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� à ¡®â¥ ¯®«ãç¥­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ®¡®¡é¥­­®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢® ¬®¦¥â á®¤¥à-
¦ âì ¯®¤¯à®áâà ­áâ¢® á á¨¬¬¥âà¨ç­ë¬ ¨­¤ãæ¨à®¢ ­­ë¬ ®á­®¢­ë¬ â¥­§®à®¬ ¢ ¤¢ãå á«ãç ïå.
� ¯¥à¢®¬ á«ãç ¥ ¯®¤¯à®áâà ­áâ¢® ¯à¥¤¯®« £ ¥âáï § ¤ ­­ë¬ ¨ ®¯à¥¤¥«ï¥âáï ª®á®á¨¬¬¥âà¨ç­ ï
ç áâì ®á­®¢­®£® â¥­§®à  ¯à®áâà ­áâ¢ . �® ¢â®à®¬ á«ãç ¥ ª®á®á¨¬¬¥âà¨ç­ ï ç áâì ®á­®¢­®£®
â¥­§®à  § ¤ ­  ¨ ®¯à¥¤¥«ï¥âáï ¯®¤¯à®áâà ­áâ¢® â ª®¥, çâ® ¨­¤ãæ¨à®¢ ­­ë© ®á­®¢­®© â¥­§®à
ï¢«ï¥âáï á¨¬¬¥âà¨ç­ë¬. �á¥ à¥§ã«ìâ âë ¨¬¥îâ «®ª «ì­ë© å à ªâ¥à.

1. �¢¥¤¥­¨¥

�¡®¡é¥­­ë¬ à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢®¬ GRN ­ §ë¢ ¥âáï [1] N -¬¥à­®¥ ¤¨ää¥à¥­æ¨àã¥¬®¥
¬­®£®®¡à §¨¥, á­ ¡¦¥­­®¥ ­¥á¨¬¬¥âà¨ç­ë¬ ®á­®¢­ë¬ â¥­§®à®¬ Gij(x1; : : : ; xN) � Gij(x) 6=
Gji(x), £¤¥ xi | «®ª «ì­ë¥ ª®®à¤¨­ âë ­  ¬­®£®®¡à §¨¨. �ãáâì Hij ¨ Kij ï¢«ïîâáï á®®â¢¥â-
áâ¢¥­­® á¨¬¬¥âà¨ç­®© ¨ ª®á®á¨¬¬¥âà¨ç­®© ç áâï¬¨ â¥­§®à  Gij . �à¥¤¯®« £ ï, çâ® det(Hij) 6= 0,
¬®¦­® ®¯à¥¤¥«¨âì â¥­§®à H ij , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î HipH

pj = �ji . �¥­§®àë Hij ¨ H ij ¡ã¤ãâ
¨á¯®«ì§®¢ âìáï ¤«ï ®¯ãáª ­¨ï ¨ ¯®¤­ïâ¨ï ¨­¤¥ªá®¢ ¢ ¯à®áâà ­áâ¢¥ GRN .

� áá¬®âà¨¬ ¯®¤¯à®áâà ­áâ¢® ¢ GRN , § ¤ ­­®¥ ãà ¢­¥­¨ï¬¨

xi = xi(u1; : : : ; uM ) (i = 1; : : : ; N; rank(xi�) =M; xi� = @xi=@u�): (1.1)

�á­®¢­®© â¥­§®à

g�� = xi�x
j
�Gij (�; �; : : : = 1; : : : ;M);

¨­¤ãæ¨àã¥¬ë© ­  íâ®¬ ¯®¤¯à®áâà ­áâ¢¥, ¢ ®¡é¥¬ á«ãç ¥ ï¢«ï¥âáï â ª¦¥ ­¥á¨¬¬¥âà¨ç­ë¬ [2].
�ãáâì h�� ¨ k�� | á®®â¢¥âáâ¢¥­­® á¨¬¬¥âà¨ç­ ï ¨ ª®á®á¨¬¬¥âà¨ç­ ï ç áâ¨ â¥­§®à  g��.

