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� à ¡®â å [1]{[3] ¯à®¢¥¤¥ë ¨áá«¥¤®¢ ¨ï ¥áâ ¤ àâëå áå®¤¨¬®áâ¥© ¢ ¯à®áâà áâ¢ å ®â®-
¡à ¦¥¨©, á®®â¢¥âáâ¢¨© ¨ ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢ áå®¤¨¬®áâ¨. � §®®¡à §ë¥ ¯à¨«®¦¥¨ï
â ª¨å áå®¤¨¬®áâ¥© ¢ äãªæ¨® «ì®¬   «¨§¥ ¨ â®¯®«®£¨ç¥áª®©  «£¥¡à¥ ¯®«ãç¥ë ¢ [1]{[5].
�  ï à ¡®â  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ¥áâ ¤ àâëå áå®¤¨¬®áâ¥© ¢ ¯à®áâà áâ¢ å ç áâ¨ç-
ëå ®â®¡à ¦¥¨©, ª®â®àë¥ ¨£à îâ äã¤ ¬¥â «ìãî à®«ì ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨© [6] ¨ ¬®£®ç¨á«¥ëå ¯à¨«®¦¥¨ïå ¥áâ ¤ àâ®£®   «¨§  (á¬.,  ¯à., [7], [8]). �à¨
¨§«®¦¥¨¨ à¥§ã«ìâ â®¢ ¨á¯®«ì§ã¥âáï â¥å¨ª  ¥áâ ¤ àâ®£®   «¨§  [1], [9] ¨ ®¡é¥¯à¨ïâ ï
â®¯®«®£¨ç¥áª ï â¥à¬¨®«®£¨ï [10], [11].

� ª ®¡ëç® [1], ¤«ï ¯à®áâ®âë à ááã¦¤¥¨© ®á®¢ë¥ ¬®¦¥áâ¢  X à áá¬ âà¨¢ ¥¬ëå ¯à®-
áâà áâ¢ áå®¤¨¬®áâ¨ áç¨â îâáï ¯®¤¬®¦¥áâ¢ ¬¨ ¬®¦¥áâ¢   â®¬®¢ S,  ¤ ª®â®àë¬ á ¯®¬®éìî
®â®¡à ¦¥¨ï � áâà®¨âáï áâ ¤ àâë© â¥®à¥â¨ª®-¬®¦¥áâ¢¥ë© ã¨¢¥àáã¬U ¨ ¥áâ ¤ àâë©
ã¨¢¥àáã¬ �U ¯® ®¯¨á ®¬ã ¢ [9] ¯à¨æ¨¯ã. �à¨ ¥áâ ¤ àâ®¬ ¯®¤å®¤¥ ª â®¯®«®£¨¨ [12] ¯à®-
¨§¢®«ì ï áå®¤¨¬®áâì [11]   ¬®¦¥áâ¢¥ X ®¯à¥¤¥«ï¥âáï ª ª á®®â¢¥âáâ¢¨¥ � � X � �X, ¤«ï
ª®â®à®£® ¢á¥ § ç¥¨ï �(a) = fx 2 �X : (a; x) 2 �g (� 2 X) ï¢«ïîâáï  áëé¥ë¬¨ ¯®¤¬®¦¥-
áâ¢ ¬¨ [1] à áè¨à¥¨ï �X ¨ a 2 �(a). � ç áâ®áâ¨, ¥á«¨ áå®¤¨¬®áâì   X § ¤ ¥âáï â®¯®«®£¨¥©
®âªàëâëå ¬®¦¥áâ¢ OX , â® �(a) = \f�A : a 2 A 2 OXg.

�ãáâì (X; �), (Y; �) | ¯à®¨§¢®«ìë¥ ¯à®áâà áâ¢  áå®¤¨¬®áâ¨. �®£« á® ®¡é¥¯à¨ïâ®© ª« á-
á¨ä¨ª æ¨¨ [6], ç áâ¨ç®¥ ®â®¡à ¦¥¨¥ (ç. ®â®¡à ¦¥¨¥) f ¬®¦¥áâ¢  X ¢ ¬®¦¥áâ¢® Y  §ë-
¢ ¥âáï ¥¯à¥àë¢ë¬, ¥á«¨ ®® ¥¯à¥àë¢® ®â®¡à ¦ ¥â § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® dom f � X
¢ ¯à®áâà áâ¢® Y . � á¨«ã â¥®à¥¬ë 1 [2] íâ® à ¢®á¨«ì® â®¬ã, çâ®

�f � � � � � f ¨
�1

� (dom �f) = dom f:

�¡®§ ç¨¬ ç¥à¥§ T (Tc) ¬®¦¥áâ¢® ¢á¥å (¥¯à¥àë¢ëå) ç. ®â®¡à ¦¥¨© X ¢ Y .
�¥áâ ¤ àâ®¥ ®¯¨á ¨¥ ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã ª ®¨ç¥áª®¬ã

