà­ ï ¢¥«¨ç¨­ . �®áâ ¢«ïîé ï
a1k ¢¥ªâ®à­®£® ¯à®¨§¢¥¤¥­¨ï a1 = [a2a3 : : : an] ¢ëç¨á«ï¥âáï ª ª §­ ç¥­¨¥ ®¯à¥¤¥«¨â¥«ï, ¯¥à¢ ï
áâà®ª  ª®â®à®£® á®áâ®¨â ¨§ ­ã«¥©, ªà®¬¥ ¥¤¨­¨æë ­  k-®¬ ¬¥áâ¥, ®áâ «ì­ë¥ áâà®ª¨ á®áâ ¢«ïîâ
ª®¬¯®­¥­âë ¢¥ªâ®à®¢ a2; a3; : : : ; an.

�®¤áâ ¢«ïï §­ ç¥­¨¥ (2.9) ¢ (2.7) ¨ ãç¨âë¢ ï â®¦¤¥áâ¢  F [FC] � 0, FF+ � Ir, £¤¥ Ir |
¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  r, ¯®«ãç¨¬

ET (L)[FC]�s+ (ET (L)F+ � �T Ir)�b� = 0: (2.10)

� ª ª ª áª «ïà �s ¨ ¢¥ªâ®à �b� ¯à®¨§¢®«ì­ë, â® ¨§ (2.10) á«¥¤ãîâ à ¢¥­áâ¢ 

E(L) = F Tk; k = �; (2.11)

íª¢¨¢ «¥­â­ë¥ á¨áâ¥¬¥ ãà ¢­¥­¨© (1.4).
� ª¨¬ ®¡à §®¬, ¥á«¨ äã­ªæ¨¨ qi = qi(t), i = 1; : : : ; n, ã¤®¢«¥â¢®àïîé¨¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬

(2.3), ï¢«ïîâáï íªáâà¥¬ «ï¬¨ äã­ªæ¨®­ «  (1.1), â® ®­¨ ¤®«¦­ë ¯à¥¤áâ ¢«ïâì á®¡®© á®®â¢¥â-
áâ¢ãîé¥¥ à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (2.11) á ¢¥ªâ®à®¬ �, ®¯à¥¤¥«¥­­ë¬ ¨§ à ¢¥­áâ¢ (2.1),
(2.2).
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3. �¢¥¤¥­¨¥ ���-3 ª á¨áâ¥¬¥ ���-2

�¨áâ¥¬  ãà ¢­¥­¨© (2.1){(2.3), (2.11) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ���-3. �à¨ á®®â¢¥âáâ¢ãî-
é¥¬ ¢ë¡®à¥ ¢¥ªâ®à  � § ¬¥­®© ¯¥à¥¬¥­­ëå ���-3 á¢®¤¨âáï ª á¨áâ¥¬¥ ���-2, ª®â®à ï ¯à¨¢®¤¨â-
áï ª á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , ¤®¯ãáª îé¥© ç áâ­ë¥ ¨­â¥£à «ë,
®¯à¥¤¥«ï¥¬ë¥ ãà ¢­¥­¨ï¬¨ á¢ï§¥© (1.5).

�¥®à¥¬  2. �¨áâ¥¬  (2:11) á ¢¥ªâ®à®¬ � = �(q; v; t), ®¯à¥¤¥«¥­­ë¬ á ãç¥â®¬ (2:1), (2:2),
¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

_x = v� (x; t) + J(x; t)g(x; t); (3.1)

¤®¯ãáª îé¥© ç áâ­ë¥ ¨­â¥£à «ë

g(x; t) = 0; g = (f1; : : : ; fm; _f1; : : : ; _fm; fm+1; : : : ; fr): (3.2)

�®ª § â¥«ìáâ¢®. �ëç¨á«¨¢ ¢ëà ¦¥­¨¥ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2.11), ¯à¥¤áâ ¢¨¬ á¨áâ¥¬ã
(1.4) ¢ ¢¨¤¥

dq

dt
= v;

dv

dt
=M�1(F T�� 
); (3.3)