�à¨ íâ®¬

a) h�� = xi�x
j
�Hij ; b) k�� = xi�x

j
�Kij : (1.2)

�âáî¤  á«¥¤ã¥â, çâ® à ¢¥­áâ¢® Kij = 0 ¢«¥ç¥â à ¢¥­áâ¢® k�� = 0, â. ¥. ­  ¢áïª®¬ ¯®¤¯à®áâà ­áâ¢¥
à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¨­¤ãæ¨àã¥âáï á¨¬¬¥âà¨ç­ë© ®á­®¢­®© â¥­§®à.

� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï á«¥¤ãîé¨© ¢®¯à®á, ¯®áâ ¢«¥­­ë©�.�à¢ ­®¢¨ç ¢ «¨ç­®¬ á®®¡é¥-
­¨¨: ¬®¦¥â «¨ ¤ ­­®¥ ®¡®¡é¥­­®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢® GRN á®¤¥à¦ âì ¯®¤¯à®áâà ­áâ¢®

RM á á¨¬¬¥âà¨ç­ë¬ ¨­¤ãæ¨à®¢ ­­ë¬ ®á­®¢­ë¬ â¥­§®à®¬? �§ á®®â­®è¥­¨©

a) g�� = xi�x
j
�(Hij +Kij); b) Hij = Hji (1.3)

®ç¥¢¨¤­®, g�� = g�� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

xi�x
j
�Kij = 0: (1.4)

� à ¡®â¥ ¨áá«¥¤ãîâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå á®®â­®è¥­¨¥ (1.3) ¨¬¥¥â ¬¥áâ® ¨ ª®¬¯®­¥­âë Kij

­¥ ®¡à é îâáï ¢ ­ã«ì ®¤­®¢à¥¬¥­­®.
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2. �«ãç ©, ª®£¤  ¯®¤¬­®£®®¡à §¨¥ § ¤ ­®

�à¥¤¯®« £ ¥âáï, çâ® ãà ¢­¥­¨ï (1.1), ®¯à¥¤¥«ïîé¨¥ ¯®¤¬­®£®®¡à §¨¥MM , § ¤ ­ë ¨ ­ã¦­®
®¯à¥¤¥«¨âì ¯à®áâà ­áâ¢® GRN â ª¨¬ ®¡à §®¬, çâ®¡ë MM ®ª § «®áì à¨¬ ­®¢ë¬ ¯®¤¯à®áâà ­-
áâ¢®¬ RM � GRN .

�¥®à¥¬  1. �ãáâì MM | ¯®¤¬­®£®®¡à §¨¥ ¤¨ää¥à¥­æ¨àã¥¬®£® ¬­®£®®¡à §¨ï MN , 2 �
M < N , § ¤ ­­®¥ ãà ¢­¥­¨ï¬¨ (1:1). �®£¤  ­ MN ¢ ®ªà¥áâ­®áâ¨ â®çª¨ ¨§MM ¬®¦­® ®¯à¥¤¥-

«¨âì ­¥á¨¬¬¥âà¨ç­ë© ®á­®¢­®© â¥­§®à Gij(x1; : : : ; xN) â ª¨¬ ®¡à §®¬, çâ® ¨­¤ãæ¨à®¢ ­­ë©

®á­®¢­®© â¥­§®à ­  MM ¡ã¤¥â á¨¬¬¥âà¨ç­ë¬.

�®ª § â¥«ìáâ¢®. �à ¢­¥­¨ï (1.3) ¤«ï ­¥¨§¢¥áâ­ëå äã­ªæ¨© Kij = �Kji ¯¥à¥¬¥­­ëå xi

¬®¦­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

K12(x
1

�x
2

� � x2�x
1

�) + � � �+K1N (x
1

�x
N
� � xN� x

1

�) + � � � +KN�1N(x
N�1
� xN� � xN� x

N�1
� ) = 0: (2.1)

�¨á«® ­¥¨§¢¥áâ­ëå Kij ¢ (2.1) à ¢­®
�
N

2

�
,   ç¨á«® ãà ¢­¥­¨© |

�
M

2

�
. �®íâ®¬ã ¨§ ãà ¢­¥­¨© (2.1)

