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�  ï áâ âìï ®â®á¨âáï ª ª« áá¨ç¥áª®© ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ «¨¥©ç âëå ¬®£®-
®¡à §¨© ¬®£®¬¥àëå ¯à®¥ªâ¨¢ëå ¯à®áâà áâ¢. �¡ê¥ªâ®¬ ¥¥ ¨áá«¥¤®¢ ¨ï ï¢«ï¥âáï á¯¥æ¨ «ì-
ë© ª« áá ¤¢ã¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢ ¤¢ã¬¥àëå ¯«®áª®áâ¥© (L2)2 5-¬¥à®£® ¯à®¥ªâ¨¢®£®
¯à®áâà áâ¢  P5. � ¥© ¢¢®¤¨âáï ª« áá £¨¯¥à¡®«¨ç¥áª¨å á¥¬¥©áâ¢ ¯«®áª®áâ¥© (L3

2)2, ã ª®â®àëå
®¤  ¨§ áâ æ¨® àëå ¯àï¬ëå ®¯¨áë¢ ¥â ¥ ®¡éãî ¯á¥¢¤®ª®£àãíæ¨î ¯àï¬ëå. �®ª §ë¢ ¥âáï,
çâ® á ¯á¥¢¤®ª®£àãíæ¨¥© ¯àï¬ëå ¨¢ à¨ â® á¢ï§ ë âà¨ £¨¯¥à¡®«¨ç¥áª¨å, âà¨ á« ¡®¯ à -
¡®«¨ç¥áª¨å ¨ âà¨ ¯ à ¡®«¨ç¥áª¨å á¥¬¥©áâ¢  ¯«®áª®áâ¥©.

�á«®¢¨¬áï, çâ® ¯® ¨¤¥ªá ¬ i; j; k = 1; 2; 3 áã¬¬¨à®¢ ¨ï ¥â, ¨ ¥á«¨ ®¨  å®¤ïâáï ¢ ®¤®¬
¨ â®¬ ¦¥ ¬ â¥¬ â¨ç¥áª®¬ ¢ëà ¦¥¨¨, â® ¥ ¯à¨¨¬ îâ à ¢ë¥ § ç¥¨ï.

1. �¥¬¥©áâ¢  (L3
2)2. � P5 ¢¢¥¤¥¬ ¯à®¥ªâ¨¢ë© à¥¯¥à fA�g á ¨ä¨¨â¥§¨¬ «ìë¬¨ ¯¥à¥¬¥-

é¥¨ï¬¨
dA� = !

�
�A�; £¤¥ d!

�
� = !


� ^ !�

 ; �; �;  = 1; 6:

� áá¬®âà¨¬ ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯«®áª®áâ¥© (L2)2 £¨¯¥à¡®«¨ç¥áª®£® â¨¯ , ã ª®â®-
à®£® ª ¦¤ ï ¯«®áª®áâì ¨¬¥¥â âà¨ ¤¥©áâ¢¨â¥«ìëå «¨¥©® ¥§ ¢¨á¨¬ëå ä®ªãá . �ãáâì ¯«®á-
ª®áâì L2 = (A1A2A3) ®¯¨áë¢ ¥â á¥¬¥©áâ¢® (L2)2,   ª®â®à®¬ §  ¥§ ¢¨á¨¬ë¥ ä®à¬ë ¯à¨¬¥¬
ä®à¬ë !4

1 ¨ !6
3. � ª ¨ ¢ à ¡®â¥ [1], ®â¥á¥¬ á¥¬¥©áâ¢® (L2)2 ª à¥¯¥àã 1-£® ¯®àï¤ª , â®£¤  ¡ã¤ãâ

¨¬¥âì ¬¥áâ® ãà ¢¥¨ï

!3+j
i = 0: (1)

� ¯®¬¨¬ £¥®¬¥âà¨ç¥áª¨© á¬ëá« à¥¯¥à  1-£® ¯®àï¤ª , ¯®áâà®¥®£® ¢ [1]. � á®áâ®¨â ¢ â®¬,
çâ® ª ¦¤ ï ¨§ â®ç¥ª Ai ï¢«ï¥âáï ä®ªãá®¬ ¯«®áª®áâ¨ L2 á ä®ª «ìë¬  ¯à ¢«¥¨¥¬ !3+i

i = 0,
  â®çª  A3+i  å®¤¨âáï ¢ ä®ª «ì®© 3-¯«®áª®áâ¨ ä®ªãá  Ai.