M = (mjh); mjh =
@2L

@vj@vh
; j; h = 1; : : : ; n;


 = (
1; : : : ; 
n); 
h =
nX

j=1

@2L

@vh@qj
vj +

@2L

@vh@t
� @L

@qh
:

� ç áâ­®áâ¨, ¥á«¨ L = 1
2
vTMv � V (q), mjh =mjh(q), j; h = 1; : : : ; n [5], â®


h =
nX

k;j=1


kj;hvkvj � @V

@qh
; 
kj;h =

1
2
(mhk;j +mjh;k �mkj;h); mjh;s =

@mjh

@qs
:

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (2.1){(2.2) ¢ ¢¨¤¥

f(q; t) = y; _f(q; v; t) = _y; f 0(q; v; t) = y0; (3.4)

dy

dt
= _y;

d _y
dt

= A10y +A11 _y +A12y
0;

dy0

dt
= A20y +A21 _y +A22y

0; (3.5)

A�� = A��(x; t); � = 1; 2; � = 0; 1; 2:

� ç áâ­®áâ¨, ¥á«¨ ¬ âà¨æë A��, � = 1; 2, � = 0; 1; 2, ï¢«ïîâáï ¯®áâ®ï­­ë¬¨ ¡«®ç­®-
¤¨ £®­ «ì­ë¬¨, â® á¨áâ¥¬  (3.5) á®®â¢¥âáâ¢ã¥â «¨­¥©­®© ª®¬¡¨­ æ¨¨ ãà ¢­¥­¨© á¢ï§¥© ¨ ¨å
¯à®¨§¢®¤­ëå, ¯à¥¤«®¦¥­­®© ¢ [7].

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

x = (q; v); w = (v;�
); g = (f; _f; f 0);

N =
�
In 0n;n
0n;n M

�
; D =

�
0m;n fq
0r�m;n f 0v

�
; G =

0B@fq fv
_fq _fv
f 0q f 0v

1CA ; (3.6)

£¤¥ In | ¥¤¨­¨ç­ ï ¬ âà¨æ , 0m;n | m � n-¬ âà¨æ , á®áâ®ïé ï ¨§ ­ã«¥©, ¨ § ¯¨è¥¬ á¨áâ¥¬ã
(3.3){(3.5) ¢ ¢¨¤¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = N�1w +N�1DT� (3.7)

á ¢¥ªâ®à®¬ ã¯à ¢«¥­¨ï �, á®®â¢¥âáâ¢ãîé¨¬ ãà ¢­¥­¨î ¯à®£à ¬¬­ëå á¢ï§¥©

g(x; t) = �; � = (y; _y; y0); (3.8)
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¨ ãà ¢­¥­¨î ¢®§¬ãé¥­¨© á¢ï§¥©

_� = eA�; eA =

0@0m;m Im 0m;r�m

A10 A11 A12

A20 A21 A22

1A : (3.9)

�¨ää¥à¥­æ¨à®¢ ­¨¥ ¢ëà ¦¥­¨ï (3.8) á ãç¥â®¬ ®¡®§­ ç¥­¨© (3.6) ¨ ãà ¢­¥­¨© (3.7), (3.9)
¯à¨¢®¤¨â ª à ¢¥­áâ¢ã

G _x+ gt = eAg; (3.10)

ª®â®à®¥ á®áâ®¨â ¨§ ®ç¥¢¨¤­®£® â®¦¤¥áâ¢  _f � fqv� ft � 0 ¨ ãà ¢­¥­¨ï ¤«ï ®¯à¥¤¥«¥­¨ï ¢¥ªâ®à 
� ¬­®¦¨â¥«¥© � £à ­¦  á¨áâ¥¬ë (3.3){(3.5):

S� = Ag � s; S = FM�1F T ; (3.11)

A =
�
A10A11A12

A20A21A22

�
; s =

 
_fqv � fqM

�1
 + _ft
f 0qv � f 0vM

�1
 + f 0t

!
:

�®¤áâ ¢«ïï ¢ (3.7) à¥è¥­¨¥ � = S�1(Ag � s) ãà ¢­¥­¨ï (3.11), ¯®«ãç¨¬ ãà ¢­¥­¨¥ (3.1),
ª®â®à®¥ á®¤¥à¦¨â ¢ ¯à ¢®© ç áâ¨ ¢¥ªâ®à _xr = N�1(w � DTS�1s) ¨ ¬ âà¨æã J = N�1DTS�1A,
ã¤®¢«¥â¢®àïîé¨¥ à ¢¥­áâ¢ ¬

G _xr � ( _f; 0r1); GJ = (0m;m+r; A): (3.12)

�§ (3.10), (3.12) á«¥¤ã¥â, çâ® ¢¥ªâ®à _xr á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ¬­®¦¨â¥«ï c ¬®¦¥â
¡ëâì ¯à¥¤áâ ¢«¥­ ¢¥ªâ®à­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ _xr = c[GC], J = G+A, â. ¥. ãà ¢­¥­¨¥ (3.1) á®¤¥à-
¦¨âáï ¢® ¬­®¦¥áâ¢¥ á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [4]

_x = c[GC] +G+(Ag � gt); G+ = GTW�1; W = GGT ;

¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® _g = Ag.
�á«¨ ft = 0, g = (f; _f), â®, ¯®« £ ï

_g = �
L(ZL)�1g; Z =
�

F 0
vTFqT F

�
; L =

�
F T 0
0 F T

�
; F = fq;

¯à¨å®¤¨¬ ª á¨áâ¥¬¥, ¨áá«¥¤®¢ ­­®© ¢ [2].

4. �áâ®©ç¨¢®áâì á¢ï§¥©

�á«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï 
(t) á¨áâ¥¬ë ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (3.1), § ¤ ­­®£® ãà ¢­¥­¨¥¬ (3.2), áä®à¬ã«¨à®¢ ­ë ¢ [4]. �à®¢¥¤¥­­®¥
¯à¥®¡à §®¢ ­¨¥ ���-3 (1.4), (2.1), (2.2) ª ���-2 ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ¨§¢¥áâ­ë¥ ªà¨â¥à¨¨
¤«ï ®¯à¥¤¥«¥­¨ï ãá«®¢¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï 
(t) á¨-
áâ¥¬ë (1.4), (2.1), (2.2). �¯à¥¤¥«¨¬ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t à ááâ®ï­¨¥ �(x;
(t)) ®â â®çª¨ x 2 R2n

¯à®áâà ­áâ¢  ¯¥à¥¬¥­­ëå (q1; : : : ; qn; v1; : : : ; vn) ¤® ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï 
(t) 2 R2n à -
¢¥­áâ¢®¬ �(x;
(t)) = k�(t)k, k�k =

p
�T�. �®£¤  ¨§  á¨¬¯â®â¨ç¥áª®© ¨«¨ íªá¯®­¥­æ¨ «ì­®©

ãáâ®©ç¨¢®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï �1 = � � � = �r+m = 0 á¨áâ¥¬ë (2.2) á«¥¤ã¥â á®®â¢¥âáâ¢¥­­®
 á¨¬¯â®â¨ç¥áª ï ¨«¨ íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì ¨­â¥£à «ì­®£® ¬­®£®®¡à §¨ï 
(t) á¨áâ¥-
¬ë (2.11).

�«ï á¨áâ¥¬ë (3.9) á ¯®áâ®ï­­®© ¬ âà¨æ¥© eA á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �á«¨ �(x;
(t)) = k�(t)k ¨ ¢á¥ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï D({) �
det( eA � {Im+r) = 0 á¨áâ¥¬ë (3:9) ¨¬¥îâ ®âà¨æ â¥«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨, â® ¨­â¥-

£à «ì­®¥ ¬­®£®®¡à §¨¥ 
(t) á¨áâ¥¬ë (3:7)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�á¯®«ì§ãï ¬¥â®¤ äã­ªæ¨©�ï¯ã­®¢ , áä®à¬ã«¨àã¥¬ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨
¬­®£®®¡à §¨ï 
(t).
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�¥®à¥¬  4. �á«¨ �(x;
(t)) = k�(t)k ¨ ¤«ï ãà ¢­¥­¨© ¢®§¬ãé¥­¨© á¢ï§¥© (3:9) áãé¥áâ¢ã¥â
§­ ª®®¯à¥¤¥«¥­­ ï äã­ªæ¨ï V (�; x; t), ¤®¯ãáª îé ï ¡¥áª®­¥ç­® ¬ «ë© ¢ëáè¨© ¯à¥¤¥«, ¯à®¨§¢®¤-