¬®¦­® ®¯à¥¤¥«¨âì á ¬®¥ ¡®«ìè¥¥
�
M

2

�
­¥¨§¢¥áâ­ëå, ¢ â® ¢à¥¬ï ª ª

�
N

2

�
�
�
M

2

�
­¥¨§¢¥áâ­ëå Kij

¬®¦­® ¯®«®¦¨âì à ¢­ë¬¨ ¯à®¨§¢®«ì­ë¬ äã­ªæ¨ï¬ ª®®à¤¨­ â xi, â. e. ®­¨ ­¥ ®¡ï§ ­ë ¡ëâì
­ã«¥¢ë¬¨. �§ (1.2) ¨ (1.3) ¯à¨ íâ®¬ á«¥¤ã¥â g�� = g��, â. ¥. ¯®¤¬­®£®®¡à §¨¥ MM áâ ­®¢¨âáï
à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢®¬ RM , ¢«®¦¥­­ë¬ ¢ GRN .

�à®áâà ­áâ¢® GRN ¬®¦¥â á®¤¥à¦ âì ­¥áª®«ìª® à¨¬ ­®¢ëå ¯®¤¯à®áâà ­áâ¢ RM1
; : : : ; RMp

.
�®ç­¥¥, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �ãáâì MM1
; : : : ;MMp

| ¯®¤¬­®£®®¡à §¨ï ¤¨ää¥à¥­æ¨àã¥¬®£® ¬­®£®®¡à §¨ï

MN , § ¤ ­­ë¥ ãà ¢­¥­¨ï¬¨

xi =
a
xi(

a
u1; : : : ;

a
uMa); i = 1; : : : ; N ; a = 1; : : : ; p; (2.2)

¨  
M1

2

!
+ � � �+

 
Mp

2

!
<

 
N

2

!
: (2.3)

�á«¨ MM1

T
� � �
T
MMp

6= ;, â® ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x0 2 MM1

T
� � �
T
MMp

¬®¦­® ¢¢¥áâ¨

­ MN ­¥á¨¬¬¥âà¨ç­ë© ®á­®¢­®© â¥­§®à Gij(x) â ª®©, çâ® ¨­¤ãæ¨à®¢ ­­ë© ®á­®¢­®© â¥­§®à
a
g�� ­  á®®â¢¥âáâ¢ãîé¥© ®ªà¥áâ­®áâ¨ ¢ MMa

, a = 1; : : : ; p, ¡ã¤¥â á¨¬¬¥âà¨ç­ë¬.

�á«¨  
M1

2

!
+ � � � +

 
Mp

2

!
�

 
N

2

!
(2.4)

¨ ç¨á«® ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨© áà¥¤¨ ãà ¢­¥­¨© ¢¨¤  (2:1), § ¯¨á ­­ëå ¤«ï ¢á¥å ¯®¤¬­®£®-

®¡à §¨© MM1
; : : : ;MMp

, à ¢­®
�
N

2

�
, â® Kij = 0, â. ¥. ¯à®áâà ­áâ¢® GRN á¢®¤¨âáï ª à¨¬ ­®¢ã

¯à®áâà ­áâ¢ã RN ¢ ®ªà¥áâ­®áâ¨ à áá¬ âà¨¢ ¥¬®© â®çª¨ x0.

�®ª § â¥«ìáâ¢®. �à ¢­¥­¨ï (2.2) ¤ îâ
�
M1

2

�
+ � � � +

�
Mp

2

�
ãà ¢­¥­¨© ¢¨¤  (2.1). �á«¨ ¢ë-

¯®«­ï¥âáï ãá«®¢¨¥ (2.3), â® ¨§ ª®¬¯®­¥­â Kij ¯® ¬¥­ìè¥© ¬¥à¥
�
N

2

�
�
��
M1

2

�
+ � � � +

�
Mp

2

��
¬®¦­®

¢ë¡à âì ¯à®¨§¢®«ì­ë¬ ®¡à §®¬ ¨, §­ ç¨â, ¬®¦­® ¢ë¡à âì ­¥­ã«¥¢ë¬¨. �à¨ íâ®¬ ¯®¤¬­®£®®¡à -
§¨ï MM1

