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�®à®è® ¨§¢¥áâ­®, çâ® ¨­â¥à¯®«ïæ¨®­­ë¥ ¯®«¨­®¬ë � £à ­¦  ­ å®¤ïâ ¬­®£®®¡à §­ë¥ ¯à¨-
¬¥­¥­¨ï ¢ à §«¨ç­ëå ®¡« áâïå ¬ â¥¬ â¨ª¨ ¨ ¥¥ ¯à¨«®¦¥­¨©. �®íâ®¬ã ¤«ï ­¨å ¥é¥ á® ¢à¥¬¥­
�ìîâ®­  ¨ � £à ­¦  ãáâ ­®¢«¥­ë ¬­®£®ç¨á«¥­­ë¥ ª ª ¯®«®¦¨â¥«ì­ë¥, â ª ¨ ®âà¨æ â¥«ì­ë¥
à¥§ã«ìâ âë (á¬., ­ ¯à., [1]{[6] ¨ ¤à.). � ç áâ­®áâ¨, ¤®ª § ­®, çâ® ¤ ¦¥ ¯à¨ ¡« £®¯à¨ïâ­®¬ áâ¥-
ç¥­¨¨ ®¡áâ®ïâ¥«ìáâ¢ (â.¥. ¢ë¡®à¥ ã§«®¢, ¬¥àë ¯®£à¥è­®áâ¨, ª« áá®¢ ¯à¨¡«¨¦ ¥¬ëå äã­ªæ¨©
¨ â.¯.) ¨­â¥à¯®«ïæ¨®­­ë¥ ¬­®£®ç«¥­ë ¯® á¢®¨¬  ¯¯à®ªá¨¬ â¨¢­ë¬ á¢®©áâ¢ ¬ ãáâã¯ îâ á®®â-
¢¥âáâ¢ãîé¨¬ ¬­®£®ç«¥­ ¬ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï; ­ ¯à¨¬¥à, íâ® â ª ¢ ­ ¨¡®«¥¥ ç áâ® ¯à¨-
¬¥­ï¥¬ëå áâ ­¤ àâ­ëå ¯à®áâà ­áâ¢ å ­¥¯à¥àë¢­ëå äã­ªæ¨© C2� ¨ C[a; b] ¨ â¥¬ ¡®«¥¥ | ¢
¯à®áâà ­áâ¢ å áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã á® áâ¥¯¥­ìî p (1 � p < 1) 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©
Lp(0; 2�) ¨ ¢  ­ «®£¨ç­®¬ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ ­¥¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© Lp;�(a; b), £¤¥ � |
¢¥á®¢ ï äã­ªæ¨ï ¨­â¥à¢ «  (a; b).

� ¤ ­­®© à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï ­¥áª®«ìª® ­¥®¦¨¤ ­­ë© (¢ á¢ï§¨ á® áª § ­­ë¬ ¢ëè¥)
à¥§ã«ìâ â, ªáâ â¨ â ª¦¥ ¯à®¤¨ªâ®¢ ­­ë© ­¥®¡å®¤¨¬®áâìî à¥è¥­¨ï àï¤  ¯à¨ª« ¤­ëå § ¤ ç (á¬.,
­ ¯à., ¢ [7]), ¢ ¯¥à¢ãî ®ç¥à¥¤ì § ¤ ç ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï ¢ í«¥ªâà®¤¨­ ¬¨ª¥:

¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  ¨­â¥à¯®«ïæ¨®­­ë¥ ¬­®£®ç«¥­ë � £à ­¦  á à ¢­®®âáâ®ïé¨¬¨

¯®¯ à­® ­¥íª¢¨¢ «¥­â­ë¬¨ ã§« ¬¨ ¢ ¯¥à¨®¤¨ç¥áª®¬ á«ãç ¥ ¨ á ã§« ¬¨ �¥¡ëè¥¢  ¯¥à¢®£® à®¤ 

¢ ­¥¯¥à¨®¤¨ç¥áª®¬ á«ãç ¥ (íâ¨ á«ãç ¨ ¯à¨å®¤¨âáï à §«¨ç âì ¯® á®®¡à ¦¥­¨ï¬ ¯à¨­æ¨¯¨ «ì-
­®£® å à ªâ¥à ) ¯à¨¡«¨¦ îâ á â ª®© ¦¥ áª®à®áâìî, çâ® ¨ á®®â¢¥âáâ¢ãîé¨¥ ¬­®£®ç«¥­ë

­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï.

�¥®¦¨¤ ­­®áâì íâ®£® à¥§ã«ìâ â  á®áâ®¨â ¢ â®¬, çâ® ¢ ¤àã£¨å ¨§¢¥áâ­ëå ­ ¬ äã­ªæ¨®­ «ì-
­ëå ¯à®áâà ­áâ¢ å ¨­â¥à¯®«ïæ¨®­­ë¥ ¬­®£®ç«¥­ë � £à ­¦  â ª¨¬ á¢®©áâ¢®¬ ­¥ ®¡« ¤ îâ.

1. �à¨¡«¨¦¥­¨ï âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¨­â¥à¯®«ïæ¨®­­ë¬¨ ¯®«¨­®¬ ¬¨

�ãáâì ~C = C2� ¨ L2 = L2(0; 2�) | ¯à®áâà ­áâ¢  ­¥¯à¥àë¢­ëå ¨ á®®â¢¥âáâ¢¥­­® ª¢ ¤à â¨ç­®
áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á ­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®

kxkC2�
= max

s
jx(s)j � kxk1; x 2 C2�;

kxkL2
=
�
1
2�

Z 2�

0
jx(�)j2 d�

�1=2

� kxk2; x 2 L2:

�¡®§­ ç¨¬ ç¥à¥§ W r
2 = W r

2 (0; 2�), £¤¥ r | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®, ¯à®áâà ­áâ¢®
äã­ªæ¨©, ¨¬¥îé¨å ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ Drx(s) = x(r)(s) ¯®àï¤ª  r 2 R

+ , ã¤®¢«¥â¢®àï-
îé¨¥ ãá«®¢¨î x(r) 2 L2(0; 2�); §¤¥áì x(r)(s) ¯à¨ r 2 N ®§­ ç ¥â ®¡®¡é¥­­ãî ¯à®¨§¢®¤­ãî ¢
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á¬ëá«¥ �®¡®«¥¢ ,   ¯à¨ r =2 N | ¤à®¡­ãî ¯à®¨§¢®¤­ãî ¢ á¬ëá«¥ �¥©«ï (á¬., ­ ¯à., [3], [5]). �
¯à®áâà ­áâ¢¥ W r