­ ï ª®â®à®© _V (�; x; t), ¢ëç¨á«¥­­ ï ¢ á¨«ã ãà ¢­¥­¨© (3:7), (3:9), ï¢«ï¥âáï §­ ª®®¯à¥¤¥«¥­­®©

äã­ªæ¨¥© ¯à®â¨¢®¯®«®¦­®£® §­ ª , â® ¨­â¥£à «ì­®¥ ¬­®£®®¡à §¨¥ 
(t) á¨áâ¥¬ë (3:7)  á¨¬-
¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

� ç áâ­®áâ¨, ¥á«¨ 2V = �TL�, L = LT = (lij), i; j = 1; : : : ;m + r, | ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­­ ï ª¢ ¤à â¨ç­ ï ä®à¬  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® _V = �TL eA�, ¨ ¬®¦¥â
¡ëâì ¨á¯®«ì§®¢ ­ ªà¨â¥à¨© �¨«ì¢¥áâà  ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ª¢ ¤à â¨ç­®© ä®à¬ë
� _V = �TA0�, A0 = �L eA = (a0ij):

a011(x; t) � " > 0;
����a011(x; t) a012(x; t)
a021(x; t) a022(x; t)

���� � " > 0; : : : ;

������
a011(x; t) : : : a01;m+r(x; t)

: : : : : : : : : : : : : : : : : : : : : : : : : : :
a0m+r;1(x; t) : : : a0m+r;m+r(x; t)

������ � " > 0:

�á«¨ ­  ¯¥à¥¬¥­­ë¥ q, v ­ «®¦¥­ë â®«ìª® á¢ï§¨ ¢¨¤  f 0(q; v; t) = 0, â® m = 0, eA = A22(x; t)
¨ ®ª §ë¢ ¥âáï ¯à¨¬¥­¨¬®© â¥®à¥¬  ®¡ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ¬­®£®®¡à §¨ï 
(t) [8]
á¨áâ¥¬ë (3.7).

�¥®à¥¬  5. �á«¨

1) �(x;
(t)) = k�(t)k, �(t) = f 0(x; t);
2) _� = �k(x; t)W (x; t)L�, áª «ïà­ ï äã­ªæ¨ï k(x; t) ®£à ­¨ç¥­  á­¨§ã: k(x; t) � k0 > 0,

W = f 0v(f
0

v)
T , ¬ âà¨æ  L ï¢«ï¥âáï ¯®áâ®ï­­®© ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ �¨«ì¢¥áâà ;

3) áãé¥áâ¢ã¥â â ª®¥ w0 > 0, çâ® ¯à¨ ¢á¥å x = x(t) 2 
h(t), t � t0, £¤¥ 
h(t) | h-
®ªà¥áâ­®áâì ¬­®£®®¡à §¨ï 
(t), ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �TW (x; t)� � w2

0k�k2;
4) l1, lm | ­ ¨¬¥­ìè¥¥ ¨ ­ ¨¡®«ìè¥¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë L, 
 = g(x0; t0)

p
lm=l1,

� = k0w0l
2
1=lm,

â® ¨­â¥£à «ì­®¥ ¬­®£®®¡à §¨¥ 
(t) á¨áâ¥¬ë (3:7) íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® ¨ ¢ë¯®«­ï¥âáï

ãá«®¢¨¥
p
�T (t)�(t) � 
e��(t�t0).