; : : : ;MMp
®ª §ë¢ îâáï à¨¬ ­®¢ë¬¨ ¯®¤¯à®áâà ­áâ¢ ¬¨ RM1

; : : : ; RMp
¢ ®¡®¡é¥­­®¬

à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ GRN .
�á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2.4) ¨ ç¨á«® ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨© ¢¨¤  (2.1) à ¢­®

�
N

2

�
, â®

¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë ãà ¢­¥­¨© ¡ã¤¥â Kij = 0, ¯à¨ íâ®¬ ¯à®áâà ­áâ¢® GRN

®ª §ë¢ ¥âáï à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢®¬.

32



�à¨¬¥à 1. � áá¬®âà¨¬ ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥M5 á «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨
x1; : : : ; x5 ¨ ¯®¤¬­®£®®¡à §¨¥ M3 �M5, § ¤ ­­®¥ ãà ¢­¥­¨ï¬¨

x1 = u1; x2 = u2; x3 = u3; x4 = x4(u1; u2; u3); x5 = x5(u1; u2; u3);

£¤¥ x4, x5 | ¤ ­­ë¥ ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨. �ãáâì á¨¬¬¥âà¨ç­ ï ç áâì Hij(x1; : : : ; x5)
®á­®¢­®£® â¥­§®à  M5 â ª¦¥ § ¤ ­ .

� íâ®¬ á«ãç ¥ (�; �) 2 f(1; 2); (1; 3); (2; 3)g, (i; j) 2 f(1; 2); (1; 3); (1; 4); (1; 5); (2; 3); (2; 4); (2; 5);
(3; 4); (3; 5); (4; 5)g, ¨ ¨§ (2.1) ¯®«ãç¨¬

K12 = �K14x
4

2 �K15x
5

2 +K24x
4

1 +K25x
5

1 �K45(x
4

1x
5

2 � x51x
4

2);

K13 = �K14x
4

3 �K15x
5

3 +K34x
4

1 +K35x
5

1 �K45(x
4

1x
5

3 � x51x
4

3);

K23 = �K24x
4

3
�K25x

5

3
+K34x

4

2
+K35x

5

2
�K45(x42x

5

3
� x5

2
x4
3
):

(2.5)

�á«¨ ª®¬¯®­¥­âëKij ¢ ¯à ¢ëå ç áâïå ãà ¢­¥­¨© (2:5) ¢ë¡à ­ë â ª¨¬ ®¡à §®¬, çâ® å®âï ¡ë ®¤­ 
¨§ ­¨å ­¥ à ¢­  ­ã«î, â® ¨§ ãà ¢­¥­¨© (2.5) ¬®¦­® ­ ©â¨ K12, K13, K23 ¨ Gij = Hij +Kij . �à¨
íâ®¬ Gij 6= Gji, ¨M3 c â¥­§®à®¬ g��, ®¯à¥¤¥«¥­­ë¬ ãà ¢­¥­¨ï¬¨ (1.2), ®ª §ë¢ ¥âáï à¨¬ ­®¢ë¬
¯®¤¯à®áâà ­áâ¢®¬ R3 � GR5.

�à¨¬¥à 2. �ãáâì ¯®¬¨¬® ¯®¤¬­®£®®¡à §¨ï M3 � M5 ¨§ ¯à¨¬¥à  1 § ¤ ­® ¥é¥ ®¤­® ¯®¤-
¬­®£®®¡à §¨¥ M2 �M5 (M2 \M3 6= ;) ãà ¢­¥­¨ï¬¨

x1 = eu1; x2 = eu2; x3 = x3(eu1; eu2); x4 = x4(eu1; eu2); x5 = x5(eu1; eu2):
�«ï M2 ¨¬¥¥¬ (�; �) = (1; 2), ¨ ¨§ (2.1) ¯®«ãç ¥¬ ãà ¢­¥­¨¥