2 ­ ¨¡®«¥¥ ã¯®âà¥¡¨â¥«ì­ë¬¨ ï¢«ïîâáï á«¥¤ãîé¨¥ ­®à¬ë1:

kxkW r
2
= kxk2 + kx(r)k2 � kxk(1); (1.1)

kxkW r
2
= kxk1 + kx(r)k2 � kxk(2); (1.2)

kxkW r
2
=
n
jc0(x)j2 +

1X
k=�1

jkj2r jck(x)j2
o1=2

� kxk(3); r > 1=2; (1.3)

£¤¥ x = x(s) 2W r
2 (r > 0),   ck(x) | ª®¬¯«¥ªá­ë¥ ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ x(s):

ck(x) =
1
2�

Z 2�

0

x(�)e�ik� d�; k = 0;�1; : : :

�ãáâì Lnx = Ln(x; s) | ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ � £à ­¦  äã­ªæ¨¨ x(s) 2 C2� ¯® ã§« ¬

sk =
2k�
2n+ 1

; k = 0; 2n; n+ 1 2 N: (1.4)

�§¢¥áâ­®, çâ® ¤«ï x 2 C2�

Ln(x; s) = 1
2n+ 1

2nX
k=0

x(sk)
sin 2n+1

2
(s� sk)

sin s�sk
2

=
nX

k=�n

ck;n(x) eiks; (1.5)

£¤¥

ck;n(x) =
1

2n+ 1

2nX
j=0

x(sj) e
�iksj =

1
2n+ 1

2nX
j=0

e�iksj
1X

r=�1

ck(x) e
irsj =

=
1X

m=�1

ck+m(2n+1)(x); k = �n; n; n+ 1 2 N; i =
p�1 ; (1.6)

| ª®¬¯«¥ªá­ë¥ ª®íää¨æ¨¥­âë �ãàì¥-� £à ­¦  äã­ªæ¨¨ x 2 C2�.
�ãáâì H T

n | ¬­®¦¥áâ¢® ¢á¥å âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ¯®àï¤ª  ­¥ ¢ëè¥ n. �¡®§­ ç¨¬
ç¥à¥§ ET

n (')(j) ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ x(s) 2 W r
2 ¯®«¨­®¬ ¬¨ ¨§ H T

n ¢ ¯à®áâà ­áâ¢¥
W r

2 á «î¡®© ¨§ ¢¢¥¤¥­­ëå ¢ëè¥ ­®à¬ (1.1){(1.3), â®ç­¥¥

ET
n (x)Wr

2

= inffkx� Tnk(j) : Tn 2 H
T
n g � ET

n (x)(j); j = 1; 3:

�®£¤  «¥£ª® ¯®ª § âì, çâ® ¤«ï x 2W r
2

ET
n (x)(1) = ET

n (x)2 +ET
n (D

rx)2;

ET
n (x)(2) = ET

n (x)1 +ET
n (D

rx)2;

ET
n (x)(3) = ET

n (D
rx)2 (r > 1=2);

£¤¥ ET
n (x)2 ¨ ET

n (x)1 | ­ ¨«ãçè¨¥ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ x(s) ¯®«¨­®¬ ¬¨ ¨§ H T
n ¢ ¯à®áâà ­-

áâ¢ å á®®â¢¥âáâ¢¥­­® L2(0; 2�) ¨ C2�.
� ¤ «ì­¥©è¥¬ áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â á«¥¤ãîé ï

1�¥âàã¤­® ¯®ª § âì, çâ® ­®à¬ë (1.1){(1.3) ï¢«ïîâáï íª¢¨¢ «¥­â­ë¬¨, â®ç­¥¥,

kxk(3) � kxk(1) � kxk(2) � a kxk(3); x 2W r
2 (2r > 1);

£¤¥ 0 < a = a(r) � p2
�
1 +

p
2
P1

k=1 k
�2r

�
<1.
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�¥¬¬  1. �«ï «î¡®© äã­ªæ¨¨ x(s) 2 W r
2 ¯à¨ r > 1=2 ¨ n 2 N á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥

¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨:

ET
n (D

rx)2 � kDr[x�Lnx]k2 � ET
n (D

rx)2
n
2
1X
k=1

(2k � 1)�2r
o1=2

: (1.7)

�®ª § â¥«ìáâ¢®. � á¨«ã (1.5), (1.6) ¤«ï äã­ªæ¨¨ x 2 C2� ¨¬¥¥¬

Ln(x; s) =
nX

k=�n

eiks
1X

m=�1

ck+m(2n+1)(x) = Sn(x; s) +
nX

k=�n

eiks
1X

jmj=1

ck+m(2n+1)(x); (1.8)

£¤¥ Sn(x; s) =
Pn

k=�n ck(x) e
iks ¥áâì (2n + 1)-© ®âà¥§®ª àï¤  �ãàì¥ äã­ªæ¨¨ x(s). �®íâ®¬ã ¤«ï

x 2 C2� á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï

x(s)�Ln(x; s) = [x(s)� Sn(x; s)] + [Sn(x; s)�Ln(x; s)] =

=
1X

jkj=n+1

ck(x) e
iks +

nX
k=�n

eiks
1X

jmj=1

ck+m(2n+1)(x): (1.9)

�âáî¤ , ¨á¯®«ì§ãï ¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨ (â.¥. ¯à¨ r =2 N)  ¯¯ à â ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ -
­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï (á¬., ­ ¯à., [5], £«. 11), ¤«ï äã­ªæ¨¨ x(s) 2W r

2 ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

Dr[x(s)�Ln(x; s)] =
1X

jkj=n+1

(ik)rck(x) e
iks +

+
nX

jkj=1

(ik)r eiks
1X

jmj=1

[i(k +m(2n+ 1)]�rck+m(2n+1)(D
rx) =

=
1X

jkj=n+1

ck(Drx) eiks +
nX

jkj=1

eiks
1X

jmj=1

� k

k +m(2n+ 1)

�r
ck+m(2n+1)(Drx): (1.10)

�§ (1.10) á ¯®¬®éìî à ¢¥­áâ¢  � àá¥¢ «ï ¨ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¤«ï x 2 W r
2 (r > 1=2) ¯®«ã-

ç ¥¬

kDr(x�Lnx)k22 =
1X

jkj=n+1

jck(Drx)j2 +

+
nX

jkj=1

����
1X

jmj=1

� k

k +m(2n+ 1)

�r
ck+m(2n+1)(Drx)

����
2

�

� ET
n (D

rx)22 + (�2
n � 1)

nX
jkj=1

1X
jmj=1

jck+m(2n+1)(D
rx)j2 � �2

nE
T
n (D

rx)22; (1.11)

£¤¥

�2
n = max

k=�1;:::;�n

1X
m=�1

���� k

k +m(2n+ 1)

����
2r

: (1.12)

