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� ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ E2n�1 à áá¬ âà¨¢ ¥âáï ¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨ f : M ! M

£« ¤ª¨å n-¯®¢¥àå­®áâ¥©.
�  ¯®¢¥àå­®áâ¨ M ®¯à¥¤¥«¥­ë ¤¢¥ ¬¥âà¨ª¨: á®¡áâ¢¥­­ ï g(X;Y ) = hX;Y i, £¤¥ X;Y 2 TM ,

h ; i | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ E2n�1, ¨ ¬¥âà¨ª  �g(X;Y ) = hdfX; dfY i, ¨­¤ãæ¨àã¥¬ ï ®â®¡à -
¦¥­¨¥¬ f , ¨ ¤¢¥ á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â  r, r íâ¨å ¬¥âà¨ª á®®â¢¥âáâ¢¥­­®.

�¥®à¥¬ . �á«¨ f : M ! M | ¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨ £« ¤ª¨å n-¯®¢¥àå­®áâ¥©, â® ¨¬¥îâ

¬¥áâ® ä®à¬ã«ë

R?(X;Y )�(Z; V ) = �(R(X;Y )Z +
1
�2
�g(Y;Z)X �

1
�2
�g(X;Z)Y; V ); (1)

hR?(X;Y )�(Z; V ); �(U; V )i =
1
�2
�g(R(X;Y )Z +

1
�2
�g(Y;Z)X �

1
�2
�g(X;Z)Y;U); (2)

£¤¥ X;Y;Z; U; V 2 TM ,
���!
pf(p) = �V , p 2 M , jV j = 1, � = const, R? | â¥­§®à ªà¨¢¨§­ë ­®à-

¬ «ì­®© á¢ï§­®áâ¨ ­  M , R | â¥­§®à ªà¨¢¨§­ë á¢ï§­®áâ¨ r, � | ¢â®à ï äã­¤ ¬¥­â «ì­ ï

ä®à¬  ¯®¢¥àå­®áâ¨ M .

�«¥¤áâ¢¨¥ 1. �á«¨ f |¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨, â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

1) ­®à¬ «ì­ ï á¢ï§­®áâì r? ¯«®áª ï,
2) ¯®¢¥àå­®áâì M «®ª «ì­® ¥áâì ¯à®áâà ­áâ¢® ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë � 1

�2
.

�®ª § â¥«ìáâ¢®. �á«¨ R?(X;Y )� = 0 8� 2 T?M , â® R?(X;Y )�(Z; V ) = 0 ¨ ¨§ (2) á«¥¤ã¥â,
çâ®M ¨¬¥¥â ¯®áâ®ï­­ãî ªà¨¢¨§­ã � 1

�2
. �¡à â­®, ¥á«¨ R(X;Y )Z = � 1

�2
(�g(Y;Z)X��g(X;Z)Y ), â®

¨§ (2) á«¥¤ã¥â hR?(X;Y )�(Z; V ); �(U; V )i = 0. �ãáâì Xi (i = 1; : : : ; n� 1) | ¡ §¨á �!(p). �®£¤ 
¢ á¨«ã (6) ¢¥ªâ®àë �i = dfXi = �(Xi; V ) | ¡ §¨á T?p M . �¬¥¥¬ hR?(X;Y )�i; �ji = 0. �âªã¤ 
á«¥¤ã¥â R?(X;Y )�i = 0 ¨ R?(X;Y )� = 0 8� 2 T?M .

� á¨«ã á¨¬¬¥âà¨ç­®áâ¨ ¯®áâà®¥­¨ï, ¥á«¨ f | ¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨, â® ¨ f�1 | ¯à¥®¡à -
§®¢ ­¨¥ �¨ ­ª¨. �®íâ®¬ã ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥ 2. �á«¨ f |¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨, â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

1) ­®à¬ «ì­ë¥ á¢ï§­®áâ¨ ¯®¢¥àå­®áâ¥© M , M ¯«®áª¨¥,
2) ¯®¢¥àå­®áâ¨ M , M «®ª «ì­® áãâì ¯à®áâà ­áâ¢  ¯®áâ®ï­­®© ®âà¨æ â¥«ì­®© ªà¨¢¨§­ë

� 1
�2
.

� ç áâ­®áâ¨, ¯à¨ n = 2 ¨¬¥¥¬ R? = 0 ¨ ¯®«ãç ¥¬ ¨§¢¥áâ­ë© à¥§ã«ìâ â: ¥á«¨ f | ¯à¥®¡à -
§®¢ ­¨¥ �¨ ­ª¨ ¯®¢¥àå­®áâ¥© ¢ E3, â® M , M ¨¬¥îâ ¯®áâ®ï­­ãî ®âà¨æ â¥«ì­ãî ªà¨¢¨§­ã ([4],
á. 489).

