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� ¤ ç  ® à §¢¨â¨¨ ®¤­®à®¤­®£® ¯à®ä¨«ï â¥ç¥­¨ï ¢ï§ª®© ¦¨¤ª®áâ¨ ­  ¢å®¤¥ ¢ ª ­ « ¯à¨¢«¥-
ª «  ¢­¨¬ ­¨¥ ¬­®£¨å  ¢â®à®¢ ¨ ¨áá«¥¤®¢ « áì à §«¨ç­ë¬¨ ¬¥â®¤ ¬¨. � ª ¢ ([1], á. 159) ¯à¨-
¢®¤ïâáï à áç¥âë �.�«¨åâ¨­£ ,   â ª¦¥ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ �.�¨««¥à®¬ ¨ �.�ã­­¨á®¬,
ª ª ¤«ï ¯«®áª®£®, â ª ¨ ¤«ï æ¨«¨­¤à¨ç¥áª®£® ª ­ «®¢. �â¨ à áç¥âë ¡ë«¨ ¢ë¯®«­¥­ë ­  ®á­®¢¥
ãà ¢­¥­¨© « ¬¨­ à­®£® ¯®£à ­¨ç­®£® á«®ï ¬¥â®¤®¬ áà é¨¢ ¥¬ëå  á¨¬¯â®â¨ç¥áª¨å à §«®¦¥­¨©
¨ å®à®è® á®£« áãîâáï á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨ �.�¨ªãà ¤§¥.

� ­ áâ®ïé¥¥ ¢à¥¬ï § ¤ ç  ® ¢å®¤­®¬ ãç áâª¥ áâ «  ®¤­¨¬ ¨§ â¥áâ®¢ëå ¯à¨¬¥à®¢ ¤«ï ¯à®-
¢¥àª¨ ­®¢ëå ç¨á«¥­­ëå áå¥¬, ¯®íâ®¬ã ¨¬¥îâáï ¬­®£®ç¨á«¥­­ë¥ ª®­¥ç­®-à §­®áâ­ë¥ à¥è¥­¨ï
íâ®© § ¤ ç¨ ­  ®á­®¢¥ ¯®«­ëå ãà ¢­¥­¨© � ¢ì¥{�â®ªá  (­ ¯à., [2]; [3], á. 572). � ([4], á. 203) ¢
ª ç¥áâ¢¥ ¤¥¬®­áâà æ¨¨ ®¯¥à â®à­®£® ¬¥â®¤  � ¯« á  ¯à¨¢®¤¨âáï  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ § ¤ -
ç¨ ® ä®à¬¨à®¢ ­¨¨ ¯ à ¡®«¨ç¥áª®£® ¯à®ä¨«ï ¢ ªàã£«®© âàã¡¥ ¢ ¯à¥¤¯®«®¦¥­¨ïå, ¯à¨ ª®â®àëå
¨áå®¤­ë¥ ãà ¢­¥­¨ï ¯¥à¥å®¤ïâ ¢ «¨­¥ à¨§®¢ ­­ë¥ ãà ¢­¥­¨ï ¯®£à ­¨ç­®£® á«®ï. �¤­ ª® ¢á¥
ã¯®¬ï­ãâë¥ ¢ëè¥ à¥§ã«ìâ âë ®â­®á¨«¨áì ª á«ãç î, ª®£¤  ­  áà¥§¥ ª ­ «  ¯à®ä¨«ì áª®à®áâ¨
ï¢«ï¥âáï ®¤­®à®¤­ë¬.

� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ ® à §¢¨â¨¨ ¢® ¢å®¤­®¬ ãç áâª¥
æ¨«¨­¤à¨ç¥áª®£® ª ­ «  ­¥®¤­®à®¤­®£® ®á¥á¨¬¬¥âà¨ç­®£® ¯à®ä¨«ï â¥ç¥­¨ï ¦¨¤ª®áâ¨ ¯à¨ â¥å
¦¥ ¯à¥¤¯®«®¦¥­¨ïå, çâ® ¨ ¢ [4]. �®à¬ã«ë ¤«ï à áç¥â  ¯®«¥© ¯à®¤®«ì­®© ¨ ¯®¯¥à¥ç­®© ª®¬¯®-
­¥­â áª®à®áâ¨ ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥ àï¤®¢ ¯® äã­ªæ¨ï¬ �¥áá¥«ï. �®«ãç¥­­®¥ à¥è¥­¨¥ ­ ¨¡®«¥¥
¯à¨£®¤­® ¢ â¥å á«ãç ïå, ª®£¤  ¯®¯¥à¥ç­ë¥ ¯¥à¥â®ª¨ ¦¨¤ª®áâ¨ ¬ «ë, ç¥¬ã á®®â¢¥âáâ¢ã¥â ¯à®-
ä¨«ì ¢å®¤­®© áª®à®áâ¨, § ¤ ¢ ¥¬ë© ¤®áâ â®ç­® £« ¤ª®© ¢ë¯ãª«®© äã­ªæ¨¥©. �à®æ¥áá ä®à¬¨-
à®¢ ­¨ï ¯ à ¡®«¨ç¥áª®£® ¯à®ä¨«ï áª®à®áâ¨ ¢ ª ­ «¥ ¤¥¬®­áâà¨àã¥âáï à áç¥â ¬¨ ­¥ª®â®àëå
§ ¤ ç á ­¥®¤­®à®¤­ë¬ ¢å®¤­ë¬ à á¯à¥¤¥«¥­¨¥¬ áª®à®áâ¨ ¦¨¤ª®áâ¨. �à¨¢®¤ïâáï ®æ¥­ª¨ ¢å®¤-
­®© ¤«¨­ë.