�à®¤®«¦ ï íâã á¨áâ¥¬ã, ¯®«ãç¨¬
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j
i!i; !

3+j
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i!i � c
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i!j ; !2 = p1!1 + p3!3; (2)

£¤¥ ¢¢¥¤¥ë ®¡®§ ç¥¨ï !3+i
i = !i. �âáî¤  ¢¥è¨¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬  ©¤¥¬
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�p1 = dp1 + p1(!
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1 � !4
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2 + !5
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�p3 = dp3 + p3(!
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3 � !6

6 � !2

2 + !5

5):
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�ãªæ¨¨ c
j
i (j 6= 2) ¯à¨¢¥¤¥¬ ª ã«î §  áç¥â ¢â®à¨çëå ä®à¬ !

j
3+i,   äãªæ¨¨ p1 ¨ p3 | ª

¥¤¨¨æ¥ §  áç¥â ¢â®à¨çëå ä®à¬

!1

1
� !4

4
� !2

2
+ !5

5
¨ !3

3
� !6

6
� !2

2
+ !5

5
:

�¢¥¤ï á¨¬¢®« ¤¨ää¥à¥æ¨à®¢ ¨ï � ¯® ¢â®à¨çë¬ ¯ à ¬¥âà ¬, ¯®«ãç¨¬ ¤«ï áâ æ¨® à®©
¯®¤£àã¯¯ë ¯«®áª®áâ¨ L2

�(a21 + c21) = (a21 + c21)(�
1

1 � 2�22 + �55)� �24;

�(b21 � c21) = (b21 � c21)(2�
4

4 � �11 � �55) + �24;

�(a23 + c23) = (a23 + c23)(�
3

3 � 2�22 + �55)� �26;

�(b2
3
� c2

3
) = (b2

3
� c2

3
)(2�6

6
� �3

3
� �5

5
) + �2
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;

�a2
1
= a2

1
(�1

1
� 2�2

2
+ �5
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3
= a2

3
(�3

3
� 2�2

2
+ �5

5
):

�ãªæ¨¨ a21 + c21 ¨ a23 + c23 ¯à¨¢¥¤¥¬ ª ã«î §  áç¥â ¢â®à¨çëå ä®à¬ �24 ¨ �26 á®®â¢¥âáâ¢¥®.
�®£¤  äãªæ¨¨ b21 � c21 ¨ b23 � c23 áâ ®¢ïâáï ®â®á¨â¥«ìë¬¨ ¨¢ à¨ â ¬¨. �¡à é¥¨¥ ¢ ã«ì
íâ¨å ¨¢ à¨ â®¢ ¢ë¤¥«ï¥â ¥ª®â®àë© ª« áá á¥¬¥©áâ¢ (L2)2, ª®â®àë© ®¡®§ ç¨¬ ç¥à¥§ (L3

2)2.
� ª®¥æ, äãªæ¨¨ a21 ¨ a23 ¯à¨¢¥¤¥¬ ª ¥¤¨¨æ¥ §  áç¥â ¢â®à¨çëå ä®à¬ !1

1 � 2!2
2 + !5

5 ¨
!3
3 � 2!2

2 + !5
5.

� ¬¥â¨¬, çâ® á®£« á® «¥¬¬¥ ¨§ [2] ¯à®¢¥¤¥ ï ª ®¨§ æ¨ï à¥¯¥à  ª®àà¥ªâ .
� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ à ¢¥áâ¢ 

cji = 0 (j 6= 2); p1 = 1; p3 = 1; a21 = 1; c21 = �1;

b21 = �1; a23 = 1; c23 = �1; b23 = �1;

¢ á¨«ã ª®â®àëå ãà ¢¥¨ï (2) ¯à¨¨¬ îâ ¢¨¤

!j
i = aji!j; !3+j

3+i = bji!i; j 6= 2;

!2

1 = !3; !5

4 = !3; !2

3 = !1; !5

6 = !1; (3)

!2 = !1 + !3:

�¥è¨¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬  å®¤¨¬

�aji ^ !j + !j
3+i ^ !i = 0; �bji ^ !i � !j

3+i ^ !j = 0; j 6= 2;

(�1 � �4) ^ !3 � !2

4 ^ !1 = 0; (�3 � �6) ^ !1 � !2

6 ^ !3 = 0; (4)