®¯à¥¤¥«¥¨î ¥¯à¥àë¢®© áå®¤¨¬®áâ¨  ¢ ¯à®áâà áâ¢¥ T ¯® ä®à¬ã«¥

(f; h) 2  () h � � � � � f ^
�1

� (domh) = dom f

(§¤¥áì f 2 T, h 2 �T).
�â®¡ë ®¡®á®¢ âì ª®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï, à áá¬®âà¨¬ f 2 T, h 2 �T, ã¤®¢«¥â¢®àï-

îé¨¥ h 2 (f). �® ®¯à¥¤¥«¥¨î íâ® ®§ ç ¥â, çâ® ¤«ï «î¡®£® a 2 X ¢ë¯®«ï¥âáï

h(�(a)) � �(f(a)) ¨ a 2 dom f =) �(a) \
�1

h (�Y ) 6= 0:

� á¨«ã á«¥¤áâ¢¨ï 1.8 [1] ¨ ¯à¥¤«®¦¥¨ï 3.4 [3] (f) ï¢«ï¥âáï  áëé¥ë¬ ¯®¤¬®¦¥áâ¢®¬ à á-
è¨à¥¨ï �T ¨, á«¥¤®¢ â¥«ì®,  | ¥áâ ¤ àâ ï áå®¤¨¬®áâì   ¬®¦¥áâ¢¥ T. �à¨ íâ®¬ á®-
®â¢¥âáâ¢¨¥  à¥ä«¥ªá¨¢®   ¬®¦¥áâ¢¥ Tc, â.ª. ¤«ï f 2 T ãá«®¢¨¥ �f 2 (f) à ¢®á¨«ì®
¥¯à¥àë¢®áâ¨ f .

�áá«¥¤®¢ ¨¥ ¯®¤¤¥à¦ ® �¥¦¤ã à®¤®© �®à®á®¢áª®© ¯à®£à ¬¬®© ®¡à §®¢ ¨ï ¢ ®¡« áâ¨ â®çëå
 ãª (¯®¤¯à®£à ¬¬  \�®à®á®¢áª¨¥ ¤®æ¥âë", £à â d619).
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� ¬¥â¨¬, çâ® ¯®   «®£¨¨ á â¥®à¥¬®© 2.1 [1] ¥¯à¥àë¢ãî áå®¤¨¬®áâì ç. ®â®¡à ¦¥¨© ¬®¦®
®å à ªâ¥à¨§®¢ âì â ª¦¥ á ¯®¬®éìî ç. ®â®¡à ¦¥¨ï ¢ëç¨á«¥¨ï � : T � X ! Y , ª®â®à®¥ ¤«ï
f 2 T, x 2 dom f ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ �(f; x) = f(x). �å®¤¨¬®áâì �   ¬®¦¥áâ¢¥ T  §®¢¥¬

íää¥ªâ¨¢®©, ¥á«¨ ¤«ï «î¡ëå f 2 T, h 2 �T ¨§ ãá«®¢¨ï (f; h) 2 � á«¥¤ã¥â dom f �
�1

� (domh).

�¥®à¥¬  1. �¥¯à¥àë¢ ï áå®¤¨¬®áâì  ï¢«ï¥âáï á ¬®© á« ¡®© ¨§ íää¥ªâ¨¢ëå áå®¤¨¬®-

áâ¥©   ¬®¦¥áâ¢¥ T, ®â®á¨â¥«ì® ª®â®àëå ¥¯à¥àë¢® ®â®¡à ¦¥¨¥ ¢ëç¨á«¥¨ï �.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì®£® f 2 T à áá¬®âà¨¬ â ª®¥ h 2 �

T, çâ® h 2 (f). �®£¤ 
h � � � � � f ¨ ¤«ï «î¡ëå a 2 X, x 2 �(a) ¢ë¯®«ï¥âáï h(x) � �(f(a)), ¨«¨ ��(h; x) � �(�(f; x)).
�âáî¤  �� � ( � �) � � � �, â.¥. ®â®¡à ¦¥¨¥ � ¥¯à¥àë¢® ®â®á¨â¥«ì® áå®¤¨¬®áâ¨   
¬®¦¥áâ¢¥ T. � ¤àã£®© áâ®à®ë, ¯ãáâì � ¥¯à¥àë¢® ®â®á¨â¥«ì® ¥ª®â®à®© íää¥ªâ¨¢®©
áå®¤¨¬®áâ¨ �   ¬®¦¥áâ¢¥ T, â.¥. ¢ë¯®«ï¥âáï �� � (� � �) � � � �. �®£¤  ¤«ï «î¡ëå (f; h) 2 �
¯à¨ ¢á¥å a 2 X, x 2 �(a) ¨¬¥¥¬ ��(h; x) � �(�(f; a)), ¨«¨ h(x) � �(f(a)). �âáî¤  h(�(a)) � �(f(a))
¨ ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ a 2 X ¢ë¯®«ï¥âáï h � � � � � f . �®£¤  ¨§ íää¥ªâ¨¢®áâ¨ áå®¤¨¬®áâ¨
� á«¥¤ã¥â à ¢¥áâ¢®

�1

� (dom h) = dom f ¨ ¯® ®¯à¥¤¥«¥¨î (f; h) 2 . � ç¨â, � � .

