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1. �ä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â. � ¯à®áâà áâ¢¥ C [m � m] ª¢ ¤à âëå ¬ âà¨æ ¯®¤
¬ âà¨ç®© äãªæ¨¥© ¯®¨¬ ¥¬ áª «ïà®§ çãî äãªæ¨î

h : C [m �m]! C :

�«ï ¬ âà¨çëå äãªæ¨©, £®«®¬®àäëå ¢ ®¡®¡é¥®¬ ªàã£¥ ¨§ ¯à®áâà áâ¢  C [m�m], ¨§¢¥áâ 
¨â¥£à «ì ï ä®à¬ã« , ¤®ª §  ï ¢ ([1], £«. 4) ¨  §¢  ï ¯à¥¤áâ ¢«¥¨¥¬ �®è¨. � ¯®¬¨¬,
çâ® ®¡®¡é¥ë© ªàã£ ¯®¨¬ ¥âáï ª ª ¬®¦¥áâ¢®

� = fz 2 C [m �m] : I � zz� > 0g;

£¤¥ z� | ¬ âà¨æ , ¯®«ãç ¥¬ ï ¨§ z á®¯àï¦¥¨¥¬ í«¥¬¥â®¢ ¨ âà á¯®¨à®¢ ¨¥¬, ¥à ¢¥áâ¢®
H > 0 ®¡®§ ç ¥â, çâ® íà¬¨â®¢  ¬ âà¨æ  H ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ . �®£« á® ã¯®¬ïãâ®©
¨â¥£à «ì®© ä®à¬ã«¥ ¢áïªãî £®«®¬®àäãî ¢ § ¬ëª ¨¨ � äãªæ¨î h ¬®¦® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ ¨â¥£à « 

h(z) = cm

Z
�
h(�)d�=detm(� � z)

¯® ®áâ®¢ã � = f� : ��� = Ig ®¡®¡é¥®£® ªàã£  � , £¤¥ d� = ^
i;j
d�ij ,   cm ¢ë¡à ® á®£« á® ãá«®¢¨î

cm =
Z
zz�=1

dz

detmz
= 1:

�¥«ì à ¡®âë á®áâ®¨â ¢ ®¡®¡é¥¨¨ ãª § ®£® ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï, ª®â®à®¥ ¨¬¥¥â
â ªãî ¦¥ ¯à¨à®¤ã, ª ª ¨ ¨§¢¥áâ®¥ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ �¥©«ï ¢ ¯®«¨í¤à å ([2], [3]). �
([3], ¯. 16.1) ¡ë«® § ¬¥ç¥®, çâ® ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ �¥©«ï â¥á® á¢ï§ ® á ä®à¬ã«®©
¯à¥®¡à §®¢ ¨ï ¤«ï «®ª «ì®£® ¢ëç¥â  �à®â¥¤¨ª  ¨ ¬®¦¥â ¡ëâì ¯®«ãç¥® á ¯®¬®éìî íâ®©
ä®à¬ã«ë ¨§ ¯à¥¤áâ ¢«¥¨ï �®è¨. � «¥¥ ¯à¨¬¥ï¥âáï íâ  ¦¥ áå¥¬  á ¨á¯®«ì§®¢ ¨¥¬ ¯®«ãç¥-
®© à ¥¥ [4] á¯¥æ¨ «ì®© ª®áâàãªæ¨¨ ¤«ï «®ª «ì®£® ¢ëç¥â  ¢ C [m �m].

�«ï ä®à¬ã«¨à®¢ª¨ ®á®¢®£® à¥§ã«ìâ â  ¢¢¥¤¥¬ ¯®ïâ¨¥ á¯¥æ¨ «ì®£® ¯®«¨í¤à  ¢ ¯à®áâà -
áâ¢¥ C [m �m]. �ãáâì ¤ ® ®â®¡à ¦¥¨¥

f = f(z) : C [m �m]! C [m �m]; (1)

£®«®¬®àä®¥ ¢ ¥ª®â®à®© ®¡« áâ¨ G � C [m �m]. �¤¥áì z = (zij) ¨ f = (fij(z)) | ª¢ ¤à âë¥
¬ âà¨æë ¯®àï¤ª  m.