�®íâ®¬ã

kDr(x�Lnx)k2 � �nE
T
n (D

rx)2; x 2W r
2 ; n 2 N: (1.13)
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�§ (1.12) ¤«ï «î¡ëå n 2 N ¨ r > 1=2 ­ å®¤¨¬

�2
n = 1 + max

k=�1;:::;�n

1X
m=1

���� k

k +m(2n+ 1)

���2r + ��� k

k +m(2n+ 1)

���2r� =

= 1 + max
k=1;n

1X
m=1

�� k

m(2n+ 1) + k

�2r
+
� k

m(2n+ 1)� k

�2r�
�

� 1 +
1X

m=1

�� n

m(2n+ 1) + n

�2r
+
� n

m(2n+ 1)� n

�2r�
�

� 1 +
1X

m=1

�
1

(2m+ 1)2r
+

1
(2m� 1)2r

�
= 2

1X
m=1

1
(2m� 1)2r

� �: (1.14)

�§ (1.13) ¨ (1.14) á«¥¤ãîâ ¢¥àå­¨¥ ¨§ ®æ¥­®ª (1.7). � ª ª ª Lnx;DrLnx 2 H
T
n , â® ¨§ (1.10) á«¥¤ãîâ

­¨¦­¨¥ ¨§ ®æ¥­®ª (1.7).

� ¬¥â¨¬, çâ® ¯à¨ r = 1 íâã «¥¬¬ã ¬®¦­® ¢ë¢¥áâ¨ â ª¦¥ ¨§ â¥®à¥¬ë 5 ([8], £«. 1).

�¥®à¥¬  1. �«ï «î¡®© äã­ªæ¨¨ x(s) 2W r
2 ¨­â¥à¯®«ïæ¨®­­ë¥ ¯®«¨­®¬ë Ln(x; s) áå®¤ïâáï

¢ ¯à®áâà ­áâ¢¥ W r
2 ¯à¨ r > 1=2, ¯à¨ç¥¬ ¤«ï n 2 N á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢ãáâ®à®­­¨¥

®æ¥­ª¨:

En(x)(j) � kx�Lnxk(j) � Aj En(x)(j); j = 1; 3; (1.15)

En(Drx)2 � kx�Lnxk(j) � Bj En(Drx)2; j = 1; 3; (1.16)

§¤¥áì

A1 = A1(n) = �+ �n; B1 = B1(n) = �+ �n +min(n�r; �n);

A2 = A2(n) = �+ �n�n; B2 = B2(n) = �+ �n + 
n;

A3 = B3 = �; � =
n
2
1X
k=1

(2k � 1)�2r
o1=2

; �n =
n
2

1X
k=n+1

k�2r
o1=2

;

�n =
4
�
+
2
�
ln
4
�
(2n+ 1); 
n = n�r+1=2

n
3
1X
k=1

k�2r
o1=2

:

�®ª § â¥«ìáâ¢®. � á¨«ã áª § ­­®£® ¢ëè¥ ­¨¦­¨¥ ®æ¥­ª¨ ¢ á®®â­®è¥­¨ïå (1.15) ¨ (1.16)
ï¢«ïîâáï ®ç¥¢¨¤­ë¬¨. �®ª ¦¥¬ ¢¥àå­¨¥ ®æ¥­ª¨ ¢ ­¨å.

�«ãç © j = 1. �®£¤  ¢ á¨«ã (1.9) ¨ ¨§¢¥áâ­ëå (á¬., ­ ¯à., [9], £«. 3) á®®â­®è¥­¨©

kLnk ~C!L2
= 1; kLnkL2!L2

=1; n 2 N; (1.17)

­ å®¤¨¬

kx�Lnxk2 � kx� Snxk2 + kLn(x� Snx)k2 �

� kx� Snxk2 + kx� Snxk1 � ET
n (x)2 +

1X
jkj=n+1

jck(x)j: (1.18)

�âáî¤  á ãç¥â®¬ á¢®©áâ¢ ª®íää¨æ¨¥­â®¢ �ãàì¥ ck(x) ¨ ck(Drx),   â ª¦¥ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à 
¤«ï «î¡®© äã­ªæ¨¨ x 2W r

2 ­ å®¤¨¬
1X

jkj=n+1

jck(x)j �
n 1X
jkj=n+1

jck(Drx)j2
o1=2 n 1X

jkj=n+1

k�2r
o1=2

=

= ET
n (D

rx)2
n
2

1X
k=n+1

k�2r
o1=2

= ET
n (D

rx)2O(n�r+1=2): (1.19)
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� á¨«ã (1.18), (1.19) ¤«ï äã­ªæ¨¨ x(s) 2W r
2 (r > 1=2) ¨ n 2 N ¨¬¥¥¬

kx�Lnxk2 � ET
n (x)2 +ET

n (D
rx)2

n
2

1X
k=n+1

k�2r
o1=2

� (n�r + �n)ET
n (D

rx)2: (1.20)

�§ (1.7), (1.20) ¨ (1.1) ¤«ï äã­ªæ¨¨ x 2W r
2 (r > 1=2) ­ å®¤¨¬ ¢¥àå­îî ¨§ ®æ¥­®ª (1.15) ¯à¨

j = 1

kx�Lnxk(1) = kx�Lnxk2 + kDr(x�Lnx)k2 � ET
n (x)2 +

+(�+ �n)E
T
n (D

rx)2 � (�+ �n)
�
ET
n (x)2 +ET

n (D
rx)2

	 � A1E
T
n (x)(1):

� á¨«ã (1.17) ¨ (1.19) ¤«ï x 2W r
2 (r > 1=2) ¨¬¥¥¬

kx�Lnxk2 � 2ET
n (x)1 � 2 kx� Snxk1 � 2

1X
jkj=n+1

jck(x)j � 2�nE
T
n (D

rx)2: (1.21)

�âáî¤  ¨ ¨§ (1.20) ¤«ï x 2W r
2 ¨ «î¡ëå n 2 N ­ å®¤¨¬ ®æ¥­ª¨

kx�Lnxk2 � ET
n (D

rx)2 min(n�r + �n; 2�n) � ET
n (D

rx)2
�
�n +min(n�r; �n)

	
: (1.22)

�ç¥¢¨¤­®, çâ® ¨§ (1.1), (1.7) ¨ (1.22) á«¥¤ã¥â ®æ¥­ª 

kx�Lnxk(1) = kx�Lnxk2 + kDr(x�Lnx)k2 �
� ET

n (D
rx)2 f�+ �n +min(n�r; �n)g; n 2 N; (1.23)

  ¨§ ­¥¥ ¢ á¢®î ®ç¥à¥¤ì á«¥¤ã¥â ¢¥àå­ïï ¨§ ®æ¥­®ª (1.16) ¯à¨ j = 1.
�«ãç © j = 2. �«ï «î¡®© äã­ªæ¨¨ x(s) ¨§ W r