!2

4 ^ !2 � �4 ^ !3 = 0; !2

6 ^ !2 � �6 ^ !1 = 0;

�1 ^ !1 + �3 ^ !3 = 0;

£¤¥

�1 = !1

1 � !2

2 � !4

4 + !5

5 � a31!1; �4 = !3

3 � !4

4 � !6

6 + !5

5;

�3 = !3

3 � !2

2 � !6

6 + !5

5 � a13!3; �6 = !1

1 � !6

6 � !4

4 + !5

5:

�âáî¤  ¯®«ãç¨¬

!1

1 = �1 + �3 � �4 + 2!2

2 � !5

5 + a31!1 + a13!3;

!3

3 = �3 + �1 � �6 + 2!2

2 � !5

5 + a13!3 + a31!1;

!4

4 = �3 � �4 + !2

2 + a13!3;

!6

6 = �1 � �6 + !2

2 + a31!1:

(5)
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� ¨¡®«¥¥ ®¡é¥¥  «£¥¡à ¨ç¥áª®¥ à¥è¥¨¥ á¨áâ¥¬ë (4) ¨¬¥¥â ¢¨¤

�aji = ajij!j + ajii!i; !j
3+i = ajii!j + bjij!i;

�bji = bjii!i � bjij!j; j 6= 2;

!2

4 = a4!2 + b4!3; �4 = �b4!2 + c4!3; (6)

!2

6 = a6!2 + b6!1; �6 = �b6!2 + c6!1;

�1 = b!3 � (a4 + 2b4)!1; �3 = b!1 � (a6 + 2b6)!3

¨ § ¢¨á¨â ®â N = 23 ¯ à ¬¥âà®¢.
� ¬ªãâ ï á¨áâ¥¬  ãà ¢¥¨© (1), (3), (4), ®¯à¥¤¥«ïîé ï á¥¬¥©áâ¢® (L3

2
)2,  å®¤¨âáï ¢ ¨-

¢®«îæ¨¨ á å à ªâ¥à ¬¨ S1 = 13, S2 = 5, â. ¥. ¤®ª §  

�¥®à¥¬ . �¥¬¥©áâ¢® (L3
2
)2 áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¯ïâ¨ äãªæ¨© ¤¢ãå  à£ã¬¥â®¢.

2. �¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢ . �àï¬ ï (A1A3) ¯® â¥à¬¨®«®£¨¨ �.�. �¥©¤¥«ì¬   [3] ®¯¨áë-
¢ ¥â ¯á¥¢¤®ª®£àãíæ¨î. �â® ¥ ®¡é ï ¯á¥¢¤®ª®£àãíæ¨ï, â. ª. ¯á¥¢¤®ª®£àãíæ¨ï ¯àï¬ëå ¢
P5 áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ è¥áâ¨ äãªæ¨© ¤¢ãå  à£ã¬¥â®¢.

� ¬¥â¨¬, çâ® á¨áâ¥¬  ãà ¢¥¨© (1), (3), (4) ¯¥à¥å®¤¨â ¢ á¥¡ï ¯à¨ ¯®¬®é¨ ¯®¤áâ ®¢ª¨ ¨-
¤¥ªá®¢ �

1 2 3 4 5 6
3 2 1 6 5 4

�
: (7)

� áá¬®âà¨¬ â®çª¨ N = A1 �A3, M4 = A2 �A4, M6 = A2 �A6. �®ª ¦¥¬, çâ® ¯«®áª®áâì

(A1NM4) (8)

®¯¨áë¢ ¥â £¨¯¥à¡®«¨ç¥áª®¥ á¥¬¥©áâ¢®. �¥©áâ¢¨â¥«ì®, ¨§ ãà ¢¥¨©

dA1 = !1

1A1 + !3A2 + !3

1A3 + !1A4;

dN = (!3

3 � !3

1)N + (�6 � �4 + !3

1 � !1

3)A1 � !1M4 + !3M6

á«¥¤ã¥â, çâ® â®çª¨ A1 ¨ N ï¢«ïîâáï ä®ªãá ¬¨ ¯«®áª®áâ¨ (8) á®®â¢¥âáâ¢¥® á ä®ª «ìë¬¨
 ¯à ¢«¥¨ï¬¨ !2 = 0 ¨ !3 = 0. � ª ª ª

d(A1NM4) � (!1

1 + !2

2 + !3

3)(A1NM4)(mod!1; !3);