�®«ãç¥­­®¥ à¥è¥­¨¥ ®¡®¡é ¥â ã¯®¬ï­ãâë¥ ¢ëè¥ à¥è¥­¨ï § ¤ ç¨ ®¡ í¢®«îæ¨¨ ¯«®áª®£®
¯à®ä¨«ï ¨ ¬®¦¥â, ¢ ç áâ­®áâ¨, ¯à¨¬¥­ïâìáï ¤«ï à áç¥â  à §¢¨â¨ï áâàã©­ëå â¥ç¥­¨© á £« ¤ª¨¬
¢å®¤­ë¬ ¯à®ä¨«¥¬ áª®à®áâ¨. � áá¬®âà¥­­ ï ¢ áâ âì¥ ¯®áâ ­®¢ª  ¬®¤¥«¨àã¥â à¥ «ì­ãî ä¨§¨-
ç¥áªãî á¨âã æ¨î ® ¯®¤¢®¤¥ ¦¨¤ª®áâ¨ ¨§ ¤àã£®£® ª ­ « , ¡ ª , á®¯«  ¨ â. ¯. ¢ ¯àï¬®«¨­¥©­ë©
ãç áâ®ª ª ­ « . �à¨ íâ®¬ áç¨â ¥âáï, çâ® áä®à¬¨à®¢ ­ ª ª®©-â® ­ ç «ì­ë© ¯à®ä¨«ì ¯à®¤®«ì-
­®© áª®à®áâ¨,   ¯®¯¥à¥ç­ ï áª®à®áâì ­  ¢å®¤¥ ®âáãâáâ¢ã¥â, ­ ¯à¨¬¥à, ¯®â®ª ¯®¤¢®¤¨âáï ç¥à¥§
á¨áâ¥¬ã ä®à¬¨àãîé¨å ãáâà®©áâ¢ | á¥â®ª, å®­¥©ª®¬¡®¢ ¨ â. ¯.

1.�ãáâì ­  ¢å®¤¥ ¢ ªàã£«ãî ¯®«ã¡¥áª®­¥ç­ãî æ¨«¨­¤à¨ç¥áªãî âàã¡ã à ¤¨ãá  a ¨¬¥¥âáï áâ -
æ¨®­ à­ë© ¯®â®ª ¢ï§ª®© ¦¨¤ª®áâ¨ á § ¤ ­­ë¬ ®á¥á¨¬¬¥âà¨ç­ë¬ ¯à®ä¨«¥¬ áª®à®áâ¨ U(r). �®¤
¢«¨ï­¨¥¬ á¨« ¢ï§ª®áâ¨ ¯® ¬¥à¥ ¤¢¨¦¥­¨ï ¦¨¤ª®áâ¨ ¢¤®«ì âàã¡ë ¯à®ä¨«ì áª®à®áâ¨ ¤¥ä®à¬¨àã-
¥âáï, ¯à¨­¨¬ ï ¯ à ¡®«¨ç¥áªãî ä®à¬ã. �¥è¥­¨¥ § ¤ ç¨ ® ¯à®¤®«ì­®© í¢®«îæ¨¨ ¯à®ä¨«ï ¡ã¤¥¬
áâà®¨âì ¬¥â®¤®¬,  ­ «®£¨ç­ë¬ ¯à¨¬¥­¥­­®¬ã ¢ à ¡®â¥ [4], ¢ ª®â®à®© à áá¬®âà¥­ á«ãç © à §-
¢¨â¨ï ®¤­®à®¤­®£® ¯à®ä¨«ï (U(r) = u0 = const). �ç¨âë¢ ï ®á¥¢ãî á¨¬¬¥âà¨î § ¤ ç¨, ã¤®¡­®
§ ¯¨á âì ®¯à¥¤¥«ïîé¨¥ ãà ¢­¥­¨ï « ¬¨­ à­®£® ¤¢¨¦¥­¨ï ¢ï§ª®© ¦¨¤ª®áâ¨ ¢ æ¨«¨­¤à¨ç¥áª¨å
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ª®®à¤¨­ â å r; '; z, ­ ¯à ¢¨¢ ®áì z ¢¤®«ì ®á¨ ª ­ « . �®â®ª ­  ¢å®¤¥ ¢ ª ­ « ¯àï¬®«¨­¥©­ë©
¨ ®á¥á¨¬¬¥âà¨ç­ë©, ªà ¥¢ë¥ ãá«®¢¨ï â ª¦¥ ­¥ § ¢¨áïâ ®â ã£«®¢®© ª®®à¤¨­ âë ', ¯®íâ®¬ã â¥ç¥-
­¨¥ ï¢«ï¥âáï ®á¥á¨¬¬¥âà¨ç­ë¬ ¨ ã£«®¢ ï á®áâ ¢«ïîé ï áª®à®áâ¨ à ¢­  ­ã«î. �â æ¨®­ à­ë¥
ãà ¢­¥­¨ï � ¢ì¥{�â®ªá  ¢ íâ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤
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(1.1)