2 ¯à¨ r > 1=2 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kx�Lnxk1 � (1 + �n)E
T
n (x)1 � ET

n (x)1 + �nkx� Snxk1 �

� ET
n (x)1 + �n

1X
jkj=n+1

jck(x)j � ET
n (x)1 + �n�nE

T
n (D

rx)2; (1.24)

£¤¥ �n | ª®­áâ ­â  �¥¡¥£  âà¨£®­®¬¥âà¨ç¥áª®£® ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá  ¯® ã§« ¬ (1.4).
�®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à., [3], [4]), çâ®

�n =
2
�
lnn+O(1); n!1; �n � 4

�
+
2
�
ln
2
�
(2n+ 1); n 2 N: (1.25)

�§ (1.2), (1.7), (1.24) ¨ (1.25) ­ å®¤¨¬ ¢¥àå­îî ¨§ ®æ¥­®ª (1.15) ¯à¨ j = 2, n 2 N, x 2 W r
2

(r > 1=2)

kx�Lnxk(2) = kx�Lnxk1 + kDr(x�Lnx)j(2) �
� ET

n (x)1 + �n�nE
T
n (D

rx)2 + �ET
n (D

rx)2 �
� max(1; � + �n�n)fET

n (x)1 +ET
n (D

rx)2g = A2E
T
n (x)2:

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¤«ï äã­ªæ¨¨ x(s) 2W r
2 (2r > 1) ¨ n 2 N á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx�Lnxk1 � minf (1 + �n)�n; �n + 
ngET
n (D

rx)2; (1.26)

â®£¤  ¨§ (1.7) ¨ (1.26) ¯®«ãç¨¬ ¢¥àå­îî ®æ¥­ªã ¨§ (1.16) ¯à¨ j = 2.
�§ (1.24), (1.25) ¨ (1.19) ¤«ï x 2W r

2 ¨ n 2 N ­ å®¤¨¬

kx�Lnxk1 � (1 + �n)ET
n (x)1 � (1 + �n)kx� Snxk1 �

� (1 + �n)
1X

jkj=n+1

jck(x)j � (1 + �n)�n ET
n (D

rx)2: (1.27)
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� ¤àã£®© áâ®à®­ë, ¢ á¨«ã (1.9), (1.19) ¨ ¨§¢¥áâ­®£® ­¥à ¢¥­áâ¢ 

kQnk1 � p2n+ 1 kQnk2; Qn 2 H
T
n ;

¨¬¥¥¬

kx�Lnxk1 � kx� Snxk1 + kSnx�Lnxk1 �

�
1X

jkj=n+1

jck(x)j+
p
2n+ 1 kSnx�Lnxk2 �

� �nE
T
n (D

rx)2 +
p
2n+ 1 kSnx�Lnxk2; (1.28)

â¥¯¥àì, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1, ­ å®¤¨¬

kSnx�Lnxk22 =
nX

k=�n

����
1X

jmj=1

ck+m(2n+1)(x)
����
2

�

�
nX

k=�n

� 1X
jmj=1

jck+m(2n+1)(Drx)j2
1X

jmj=1

jk +m(2n+ 1)j�2r
�
�

�
nX

k=�n

1X
jmj=1

jck+m(2n+1)(D
rx)j2 max

k=�n;n

1X
jmj=1

jk +m(2n+ 1)j�2r �

� �2nE
T
n (D

rx)22; x 2W r
2 (r > 1=2); (1.29)

£¤¥

�2n = max
k=0;n

1X
m=1

fjm(2n+ 1) + kj�2r + jm(2n+ 1)� kj�2rg �

�
1X

m=1

fjm(2n+ 1) + nj�2r + jm(2n+ 1)� nj�2rg �

� 1
n2r

1X
m=1

n 1
(2m+ 1)2r

+
1

(2m� 1)2r

o
� 1

n2r

1X
k=1

1
k2r

: (1.30)

�§ (1.28){(1.30) á«¥¤ã¥â, çâ®

kx�Lnxk1 � ET
n (D

rx)2
n
�n +

p
2n+ 1
nr

� 1X
k=1

1
k2r

�1=2o
�

� ET
n (D

rx)2 (�n + 
n); x 2W r
2 ; n 2 N: (1.31)

�§ á®®â­®è¥­¨© (1.27), (1.31) á«¥¤ã¥â âà¥¡ã¥¬ ï ®æ¥­ª  (1.26).

�«ãç © j = 3. � á¨«ã (1.3), (1.5), (1.6), ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1, ¤«ï «î¡®©
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äã­ªæ¨¨ x 2W r
2 (r > 1=2) ­ å®¤¨¬

kx�Lnxk2(3) = jc0(x�Lnx)j2 +
1X

k=�1

k2r jck(x�Lnx)j2 =

=
nX

k=�n

jk0j2r jck(x)� ck;n(x)j2 +
1X

jkj=n+1

k2r jck(x)j2 =

=
nX

k=�n

jk0j2r
��� 1X
jmj=1

ck+m(2n+1)(x)
���2 + 1X

jkj=n+1

jck(Drx)j2 �

�
nX

k=�n

� 1X
jmj=1

jck+m(2n+1)(Drx)j2
1X

jmj=1

��� k0

k +m(2n+ 1)

���2r�+

+ET
n (D

rx)22 � (~�2
n � 1)ET

n (D
rx)22 +ET

n (D
rx)22 = ~�2

nE
T
n (D

rx)22; (1.32)

£¤¥ k0 = f1 ¯à¨ k = 0; k ¯à¨ k 6= 0g,  

~�2
n = 1 + max

k=�n;n

1X
jmj=1

��� k0

k +m(2n+ 1)

���2r =
= 1 + max

k=�1;:::;�n

1X
jmj=1

��� k

k +m(2n+ 1)

���2r = max
k=�1;:::;�n

1X
m=�1

��� k

k +m(2n+ 1)

���2r =
= �2

n � 2
1X

m=1

(2m� 1)�2r = �2; n 2 N; r > 1=2: (1.33)

�§ (1.32), (1.33) ¤«ï x 2W r
2 ¨ n 2 N ¯®«ãç ¥¬

kx�Lnxk(3) � �ET
n (D

rx)2 = �ET
n (x)(3); (1.34)

®âªã¤  ¨ á«¥¤ãîâ ¢¥àå­¨¥ ®æ¥­ª¨ (1.15) ¨ (1.16) ¯à¨ j = 3.