�¯à¥¤¥«¥¨¥ 1. �¯¥æ¨ «ìë¬   «¨â¨ç¥áª¨¬ ¯®«¨í¤à®¬,  áá®æ¨¨à®¢ ë¬ á ®â®¡à ¦¥-
¨¥¬ f ,  §®¢¥¬ ¯à®®¡à § Df;r = f�1(�r) ®¡®¡é¥®£® ªàã£  �r = fz : r2I � zz� > 0g à ¤¨ãá  r,
¥á«¨ Df;r ª®¬¯ ªâ® ¯à¨ ¤«¥¦¨â G, â. ¥. Df;r b G.
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� ª¨¬ ®¡à §®¬, ¯®«¨í¤à Df;r = fz 2 G : r2I � ff� > 0g.
�§¢¥áâ ï â¥®à¥¬  �¥ä¥à  [3] ãâ¢¥à¦¤ ¥â, çâ® ¤«ï ¥ª®â®à®© ®ªà¥áâ®áâ¨ U ®¡« áâ¨ Df;r

áãé¥áâ¢ãîâ â ª¨¥ äãªæ¨¨ P ij
lk (�; z) 2 O(U � U), çâ® ¯à¨ ¢á¥å (�; z) 2 (U � U) á¯à ¢¥¤«¨¢ë

à ¢¥áâ¢ 

fij(�)� fij(z) =
mX

k;l=1

(�kl � zkl)P
ij
lk (�; z); i; j = 1; 2; : : : ;m:

�¯®àï¤®ç¨¬ ª ª¨¬-«¨¡® ®¡à §®¬ ¬®¦¥áâ¢® ¯ à (i; j) ¨§ [1;m]2. �¡®§ ç¨¬ ç¥à¥§ H(�; z)
®¯à¥¤¥«¨â¥«ì ¬ âà¨æë kP ij

kl (�; z)k ¯®àï¤ª  m2 �m2, áâà®ª¨ ª®â®à®© ã¬¥àãîâáï ¯ à ¬¨ (i; j),
  áâ®«¡æë | ¯ à ¬¨ (k; l).

�¥®à¥¬  1. �ãáâì äãªæ¨ï h(z) £®«®¬®àä  ¢ § ¬ëª ¨¨ ®¡« áâ¨ Df;r. �®£¤  ¤«ï ¢áïª®©

â®çª¨ z 2 Df;r ¨¬¥¥â ¬¥áâ® ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

h(z) = cm

Z
�f;r

h(�)H(�; z)d�=detm(f(�)� f(z)); (2)

£¤¥ �f;r = f� 2 G : ff� = r2Ig | ®áâ®¢ ®¡« áâ¨ Df;r, ®à¨¥â¨à®¢ ë© ãá«®¢¨¥¬ ^
i;j
dfij � 0 ¯à¨

¢ë¡à ®¬ ã¯®àï¤®ç¥¨¨ ¯ à (i; j).

� á«ãç ¥, ª®£¤  f(z) � z, ®¯à¥¤¥«¨â¥«ì H(�; z) ¢ (2) à ¢¥ 1 ¨ ä®à¬ã«  (2) ¯à¥¢à é ¥âáï ¢
¯à¨¢¥¤¥ãî ¢ëè¥ ä®à¬ã«ã, ¤®ª § ãî ¤«ï ®¡®¡é¥®£® ªàã£  ([1], £«. 4).

2. �¢¥¤¥¬ á¯¥æ¨ «ìãî ª®áâàãªæ¨î ¤«ï «®ª «ì®£® ¢ëç¥â  ¢ ¯à®áâà áâ¢¥ ¬ âà¨æ. �¤¥áì
¯à¨¢¥¤¥¬ ®¤ã ¨â¥£à «ìãî ¨â¥à¯à¥â æ¨î ¤«ï «®ª «ì®£® ¢ëç¥â  �à®â¥¤¨ª  ¢ ¯à®áâà áâ¢¥
C [m �m], ª®â®à ï ¡ë«  ¢¢¥¤¥  ¢ [4] ¨ ¡ã¤¥â ¯à¨¬¥¥  ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.

�ãáâì ®â®¡à ¦¥¨¥ (1) £®«®¬®àä® ¢ ®ªà¥áâ®áâ¨ Ua â®çª¨ a 2 C [m � m] ¨ ¨¬¥¥â ¢ íâ®©
â®çª¥ ¨§®«¨à®¢ ë© ã«ì.