K12 +K13x
3
~2
+K14x

4
~2
+K15x

5
~2
�K23x

3
~1
�K24x

4
~1
�K25x

5
~1
+

+K34(x3~1x
4
~2
� x4~1x

3
~2
) +K35(x3~1x

5
~2
� x5~1x

3
~2
) +K45(x4~1x

5
~2
� x5~1x

4
~2
) = 0; (2.6)

£¤¥ xie� = @xi=@eu�. �§ ãà ¢­¥­¨© (2.5) ¨ (2.6) ¬®¦­® ®¯à¥¤¥«¨âì á ¬®¥ ¡®«ìè¥¥ ç¥âëà¥ ­¥¨§¢¥áâ-
­ëå ª®¬¯®­¥­âë Kij , ¢ â® ¢à¥¬ï ª ª ®áâ «ì­ë¥ ª®¬¯®­¥­âë ¬®£ãâ ¡ëâì ¢ë¡à ­ë ¯à®¨§¢®«ì­®.
� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¤¢  à¨¬ ­®¢ëå ¯®¤¯à®áâà ­áâ¢  R2; R3 � GR5.

3. � å®¦¤¥­¨¥ à¨¬ ­®¢  ¯®¤¯à®áâà ­áâ¢  RM ¢ GRN

�¥®à¥¬  3. �ãáâì GRN | ®¡®¡é¥­­®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢® á «®ª «ì­ë¬¨ ª®®à¤¨­ â -

¬¨ xi ¨ ª®á®á¨¬¬¥âà¨ç­®© ç áâìî Kij ®á­®¢­®£® â¥­§®à . �®¤¯à®áâà ­áâ¢® ¢ GRN , § ¤ ­­®¥

ãà ¢­¥­¨ï¬¨

xi = ui; i = 1; : : : ;M ; xi = xi(u1; : : : ; uM ); i =M + 1; : : : ; N; (3.1)

ï¢«ï¥âáï à¨¬ ­®¢ë¬ ¯®¤¯à®áâà ­áâ¢®¬ RM � GRN â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨¨ xi

ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

A�cx
c
� �A�cx

c
� = Bc

�� (¯® ¨­¤¥ªáã c ­¥â áã¬¬¨à®¢ ­¨ï);

(�; �) = (1; 2); (1; 3); : : : ; (1;M); (2; 3); : : : ; (2;M); : : : ;

(M � 2;M � 1); (M � 2;M); (M � 1;M); c 2 fM + 1; : : : ; Ng; (3.2)

A�cB
c
�+1� �A�+1cB

c
�� +A�cB

c
��+1 = 0 (¯® ¨­¤¥ªáã c ­¥â áã¬¬¨à®¢ ­¨ï);

(�; �) = (1; 3); : : : ; (1;M); (2; 4); : : : ; (2;M); : : : ;

(M � 3;M � 1); (M � 3;M); (M � 2;M); c 2M + 1; : : : ; N; (3.3)
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£¤¥

A�c = K�c +
X

M+1�a�N
a 6=c

Kacx
a
� (� = 1; : : : ;M); (3.4)

Bc
�� = K�� +

X
M+1�a�N

a6=c

(K�ax
a
� �K�ax

a
�) +

X
M+1�a�N�1

a6=c

X
a+1�b�N

b6=c

Kab(x
a
�x

b
� � xb�x

a
�); (3.5)

(�; �) = (1; 2); (1; 3); : : : ; (1;M); (2; 3); : : : ; (2;M); : : : ; (M � 1;M);

¢ ãà ¢­¥­¨ïå (3:2) c | ­¥ª®â®à®¥ ä¨ªá¨à®¢ ­­®¥ §­ ç¥­¨¥ ¨§ fM + 1; : : : ; Ng,   ¢ (3:3) c
¯à¨­¨¬ ¥â ¢á¥ §­ ç¥­¨ï ¨§ ãª § ­­®£® ¬­®¦¥áâ¢ .