�à¥¤«®¦¥¨¥ 1. �á«¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �) å ãá¤®àä®¢®, â® ¥¯à¥àë¢ ï áå®-
¤¨¬®áâì    ¬®¦¥áâ¢¥ T â ª¦¥ å ãá¤®àä®¢ .

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï f 2 T ¨ h 2 �T ¢ë¯®«ï¥âáï (f; h) 2 , â.¥. h � � � � � f ¨
�1

� (domh) = dom f . �âáî¤  ¯®«ãç ¥¬
�1

� � h � � �
�1

� � � � f � f ¨
�1

� � h � � � f . � ¤àã£®© áâ®à®ë,

¨§ h � � � � � f á«¥¤ã¥â h(im �) � im�, domh \ im� �
�1

h (im�) ¨
�1

� (domh) �
�1

� (
�1

h (im�)).

�«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï dom f �
�1

� (dom h) �
�1

� (
�1

h (im�)) = dom(
�1

� � h � �), â.¥. dom f =

dom(
�1

� � h � �), f =
�1

� � h � � ¨ áå®¤¨¬®áâì  å ãá¤®àä®¢ .

�  ¬®¦¥áâ¢¥ T ¢¢¥¤¥¬ ¥é¥ ®¤ã áå®¤¨¬®áâì t:

(f; h) 2 t () f = f
�1

�� �(h) (f 2 T; h 2 �

T):

� á«ãç ¥ h 2 t(f) ãá«®¢¨¬áï ¯¨á âì f =
�

h ¨  §ë¢ âì f â¥ìî ç. ®â®¡à ¦¥¨ï h. � ¬¥â¨¬, çâ® ¢
á¨«ã á«¥¤áâ¢¨ï 3.3 [3] ¢á¥ § ç¥¨ï t(f) ï¢«ïîâáï  áëé¥ë¬¨ ¯®¤¬®¦¥áâ¢ ¬¨ à áè¨à¥¨ï
�

T, â.¥. t ï¢«ï¥âáï ¥áâ ¤ àâ®© áå®¤¨¬®áâìî   ¬®¦¥áâ¢¥ T. �§ ¯à¥¤ë¤ãé¥£® ¯à¥¤«®¦¥¨ï
¤«ï å ãá¤®àä®¢  ¯à®áâà áâ¢  áå®¤¨¬®áâ¨ (Y; �) á«¥¤ã¥â  � t.

�¥¬¬  1. �á«¨ ®â®¡à ¦¥¨¥ h 2 �T áã¡¥¯à¥àë¢® [13] ¨ ¨¬¥¥â â¥ì f =
�

h 2 T, â®

(f; h) 2 .

�®ª § â¥«ìáâ¢®. �ãáâì ®â®¡à ¦¥¨¥ h 2 �T áã¡¥¯à¥àë¢®, â.¥. h(im �) � im�. �®£¤  ¨§

f =
�1

� � h � � á«¥¤ã¥â

h � � = Iim� � h � � � � �
�1

� � h � � = � � f:

�à®¬¥ â®£®, ¢  è¥¬ á«ãç ¥
�1

� (domh) = dom f ¨, § ç¨â, (f; h) 2 .

�«¥¤áâ¢¨¥ 1. �«ï ª®¬¯ ªâ®£® å ãá¤®àä®¢  ¯à®áâà áâ¢  áå®¤¨¬®áâ¨ (Y; �)   ¬®¦¥áâ¢¥
T ¢ë¯®«ï¥âáï  = t.

�¥®à¥¬  2. �ãáâì (X; �) | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨

(Y; �) å ãá¤®àä®¢® ¨ à¥£ã«ïà®. �®£¤  ¤«ï «î¡®£® f 2 T ãá«®¢¨¥ (f) 6= ; à ¢®á¨«ì® ¥¯à¥àë¢-
®áâ¨ f .
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�®ª § â¥«ìáâ¢®. �á«¨ ®â®¡à ¦¥¨¥ f ¥¯à¥àë¢®, â® �f 2 (f) ¨, § ç¨â, (f) 6= ;. �¡à â-
®, ¯ãáâì ¤«ï ¥ª®â®à®£® h 2 �

T ¢ë¯®«ï¥âáï h 2 (f). �®£¤  h�� � � �f ¨ ¢ á¨«ã ¯à¥¤«®¦¥¨ï

1 f =
�1

� � h � �. �«ï ¤®ª § â¥«ìáâ¢  ¥¯à¥àë¢®áâ¨ â ª®£® ç. ®â®¡à ¦¥¨ï f ¨á¯®«ì§ã¥¬ â¥å-
¨ªã ¯®¢â®àëå ¥áâ ¤ àâëå à áè¨à¥¨© ¨§ [12]. � íâ®¬ á«ãç ¥ ¤«ï ®¢®£® áâ ¤ àâ®£®
â¥®à¥â¨ª®-¬®¦¥áâ¢¥®£® ã¨¢¥àáã¬  U1  ¤ à áè¨à¥ë¬ ¬®¦¥áâ¢®¬  â®¬®¢ �S á ¯®¬®éìî
®â®¡à ¦¥¨ï ~ áâà®¨âáï ¥áâ ¤ àâë© ã¨¢¥àáã¬ ~U1 ¯® ®¯¨á ®¬ã ¢ [9] ¯à¨æ¨¯ã. �®£¤ 
ª ¦¤ ï áå®¤¨¬®áâì   ¬®¦¥áâ¢¥ X � S ¯®¬¨¬® ¥áâ ¤ àâ®© ¨â¥à¯à¥â æ¨¨ ¢¨¤  � � X��X
¨¬¥¥â   «®£¨çãî ¥áâ ¤ àâãî ¨â¥à¯à¥â æ¨î ¢ ä®à¬¥ ®â®è¥¨ï �� � X � ~X, ¨ ¬® ¤ë
�1U = \f~�A : A 2 Ug ã«ìâà ä¨«ìâà®¢ U  ¤ ¬®¦¥áâ¢®¬ X à §¡¨¢ îâ à áè¨à¥¨¥ ~�X  
ª« ááë íª¢¨¢ «¥â®áâ¨ "1X . �à®¬¥ â®£®, ¯® â¥®à¥¬¥ 1.9 [1] ¨§ ãá«®¢¨ï h � � � � � f á«¥¤ã¥â

~h � "1X � � � "1Y � � � f:

� à¥§ã«ìâ â¥ ¤«ï â®¯®«®£¨¨ � ¨ à¥£ã«ïà®© áå®¤¨¬®áâ¨ � ¢ë¯®«ï¥âáï

~f � �� = ~(
�1

� � h � �) � �� = ~�1� � ~h � ~� � �� � ~�1� � ~h � "1X � � �
~�1� � "1Y � � � f = �� � f;

çâ® ®§ ç ¥â ¥¯à¥àë¢®áâì ç. ®â®¡à ¦¥¨ï f .

�«¥¤áâ¢¨¥ 2. �á«¨ (X; �) | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �)
å ãá¤®àä®¢® ¨ à¥£ã«ïà®, â® ç. ®â®¡à ¦¥¨¥ f 2 T ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ ¡ã¤¥â ¥¯à¥àë¢-
ë¬, ¥á«¨ ®® ï¢«ï¥âáï â¥ìî ¥ª®â®à®£® áã¡¥¯à¥àë¢®£® ç. ®â®¡à ¦¥¨ï h 2 �T.

�®ª § â¥«ìáâ¢®. �á«¨ f 2 Tc, â® (f; �f) 2  ¨ â¥¬ ¡®«¥¥ (f; �f) 2 t, â.¥. f | â¥ì áã¡-
¥¯à¥àë¢®£® ç. ®â®¡à ¦¥¨ï �f . �¡à â®, ¯ãáâì ¤«ï ®â®¡à ¦¥¨ï f 2 T ¨ áã¡¥¯à¥àë¢®£®

ç. ®â®¡à ¦¥¨ï h 2 �T ¢ë¯®«ï¥âáï f =
�

h. �®£¤  ¯® «¥¬¬¥ 1 (f; h) 2  ¨ ¯® ¯à¥¤ë¤ãé¥©
â¥®à¥¬¥ 2 f ¥¯à¥àë¢®.

�à¨¢¥¤¥¬ ªà¨â¥à¨© ®ª®«®áâ ¤ àâ®áâ¨ í«¥¬¥â®¢ ¢ ¯à®áâà áâ¢¥ ç. ®â®¡à ¦¥¨© á ¥¯à¥-
àë¢®© áå®¤¨¬®áâìî.