�§ â¥®à¥¬ë 1 ¨ ¨§¢¥áâ­®© â¥®à¥¬ë � ­ å {�â¥©­å ãá  (á¬., ­ ¯à., [10]) ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �¯¥à â®àë � £à ­¦  Ln : W r
2 ! W r

2 ¯à¨ «î¡ëå r > 1=2 ®£à ­¨ç¥­ë ¯® ­®à¬¥
¢ á®¢®ªã¯­®áâ¨, â®ç­¥¥,

1 � kE �Lnk(j) � Aj ; j = 1; 3; n 2 N; (1.35)

1 � kLnk(j) � Cj ; j = 1; 3; n 2 N; (1.36)

£¤¥ E | ¥¤¨­¨ç­ë© ®¯¥à â®à, Cj = Cj(n) = 1 + Aj(n) = O(1), n ! 1,   ­®à¬ë ®¯¥à â®à®¢
á®£« á®¢ ­ë á á®®â¢¥âáâ¢ãîé¨¬¨ ­®à¬ ¬¨ kxk(j) äã­ªæ¨© ¨§ W r

2 , ®¯à¥¤¥«¥­­ë¬¨ ¢ (1.1){(1.3).

�¥©áâ¢¨â¥«ì­®, ¤«ï äã­ªæ¨¨ x 2W r
2 (2r > 1) ¨§ ­¥à ¢¥­áâ¢ (1.15) ­ å®¤¨¬

kx�Lnxk(j) � Aj E
T
n (x)(j) � Aj kxk(j); j = 1; 3;

®âªã¤  ¨ á«¥¤ãîâ ¢¥àå­¨¥ ¨§ ®æ¥­®ª (1.35),   ¨§ ­¨å, ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ãîâ ¢¥àå­¨¥ ¨§ ®æ¥­®ª
(1.36). �¨¦­¨¥ ¨§ ®æ¥­®ª (1.35), (1.36) á«¥¤ãîâ ¨§ «¥£ª® ¯à®¢¥àï¥¬ëå ä®à¬ã« (E�Ln)2 = E�Ln,
L2
n = Ln.
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢¥àå­¨¥ ®æ¥­ª¨ ¢ (1.36), ¯®«ãç¥­­ë¥ ª ª á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 1,

ï¢«ïîâáï ­¥áª®«ìª® § ¢ëè¥­­ë¬¨. �¤­ ª® ¯à¨ ­¥¯®áà¥¤áâ¢¥­­®¬ (â. ¥. ­¥§ ¢¨á¨¬® ®â â¥®à¥¬ë
1) ¢ëç¨á«¥­¨¨ ¤«ï ­®à¬ë kLnk(j) ¬®¦­® ­ ©â¨ ¡®«¥¥ â®ç­ë¥ ®æ¥­ª¨, ­ ¯à¨¬¥à, á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  2. �¯¥à â®àë � £à ­¦  Ln : W r
2 ! W r

2 ¯à¨ r > 1=2 ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢

á®¢®ªã¯­®áâ¨, â®ç­¥¥,

1 � kLnk(j) � Dj = Dj(n); j = 1; 3; n 2 N; (1.37)

£¤¥

D1 = �+ � n�r; � =
�
2
1X
k=1

k�2r
�1=2

;

D2 = �+ �n +min(�n �n; 
n);

D3 = �;

¯à¨ç¥¬ ¯ à ¬¥âàë �, �n, 
n, �n ®¯à¥¤¥«¥­ë ¢ â¥®à¥¬¥ 1.

�«¥¤áâ¢¨¥. �«ï «î¡®© äã­ªæ¨¨ x 2 W r
2 (2r > 1) ¨­â¥à¯®«ïæ¨®­­ë¥ ¯®«¨­®¬ë � £à ­¦ 

(1.5) áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ W r
2 , ¯à¨ç¥¬ ¤«ï «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

ET
n (x)(j) � kx�Lnxk(j) � (1 +Dj)E

T
n (x)(j); j = 1; 3: (1.38)

�â¬¥â¨¬, çâ® â¥®à¥¬  2 «¥£ª® ¢ë¢®¤¨âáï ¨§ ¯à¨¢¥¤¥­­ëå ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1 ¨
â¥®à¥¬ë 1 à¥§ã«ìâ â®¢ (á¬. â ª¦¥ [8], £«. 1, â¥®à¥¬ë 5 ¨ 6),   á«¥¤áâ¢¨¥ «¥£ª® ¢ë¢®¤¨âáï ¨§
á®®â­®è¥­¨© (1.37). �¤­ ª® íâ® á«¥¤áâ¢¨¥ ­¥áª®«ìª® ãáâã¯ ¥â ¤®ª § ­­®© ¢ëè¥ â¥®à¥¬¥ 1 ¢
á¬ëá«¥ ¢¥«¨ç¨­, ãç áâ¢ãîé¨å ¢ ¢¥àå­¨å ®æ¥­ª å ¯ à ¬¥âà®¢.

�â¬¥â¨¬, çâ® ª ª â¥®à¥¬  1, â ª ¨ á«¥¤áâ¢¨¥ â¥®à¥¬ë 2 ¯®§¢®«ïîâ á ¯®¬®éìî ¨§¢¥áâ­ëå
à¥§ã«ìâ â®¢ (á¬., ­ ¯à., [11], [12]) ¯® â¥®à¨¨ ­ ¨«ãçè¨å áà¥¤­¥ª¢ ¤à â¨ç¥áª¨å ¯à¨¡«¨¦¥­¨©
ãáâ ­®¢¨âì áª®à®áâì áå®¤¨¬®áâ¨ âà¨£®­®¬¥âà¨ç¥áª¨å ¨­â¥à¯®«ïæ¨®­­ëå ¯®«¨­®¬®¢ � £à ­¦ 
¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  W r

2 á «î¡ë¬ ¯®ª § â¥«¥¬ r > 1=2. � ç áâ­®áâ¨, á¯à ¢¥¤«¨¢  á«¥¤ãî-
é ï

�¥®à¥¬  3. �«ï «î¡®© äã­ªæ¨¨ x(s) 2 W l
2[0; 2�], £¤¥ l � r > 1=2, ¨­â¥à¯®«ïæ¨®­­ë¥ ¯®«¨-

­®¬ë � £à ­¦  Ln(x; s) áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ W r
2 [0; 2�] á® áª®à®áâìî

kx�LnxkW r
2
= O

n
nr�lET

n (x
(l))2

o
; l � r > 1=2 : (1.39)

� ¬¥ç ­¨¥ 1. �á¯®«ì§ãï à¥§ã«ìâ âë â¥®à¨¨ àï¤®¢ �ãàì¥ ¨ ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨© ¢ ¯à®-
áâà ­áâ¢¥ Lp,   â ª¦¥ â¥®à¨¨ ¬ã«ìâ¨¯«¨ª â®à®¢ ¨ ¨­â¥à¯®«ïæ¨¨ ®¯¥à â®à®¢ (á¬., ­ ¯à., [5],
[10]{[14]), ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ 1{3 ¨ «¥¬¬ë 1 ¡¥§ áãé¥áâ¢¥­­ëå ¨§¬¥­¥­¨© ¬®¦­® ¯¥à¥­¥áâ¨ ­ 
¯à®áâà ­áâ¢  �®¡®«¥¢  W r

p [0; 2�] ¯à¨ rp > 1, 1 � p <1. �¤­ ª® ¢¢¨¤ã ¨§«¨è­¥© £à®¬®§¤ª®áâ¨
¢ëª« ¤®ª ¨ ®£à ­¨ç¥­­®áâ¨ ®¡ê¥¬  áâ âì¨ ­  ¯®¤®¡­ëå ä®à¬ã«¨à®¢ª å §¤¥áì ®áâ ­ ¢«¨¢ âìáï
­¥ ¡ã¤¥¬.