5. �¨á«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© íªáâà¥¬ «¥©

�à ¢­¥­¨ï (1.4), (2.1), (2.2), ¥á«¨ ¤ ¦¥ ®¡¥á¯¥ç¥­   á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì ¬­®£®®¡à -
§¨ï 
(t), ­¥ ¬®£ãâ £ à ­â¨à®¢ âì ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ­¥®¡å®¤¨¬ãî â®ç­®áâì ¢ë¯®«­¥­¨ï
à ¢¥­áâ¢  (1.5). �«ï ®æ¥­ª¨ â®ç­®áâ¨ ç¨á«¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨© íªáâà¥¬ «¥© ¢®á¯®«ì§ã-
¥¬áï á¨áâ¥¬®© ���-2, ¯à¥¤áâ ¢«¥­­®© ãà ¢­¥­¨ï¬¨ (3.1), (3.2).

�ãáâì ¨§¢¥áâ­ë ­ ç «ì­ë¥ §­ ç¥­¨ï t0, x0, ¤«ï ª®â®àëå kg0k = sup
i

jg0i j < ", g(x0; t0) = g0 ¨

¯®áâà®¥­® ãà ¢­¥­¨¥ (3.1), ¤®¯ãáª îé¥¥  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®¥ ¨­â¥£à «ì­®¥ ¬­®£®®¡à §¨¥

(t), § ¤ ­­®¥ ãà ¢­¥­¨¥¬ (3.2). �®« £ ï a = A(x; t)g ¨ ¨á¯®«ì§ãï ¯à ¢ãî ç áâì á¨áâ¥¬ë (3.1),
¯®áâà®¨¬ à §­®áâ­®¥ ãà ¢­¥­¨¥

xk+1 = xk + �vk; xk = x(tk); tk+1 = tk + �; v = v� (x; t) + J(x; t)g(x; t): (5.1)

�¥®à¥¬  6. �ãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ �, �1, " ¨ ¬ âà¨æ  A(x; t), çâ® ¯à¨ ¢ë¯®«­¥-

­¨¨ ­¥à ¢¥­áâ¢

1) kg0k � ";
2) � � �1;
3) kE + �A(x; t)k � � < 1;

4) �2
1

2
kg(2)k � (1� �)", g(2) = vT gxxv + 2gxt + gtt,

à¥è¥­¨¥ à §­®áâ­®£® ãà ¢­¥­¨ï (5:1) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î

kgkk � " 8k = 1; : : : ;K: (5.2)
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�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (3.1) ¨á¯®«ì§ã¥âáï à §­®áâ­ ï áå¥¬  (5.1) ¨
¢ë¯®«­¥­ë ãá«®¢¨ï 1){4). �à¥¤¯®«®¦¨¬, çâ® ãá«®¢¨¥ (5.2) ¢ë¯®«­ï¥âáï ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨
k, ¨ ¯à¥¤áâ ¢¨¬ ¢¥ªâ®à gk+1 = g(xk+1; tk+1) à §«®¦¥­¨¥¬ ¢ àï¤

gk+1 = gk + gkx�x
k + gkt � +

� 2

2
g(k2); �xk = �vk; (5.3)

g(k2) = (g(k2)1 ; : : : ; g
(k2)
m+r); g(k2)
 =

1
2� 2

�X
p;q

eg (k)

;pq�x

k
p�x

k
q + 2�

X
p

eg (k)

;pt�x

k
p + � 2eg (k)


;tt

�
;

eg (k)

;pq, eg (k)


;pt, eg (k)

;tt | §­ ç¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå @2g


@xp@xq
, @2g


@xp@t
, @2g


@t2
, ¢ëç¨á«¥­­ë¥ ¯à¨ x = xk +

��xk, t = tk + �� . � âà¨æ  � = (�jl), 0 � �jl � 1, ¨ áª «ïà �, 0 � � � 1, ¯à¨­¨¬ îâ §­ ç¥­¨ï,
á®®â¢¥âáâ¢ãîé¨¥ ¯à®¬¥¦ãâ®ç­ë¬ §­ ç¥­¨ï¬ ¯à®¨§¢®¤­ëå.