�á«¨M | ®¡« áâì ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® Ln, ¯®£àã¦¥­­®£® ¢ E2n�1, â® [5] ­®à¬ «ì­ ï
á¢ï§­®áâì ¯«®áª ï ¨ ¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨ [5] ¯¥à¥¢®¤¨â M ¢ ®¡« áâì ¯à®áâà ­áâ¢  �®¡ ç¥¢-
áª®£® â®© ¦¥ ªà¨¢¨§­ë.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë.
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1. �á­®¢­ë¥ ä®à¬ã«ë. �ãáâì F(M) | R- «£¥¡à  ¤¨ää¥à¥­æ¨àã¥¬ëå ­ M äã­ªæ¨©, T q
s (M)

| F-¬®¤ã«ì ¤¨ää¥à¥­æ¨àã¥¬ëå ­  M â¥­§®à­ëå ¯®«¥© â¨¯  (s; q), @ | ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢
E2n�1. �®à¬ã«ë � ãáá -�¥©­£ àâ¥­  ([1], á. 23) ¯®¢¥àå­®áâ¨ M ¨¬¥îâ ¢¨¤

@XY = rXY + �(X;Y );

@X� = �A
�
X +r?X�;

(3)

£¤¥ X;Y 2 TM , r | á¢ï§­®áâì �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ g, � | ¢â®à ï äã­¤ ¬¥­â «ì­ ï ä®à¬ 
¯®¢¥àå­®áâ¨M , r? | ­®à¬ «ì­ ï á¢ï§­®áâì, A

�
2 T 1

1 (M) | ®¯¥à â®à �¥©­£ àâ¥­ , á®®â¢¥âáâ¢ã-

îé¨© � 2 T?M .
�ë¯®«­ïîâáï ãà ¢­¥­¨ï � ãáá -�®¤ ææ¨ ([1], á. 29)

R(X;Y )Z = A
�(Y;Z)

X � A
�(X;Z)

Y;

R?(X;Y )� = �(X;A
�
Y )� �(Y;A

�
X);

g(A
�
X;Y ) = h�(X;Y ); �i;

(4)

£¤¥ R(X;Y )Z = rXrYZ � rYrXZ � r[X;Y ]Z | â¥­§®à ªà¨¢¨§­ë á¢ï§­®áâ¨ r, R?(X;Y )� =
r?Xr

?

Y � �r?Yr
?

X� �r?[X;Y ]� | â¥­§®à ªà¨¢¨§­ë ­®à¬ «ì­®© á¢ï§­®áâ¨ r?.
�ãáâì r(p) | à ¤¨ãá-¢¥ªâ®à â®çª¨ p 2 M , �r(f(p)) | à ¤¨ãá-¢¥ªâ®à â®çª¨ f(p) 2 M . �®£¤ 

®â®¡à ¦¥­¨¥ f :M !M § ¯¨è¥âáï ¢ ¢¨¤¥

�r = f(r) = r + �V; (5)

£¤¥ V 2 E2n�1 | ®àâ.
�â®¡à ¦¥­¨¥ (5) ¥áâì ¯à¥®¡à §®¢ ­¨¥ �¨ ­ª¨, ¥á«¨ � = const, Vp 2 TpM ,   TpM ¥áâì «¨­¥©-

­ ï ®¡®«®çª  L(Vp; T?f(p)M) ¨ Tf(p)M ¥áâì «¨­¥©­ ï ®¡®«®çª  L(Vp; T?p M).
� áá¬®âà¨¬ ä®à¬ã ! 2 T 0

1M , ®¯à¥¤¥«ï¥¬ãî à ¢¥­áâ¢®¬ !(X) = g(X;V ), X 2 TM . �  M

®¯à¥¤¥«¥­® à á¯à¥¤¥«¥­¨¥
�!(p) = fXp 2 TpM : !(Xp) = 0g:

�®£¤  T?f(p)M = �!(p).
�¨ää¥à¥­æ¨ « ®â®¡à ¦¥­¨ï f ®¯à¥¤¥«¨âáï ¨§ à ¢¥­áâ¢ 

dfX = df(@Xr) = @X�r; X 2 TM:

�¨ää¥à¥­æ¨àã¥¬ (4). �á¯®«ì§ãï (3), ¯®«ãç¨¬

dfX = X + �(rXV + �(X;V )):

�«ï X 2 TM à áá¬®âà¨¬ à §«®¦¥­¨¥

X = X1 + !(X)V; X1 2 �!:

� ª ª ª g(V; V ) = 1, â® (rXV )1 = rXV .
�¬¥¥¬

dfX = X1 + !(X)V + �(rXV )1 + ��(X;V ):

�® ãá«®¢¨î dfXp?�!(p). �«¥¤®¢ â¥«ì­®,

dfX = !(X)V + ��(X;V ); (6)

rXV = �
1
�
X +

1
�
!(X)V: (7)

�á¯®«ì§ãï (6), ¯®«ãç¨¬

�g(X;Y ) = �2h�(X;V ); �(Y; V )i+ !(X)!(Y ): (8)
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�§ (7) ¢ëâ¥ª ¥â, çâ® ¢¥ªâ®à­®¥ ¯®«¥ V â®àá®®¡à §ãîé¥¥ [2] ¨ çâ® d!(X;Y ) = X!(Y )�Y !(X)�
!([X;Y ]) = 0, â. ¥. ä®à¬  ! § ¬ª­ãâ , ¨ à á¯à¥¤¥«¥­¨¥ �! ¨­¢®«îâ¨¢­®.