£¤¥ u, v | ¯à®¤®«ì­ ï ¨ ¯®¯¥à¥ç­ ï ª®¬¯®­¥­âë ¢¥ªâ®à  áª®à®áâ¨; p | ¤ ¢«¥­¨¥; �; � | á®®â-
¢¥âáâ¢¥­­® ¯«®â­®áâì ¨ ª¨­¥¬ â¨ç¥áª ï ¢ï§ª®áâì ¦¨¤ª®áâ¨. �¨áâ¥¬  à¥è ¥âáï ¯à¨ á«¥¤ãîé¨å
ªà ¥¢ëå ãá«®¢¨ïå:

u(a; z) = 0; v(a; z) = 0; u(r; 0) = U(r); v(r; 0) = 0: (1.2)

�à®¬¥ â®£®, ãç¨âë¢ ï ®£à ­¨ç¥­­®áâì ¨ ®á¥á¨¬¬¥âà¨ç­®áâì à¥è¥­¨ï, ¯®âà¥¡ã¥¬

ju(r; z)j <1; v(0; z) = 0:

�®« £ ï, çâ® ¯®¯¥à¥ç­ ï á®áâ ¢«ïîé ï áª®à®áâ¨ £®à §¤® ¬¥­ìè¥ ¯à®¤®«ì­®© (v � u), ¢
ãà ¢­¥­¨ïå ¤¢¨¦¥­¨ï ¬®¦­® ¯à¥­¥¡à¥çì á« £ ¥¬ë¬¨, á®¤¥à¦ é¨¬¨ v. �®£¤  ¨§ ¯¥à¢®£® ãà ¢-
­¥­¨ï (1.1) ¯®«ãç¨¬ @p=@r = 0, p = p(z). �«¥¤®¢ â¥«ì­®, ¤ ¢«¥­¨¥ ¢® ¢á¥å ¯®¯¥à¥ç­ëå á¥ç¥­¨ïå
ª ­ «  ¯®áâ®ï­­®. � «¥¥, ¯®áª®«ìªã ¨§¬¥­¥­¨¥ áª®à®áâ¨ ¢ ¯®¯¥à¥ç­®¬ ­ ¯à ¢«¥­¨¨ ¯à®¨áå®-
¤¨â ¡ëáâà¥¥, ç¥¬ ¢ ¯à®¤®«ì­®¬, ¢ ãà ¢­¥­¨¨ ¬®¦­® ¯à¥­¥¡à¥çì ¯à®¨§¢®¤­®© @2u=@z2, ®áâ -
¢¨¢ @2u=@r2. �«ï «¨­¥ à¨§ æ¨¨ ¢â®à®£® ãà ¢­¥­¨ï (1.1) § ¬¥­¨¬ ¬­®¦¨â¥«ì u ¢ ¯à®¨§¢¥¤¥­¨¨
u@u=@z áà¥¤­¥© ¯® à áå®¤ã áª®à®áâìî

u0 =
2
a2

Z a

0

U(r)r dr:

� à¥§ã«ìâ â¥ íâ¨å ã¯à®é¥­¨© ¢â®à®¥ ãà ¢­¥­¨¥ ¢ (1.1) ¯à¨¬¥â ¢¨¤
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�
; z > 0; r 2 (0; a): (1.3)

�à®¢¥¤¥­­ ï à¥¤ãªæ¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (1.1) ï¢«ï¥âáï ¯à¨¡«¨¦¥­¨¥¬ ¯®£à ­¨ç­®£® á«®ï
¨ ¢¯®«­¥ ®¯à ¢¤ ­  ¯à¨ ãá«®¢¨¨, çâ® ç¨á«® �¥©­®«ì¤á  Re = u0a=� ¤®áâ â®ç­® ¢¥«¨ª®. �¤­ -
ª® ¯à ¢®¬¥à­®áâì ¯à¥­¥¡à¥¦¥­¨ï á« £ ¥¬ë¬ v@u=@r ¯® áà ¢­¥­¨î á u@u=@z ¯à¨ «¨­¥ à¨§ æ¨¨
ãà ¢­¥­¨© âà¥¡ã¥â á¯¥æ¨ «ì­®£® ¨áá«¥¤®¢ ­¨ï ([5], á. 497). � §«®¦¥­¨¥ ¢ëà ¦¥­¨© ¤«ï ª®­¢¥ª-
â¨¢­ëå á« £ ¥¬ëå ¢ àï¤ �¥©«®à  ¢ ­¥ª®â®à®© å à ªâ¥à­®© â®çª¥ ¢å®¤­®£® á¥ç¥­¨ï (r = r�,
z = 0) ¯®§¢®«ï¥â ¯®«ãç¨âì ¢ «¨­¥©­®¬ ¯à¨¡«¨¦¥­¨¨ ®æ¥­ªã ¤«ï å à ªâ¥à­®£® ¢å®¤­®£® ¯à®ä¨-
«ï
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����; (1.4)