�®ª § â¥«ìáâ¢®. a) �®ª ¦¥¬, çâ® ãá«®¢¨ï (3.2), (3.3) ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨. �á«¨ RM �
GRN § ¤ ­® ãà ¢­¥­¨ï¬¨ (3.1), â® xi� = @xi=@u� = �i� ¯à¨ i = 1; : : : ;M , ¨ ¨§ (2.1) ¨¬¥¥¬

K�� +K�;M+1x
M+1

� + � � �+K�Nx
N
� �K�;M+1x

M+1

� � � � � �K�Nx
N
� +

+KM+1;M+2(xM+1

� xM+2

� � xM+2

� xM+1

� ) + � � � +KM+1;N(xM+1

� xN� � xN� x
M+1

� ) + � � � +

+KN�1;N(xN�1� xN� � xN� x
N�1
� ) = 0:

�ë¤¥«ïï ¢ íâ®¬ ãà ¢­¥­¨¨ á« £ ¥¬ë¥, á®¤¥à¦ é¨¥ xc�, x
c
�, £¤¥ c 2 fM + 1; : : : ; Ng | ä¨ªá¨à®-

¢ ­­®¥ §­ ç¥­¨¥, ¯®«ãç ¥¬

(K�c +
X

M+1�a�N
a6=c

Kacx
a
�)x

c
� �

�
K�c +

X
M+1�a�N

a6=c

Kacx
a
�

�
xc� =

= K�� +
X

M+1�a�N
a6=c

(K�ax
a
� �K�ax

a
�) +

X
M+1�a�N�1

a6=c

X
a+1�b�N

b6=c

Kab(x
a
�x

b
� � xb�x

a
�);

c 2 fM + 1; : : : ; Ng (¯® ¨­¤¥ªáã c ­¥â áã¬¬¨à®¢ ­¨ï); (3.6)

çâ® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ (3.2), £¤¥ A�c, Bc
�� ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (3.4) ¨ (3.5). �â¬¥â¨¬,

çâ® ¢ (3.6) ¯à¨ ä¨ªá¨à®¢ ­­®¬ c ¨¬¥¥¬
�
M

2

�
ãà ¢­¥­¨©:

A�cx
c
1 �A1cx

c
� = Bc

1� (� = 2; 3; : : : ;M);

A�cx
c
2 �A2cx

c
� = Bc

2� (� = 3; 4; : : : ;M);

: : :

A�cx
c
M�2 �AM�2cx

c
� = Bc

M�2� (� =M � 1;M);

AMcx
c
M�1 �AM�1cx

c
M = Bc

M�1M :

(3.7)

� áá¬ âà¨¢ ï (3.7) ª ª á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© ¯® ®â­®è¥­¨î ª xc1; : : : ; x
c
M , ¯à¨¢¥¤¥¬ à á-

è¨à¥­­ãî ¬ âà¨æã P íâ®© á¨áâ¥¬ë ª íª¢¨¢ «¥­â­®© ¬ âà¨æ¥ P �
�
P1
R

�
, £¤¥

xc1 xc2 xc3 xc4 xcM�2 xcM�1 xcM

P1 s

0BBBBB@
A2c �A1c 0 0 : : : 0 0 0 Bc

12

0 A3c �A2c 0 � � � 0 0 0 Bc
23

0 0 A4c �A3c � � � 0 0 0 Bc
34

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
0 0 0 0 � � � 0 AM;c �AM�1;c Bc

M�1;M

1CCCCCA
34



¨ R| ¬ âà¨æ , ã ª®â®à®© ¯¥à¢ë¥M áâ®«¡æ®¢ ï¢«ïîâáï ­ã«¥¢ë¬¨,   ¯®á«¥¤­¨© áâ®«¡¥æ á®áâ®¨â
¨§ í«¥¬¥­â®¢ Hc

13;H
c
14; : : : ;H

c
1M ; H

c
24;H

c
25; : : : ;H

c
2M ; : : : ;H

c
M�3;M�1;H

c
M�3;M ; H

c
M�2;M . �®íää¨æ¨¥­-

âë A�c, Bc
�� ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (3.4) ¨ (3.5),  

Hc
�� = (Bc

��A�+1c �Bc
��+1A�c �Bc

�+1�A�c)=A�+1c;

(�; �) = (1; 3); (1; 4); : : : ; (1;M); (2; 4); : : : ; (2;M); : : : ;

(M � 3;M � 1); (M � 3;M); (M � 2;M); c =M + 1; : : : ; N:

�á«¨ Q | ¬ âà¨æ  á¨áâ¥¬ë (3.7), â® rankP = rankQ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Hc
�� = 0, â. ¥.