�¢ï§­®áâì r �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ �g ®¯à¥¤¥«¨âáï ¨§ ãá«®¢¨ï, çâ® à §­®áâì ��(X;Y ) =
@XdfY � dfrXY ¤«ï X;Y 2 TM ¯à¨­ ¤«¥¦¨â �!. �á¯®«ì§ãï (3), (6), ¯®«ãç¨¬

��(X;Y ) = (X!(Y ))V + !(Y )
�
�
1
�
X +

1
�
!(X)V + �(X;V )

�
�

�� A
�(Y;V )

X + �r?X�(Y; V )� !(rXY )V � ��(rXY; V ):

�à¨à ¢­¨¢ î ­ã«î ­®à¬ «ì­ë¥ á®áâ ¢«ïîé¨¥ ¨ á®áâ ¢«ïîé¨¥ ¢¤®«ì V , ¨¬¥¥¬

r?X�(Y; V ) = �(rXY; V )�
1
�
!(Y )�(X;V ) (9)

¨
(rX!)(Y )� �!( A

�(Y;V )
X) = 0;

£¤¥ (rX!)(Y ) = X!(Y )� !(rXY ) | ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ! ¢ á¢ï§­®áâ¨ r.
� á¨«ã (4) ¨¬¥¥¬

�!( A
�(Y;V )

X) = �g( A
�(Y;V )

X;V ) = �h�(Y; V ); �(X;V )i =
1
�
�g(X;Y )�

1
�
!(X)!(Y ):

� ª¨¬ ®¡à §®¬,

(rX!)(Y ) +
1
�
!(X)!(Y ) =

1
�
�g(X;Y ): (10)

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë. � á¨«ã (3) ¨ (9) ¯®«ãç¨¬

r?Xr
?

Y �(Z; V ) = r?X�(rYZ; V )�
1
�
(X!(Z))�(Y; V )�

�
1
�
!(Z)r?X�(Y; V ) = �(rXrY Z; V )�

�
1
�
!(rY Z)�(X;V )�

1
�
(X!(Z))�(Y; V )�

�
1
�
!(Z)(�(rXY; V )�

1
�
!(Y )�(X;V )):

�âªã¤ 

R?(X;Y )�(Z; V ) = r?Xr
?

Y �(Z; V )�r?Yr
?

X�(Z; V )�

�r?[X;Y ]�(Z; V ) = �(R(X;Y )Z; V )�
1
�
((rX!)(Z) +

+
1
�
!(Z)!(X))�(Y; V ) +

1
�
((rY !)(Z) +

1
�
!(Z)!(Y ))�(X;V ):

�á¯®«ì§ãï (10), ¯®«ãç¨¬ ä®à¬ã«ã (1).
�®ª ¦¥¬ ä®à¬ã«ã (2). �¬­®¦¨¬ áª «ïà­® (1) ­  �(U; V ) ¨ ¨á¯®«ì§ã¥¬ (4), (8). �¬¥¥¬

hR?(X;Y )�(Z; V ); �(U; V )i =

=
1
�2
�g(R(X;Y )Z +

1
�2
�g(Y;Z)X �

1
�2
�g(X;Z)Y;U) �

�
1
�2
!(R(X;Y )Z +

1
�2
�g(Y;Z)X �

1
�2
�g(X;Z)Y )!(U):

73



�®ª ¦¥¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ à ¢­® ­ã«î. � ¯¨è¥¬ (10) ¢ «®ª «ì­ëå ª®®à¤¨­ â å

rj!k +
1
�
!j!k =

1
�
�gjk (i; j � � � = 1; : : : ; n):

�¨ää¥à¥­æ¨àãï ¥é¥ à §, ¯®«ãç¨¬

rjrj!k +
1
�
(ri!j)!k +

1
�
!j(ri!k) = 0;

¨«¨
rirj!k +

1
�2
�gij!k +

1
�2
�gik!j = 0:

� ª ª ª ([3], á. 126)
rirj!k �rjri!k = �Rm

kij!m;

â®

Rm
kij!m +

1
�2
�gjk!i �

1
�2
�gik!j = 0;

¨«¨
!(R(X;Y )Z +

1
�2
�g(Y;Z)X �

1
�2
�g(X;Z)Y ) = 0: �

�¨â¥à âãà 
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