�¥®à¥¬  3. �á«¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �) å ãá¤®àä®¢®, â® ¤«ï h 2 �T ãá«®¢¨¥ h 2
im à ¢®á¨«ì® ¢ª«îç¥¨î

h � � �
�1

� �
�1

h � � �
�1

� : (1)

�®ª § â¥«ìáâ¢®. �á«¨ h 2 (f) ¤«ï ¥ª®â®à®£® f 2 T, â® h � � � � � f ¨, á«¥¤®¢ â¥«ì®,
¢ë¯®«ï¥âáï

h � � �
�1

� �
�1

h � � � f �
�1

f �
�1

� = � � Iim f �
�1

� � � �
�1

� :

�¡à â®, ¯ãáâì ¤«ï h 2 �T ¢ë¯®«ï¥âáï (1). �®£¤  h(im �) � im� ¨ ¤«ï ¯à®¨§¢¥¤¥¨ï f =
�1

� �h��
¯®«ãç ¥¬

f �
�1

f =
�1

� � h � � �
�1

� �
�1

h � � �
�1

� � � �
�1

� � � =
�1

� � � � IY :

� ç¨â, f 2 T, h � � � Iim� � h � � � � �
�1

� � h � � = � � f ¨ dom f =
�1

� (
�1

h (im�)) =
�1

� (domh), â.¥.
h 2 (f).

�§ ¤®ª § ®£® à¥§ã«ìâ â  ¨ â¥®à¥¬ë 2 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 3. �á«¨ (X; �) | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �)
å ãá¤®àä®¢® ¨ à¥£ã«ïà®, â® ¤«ï «î¡®£® h 2 �T ¨§ (1) á«¥¤ã¥â h 2 (Tc).

�§¢¥áâ® [10], [14], çâ® ¯à¨ ®¯¨á ¨¨ ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢ ®â®¡à ¦¥¨©
æ¥âà «ìãî à®«ì ¨£à ¥â ¯®ïâ¨¥ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨, ª®â®à®¥ ¢  è¥¬ á«ãç ¥ ¯®
  «®£¨¨ á ¯. 2.6 ¨§ [1] ¨ x 4 ¨§ [2] ¥áâ ¤ àâ® ¨â¥à¯à¥â¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.
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�¥®à¥¬  4. �ãáâì ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �) à ¢®¬¥à¨§ã¥âáï  áëé¥®© íª¢¨¢ -

«¥â®áâìî �Y �
�Y � �Y ¯® ä®à¬ã«¥ � = �Y � IY . �®£¤  ¯®¤¬®¦¥áâ¢® P � T à ¢®áâ¥¯¥®

¥¯à¥àë¢® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«ï¥âáï h � � � �Y � h ¤«ï «î¡®£® h 2 �P .

�®ª § â¥«ìáâ¢®. �®£« á® [14] ¯®ïâ¨¥ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ ª ®¨ç¥áª¨ ¢ë-
à ¦ ¥âáï ç¥à¥§ á« ¡® à ¢®¬¥àãî áå®¤¨¬®áâì. � ¯à®áâà áâ¢¥ T   «®£®¬ â ª®© áå®¤¨-
¬®áâ¨ ï¢«ï¥âáï á®®â¢¥âáâ¢¨¥ c � T � �

T, ª®â®à®¥ ª ®¨ç¥áª¨ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥
(f; h) 2 c () h � �Y �

�f , £¤¥ f 2 T, h 2 �

T. �®àà¥ªâ®áâì íâ®£® ®¯à¥¤¥«¥¨ï á«¥¤ã¥â ¨§ ¯à¥¤«®-
¦¥¨ï 3.9 [3]. �®£« á® [14] ¯®¤¬®¦¥áâ¢® P � T  §ë¢ ¥âáï à ¢®áâ¥¯¥® ¥¯à¥àë¢ë¬, ¥á«¨
¥¯à¥àë¢® ª ®¨ç¥áª®¥ ç. ®â®¡à ¦¥¨¥ � ¬®¦¥áâ¢  X ¢ ¬®¦¥áâ¢® TP ¢á¥å ç. ®â®¡à ¦¥¨©
P ¢ Y , ª®â®à®¥ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥: �x(h) = h(x) ¤«ï x 2 X ¨ h 2 P , ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î x 2 domh. �à¨ íâ®¬ ¬®¦¥áâ¢® X à áá¬ âà¨¢ ¥âáï á® áå®¤¨¬®áâìî � ¨ ¬®¦¥áâ¢® TP
| á® á« ¡® à ¢®¬¥à®© áå®¤¨¬®áâìî c. � á¨«ã â¥®à¥¬ë 1 [2] íâ® ®§ ç ¥â, çâ® �� � � � c � �,
¨«¨ ��(�(a)) � c(�a) ¤«ï «î¡®£® a 2 X. �â® à ¢®á¨«ì® â®¬ã, çâ® ¤«ï «î¡®£® x 2 �(a)
á¯à ¢¥¤«¨¢® ��x 2 c(�a), ¨«¨ ¯® ®¯à¥¤¥«¥¨î á« ¡® à ¢®¬¥à®© áå®¤¨¬®áâ¨ ��x � �Y �

��a.
�®á«¥¤¥¥ ®§ ç ¥â, çâ® ¤«ï «î¡®£® h 2 �P ¨¬¥¥¬ ��x(h) � �Y (��a(h)) ¨«¨ h(x) � �Y (h(a)). �
á¨«ã ¯à®¨§¢®«ì®áâ¨ x 2 �(a) ¨ a 2 X ¯®á«¥¤¥¥ ãá«®¢¨¥ íª¢¨¢ «¥â® h�� � �Y �h ¤«ï «î¡®£®
h 2 �P .