� «¥¥, ãç¨âë¢ ï à ¢¥­áâ¢® _g = A(x; t)g, § ¯¨è¥¬ ¢ëà ¦¥­¨¥ (5.3) ¢ ¢¨¤¥

gk+1 = (E + �Ak)gk +
� 2

2
g(k2):

�æ¥­¨¢ ï ¯à ¢ãî ç áâì ¢ëà ¦¥­¨ï (5.3) á ãç¥â®¬ 1){4), ¯®«ãç¨¬

kgk+1k � kE + �Akk kgkk+ 1
2
� 2kg(k2)k � �"+ (1� �)" = ":

�¯à¥¤¥«¨¬ ãá«®¢¨ï, ª®â®àë¥ á«¥¤ã¥â ­ «®¦¨âì ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨© (3.9) ¤«ï ®¡¥á-
¯¥ç¥­¨ï â®ç­®áâ¨ (5.2) ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨ ãà ¢­¥­¨ï (3.1) ¬¥â®¤®¬ �ã­£¥-�ãââ . �ã¤¥¬
 ¯¯à®ªá¨¬¨à®¢ âì à¥è¥­¨¥ ãà ¢­¥­¨ï (3.1) à §­®áâ­®© áå¥¬®© ¢â®à®£® ¯®àï¤ª  â®ç­®áâ¨

xk+1 = xk +�xk; (5.4)

�xk = �(1 � �)vk + �vk; � > 0; (5.5)

vk = v(xk; tk + ��); � > 0; (5.6)

xk = xk + ��vk; v = v� (x; t) + J(x; t)g(x; t); (5.7)

�, � | ¯ à ¬¥âàë à §­®áâ­®© áå¥¬ë. �ã¤¥¬ áç¨â âì, çâ® ­ ç «ì­ë¥ ãá«®¢¨ï ã¤®¢«¥â¢®àïîâ
­¥à ¢¥­áâ¢ã kg0k � ".

�à¥¤áâ ¢¨¬ ¢¥ªâ®à gk+1 ¢ ¢¨¤¥ áã¬¬ë ¯® áâ¥¯¥­ï¬ �xk, �

gk+1 = gk + gkx�x
k + gkt � +

1
2
((�xk)T gkxTx�x

k + 2gkxt�x
k� + gktt�

2) +R(k3)
g ; (5.8)

R(k3)
g = (R(k3)

g1 ; : : : ; R(k3)
g;m+r);

R(k3)
g
 =

1
3!

�X
p;q;r

eg (k)

;pqr�x

k
p�x

k
q�x

k
r + 3�

X
p;q

eg (k)

;pqt�x

k
p�x

k
q + 3� 2

X
p

eg (k)

;ptt�x

k
p + � 3eg (k)


;ttt

�
;

eg (k)

;pqr, eg (k)


;pqt, eg (k)

;ptt, eg (k)


;ttt | §­ ç¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå @3g


@xp@xq@xr
, @3g


@xp@xq@t
, @3g


@xp@t2
, @3g


@t3
, ¢ëç¨-

á«¥­­ë¥ ¯à¨ x = xk + ��xk, t = tk + �� . �§ (5.5), (5.6) á«¥¤ã¥â à ¢¥­áâ¢® �xk = �((1 � �)vk +
�v(xk+��vk; tk+��)), ªoâopoe ¢ à¥§ã«ìâ â¥ à §«®¦¥­¨ï ¢ àï¤ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

�xk = �(vk + ��� _vk) +R(k3)
v ; (5.9)

R(k3)
v = (R(k3)

v1 ; : : : ; R(k3)
vn );

R
(k3)
vj =

1
2!
�2�� 2

�X
p;q

ev (k)
j;pqv

k
q v

k
q + 2

X
p

ev (k)
j;ptv

k
p + ev (k)

j;tt

�
;

ev (k)
j;pq, ev (k)

j;pt, ev (k)
j;tt | §­ ç¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå @2vj

@xp@xq
, @2vj

@xp@t
, @2vj

@t2
, ¢ëç¨á«¥­­ë¥ ¯à¨ x = xk +

��xk, t = tk + �� .
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�®á«¥¤®¢ â¥«ì­®¥ ¢ëç¨á«¥­¨¥ ¯à ¢®© ç áâ¨ (5.8) á ãç¥â®¬ (5.9) ¯®§¢®«ï¥â ¢ëà §¨âì gk+1