� ¬¥ç ­¨¥ 2. �¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï âà¨-
£®­®¬¥âà¨ç¥áª®£® ¨­â¥à¯®«¨à®¢ ­¨ï ¯® ç¥â­®¬ã ç¨á«ã ã§«®¢ sk = k�=n, k = 0; 2n� 1. � íâ®¬
á«ãç ¥ ¢¬¥áâ® (1.6), (1.25) ¨ H

T
n á«¥¤ã¥â ¯®«ì§®¢ âìáï á®®â­®è¥­¨ï¬¨

ck;n(x) =
1X

m=�1

ck+2mn(x); k = �n; n;

�n � 4
�
+
2
�
ln
4n
�
; n � N;

H
T
n =

n
a0 +

n�1X
k=1

ak cos ks+ bk sinks+ an cosns
o
:
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2. �à¨¡«¨¦¥­¨ï  «£¥¡à ¨ç¥áª¨¬¨ ¨­â¥à¯®«ïæ¨®­­ë¬¨

¬­®£®ç«¥­ ¬¨ ¢ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ �®¡®«¥¢ 

�¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ ¯. 1, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï  «£¥¡à ¨ç¥áª¨å ¨­-
â¥à¯®«ïæ¨®­­ëå ¬­®£®ç«¥­®¢. �¤­ ª® §¤¥áì  ­ «®£¨ï ¤ «¥ª® ­¥ ®ç¥¢¨¤­ ï ¨, ¡®«¥¥ â®£®, ¢ ­¥-
¯¥à¨®¤¨ç¥áª®¬ á«ãç ¥ à¥è¥­¨¥ ãª § ­­®© § ¤ ç¨ ¯à¥¤áâ ¢«ï¥â, ­  ­ è ¢§£«ï¤, §­ ç¨â¥«ì­ë©
á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á. �«ï ¨««îáâà æ¨¨ áª § ­­®£® ¯à¨¢¥¤¥¬ «¨èì á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¡®§­ ç¨¬ ç¥à¥§ X ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  [�1; 1] äã­ªæ¨©, ¯¥à¢ë¥ ¯à®¨§-
¢®¤­ë¥ ª®â®àëå ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ë á ¢¥á®¬ �(t) =

p
1� t2, t 2 [�1; 1]. �®à¬ã ¢ X ¢¢¥¤¥¬

¯® «î¡®© ¨§ ä®à¬ã«

kfkX = kfkY + kf 0kZ � kfk(1); kfkX = kfkC + kf 0kZ � kfk(2);

kfkX =
r
�

2

� jaT0 (f)j2
2

+
1X
k=1

k2 jaTk (f)j2
�1=2

� kfk(3);

§¤¥áì (¨ ¤ «¥¥) C = C[�1; 1], Y = L2(��1; [�1; 1]) � L2(��1) ¨ Z = L2(�; [�1; 1]) � L2(�) á ­®à¬ ¬¨
á®®â¢¥âáâ¢¥­­®

kfkC = max
�1�t�1

jf(t)j; kfkY =
�Z +1

�1

jf(t)j2 dtp
1� t2

�1=2

;

kfkZ =
�Z +1

�1

jf(t)j2
p
1� t2 dt

�1=2

; f 2 X;

¯à¨ç¥¬ aTk (y) áãâì ª®íää¨æ¨¥­âë �ãàì¥{�¥¡ëè¥¢  äã­ªæ¨¨ y(t) 2 Y

aTk (y) =
2
�

Z +1

�1

y(t)Tk(t)p
1� t2

dt; Tk(t) = cos k arccos t:

�á­®, çâ® ¯à®áâà ­áâ¢® X á®¢¯ ¤ ¥â á ¢¥á®¢ë¬ ¯à®áâà ­áâ¢®¬ �®¡®«¥¢  W 1
2 (�; [�1; 1]) �

W 1
2 (�) á à áá¬ âà¨¢ ¥¬ë¬ §¤¥áì ¢¥á®¬ �(t).
�¡®§­ ç¨¬ ç¥à¥§ Lnf = Ln(f ; t)  «£¥¡à ¨ç¥áª¨© ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦ 

¤«ï äã­ªæ¨¨ f(t) 2 C[�1; 1] ¯® ã§« ¬ �¥¡ëè¥¢ 

tk = tk;n = cos
2k � 1
2n

�; k = 1; n: (2.1)

�®«®¦¨¬ Em(')Z = inffk' �QkZ j Q 2 H mg, £¤¥ Hm | ¬­®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬­®£®-
ç«¥­®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ m.

�¥¬¬  2. �«ï «î¡®© äã­ªæ¨¨ f 2W 1
2 (
p
1� t2) ¨ ¤«ï n = 2; 3; : : : á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥

­¥à ¢¥­áâ¢ 

En�2(Df)Z � kD[f �Lnf ]kZ � �

2
En�2(Df)Z : (2.2)

�«¥¤áâ¢¨¥. �«ï «î¡®© äã­ªæ¨¨ ' 2 Z ¨ «î¡ëå n = 2; 3; : : : á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

En�2(')Z � k'��n'kZ � �

2
En�2(')Z ; (2.3)

£¤¥ �n = DLnI, D(f ; t) = f 0(t), I('; t) =
R t
0 '(�) d� , Z = L2(

p
1� t2).