�¥áâ ¤ àâ®¥ ®¯à¥¤¥«¥¨¥ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ ¥áâ¥áâ¢¥® à á¯à®áâà ï¥âáï
  á«ãç © å ãá¤®àä®¢®£® ¯à®áâà áâ¢  áå®¤¨¬®áâ¨ (Y; �): ¯®¤¬®¦¥áâ¢® P � T  §ë¢ ¥âáï

á¨«ì® à ¢®áâ¥¯¥® ¥¯à¥àë¢ë¬, ¥á«¨ ¤«ï ¢á¥å h 2 �P ¢ë¯®«ï¥âáï h � � � � �
�1

� � h.

�à¥¤«®¦¥¨¥ 2. �ãáâì (Y; �) | à ¢®¬¥à¨§ã¥¬®¥ å ãá¤®àä®¢® ¯à®áâà áâ¢® áå®¤¨¬®-

áâ¨. �®£¤  ¯®¤¬®¦¥áâ¢® P � T ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ ¡ã¤¥â á¨«ì® à ¢®áâ¥¯¥® ¥-

¯à¥àë¢®, ¥á«¨ P à ¢®áâ¥¯¥® ¥¯à¥àë¢® ¨ ¢á¥ ¬®¦¥áâ¢  P (a) = fh(a) : h 2 P ^a 2 domhg
(a 2 X) ®â®á¨â¥«ì® ª®¬¯ ªâë ¢ ¯à®áâà áâ¢¥ (Y; �).

� ¯®¬¨¬, çâ® ¯®¤¬®¦¥áâ¢® H ¯à®áâà áâ¢  áå®¤¨¬®áâ¨ (X; �)  §ë¢ ¥âáï ®â®á¨â¥«ì®
ª®¬¯ ªâë¬, ¥á«¨ ª ¦¤ë© ã«ìâà ä¨«ìâà  ¤ H áå®¤¨âáï ¢ íâ®¬ ¯à®áâà áâ¢¥, â.¥. �H � �(X).
�«ï § ¬ªãâ®£® ¯®¤¬®¦¥áâ¢  H íâ® ãá«®¢¨¥ à ¢®á¨«ì® ¥£® ª®¬¯ ªâ®áâ¨.

�¥®à¥¬  5 (â¥®à¥¬  �àæ¥« ). �á«¨ ¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �) å ãá¤®àä®¢®, â® ¯®¤-

¬®¦¥áâ¢® P � T â®£¤  ¨ â®«ìª® â®£¤  ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®áâà áâ¢¥ áå®¤¨¬®-

áâ¨ (T; ), ª®£¤  ®® á¨«ì® à ¢®áâ¥¯¥® ¥¯à¥àë¢®. �á«¨ ª â®¬ã ¦¥ � ï¢«ï¥âáï â®¯®«®-

£¨¥© ¨ áå®¤¨¬®áâì � à¥£ã«ïà , â® P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®áâà áâ¢¥ Tc á «î¡®© ¨§

áå®¤¨¬®áâ¥© , t.

�®ª § â¥«ìáâ¢®. �á«¨ P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®áâà áâ¢¥ (T; ), â® ¤«ï «î¡®£®

h 2 �P ¯à¨ ¥ª®â®à®¬ f 2 T ¢ë¯®«ï¥âáï h 2 (f), â.¥. h � � � � � f ¨
�1

� (domh) = dom f . �

 è¥¬ á«ãç ¥ ¯à®¨§¢¥¤¥¨¥ " = � �
�1

� ï¢«ï¥âáï ç áâ¨ç®© íª¢¨¢ «¥â®áâìî   ¬®¦¥áâ¢¥ �Y .
�®£¤  ¤«ï «î¡®£® a 2 dom f ¯®«ãç ¥¬ h(a) 2 �(f(a)) = "(f(a)) ¨

h(�(a)) � �(f(a)) = "(f(a)) = "(h(a)):