£ à ­â¨àãîéãî á¯à ¢¥¤«¨¢®áâì ¤ «ì­¥©è¨å à ááã¦¤¥­¨©.
�§ ãà ¢­¥­¨ï ­¥à §àë¢­®áâ¨, ãç¨âë¢ ï ¢â®à®¥ ¨§ ãá«®¢¨© (1.2), ¯®«ãç ¥¬

Z a

0

r
@u

@z
dr = �

Z a

0

@

@r
(rv)dr = �rv

��a
0
= 0:
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�á¯®«ì§ãï íâ® á®®â­®è¥­¨¥, ¨áª«îç¨¬ ¤ ¢«¥­¨¥ ¨§ ãà ¢­¥­¨ï (1.3). �«ï íâ®£® ã¬­®¦¨¬
(1.3) ­  r ¨ ¯à®¨­â¥£à¨àã¥¬ ¢ ¯à¥¤¥« å ®â 0 ¤® a, ®âªã¤  ­ ©¤¥¬

@p

@z
=
2��
a

�
@u

@r

�
r=a

:

�®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ ¤«ï @p=@z ¢ ãà ¢­¥­¨¥ (1.3) ¨ à áªàë¢ ï ¯à®¨§¢®¤­ãî, ¯®«ãç ¥¬
ãà ¢­¥­¨¥ á ¥¤¨­áâ¢¥­­®© ­¥¨§¢¥áâ­®© u(r; z)
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= �
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; (1.5)

£¤¥ ¢¢¥¤¥­® ®¡®§­ ç¥­¨¥ �=u0 = �.
�«ï à¥è¥­¨ï (1.5) ¯à¨¬¥­¨¬ ®¯¥à æ¨®­­ë© ¬¥â®¤ á ¯à¥®¡à §®¢ ­¨¥¬ � ¯« á  ¯® ¯¥à¥¬¥­-

­®© z ([6], á. 520). �®£¤  ¤«ï ¨§®¡à ¦¥­¨ï

V (r; s) =
Z
1

0

u(r; z)e�szdz;

¨¬¥¥¬

sV � u(r; 0) = �
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+ �
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:

�ç¨âë¢ ï, çâ® u(r; 0) = U(r), ¯à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ ª ­¥®¤­®à®¤­®¬ã ¬®¤¨ä¨æ¨à®¢ ­­®¬ã
ãà ¢­¥­¨î �¥áá¥«ï ([7], á. 112)
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�
:

�¡é¥¥ ®£à ­¨ç¥­­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

V = V0 + V1 + V2;

£¤¥ V0 = AI0(qr) (q =
p
s=�, A = const) | ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï, V1 = � 2�

sa

�
dV

dr

�
a
,

  äã­ªæ¨ï V2 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

r2
d2V2
dr2

+ r
dV2
dr

�
r2s

�
V2 = �

r2U(r)
�

:

�ã¤¥¬ ¨áª âì ç áâ­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¢ ¢¨¤¥ àï¤  ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ ®¤-
­®à®¤­®© § ¤ ç¨

V2 =
1X
k=1

AkI0(qkr); qk = �k=a =
q
sk=�; (1.6)

£¤¥ �k, k = 1; 2; : : : , | ª®à­¨ ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨ �¥áá¥«ï ­ã«¥¢®£® ¯®àï¤ª  I0(�k) = 0
(ª ª ¨§¢¥áâ­®, ®­¨ ç¨áâ® ¬­¨¬ë¥). � §«®¦¨¬ U(r) ¢ àï¤ ¯® íâ®© ¦¥ á¨áâ¥¬¥ äã­ªæ¨©

U(r) =
1X
k=1

BkI0(qkr); Bk = �
2

I21 (qka)a2

Z a

0

rU(r)I0(qkr)dr: (1.7)

�®¤áâ ¢«ïï à §«®¦¥­¨ï (1.6), (1.7) ¢ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ V2, ¯à®¢¥¤ï àï¤ ã¯à®é¥­¨© ¨
¯à¨à ¢­ï¢ ­ã«î ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå äã­ªæ¨ïå I0(qkr), ­ ©¤¥¬ ª®íää¨æ¨¥­âë

Ak(q) =
Bk

�(q2 � q2k)
=

Bk

s� sk
:

�á¯®«ì§ãï ­ ©¤¥­­ë¥ äã­ªæ¨¨ V0, V1, V2, ¯®«ãç¨¬

V (r; s) = AI0(qr)�
2
q2a

�
dV

dr

�
a

+
1X
k=1

Ak(q)I0(qkr):
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�¨ää¥à¥­æ¨àãï íâ® à ¢¥­áâ¢® ¯® r ¨ ¯®« £ ï r = a, ­ ©¤¥¬
�
dV

dr

�
a

= AqI 0
0
(qa) +

1X
k=1

Ak(q)qkI 00(qka) = AqI1(qa) +
1X
k=1

Ak(q)qkI1(qka);

V (r; s) = A

�
I0(qr)�

2
qa
I1(qa)

�
+

1X
k=1

Ak(q)
�
I0(qkr)�

2qk
q2a

I1(qka)
�
:

�§ ¯¥à¢®£® £à ­¨ç­®£® ãá«®¢¨ï (1.2) (V (a; s) = 0) ®¯à¥¤¥«¨¬ ¯®áâ®ï­­ãî

A =
2

q2aI2(qa)

1X
k=1

Ak(q)qkI1(qka):

�â ª, ¨§®¡à ¦¥­¨¥ ¨áª®¬®£® à¥è¥­¨ï ­ ©¤¥­®. �®á«¥ ã¯à®é¥­¨ï ¥£® ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

V (r; s) =
1X
k=1

Bk

�(q2 � q2k)

�
2qkI1(qka)

q2a

(I0(qr)� I0(qa))
I2(qa)

+ I0(qkr)
�
: (1.8)

�¥à¥©¤¥¬ ª ®âëáª ­¨î ®à¨£¨­ «  u(r; z), ¯à¨¬¥­¨¢ ª (1.8) ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¯« á .
�®«ãç¥­­ë¥ ¨­â¥£à «ë ¯®áç¨â ¥¬ á ¯®¬®éìî ¢ëç¥â®¢ ([6], á. 409). �á®¡ë¬¨ â®çª ¬¨ äã­ªæ¨¨
V (r; s) ï¢«ïîâáï 1) â®çª  q = 0 (s = 0); 2) â®çª¨ q = pm, m = 1; 2; : : : (s = sm = p2m�), £¤¥
I2(pma) = 0.

� ¬¥â¨¬, çâ® ¢ â®çª å q = qk, k = 1; 2; : : : (s = sk = q2k�), £¤¥ I0(qka) = 0, äã­ªæ¨ï V (r; s)
®á®¡¥­­®áâ¥© ­¥ ¨¬¥¥â, å®âï á« £ ¥¬ë¥ àï¤  (1.8) á®¤¥à¦ â ¢ §­ ¬¥­ â¥«¥ q2�q2k. �¥©áâ¢¨â¥«ì­®,

lim
q!qk

�
2qk

q2aI2(qa)
(I0(qr)� I0(qa))I1(qka) + I0(qkr)

�
=

I0(qkr)I0(qka)
I2(qka)

= 0:

�«¥¤®¢ â¥«ì­®, lim
s!sk

V (r; s) = 0=0, ­® íâ  ®á®¡¥­­®áâì ãáâà ­¨¬ ï, ¯® ¯à ¢¨«ã �®¯¨â «ï «¥£ª®
¯®ª § âì, çâ® ¯à¥¤¥« ª®­¥ç¥­.

�® ®á­®¢­®© â¥®à¥¬¥ à §«®¦¥­¨ï

u(r; z) = res
s=0

V (r; s) +
1X

m=1

esmz res
s=sm

V (r; s):

�ã­ªæ¨ï (1.8) ¢ â®çª¥ s = 0 ¨¬¥¥â ¯à®áâ®© ¯®«îá, ¯®áª®«ìªã ¢ á®®â¢¥âáâ¢¨¨ á à §«®¦¥­¨ï¬¨
¤«ï äã­ªæ¨© I0, I2

lim
s!0

I0(qa)� I0(qr)
I2(qa)

= lim
s!0

2
q2(a2 � r2) + o(s2)
q2a2(1 + o(s))

= 2(1� r2=a2) 6= 0 ¯à¨ r < a:

�«¥¤®¢ â¥«ì­®,

res
s=0

V (r; s) = lim
s!0

sV (r; s) = 2(1 � r2=a2)
1X
k=1

2BkI1(qka)
aqk

:

� ª ª ª ¤«ï áà¥¤­¥© ¯® à áå®¤ã áª®à®áâ¨ u0 ¢ á¨«ã (1.7) á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥

u0 =
2
a

1X
k=1

BkI1(qka)
qk

;

â®
res
s=0

V (r; s) = 2u0(1� r2=a2):

� â®çª å s = sm, £¤¥ I2(pma) = 0, äã­ªæ¨ï V (r; s) â®¦¥ ¨¬¥¥â ¯à®áâë¥ ¯®«îáë. �¯ãáª ï
¯à®¬¥¦ãâ®ç­ë¥ ¢ëª« ¤ª¨, ¢ë¯¨è¥¬

res
s=sm

V (r; s) = �
8

p2ma
3

�
1�

I0(pmr)
I0(pma)

� 1X
k=1

BkqkI1(qka)
p2m � q2k

:
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�â ª, ­ ©¤¥­ë ¢á¥ ¢ëç¥âë äã­ªæ¨¨ V (r; s), ¯à®¤®«ì­ãî ª®¬¯®­¥­âã áª®à®áâ¨ ¬®¦­® § ¯¨-
á âì ¢ ¢¨¤¥

u(r; z) = 2u0

�
1�

r2

a2

�
�

8
a3

1X
m=1

1
p2m

�
1�

I0(pmr)
I0(pma)

�
exp

�
�2m
Re

z

a

� 1X
k=1

BkqkI1(qka)
p2m � q2k

:

�¥à¥¯¨è¥¬ ¯®«ãç¥­­ãî ä®à¬ã«ã ¢ â¥à¬¨­ å äã­ªæ¨© �¥áá¥«ï ¯¥à¢®£® à®¤ , ¡®«¥¥ ã¤®¡­ëå
¤«ï à áç¥â  ª®­ªà¥â­ëå § ¤ ç

u(r; z) = 2u0

�
1�

r2

a2

�
+ 8

1X
m=1

1
�2m

�
1�

J0(�mr=a)
J0(�m)

�
exp

�
�
�2m
Re

z

a

� 1X
k=1

Ck�kJ1(�k)
�2m � �2k

; (1.9)

£¤¥ �k, �m, k;m = 1; 2; : : : , | á®®â¢¥âáâ¢¥­­® ª®à­¨ äã­ªæ¨© �¥áá¥«ï J0 ¨ J2, J0(�k) = 0,
J2(�m) = 0,  

Ck =
2

J2

1
(�k)a2

Z a

0

rU(r)J0(�kr=a)dr:

�§ ãà ¢­¥­¨ï ­¥à §àë¢­®áâ¨ ­ ©¤¥¬ ¯®¯¥à¥ç­ãî á®áâ ¢«ïîéãî áª®à®áâ¨

v(r; z) =
8
Re

1X
m=1

�
1
2
r

a
�
J1(�mr=a)
J0(�m)�m

�
exp

�
�
�2m
Re

z

a

� 1X
k=1

Ck�kJ1(�k)
�2m � �2k

: (1.10)

�§ ä®à¬ã« (1.9), (1.10) ¢¨¤­®, çâ® ¯® ¬¥à¥ ã¤ «¥­¨ï ®â ­ ç «ì­®£® á¥ç¥­¨ï (z !1), ª ª ¨
¯à¥¤¯®« £ «®áì, ãáâ ­ ¢«¨¢ ¥âáï ¯ à ¡®«¨ç¥áª¨© ¯à®ä¨«ì �ã §¥©«ï u = 2u0(1 � r2=a2), v = 0.

2. �«ï à §«¨ç­ëå ¢å®¤­ëå ¯à®ä¨«¥© áª®à®áâ¨ ¦¨¤ª®áâ¨ ¡ë«¨ ¢ë¯®«­¥­ë ç¨á«¥­­ë¥ à á-
ç¥âë ¯® ä®à¬ã« ¬ (1.9), (1.10). �®§¢à é ïáì ª ¢®¯à®áã ® à¥¤ãªæ¨¨ ¨áå®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨©
(1.1) ª ãà ¢­¥­¨î (1.5) ¨ ¬®â¨¢ æ¨¨ ¯à¨ ¯à¥­¥¡à¥¦¥­¨¨ ª®­¢¥ªâ¨¢­ë¬ á« £ ¥¬ë¬ v@u=@r, § -
¬¥â¨¬, çâ® ¯à®¢¥¤¥­­ë¥ ¬­®£®ç¨á«¥­­ë¥ â¥áâ¨à®¢ ­¨ï ¤«ï à §«¨ç­ëå ¢å®¤­ëå ¯à®ä¨«¥© ¨
áà ¢­¥­¨¥ ¨å á ¯àï¬ë¬¨ à áç¥â ¬¨ ¤¢ã¬¥à­ëå ãà ¢­¥­¨© ¯®£à ­¨ç­®£® á«®ï ¯®§¢®«ïîâ ãâ¢¥à-
¦¤ âì, çâ® ¤®¯ãé¥­¨¥ jv@u=@rj � ju@u=@zj ®¯à ¢¤ ­® ¢ â®© ¨«¨ ¨­®© áâ¥¯¥­¨ ¤«ï àï¤  ¤®áâ -
â®ç­® £« ¤ª¨å ¯à®ä¨«¥© ¡¥§ ¢®§¢à â­ëå â¥ç¥­¨©, ­¥ â®«ìª® ã¤®¢«¥â¢®àïîé¨å ®æ¥­ª¥ (1.4).

�¥ª®â®àë¥ ¨§ ¯®«ãç¥­­ëå ª àâ¨­ à §¢¨â¨ï ¡¥§à §¬¥à­®© ¯à®¤®«ì­®© ª®¬¯®­¥­âë áª®à®áâ¨
u=u0 ¢¤®«ì ª ­ «  ¯®ª § ­ë ­  à¨á.  ){£). �å®¤­ë¥ ¯à®ä¨«¨ ®â­®à¬¨à®¢ ­ë â ª, çâ® ¢® ¢á¥å
¯à¨¢¥¤¥­­ëå ¯à¨¬¥à å ¯®«­ë© à áå®¤ ®¤¨­ ª®¢ Q = u0�a

2. � ááâ®ï­¨¥ z (á¬. à¨á.) ¢ ª ¦¤®¬
¯à¨¬¥à¥ ¢ë¡à ­® â ª, çâ® ®â«¨ç¨¥ à áç¥â­®£® ¯à®ä¨«ï ®â à §¢¨â®£® ¯ à ¡®«¨ç¥áª®£® á®áâ -
¢«ï¥â ¯à¨¬¥à­® 1%. �  à¨á.  ) ¯®ª § ­® à¥è¥­¨¥ ª« áá¨ç¥áª®© § ¤ ç¨ ® à §¢¨â¨¨ ®¤­®à®¤­®£®
¯à®ä¨«ï U(r) = u0 = const. �¨á. ¡) ¤¥¬®­áâà¨àã¥â à §¢¨â¨¥ áâ¥¯¥­­ëå ¯à®ä¨«¥© ¨§ á¥¬¥©áâ¢ 