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3.3).
b) �à¥¤¯®«®¦¨¬, çâ® ãá«®¢¨ï (3.2), (3.3) ¢ë¯®«­¥­ë, â. ¥. äã­ªæ¨¨ (3.1) ã¤®¢«¥â¢®àïîâ ãà ¢-

­¥­¨ï¬ (3.7), ª®â®àë¥ á®¢¬¥áâ­ë ¢¢¨¤ã (3.3). �®áª®«ìªã ãà ¢­¥­¨ï (3.7) | ãà ¢­¥­¨ï (1.3) ¤«ï
äã­ªæ¨© (3.1),   (1.3) | ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï à¨¬ ­®¢®áâ¨ ¯®¤¬­®£®®¡à §¨ï,
§ ¤ ­­®£® ãà ¢­¥­¨ï¬¨ (3.1), â® â¥®à¥¬  ¤®ª § ­ .

�à¨¬¥à 3. �ãáâì ª®á®á¨¬¬¥âà¨ç­ ï ç áâì Kij ®á­®¢­®£® â¥­§®à  ¯à®áâà ­áâ¢  GR4 ¨¬¥¥â
¢¨¤

K12 = K13 = K23 = 0; Ki4 = xi; i = 1; 2; 3: (3.8)

� áá¬®âà¨¬ ¯®¤¬­®£®®¡à §¨¥ M3 ¢ GR4, ®¯à¥¤¥«¥­­®¥ ãà ¢­¥­¨ï¬¨

x1 = u1; x2 = u2; x3 = u3; x4 = x4(u1; u2; u3): (3.9)

�ëïá­¨¬, ¬®¦¥â «¨ â ª®¥ ¯®¤¬­®£®®¡à §¨¥ ï¢«ïâìáï à¨¬ ­®¢ë¬ ¯®¤¯à®áâà ­áâ¢®¬ R3 � GR4.
�ã¦­® ­ ©â¨ â ªãî äã­ªæ¨î x4, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï (3.2) ¨ (3.3). � à áá¬ âà¨¢ ¥¬®¬
á«ãç ¥ M = 3, N = 4, c = 4. �§ (3.2) á«¥¤ã¥â (¨­¤¥ªá c ¢ Bc

�� ®¯ãáª ¥¬)

A24x
4

1 �A14x
4

2 = B12; A34x
4

1 �A14x
4

3 = B13; A34x
4

2 �A24x
4

3 = B23; (3.10)

  ¨§ (3.3) á«¥¤ã¥â

A14B23 �A24B13 +A34B12 = 0: (3.11)

� ¢¥­áâ¢  (3.4) ¨ (3.5) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à¨­¨¬ îâ ¢¨¤ A�c = K�c = K�4, B�� = K��.
�§ (3.8) ¨ (3.9) á«¥¤ã¥â, çâ® ¯à¨ íâ®¬ ãà ¢­¥­¨ï (3.10) ¨ (3.11) ¯à¨­¨¬ îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

u2x41 � u1x42 = 0; u3x41 � u1x43 = 0; u3x42 � u2x43 = 0; (3.100)

K14K23 �K24K13 +K34K12 � 0, â. ¥. ãá«®¢¨ï (3.3) ¢ íâ®¬ á«ãç ¥ ¢ë¯®«­ïîâáï â®¦¤¥áâ¢¥­­®.
�¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (3:100) ¨¬¥¥â ¢¨¤ x4 =  ((u1)2 + (u2)2 + (u3)2), £¤¥  (u)

| ­¥ª®â®à ï ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï (3.9) § ¤ îâ à¨¬ ­®¢ë
¯®¤¯à®áâà ­áâ¢  R3 � GR4.
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