� à¥§ã«ìâ â¥ h � � � � �
�1

� � h ¨ ¬®¦¥áâ¢® P á¨«ì® à ¢®áâ¥¯¥® ¥¯à¥àë¢®. �¡à â®, ¥á«¨
P á¨«ì® à ¢®áâ¥¯¥® ¥¯à¥àë¢®, â® ¤«ï «î¡®£® h 2 �P ¢ë¯®«ï¥âáï

h � � �
�1

� �
�1

h � � �
�1

� � h �
�1

h � � �
�1

� � � �
�1

�

¨ ¯® â¥®à¥¬¥ 3 h 2 dom . �â® ®§ ç ¥â, çâ® ¬®¦¥áâ¢® P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®-
áâà áâ¢¥ áå®¤¨¬®áâ¨ (T; ). �á«¨ ª â®¬ã ¦¥ � | â®¯®«®£¨ï ¨ áå®¤¨¬®áâì � à¥£ã«ïà , â® ¯®
á«¥¤áâ¢¨î 3 P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®áâà áâ¢¥ Tc á® áå®¤¨¬®áâìî . �à®¬¥ â®£®, ¨§
 � t á«¥¤ã¥â, çâ® P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¨ ¢ ¯à®áâà áâ¢¥ (Tc; t).
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�«¥¤áâ¢¨¥ 4 (â¥®à¥¬  �àæ¥«  ¤«ï à ¢®¬¥à¨§ã¥¬ëå ¯à®áâà áâ¢). �á«¨ à ¢®¬¥à¨§ã¥¬®¥
¯à®áâà áâ¢® áå®¤¨¬®áâ¨ (Y; �) å ãá¤®àä®¢®, â® ¯®¤¬®¦¥áâ¢® P � Tc â®£¤  ¨ â®«ìª® â®£¤ 
®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ ¯à®áâà áâ¢¥ áå®¤¨¬®áâ¨ (T; ), ª®£¤  P à ¢®áâ¥¯¥® ¥¯à¥àë¢®
¨ ¢á¥ ¬®¦¥áâ¢  P (a) (a 2 X) ®â®á¨â¥«ì® ª®¬¯ ªâë ¢ ¯à®áâà áâ¢¥ áå®¤¨¬®áâ¨ (Y; �). �á«¨
ª â®¬ã ¦¥ � ï¢«ï¥âáï â®¯®«®£¨¥© ¨ áå®¤¨¬®áâì � à¥£ã«ïà , â® P ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢
¯à®áâà áâ¢¥ Tc á «î¡®© ¨§ áå®¤¨¬®áâ¥© , t.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë 5 ¨ ¯à¥¤«®¦¥¨ï 2.
� § ª«îç¥¨¥ ¯à¨¢¥¤¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¥¯à¥àë¢ ï áå®¤¨¬®áâì    ¬®¦¥áâ¢¥ Tc

ï¢«ï¥âáï â®¯®«®£¨¥©. �«ï ¯®¤¬®¦¥áâ¢ A � X ¨ B � Y ¢¢¥¤¥¬ ®¡®§ ç¥¨ï

[A] = ff 2 Tc : A \ dom f 6= ;g;

]A[= ff 2 Tc : A \ dom f = ;g;

(A;B) = ff 2 Tc : f(A) � Bg:

�®¦¥áâ¢® ¢á¥å ®âªàëâëå (á®®â¢¥âáâ¢¥®, ª®¬¯ ªâëå) ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢  áå®¤¨¬®-
áâ¨ (X; �) ®¡®§ ç¨¬ á¨¬¢®«®¬ OX (á®®â¢¥âáâ¢¥® KX).

�¥®à¥¬  6. �ãáâì (X; �), (Y; �) | â®¯®«®£¨ç¥áª¨¥ ¯à®áâà áâ¢  ¨ â®¯®«®£¨ï � «®ª «ì®

ª®¬¯ ªâ  [10]. �®£¤  ¥¯à¥àë¢ ï áå®¤¨¬®áâì    ¬®¦¥áâ¢¥ Tc ï¢«ï¥âáï â®¯®«®£¨¥© á

¡ §®©

B = f(K;V ) : K 2 KX ^ V 2 OY g [ f[V ] : V 2 OXg [ f]K[: K 2 KXg:

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì®£® f 2 Tc ¯®ª ¦¥¬, çâ® § ç¥¨¥ (f) á®¢¯ ¤ ¥â á ¬® -
¤®© �G á¥¬¥©áâ¢  ¬®¦¥áâ¢

G = fA 2 B : f 2 Ag:

�ãáâì h 2 (f) ¨ A 2 G. �®£¤  ¯® ®¯à¥¤¥«¥¨î h�� � ��f ¨
�1

� (domh) = dom f . �á«¨ A = [V ]
¤«ï ¥ª®â®à®£® V 2 Ox, â® ¨§ f 2 [V ] á ãç¥â®¬ �(V ) � �V ¯® ®¯à¥¤¥«¥¨î ¯®«ãç ¥¬

V \ dom f = V \
�1

� (dom h) 6= ;; �(V ) \ domh 6= ;; �V \ domh 6= ;;