�®ª § â¥«ìáâ¢®. �­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ Lnf 2 H n�1 , ¯®íâ®¬ã ¥£® ¬®¦­® ¯à¥¤áâ -
¢¨âì ¢ ¢¨¤¥

Ln(f ; t) =
aT0;n(f)

2
+

n�1X
k=1

aTk;n(f)Tk(t); n 2 N; (2.4)
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£¤¥ 1

aTk;n(f) =
2
n

nX
j=1

f(tj)Tk(tj); k = 0; n� 1; (2.5)

| ª®íää¨æ¨¥­âë �ãàì¥{�¥¡ëè¥¢ {� £à ­¦  äã­ªæ¨¨ f(t) 2 C[�1; 1]. � §« £ ï äã­ªæ¨î f(t)
¢ àï¤ �ãàì¥-�¥¡ëè¥¢ 

f(t) =
aT0 (f)
2

+
1X
r=1

aTr (f)Tr(t); f 2 X; (2.6)

¨ ¨á¯®«ì§ãï á¢®©áâ¢  ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá {�¥¡ëè¥¢ Z +1

�1
'(�)

d�p
1� � 2

� �

n

nX
j=1

'
�
cos

2j � 1
2n

�
�
; ' 2 C[�1; 1];

ª®íää¨æ¨¥­âë (2.5) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

aTk;n(f) = aTk (f) +
1X

r=n+1

aTr (f)
2
n

nX
j=1

Tk(tj)Tr(tj) =

= aTk (f) +
1X

m=1

(�1)mf aT2nm+k(f) + aT2nm�k(f)g =

=
1X

m=�1

(�1)m aTk+2nm(f); k = 0; n� 1; (2.7)

§¤¥áì ¯à¨­ïâ® ®¡®§­ ç¥­¨¥ aT�k(f) = aTk (f) ¤«ï k = 0; 1; : : :
� á¨«ã (2.4), (2.7) ¨¬¥¥¬

Ln(f ; t) = ST
n (f ; t) +

n�1X0

k=0

Tk(t)
1X

jmj=1

(�1)m aTk+2nm(f); (2.8)

£¤¥ ST
n (f ; t) =

n�1P0

k=0
aTk (f)Tk(t),   èâà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â, çâ® ¯à¨ k = 0 á®®â¢¥âáâ¢ãîé¥¥

á« £ ¥¬®¥ á«¥¤ã¥â à §¤¥«¨âì ­  ¤¢ . �®£¤ 

f(t)�Ln(f ; t) =
1X
k=n

aTk (f)Tk(t)�
n�1X0

k=0

Tk(t)
1X

jmj=1

(�1)m aTk+2nm(f) : (2.9)

�®íâ®¬ã

d

dt
[f(t)�Ln(f ; t)] =

1X
k=n

aTk (f)k Uk�1(t)�
n�1X
k=1

k Uk�1(t)
1X

jmj=1

(�1)m aTk+2nm(f) ; (2.10)

£¤¥ Uk�1(t) | ¬­®£®ç«¥­ë �¥¡ëè¥¢  ¢â®à®£® à®¤  áâ¥¯¥­¨ k� 1: Uk�1(t) = sink arccos t=
p
1� t2,

k = 1; 2; : : : .
�®áª®«ìªã ¤«ï äã­ªæ¨¨ f 2W 1

2 (�) ¨¬¥¥¬

aTk (f) =
aUk�1(f

0)
k

; k 2 N; : : : ; ; aUr (') =
2
�

Z +1

�1

p
1� t2 '(t)Ur(t) dt; (2.11)

1 �¤¥áì ¨ ¤ «¥¥
P0

k=1 = 0 .
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£¤¥ aUr (') | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ ' 2 Z ¯® ¬­®£®ç«¥­ ¬ Ur(t), â® ¨§ (2.11), (2.10) ¤«ï
n = 2; 3; : : : á«¥¤ã¥â, çâ®

d

dt
[f(t)�Ln(f ; t)] =

1X
k=n

aUk�1(f
0)Uk�1(t)�

�
n�1X
k=1

k Uk�1(t)
1X

jmj=1

(�1)m a
U
k+2nm�1(f

0)
k + 2nm

; f 2W 1
2 (�); (2.12)

§¤¥áì (¨ ¤ «¥¥) ¨á¯®«ì§ã¥âáï «¥£ª® ¯à®¢¥àï¥¬®¥ á®®â­®è¥­¨¥ aU�k�1(') = �aUk�1('), á¯à ¢¥¤«¨¢®¥
¤«ï «î¡ëå ' 2 L1[�1; 1] ¨ k 2 N. �âáî¤  ¢ ¯à®áâà ­áâ¢¥ Z = L2(�) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kD(f �Lnf)k2Z =
�

2

1X
k=n

jaUk�1(f 0)j2 +

+
�

2

n�1X
k=1

������
1X

jmj=1

(�1)m aUk+2nm�1(f
0)

k

k + 2nm

������
2

�

� E2
n�2(Df)Z + max

k=1;n�1

1X
jmj=1

� k

k + 2nm

�2�
2

n�1X
k=1

1X
jmj=1

jaUk+2nm�1(Df)j2 �

� E2
n�2(Df)Z +E2

n�1(Df) max
k=1;n�1

1X
jmj=1

� k

k + 2nm

�2
�

� E2
n�2(Df)Z

n
1 + max

k=1;n�1

1X
jmj=1

� k

k + 2nm

�2o
=

= E2
n�2(Df)Z max

k=1;n�1

1X
m=�1

� k

k + 2nm

�2
= �2nE

2
n�2(Df)Z ; (2.13)

£¤¥ ¤«ï n = 2; 3; : : :

�2n = max
k=1;n�1

1X
m=�1

� k

k + 2nm

�2
�

� 1 + max
k=1;n

1X
m=1

h � k

2nm+ k

�2
+
� k

2nm� k

�2 i
�

� 1 +
1X

m=1

h 1
(2m+ 1)2

+
1

(2m� 1)2

i
= 2

1X
m=1

1
(2m� 1)2

=
�2

4
: (2.14)

�§ (2.14) ¨ (2.13) ¤«ï «î¡ëå f 2W 1
2 (�) ¨ n = 2; 3; : : : á«¥¤ãîâ ®æ¥­ª¨

kD(f �Lnf)kZ � �nEn�2(Df)Z � (�=2)En�2(Df)Z : (2.15)

� ª¨¬ ®¡à §®¬, ¢¥àå­¨¥ ¨§ ®æ¥­®ª (2.2) ¤®ª § ­ë. �®áª®«ìªã ¢ ãá«®¢¨ïå â¥®à¥¬ë Df 2 Z =
L2(�) ¨ DLnf 2 H n�2 , â® ­¨¦­¨¥ ¨§ ®æ¥­®ª (2.2) á«¥¤ãîâ ¨§ ¯à¥¤áâ ¢«¥­¨ï (2.10). �¥à ¢¥­áâ¢ 
(2.3) «¥£ª® ¢ë¢®¤ïâáï ¨§ ­¥à ¢¥­áâ¢ (2.2).