ç¥à¥§ gk, xk, tk, Ak, _Ak. �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ (5.8) ¢ëà ¦¥­¨¥ (5.9)

gk+1 = gk + �(gkx(v
k + ��� _vk +R(k3)

v ) + gkt ) +
� 2

2
((vk + ��� _vk +R(k3)

v )T gkxTx(v
k + ��� _vk +R(k3)

v ) +

+ 2gkxt(v
k + ��� _vk +R(k3)

v ) + gktt) +R(k3)
g (5.10)

¨ ¯à¥¤áâ ¢¨¬ (5.10) ¢ ¢¨¤¥

gk+1 = gk + �(gkxv
k + gkt ) + ��� 2(gx _v)

k +
� 2

2
((vk)T gkxTxv

k + 2gkxtv
k + gktt) +R(k3); (5.11)

R(k3) = �gkxR
(k3)
v +

� 2

2
(��� _vk +R(k3)

v )T gkxTx(��� _v
k +R(k3)

v ) +

+� 2(vk
T

gkxTx(��� _v
k +R(k3)

v ) + gkxt(��� _v
k +R(k3)

v )) +R
(k3)
f :

� «¥¥, ãç¨âë¢ ï à ¢¥­áâ¢ 

_g = A(x; t)g; (gx _v) = �g � ((v)T gxTxv + 2gxtv + gtt);

¡ã¤¥¬ ¨¬¥âì ¨§ (5.11) ¢ëà ¦¥­¨¥

gk+1 = (E + �Ak + � 2��((Ak)2 + _Ak))gk +
� 2

2
(1� 2��)((vk)T gkxTxv

k + 2gkxtv
k + gktt) +R(k3):

(5.12)

�ë¡¥à¥¬ ¯ à ¬¥âàë �, � â ª, çâ®¡ë 2�� = 1. �®£¤  ¨§ (5.12) á«¥¤ã¥â

gk+1 =
�
E + �Ak +

1
2
� 2((Ak)2 + _Ak)

�
gk +R(k3): (5.13)

�¥®à¥¬  7. �á«¨ ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (3:1) ¨á¯®«ì§ã¥âáï à §­®áâ­ ï áå¥¬  �ã­£¥-�ãâ-

â  ¢â®à®£® ¯®àï¤ª  â®ç­®áâ¨ (5:4){(5:7), ¨ ¯à¨ ¢á¥å x = xk, t = tk, k = 1; : : : ;K, ¢¥«¨ç¨­ë � ,
q > 0, �, �, R(k3), g0, A(x; t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

1) kg0k � ";
2) 2�� = 1;
3) kR(k3)k � (1� q)";
4)


E + �Ak + 1

2
� 2((Ak)2 + _Ak)



 � q < 1,
â® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (5:2) ¯à¨ ¢á¥å k = 1; : : : ;K.

�®ª § â¥«ìáâ¢®. �á«¨ ­¥à ¢¥­áâ¢® (5.2) ¢¥à­® ¯à¨ ­¥ª®â®à®¬ k, â® ¨§ ®æ¥­ª¨ ¯à ¢®© ç áâ¨
¢ëà ¦¥­¨ï (5.13) á«¥¤ã¥â, çâ® ¡ã¤¥â ¢¥à­® ¨ ­¥à ¢¥­áâ¢®

kgk+1k �




E + �Ak 1

2
� 2((Ak)2 + _Ak)





 kgkk+ kR(k3)k � q"+ (1� q)" = ":

� ¯®¬­¨¬, çâ® ¤«ï ¢ëç¨á«¥­¨© ¯® à §­®áâ­®© áå¥¬¥ (5.4){(5.7) ®¡ëç­® ¨á¯®«ì§ãîâáï ¤¢ 
¢ à¨ ­â 

1) � = 1; � =
1
2
: xk = xk +

�

2
v(xk; tk); xk+1 = xk + �v

�
xk; tk +

�

2

�
;

2) � =
1
2

� = 1 : xk = xk + �v(xk; tk); xk+1 = xk +
�

2
(v(xk; tk) + v(xk; tk)):
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