â.¥. h 2 �[A]. �á«¨ ¦¥ A =]K[ ¤«ï ¥ª®â®à®£® K 2 KX , â® ¨§ f 2]K[ á ãç¥â®¬ �K � �(K) ¯®
®¯à¥¤¥«¥¨î ¯®«ãç ¥¬

K \ dom f = K \
�1

� (dimh) = ;; �(K) \ domh = ;; �K \ domh = ;;

â.¥. h 2 �]K[. � ª®¥æ, ¥á«¨ A = (K;V ) ¤«ï ¥ª®â®àëå K 2 KX , V 2 OY , â® ¨§ f 2 (K;V ) ¯®
®¯à¥¤¥«¥¨î ¨¬¥¥¬ f(K) � V . �âáî¤ 

h(�K) � h(�(K)) � �(f(K)) � �(V ) � �V;

â.¥. h 2 �(K;V ). � ª¨¬ ®¡à §®¬, h 2 �G ¨ ¢ë¯®«ï¥âáï (f) � �G.
� ¤àã£®© áâ®à®ë, ã¡¥¤¨¬áï, çâ® ¤«ï «î¡®£® h 2 �G ¢ë¯®«ï¥âáï h 2 (f), â.¥. h � � � � � f

¨
�1

� (dom h) = dom f . �® ®¯à¥¤¥«¥¨î ¥¯à¥àë¢®£® ®â®¡à ¦¥¨ï f ¤«ï «î¡®£® a 2 dom f ¨
¯à®¨§¢®«ì®© ®ªà¥áâ®áâ¨ V 2 OY â®çª¨ f(a) ¢ «®ª «ì® ª®¬¯ ªâ®¬ ¯à®áâà áâ¢¥ X  ©-
¤¥âáï â ª ï ª®¬¯ ªâ ï ®ªà¥áâ®áâì K 2 KX â®çª¨ a, çâ® f(K) � V . �®£¤  f 2 (K;V ) ¨ ¯®
¯à¥¤¯®«®¦¥¨î h 2 �(K;V ). �âáî¤  h(�K) � �V ¨, á«¥¤®¢ â¥«ì®, h(�(a)) � �V . � á¨«ã ¯à®¨§-
¢®«ì®áâ¨ ®ªà¥áâ®áâ¨ V â®çª¨ f(a) ¯®á«¥¤¥¥ ®§ ç ¥â, çâ® h(�(a)) � �(f(a)). �á«¨ ¦¥ â®çª 
a 2 X ¥ ¯à¨ ¤«¥¦¨â § ¬ªãâ®¬ã ¬®¦¥áâ¢ã dom f , â® ¢ «®ª «ì® ª®¬¯ ªâ®¬ ¯à®áâà áâ¢¥
X  ©¤¥âáï â ª ï ª®¬¯ ªâ ï ®ªà¥áâ®áâì K â®çª¨ a, çâ® K \ dom f = ;. �®£¤  f 2]K[ ¨ ¯®
¯à¥¤¯®«®¦¥¨î h 2 �]K[. �âáî¤  �K \ domh = ; ¨ ¢ á¨«ã �(a) � �K ¢ë¯®«ï¥âáï

�(a) \ domh = ;; a =2
�1

� (domh) = dom(h � �):

�«¥¤®¢ â¥«ì®, ¨ ¢ íâ®¬ á«ãç ¥
h(�(a)) = ; � �(f(a)):
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� ª¨¬ ®¡à §®¬, ¤«ï «î¡ëå a 2 X ¢ë¯®«ï¥âáï h(�(a)) � �(f(a)), â.¥. h � � � � � f . �âáî-

¤ , ¢ ç áâ®áâ¨, ¨¬¥¥¬
�1

� (domh) � dom f . �â®¡ë ¯à®¢¥à¨âì ®¡à â®¥ ¢ª«îç¥¨¥, à áá¬®âà¨¬
¯à®¨§¢®«ìãî â®çªã a 2 dom f ¨ á®®â¢¥âáâ¢ãîé¨© ¥© ¡ §¨á ä¨«ìâà  ®ªà¥áâ®áâ¥©

N = fV 2 OX : a 2 V g

â®çª¨ a ¢ ¯à®áâà áâ¢¥ X. �®£¤  ¤«ï «î¡®£® V 2 N ¢ë¯®«ï¥âáï V \ dom f 6= ;, â.¥. f 2 [V ] ¨
¯® ¯à¥¤¯®«®¦¥¨î h 2 �[V ]. �âáî¤  �V \ domh 6= ; ¨ ¯® «¥¬¬¥ 1.1 [1] �N \ domh 6= ;. � ª ª ª

�N = �(a), â® a 2
�1

� (domh) ¨, á«¥¤®¢ â¥«ì®,

dom f =
�1

� (domh):

� à¥§ã«ìâ â¥ h 2 (f) ¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢® (f) = �G.
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