�¥¬¬  3. �«ï «î¡®© äã­ªæ¨¨ f 2W 1
2 (�) á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kDLnfkZ �
�

2
kDfkZ ; n 2 N: (2.16)

�«¥¤áâ¢¨¥. �¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

1 � k�nk � �=2; �n = DLnI : Z ! Z; n 2 N: (2.17)
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�®ª § â¥«ìáâ¢®. �§ ä®à¬ã« (2.8) ¨ (2.11) á«¥¤ã¥â, çâ®

d

dt
Ln(f ; t) =

n�1X
k=1

kUk�1(t)
1X

m=�1

(�1)m a
U
k+2nm�1(f

0)
k + 2nm

: (2.18)

�§ ¯à¥¤áâ ¢«¥­¨ï (2.18), ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2, ­ å®¤¨¬

kDLnfk2Z =
�

2

n�1X
k=1

k2
�����

1X
m=�1

(�1)m a
U
k+2nm�1(Df)
k + 2nm

�����
2

�

� �

2

n�1X
k=1

n 1X
m=�1

jaUk+2nm�1(Df)j2
1X

m=�1

� k

k + 2nm

�2 o
�

� kDfk2Z max
k=1;n�1

1X
m=�1

� k

k + 2nm

�2
� �2n kDfk2Z �

�2

4
kDfk2Z ; (2.19)

£¤¥ f 2 W 1
2(�), n = 2; 3; : : : �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 3,   ¨§ ­¥¥, ¢ á¢®î ®ç¥à¥¤ì,

«¥£ª® ¢ë¢®¤ïâáï ¢¥àå­¨¥ ¨§ ®æ¥­®ª (2.17); ­¨¦­¨¥ ®æ¥­ª¨ ¢ (2.17) á«¥¤ãîâ ¨§ â®¦¤¥áâ¢  �2
n =

�n = DLnI ¢ Z.
�®«®¦¨¬ Em(')(i) = infQ2Hm k'�Qk(i), i = 1; 3. �®£¤  á ¯®¬®éìî «î¡®© ¨§ «¥¬¬ 2 ¨ 3 ¬®¦¥â

¡ëâì ¤®ª § ­  á«¥¤ãîé ï

�¥®à¥¬  4. �«ï «î¡®© äã­ªæ¨¨ f 2 W 1
2(�) ¨­â¥à¯®«ïæ¨®­­ë¥ ¬­®£®ç«¥­ë (2.4) áå®¤ïâáï

¢ ¯à®áâà ­áâ¢¥ W 1
2 (�), ¯à¨ç¥¬ ¤«ï n = 2; 3; : : : á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

En�1(f)(i) � kf �Lnfk(i) � ai(n)En�1(f)(i); i = 1; 3; (2.20)

En�2(Df)Z � kf �Lnfk(i) � bi(n)En�2(Df)Z ; i = 1; 3; (2.21)

£¤¥

a1(n) =
�

2
+ �n � �

2
+

2p
3
; b1(n) =

�

2
+ 2�n � �

2
+

4p
3
;

a2(n) =
�

2
+

�np
�
�n =

�

2
+O

� lnnp
n

�
; b2(n) =

�

2
+
2�np
�
�n =

�

2
+O

� lnnp
n

�
;

a3(n) =
�
1 +

�2

2

�1=2
; b3(n) =

�
� +

2
�

�1=2
;

�n =
�
2

1X
k=n

k�2
�1=2

; �n =
4
�
+
2
�
ln
4n
�
:

�®ª § â¥«ìáâ¢®. �¥âàã¤­® ¢¨¤¥âì, çâ® ¤«ï m 2 N ¨ ' 2 W 1
2(�) � X á¯à ¢¥¤«¨¢ë á®®â­®-

è¥­¨ï
Em(')(1) = Em(')Y +Em�1(D')Z ;

Em(')(2) = Em(')C +Em�1(D')Z ; Em(')(3) = Em�1(D')Z :

�®£¤  ¢ á¨«ã Lnf 2 H n�1 ¨ Df 2 Z ­¨¦­¨¥ ®æ¥­ª¨ ¢ (2.20) ¨ (2.21) áâ ­®¢ïâáï ®ç¥¢¨¤­ë¬¨.
�¥àå­¨¥ ®æ¥­ª¨ ¡ã¤¥¬ ãáâ ­ ¢«¨¢ âì ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¨á¯®«ì§ãï ¯à¨ íâ®¬
¯à¨¢¥¤¥­­ë¥ ¢ ¯. 2 à¥§ã«ìâ âë. �®áª®«ìªã §¤¥áì ¢ëª« ¤ª¨ ï¢«ïîâáï £à®¬®§¤ª¨¬¨, ¯à¨¢¥¤¥¬
«¨èì ®â«¨ç¨â¥«ì­ë¥ (®â â¥®à¥¬ë 1) ¬®¬¥­âë.

1�. �«ï «î¡®© äã­ªæ¨¨ f 2 X ¤®ª §ë¢ ¥âáï, çâ® ¤«ï n = 2; 3; : : :

kf �LnfkY � En�1(f)Y + �nEn�2(f 0)Z � 2 �nEn�2(f 0)Z :

�âáî¤  ¨ ¨§ «¥¬¬ë 2 á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨ i = 1.
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2�. �«ï «î¡®© äã­ªæ¨¨ f 2 X ¤®ª §ë¢ ¥âáï, çâ® ¤«ï n = 2; 3; : : :

kf �LnfkC � En�1(f)C +
�n �np

�
En�2(f 0)Z � 2�n �np

�
En�2(f 0)Z :

�âáî¤  ¨ ¨§ «¥¬¬ë 2 á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨ i = 2.
3�. �«ï «î¡®© äã­ªæ¨¨ f 2 X á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

kf �Lnfk2(3) =
�

2

"
n�1X
k=0

jk00j2 jaTk (f)� aTk;n(f)j2 +
1X
k=n

jaUk�1(f 0)j2
#
;

£¤¥ n� 1 2 N, k00 = f1=p2 ¯à¨ k = 0; k ¯à¨ k 6= 0g. �âáî¤ , ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ 2 ¨
3, ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨ i = 3.

� ¬¥ç ­¨¥ 3. �â¢¥à¦¤¥­¨ï,  ­ «®£¨ç­ë¥ «¥¬¬ ¬ 2 ¨ 3 ¨ â¥®à¥¬¥ 4, á¯à ¢¥¤«¨¢ë â ª¦¥
¤«ï ¨­â¥à¯®«¨à®¢ ­¨ï ­  ¢¥é¥áâ¢¥­­®© ®á¨ á ¯à¨¬¥­¥­¨¥¬ ¡ §¨á­ëå äã­ªæ¨© �à¦¨ �à¥£®à¨
(á¬., ­ ¯à., [15]).

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® à¥§ã«ìâ âë à ¡®âë ¤®«®¦¥­ë ­  �¥¦¤ã­ à®¤­®© ª®­ä¥à¥­æ¨¨,
¯®á¢ïé¥­­®© 100{«¥â¨î �.�.�¥¡®â à¥¢  (£. � § ­ì, ���, 1994 £.).
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