�¯à¥¤¥«¥¨¥ 2. �«ï à®áâª  h : Ua ! C ¨ ®â®¡à ¦¥¨ï (1) ¢¢¥¤¥¬ ¤¥©áâ¢¨¥ «®ª «ì®£®
¢ëç¥â  ¢ â®çª¥ a

resf (h) = cm

Z
�f;"

hdz

detmf
;

£¤¥ " > 0 | ¤®áâ â®ç® ¬ «®¥ ç¨á«®, dz = ^
i;j
dzij .

�«ï ãª § ®£® ¢ëç¥â  á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ä®à¬ã«  ¯à¥®¡à §®¢ ¨ï.
�ãáâì ®â®¡à ¦¥¨¥ f = (f1; : : : ; fm2) ¨¬¥¥â ¢ â®çª¥ a 2 C m2

¨§®«¨à®¢ ë© ã«ì ¨ g = Af ,
£¤¥ A = (ai;j(z)) ¥áâì (m2 �m2)-¬ âà¨æ , í«¥¬¥â ¬¨ ª®â®à®© ï¢«ïîâáï £®«®¬®àäë¥ äãªæ¨¨
¢ ®ªà¥áâ®áâ¨ Ua â®çª¨ a.

�¥®à¥¬  2 ([4]). �á«¨ £®«®¬®àäë¥ ®â®¡à ¦¥¨ï f ¨ g = Af ¨¬¥îâ ¢ â®çª¥ a ¨§®«¨à®-

¢ ë© ã«ì, â® ¤«ï «î¡®£® h 2 Oa ¢¥à® à ¢¥áâ¢®

resf h = resg(h � detA):

3. �®ª ¦¥¬ «¥¬¬ã ¤«ï ª¢ ¤à â®© ¬ âà¨æë �. �¡®§ ç¨¬ ç¥à¥§ k�ks ¥¥ á¯¥ªâà «ìãî
®à¬ã.

�¥¬¬ . �ãáâì � | â ª ï m �m-¬ âà¨æ , çâ® "2I � ��� > 0. �®£¤  ¤«ï ¢á¥å �, 0 < � <
"� k�ks, ¢ G� = G n fz : det(f(z)� �) = 0g ¨¬¥¥â ¬¥áâ® £®¬®«®£¨ï æ¨ª«®¢ �f��;� � �f;", £¤¥

�f��;� = fz 2 G : �2I � (f(z)� �)(f(z)� �)� = 0g:
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«¥¤ãîéãî (m2 + 1)-¬¥àãî æ¥¯ì

C = fz 2 G : ("� tk�ks)2I = (f(z)� t�)(f(z)� t�)�; 0 � t � 1g:

�á®, çâ® ¤«ï â®ç¥ª C ¢ë¯®«ï¥âáï à ¢¥áâ¢®

kf(z)� t�ks = "� tk�ks:

�®ª ¦¥¬, çâ® æ¥¯ì C «¥¦¨â ¢ Df;". �¥©áâ¢¨â¥«ì®, ¥á«¨ z0 2 GnDf;", â® kf(z0)ks > ", ¯®áª®«ìªã
kfks < " â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  "2I � ff� > 0. �«¥¤®¢ â¥«ì®, kf(z0) � t�ks � kf(z0)ks �
tk�ks > " � tk�ks. � ª¨¬ ®¡à §®¬, C | ª®¬¯ ªâ ï æ¥¯ì. �¥¯¥àì ¤®ª ¦¥¬, çâ® ®á¨â¥«ì jCj
æ¥¯¨ C «¥¦¨â ¢ G�. �«ï íâ®£® ã¦® ¯®ª § âì, çâ® ¤«ï z 2 jCj ¢á¥£¤  ¢ë¯®«ï¥âáï ãá«®¢¨¥
det(f(z) � �) 6= 0. �à¥¤¯®«®¦¨¬, çâ® det(f(z) � �) = 0. �®£¤  áãé¥áâ¢ã¥â ¥ã«¥¢®© ¢¥ªâ®à z1,
¤«ï ª®â®à®£® z1(f(z)� �) = 0 ¨ z1(f(z)� t� + t� � �) = 0. �âáî¤ 

(f(z)� t�)�(z1)� = (1� t)��(z1)�; z1(f(z)� t�) = (1� t)z1�:

�¥à¥¬®¦ ï íâ¨ à ¢¥áâ¢ , ¯®«ãç¨¬

z1(("� tk�ks)
2I � (1� t)2���)(z1)� = 0:

� ª ª ª (" � tk�ks)2I � (1� t)2��� > 0, â® ¯®á«¥¤¥¥ à ¢¥áâ¢® ¥ ¢ë¯®«ï¥âáï. �«¥¤®¢ â¥«ì®,
det(f(z) � �) 6= 0. �®íâ®¬ã jCj � G�. � ª®¥æ, ¤«ï «î¡ëå � < " � k�ks æ¨ª«ë �f��;� ¯à¨ ¤-
«¥¦ â G� ¨ ¨¬¥¥â ¬¥áâ® £®¬®«®£¨ï æ¨ª«®¢ �f��;� � �f��;"�k�ks = @C � �f;", ®âªã¤  ¯®«ãç ¥¬
ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

4. �®ª ¦¥¬ â¥®à¥¬ã 1. �«ï z 2 Df;r ¨¬¥¥¬ f(z)f�(z) < r2I, ¯®íâ®¬ã á®£« á® «¥¬¬¥ æ¨ª«
�f;" £®¬®«®£¨ç¥ ¢ ®¡« áâ¨ à¥£ã«ïà®áâ¨ ¯®¤¨â¥£à «ì®© ä®à¬ë ¢ (2) æ¨ª«ã

�f(")�f(z);� = f� 2 G : (f(�)� f(z))(f(�) � f(z))� = �2Ig;

£¤¥ � < r � kf(z)ks.
� ¤àã£®© áâ®à®ë, �f(�)�f(z);� £®¬®«®£¨ç¥ áã¬¬¥

P
�

��(�)(z);�, £¤¥

��(�)(z);� = f� 2 U�(�)(t) : (f(�)� f(z))(f(�)� f(z))� = �2Ig:

�¤¥áì �(�)(z) | ã«¨ ®â®¡à ¦¥¨ï f(�)� f(z), áà¥¤¨ ª®â®àëå ¥áâì ¨ � = z.
�«¥¤®¢ â¥«ì®, ¯® ä®à¬ã«¥ �ã  �®ª¥  [1] ¨ ä®à¬ã«¥ ¯à¥®¡à §®¢ ¨ï «®ª «ì®£® ¢ëç¥â 

(â¥®à¥¬  2) ¨¬¥¥¬

h(z) =
Z

(��z)(��z)�=r2I

h(�) _�=detm(� � z) = res
f(�)�f(z)

(hdetkP ij
lk k) =

X
�

res
��(z)

f(�)�f(z)

(hdetkP ij
lk k):

�¤¥áì _� = _cmd�.
�§¢¥áâ® [3], çâ® ¤«ï �(�)(z) 6= z ¨¬¥¥¬ detkP ij

lk k 2 If (�)(z)(f(�) � f(z)). �®íâ®¬ã ¨§ â¥®à¥¬ë
«®ª «ì®© ¤¢®©áâ¢¥®áâ¨ ¯®«ãç ¥¬X

�

res
��(z)

f(�)�f(z)

(hdetkP ij
lk k) = res

z f(�)�f(z)
(hdetkP ij

lk k) =

=
Z

�f(�)�f(z);�

h(�)H(�; z) _�=detm(f(�)� f(z)) =
Z

�f;r

h(�)H(�; z) _�=detm(f(�)� f(z)): �

� ª ª ª ¢ ¨â¥£à «ì®© ä®à¬ã«¥ ¨â¥£à¨à®¢ ¨¥ ¢¥¤¥âáï ¯® ¬®¦¥áâ¢ã �f;r, â® ¯® â¥®à¥¬¥
6.9 ¨§ [2] £à ¨æ  �¨«®¢  ¤«ï Df;r á®¤¥à¦¨âáï ¢ �f;r. �âáî¤  ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �á«¨ äãªæ¨ï h(z) £®«®¬®àä  ¢ § ¬ëª ¨¨ ®¡« áâ¨ Df;r, â® ®  ¤®áâ¨£ ¥â
á¢®¥£® ¬ ªá¨¬ «ì®£® § ç¥¨ï ¯® ¬®¤ã«î   �f;r.
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