U(r)=u0 = (n+ 1)(1 � r2=a2)n (2.1)

¯à¨ n = 4. � ª¨¥ ¢å®¤­ë¥ à á¯à¥¤¥«¥­¨ï áª®à®áâ¨  ¯¯à®ªá¨¬¨àãîâ áâàã©­®¥ ¢â¥ª ­¨¥ ¢ ª ­ «.
�áá«¥¤®¢ « áì â ª¦¥ § ¤ ç  ® à áè¨à¥­¨¨ æ¨«¨­¤à¨ç¥áª®© áâàã¨, ¢â¥ª îé¥© ¢¤®«ì ®á¨ ª ­ « :
U(r)=u0 = a2=h2 ¯à¨ 0 � r=a � h=a, U(r)=u0 = 0 ¯à¨ h=a < r=a � 1. �  à¨á. ¢) ¨§®¡à ¦¥­ á«ãç ©
¯à¨ h=a = 0;1. �â®¡ë ¯®­ïâì ª ç¥áâ¢¥­­ãî ª àâ¨­ã ãáâ ­®¢«¥­¨ï ¯à®ä¨«ï á ¢®§¢à â­ë¬¨
â¥ç¥­¨ï¬¨, ¡à «¨áì äã­ªæ¨¨

U(r)=u0 =
�k

2J1(�k)
J0(�kr=a); (2.2)

â. ¥. ®â¤¥«ì­ë¥ á« £ ¥¬ë¥ àï¤  (1.7). �  à¨á. £) ¯à¥¤áâ ¢«¥­ ®¤¨­ ¨§ ¯à®ä¨«¥© íâ®£® á¥¬¥©áâ¢ 
¯à¨ k = 2, ¤«ï ª®â®à®£® ¦¨¤ª®áâì ¢â¥ª ¥â ¢¤®«ì áâ¥­®ª,   ¢ æ¥­âà¥ ª ­ «  ¨¬¥¥â ¬¥áâ® ¨­â¥­-
á¨¢­®¥ ¢ëâ¥ª ­¨¥.
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�¨á.  ){£). � §¢¨â¨¥ ¯à®ä¨«ï ¡¥§à §¬¥à­®© áª®à®áâ¨ u=u0 ¯® ¤«¨­¥ ª ­ «  ¤«ï à §«¨ç­ëå
¢å®¤­ëå ¯à®ä¨«¥© áª®à®áâ¨ ¦¨¤ª®áâ¨:  ) | ®¤­®à®¤­ë© ¯®â®ª; ¡) | áâ¥¯¥­­®© ¯à®ä¨«ì (2.1)
¯à¨ n = 4; ¢) | æ¨«¨­¤à¨ç¥áª ï áâàãï à ¤¨ãá  h = 0; 1a; £) | ¯à®ä¨«ì ä®à¬ë (2.2) ¯à¨ k = 2.
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�«ï æ¨«¨­¤à¨ç¥áª®© áâàã¨, ¯à¥¤áâ ¢«¥­­®© ­  à¨á. ¢), ¨§-§  à §àë¢  áª®à®áâ¨ ¨¬¥îâáï ®¡« -
áâ¨ á ¨­â¥­á¨¢­ë¬¨ ¯®¯¥à¥ç­ë¬¨ ¯¥à¥â®ª ¬¨ ¨ á« £ ¥¬®¥ v@u=@r ¢ ­¥ª®â®àëå á¥ç¥­¨ïå ¤ ¦¥
¡®«ìè¥, ç¥¬ u@u=@z. �®íâ®¬ã ¯à¨¬¥­ï¥¬ ï ­ ¬¨ ¯à®æ¥¤ãà  «¨­¥ à¨§ æ¨¨ ¤«ï â ª¨å á¨«ì­®£à -
¤¨¥­â­ëå ¯à®ä¨«¥© ­¥ ®¯à ¢¤ ­ . � ª ï ¦¥ ­¥®¤­®§­ ç­ ï á¨âã æ¨ï ­ ¡«î¤ ¥âáï ¤«ï ¢å®¤­ëå
¯à®ä¨«¥© á ¢®§¢à â­ë¬¨ â¥ç¥­¨ï¬¨.