â® ¯«®áª®áâì (8), ¯à®å®¤ïé ï ç¥à¥§ ¯àï¬ãî (A1A3), ¨¢ à¨ â® á¢ï§   á ¥©. �á«¨ â®çª 
F1 = x1A1 + x3A3 + x2M4 ¥áâì ä®ªãá ¯«®áª®áâ¨ (8), â® (dF1A1A3M4) = 0 ¨ ¯à¨å®¤¨¬ ª á¨áâ¥¬¥
ãà ¢¥¨©

!2x
1 + !1x

3 + (!2

2 � !4

4 � !2

4)x
2 = 0; !3x

3 � b31!1x
2 = 0; !1x

2 = 0: (9)

�â  á¨áâ¥¬  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥, ¥á«¨ � = !2!3!1 = 0.
�áâ «®áì ¨áá«¥¤®¢ âì á«ãç ©, ª®£¤  !1 = 0. �®£¤  x3 = 0 ¨ ¯¥à¢®¥ ãà ¢¥¨¥ (9) ¢ á¨«ã (5),

(6) ®¯à¥¤¥«ï¥â ª®®à¤¨ âë ä®ªãá  F1 = t1A1 +M4, £¤¥ t1 = 2(b4 � b6) + a4 � a6 � c4 + a13.
� «®£¨ç®, ¢ á¨«ã ¯®¤áâ ®¢ª¨ (7) á«¥¤ã¥â, çâ® ¯«®áª®áâì (A3NM6) ®¯¨áë¢ ¥â £¨¯¥à¡®«¨-

ç¥áª®¥ á¥¬¥©áâ¢®.
�®ª ¦¥¬, çâ® ª ¦¤ ï ¨§ ¯«®áª®áâ¥©

�) (A1N;A4 +A6 � 2A2); �) (A1A3A4); ) (A1A3A6) (10)

®¯¨áë¢ ¥â ¯ à ¡®«¨ç¥áª®¥ á¥¬¥©áâ¢®. �¥£ª® ¯®ª § âì, çâ® ª ¦¤ ï ¨§ íâ¨å ¯«®áª®áâ¥© ¨¢ à¨-
 â® á¢ï§   á ¯àï¬®© (A1A3).

�ãáâì â®çª  F = x1A1 + x3N + x4(A4 +A6 � 2A2) ï¢«ï¥âáï ä®ªãá®¬ ¯«®áª®áâ¨ (10�). �®£¤ 
¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨©

!2x
4 = 0; !3x

1 � !2x
3 + !x4 = 0; !1x

1 + !2x
3 + �x4 = 0;
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£¤¥
! = 2(!6

6 � !2

2 + !6

4) + !2

4 + !2

6; � = !4

4 � !6

6 � !6

4 + !4

6:

�â  á¨áâ¥¬  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥, ¥á«¨ ¥¥ ®¯à¥¤¥«¨â¥«ì (!2)3 = 0. �¬¥¥¬ ¥¤¨áâ¢¥®¥ âà¥å-
ªà â®¥ ä®ª «ì®¥  ¯à ¢«¥¨¥ ¥¤¨áâ¢¥®£® âà¥åªà â®£® ä®ªãá  F = N ¯«®áª®áâ¨ (10�),
ç. â. ¤.

�á«¨ â®çª  F = x1A1+x3A3+x4A4 ï¢«ï¥âáï ä®ªãá®¬ ¯«®áª®áâ¨ (10�), â® ¡ã¤ãâ ¨¬¥âì ¬¥áâ®
ãà ¢¥¨ï

!3x
1 + !1x

3 + !2

4
x4 = 0; !3x

3 + !6

4
x4 = 0; !3x

4 = 0:

�â  á¨áâ¥¬  ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥, ¥á«¨ (!3)3 = 0. �®«ãç¨¬ ®¤¨ âà¥åªà âë© ä®ªãá
F = A1 ¯«®áª®áâ¨ (10�) á ä®ª «ìë¬  ¯à ¢«¥¨¥¬ !3 = 0.

� á¨«ã ¯®¤áâ ®¢ª¨ (7) § ª«îç ¥¬, çâ® ¯«®áª®áâì (10) ®¯¨áë¢ ¥â ¯ à ¡®«¨ç¥áª®¥ á¥¬¥©áâ¢®
á âà¥åªà âë¬ ä®ªãá®¬ ¢ â®çª¥ A3 ¨ ä®ª «ìë¬  ¯à ¢«¥¨¥¬ !1 = 0.

�§ ãà ¢¥¨ï (A1A3; NN2) = �1  å®¤¨¬, çâ® N2 = A1 +A3,   ¨§ áà ¢¥¨©

dN � (!1

1 � a13!1)A1 � (!3

3 � a31!1)A3 + !1(A4 �A6)(mod!3 � !1);

dN2 � (!1

1 + a13!1)A1 + (!3

3 + a31!1)A3 + !1(A4 �A6)(mod!2)

á«¥¤ã¥â, çâ® â®çª¨ N ¨ N2 ï¢«ïîâáï ä®ªãá ¬¨ ¯«®áª®áâ¨ (NN2; A4 � A6) á ä®ª «ìë¬¨  -
¯à ¢«¥¨ï¬¨ !3 � !1 = 0 ¨ !3 + !1 = 0. �¥£ª® ¯®ª § âì, çâ® ä®ªãá N ï¢«ï¥âáï ¤¢ãªà âë¬ ¨,
á«¥¤®¢ â¥«ì®, ¯«®áª®áâì (NN2; A4�A6) ®¯¨áë¢ ¥â á« ¡®¯ à ¡®«¨ç¥áª®¥ á¥¬¥©áâ¢® ¯«®áª®áâ¥©.

�à ¢¥¨¥ (NA3; A1N1) = �1 ®¯à¥¤¥«ï¥â â®çªã N1 = A1 � 2A3,   áà ¢¥¨ï

dA1 � !1

1A1 � 2a31!1A3 + !1(A4 � 2A2)(mod!3 + 2!1);

dN1 � (!1

1 � 2a13!1)A1 � 2a13!1A3 + !1(A4 � 2A2)(mod!3)

¯®ª §ë¢ îâ, çâ® ¤«ï ¯«®áª®áâ¨ (A1N1; A4 � 2A2) â®çª¨ A1 ¨ N1 ï¢«ïîâáï ä®ªãá ¬¨ á ä®ª «ì-
ë¬¨  ¯à ¢«¥¨ï¬¨ !3 + 2!1 = 0 ¨ !3 = 0 á®®â¢¥âáâ¢¥®. �â  ¯«®áª®áâì ¥ ¨¬¥¥â ¤àã£¨å
ä®ªãá®¢,   ä®ªãá A1 ï¢«ï¥âáï ¤¢ãªà âë¬ ¨, á«¥¤®¢ â¥«ì®, à áá¬ âà¨¢ ¥¬ ï ¯«®áª®áâì ®¯¨-
áë¢ ¥â á« ¡®¯ à ¡®«¨ç¥áª®¥ á¥¬¥©áâ¢® ¯«®áª®áâ¥©.

� «®£¨ç®, ¢ á¨«ã ¯®¤áâ ®¢ª¨ (7) § ª«îç ¥¬, çâ® ¯«®áª®áâì (A3N3; A6 � 2A2), £¤¥ N3 =
A3 � 2A1, ®¯¨áë¢ ¥â á« ¡®¯ à ¡®«¨ç¥áª®¥ á¥¬¥©áâ¢® á ¤¢ãªà âë¬ ä®ªãá®¬ A3, ä®ªãá®¬ N3 ¨
ä®ª «ìë¬¨  ¯à ¢«¥¨ï¬¨ !1 + 2!3 = 0, !1 = 0 á®®â¢¥âáâ¢¥®.

� ª¨¬ ®¡à §®¬, ¯àï¬®© (A1A3), ®¯¨áë¢ îé¥© ¯á¥¢¤®ª®£àãíæ¨î, ¨æ¨¤¥âë ¤¥¢ïâì ¨-
¢ à¨ â® á¢ï§ ëå á ¥© ¯«®áª®áâ¥©, âà¨ ¨§ ª®â®àëå ®¯¨áë¢ îâ £¨¯¥à¡®«¨ç¥áª¨¥ á¥¬¥©áâ¢ 
¯«®áª®áâ¥©, ¤àã£¨¥ âà¨ | á« ¡®¯ à ¡®«¨ç¥áª¨¥ á¥¬¥©áâ¢  ¨ ®áâ ¢è¨¥áï âà¨ ¯«®áª®áâ¨ ®¯¨áë-
¢ îâ ¯ à ¡®«¨ç¥áª¨¥ á¥¬¥©áâ¢  ¯«®áª®áâ¥©.
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