� à §«¨ç­ëå ¯à¨«®¦¥­¨ïå, á¢ï§ ­­ëå á â¥ç¥­¨ï¬¨ ¢ âàã¡®¯à®¢®¤ å, ¢ ¦­® §­ âì ¢å®¤­ãî
¤«¨­ã, â. ¥. â® à ááâ®ï­¨¥ ®â ¢å®¤  ¢ ª ­ «, ­  ª®â®à®¬ ¯à®ä¨«ì áª®à®áâ¨ ã¦¥ ¯à ªâ¨ç¥áª¨
­¥ ¯à¥â¥à¯¥¢ ¥â ¨§¬¥­¥­¨ï. �à®¢¥¤¥­­ë¥ à áç¥âë ¤«ï ®¤­®à®¤­®£® ¨ áâàã©­®£® ¯à®ä¨«¥©, ¨§®-
¡à ¦¥­­ëå ­  à¨á.  ), ¡),   â ª¦¥ ¤«ï ¢â¥ª îé¨å ¯à®ä¨«¥© ä®à¬ë (2.2) ¯®§¢®«ïîâ á¤¥« âì
á«¥¤ãîé¨¥ ¢ë¢®¤ë. � ¨¬¥­ìè ï ¢å®¤­ ï ¤«¨­  ­ ¡«î¤ ¥âáï ã ¯à®ä¨«ï (2.2) ¯à¨ k = 1. �¦¥
­  à ááâ®ï­¨¨ L = 0;11aRe ¯à®ä¨«ì ®â«¨ç ¥âáï ®â ¯ à ¡®«¨ç¥áª®£® ¬¥­¥¥, ç¥¬ ­  1%. � ª®¥
¡ëáâà®¥ ãáâ ­®¢«¥­¨¥ ®ç¥¢¨¤­®, ¯®áª®«ìªã

�1
2J1(�1)

J0

�
�1r

a

�
=

�1
2J1(�1)

�
1�

�
�1r

2a

�2

+O

�
�1r

2a

�4�
� 2;32

�
1� 1; 44

r2

a2

�
;

â. ¥. ä®à¬  ã¦¥ ­  ¢å®¤¥ ¡«¨§ª  ª ¯ à ¡®«¨ç¥áª®¬ã ¯à®ä¨«î �ã §¥©«ï. �å®¤­ ï ¤«¨­  ¢ á«ãç ¥
à §¢¨â¨ï ®¤­®à®¤­®£® ¯à®ä¨«ï á®áâ ¢«ï¥â ¯à¨¬¥à­® L = 0;16aRe.

� ®¡é¥¬ á«ãç ¥ ¢å®¤­ ï ¤«¨­ | ­¥ â®«ìª® äã­ªæ¨ï ç¨á«  �¥©­®«ì¤á ,   äã­ªæ¨®­ «, § ¢¨-
áïé¨© ®â ¢¨¤  ¢å®¤­®£® ¯à®ä¨«ï áª®à®áâ¨ U(r). �â¬¥â¨¬ ®¤­ ª®, çâ® ¤«ï ¢á¥å à áá¬®âà¥­­ëå
¯à¨¬¥à®¢ ¤«ï ¢å®¤­®© ¤«¨­ë ¬®¦­® ¯à¨¡«¨¦¥­­® ¨á¯®«ì§®¢ âì ä®à¬ã«ã L � 0;24aRe. �  â -
ª®¬ à ááâ®ï­¨¨ ¤ ¦¥ ¤«ï ¤®¢®«ì­® ¨­â¥­á¨¢­ëå áâàã©­ëå ¢å®¤­ëå â¥ç¥­¨© áä®à¬¨à®¢ ¢è¨©áï
¯à®ä¨«ì ¡ã¤¥â ®â«¨ç âìáï ®â ¯ à ¡®«¨ç¥áª®£® ¬¥­¥¥, ç¥¬ ­  1%.

� ª«îç¥­¨¥. �®«ãç¥­­®¥ ¢ à ¡®â¥ à¥è¥­¨¥ ¯®§¢®«ï¥â à ááç¨âë¢ âì £¨¤à®¤¨­ ¬¨ç¥áª¨¥ ¯®-
«ï ¢® ¢å®¤­®¬ ãç áâª¥ æ¨«¨­¤à¨ç¥áª®£® ª ­ « ,   â ª¦¥ ®æ¥­¨¢ âì ¢å®¤­ãî ¤«¨­ã ¤«ï à §«¨ç-
­ëå ­¥®¤­®à®¤­ëå ¢â¥ª îé¨å ¯®â®ª®¢ ¡¥§ ¢®§¢à â­ëå â¥ç¥­¨©, á ¬ «ë¬¨ ¯®¯¥à¥ç­ë¬¨ ¯¥à¥â®-
ª ¬¨ ¦¨¤ª®áâ¨ ¨ á ¤®áâ â®ç­® £« ¤ª¨¬¨ ¢ë¯ãª«ë¬¨ äã­ªæ¨ï¬¨ ¯à®ä¨«ï U(r). � «ì­¥©è¨¬
è £®¬ ¢ ã«ãçè¥­¨¨ ¯®«ãç¥­­®£® à¥è¥­¨ï ¬®£«® ¡ë ¡ëâì ¨á¯®«ì§®¢ ­¨¥ à §­®© «¨­¥ à¨§ æ¨¨
¯à¨ ¬ «ëå ¨ ¡®«ìè¨å z (u@u=@z � U(r)@u=@z ¯à¨ z ! 0, u@u=@z � 2u0(1 � r2=a2)@u=@z ¯à¨
z !1) á ¯®á«¥¤ãîé¨¬ áà é¨¢ ­¨¥¬ ¤¢ãå ç áâ¥© à¥è¥­¨ï.
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