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� à §«¨çëå à §¤¥« å ¬ â¥¬ â¨ª¨ ¨ ¥¥ ¯à¨«®¦¥¨© è¨à®ª® ¯à¨¬¥ïîâáï ª¢ ¤à âãàë¥
ä®à¬ã«ë  ¨¢ëáè¥©  «£¥¡à ¨ç¥áª®© áâ¥¯¥¨ â®ç®áâ¨ (����). �¥à¢ ï ¨§ â ª¨å ä®à¬ã« ¢¯¥à-
¢ë¥ ¡ë«  ¯®áâà®¥  ¨ ¨áá«¥¤®¢   � ãáá®¬ ¤«ï ¥¤¨¨ç®© ¢¥á®¢®© äãªæ¨¨ ¨ áâ ¤ àâ®£®
á¥£¬¥â . �¯®á«¥¤áâ¢¨¨ ª¢ ¤à âãàë¬ ä®à¬ã« ¬ ���� ¯®á¢ïé¥® ®£à®¬®¥ ª®«¨ç¥áâ¢® à ¡®â
(á¬.,  ¯à., [1]{[5] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å).

� ¯®á«¥¤¨¥ ¤¥áïâ¨«¥â¨ï áâ «¨ ¯à¨¬¥ïâìáï â ª¦¥ ª¢ ¤à âãàë¥ ä®à¬ã«ë  ¨¢ëáè¥© âà¨-

£®®¬¥âà¨ç¥áª®© áâ¥¯¥¨ â®ç®áâ¨ (����); ¯¥à¢ë¥ à¥§ã«ìâ âë ¢ íâ®© ®¡« áâ¨ ¯à¨¢¥¤¥ë ¯®-
¢¨¤¨¬®¬ã ¢ à ¡®â å �.�.�àë«®¢  ¨ �.�.�ëá®¢áª¨å (á¬.,  ¯à., ¢ [1], [3]). �¤ ª® ¢ ®â«¨ç¨¥ ®â
ª¢ ¤à âãàëå ä®à¬ã« ����, ¨áá«¥¤®¢ ¨î ä®à¬ã« ���� (íâ¨ á«ãç ¨ ¯à¨å®¤¨âáï à §«¨ç âì
¯® ¯à¨ç¨ ¬ ¯à¨æ¨¯¨ «ì®£® å à ªâ¥à ) ¯®á¢ïé¥® «¨èì ¥¡®«ìè®¥ ç¨á«® à ¡®â, ¯à¨ç¥¬ ¢
®á®¢®¬ «¨èì ¨««îáâà â¨¢®£® å à ªâ¥à . �¥«ì ¤ ®© à ¡®âë| ¢ ®¯à¥¤¥«¥®© áâ¥¯¥¨ ¢®á-
¯®«¨âì ãª § ë© ¯à®¡¥«. � ¥© ãáâ  ¢«¨¢ îâáï  ¯¯à®ªá¨¬ â¨¢ë¥ ¨ áâàãªâãàë¥ á¢®©áâ¢ 
ª¢ ¤à âãàëå ä®à¬ã« ����. �à¨ íâ®¬ ¯®«ãç¥ â ª¦¥ á«¥¤ãîé¨© ¥®¦¨¤ ë© à¥§ã«ìâ â:
áâ ¢è¨¥ ã¦¥ ª« áá¨ç¥áª¨¬¨ å®à®è® ¨§¢¥áâë¥ ª¢ ¤à âãàë¥ ä®à¬ã«ë �à¬¨â , � ãáá  á ¢¥á®¬
�¥¡ëè¥¢  ¢â®à®£® à®¤ ,   â ª¦¥ ä®à¬ã«  �«¥è®ã{�ãàâ¨á  ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ ª¢ -
¤à âãà®© ä®à¬ã«ë ���� ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¥¥ ¯ à ¬¥âà®¢. �â®à ï ç áâì à ¡®âë
¯®á¢ïé¥  ¯à¨¬¥¥¨ï¬ â ª¨å ä®à¬ã« ¢ ç¨á«¥®¬   «¨§¥ ¨â¥£à «ìëå ãà ¢¥¨© �à¥¤-
£®«ì¬  á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥â ¬¨, ¯à¨ íâ®¬ ®á®¢®¥ ¢¨¬ ¨¥ ã¤¥«¥® â¥®à¥â¨ª®-
äãªæ¨® «ì®¬ã ®¡®á®¢ ¨î ¬¥â®¤  ¬¥å ¨ç¥áª¨å ª¢ ¤à âãà, ®á®¢ ®£®   ª¢ ¤à âãàëå
ä®à¬ã« å ����.

1. �âàãªâãàë¥ ¨  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ª¢ ¤à âãàëå ä®à¬ã« ����

1.1. �¢ ¤à âãàë¥ ä®à¬ã«ë ����. �âàãªâãàë¥ á¢®©áâ¢ . �¡®§ ç¨¬ ç¥à¥§ C2� ¯à®áâà -
áâ¢® ¢á¥å ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨© á ®à¬®©

k'kC2�
= max

�
j'(�)j = max

a���a+2�
j'(�)j; ' 2 C2�; a 2 R:

�¥à¥§ H T
n � C2� ¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¯®àï¤ª  ¥

¢ëè¥ n, £¤¥ n+ 1 2 N. � «®£¨ç®, ç¥à¥§ H n ¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å
¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n,   ç¥à¥§ C = C[�1; 1] | ¯à®áâà áâ¢® ¢á¥å ¥¯à¥àë¢ëå  
á¥£¬¥â¥ [�1; 1] äãªæ¨© á ®¡ëç®© ®à¬®©

kf(x)kC = max
�1�x�1

jf(x)j; f 2 C[�1; 1]:
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� ¯à®áâà áâ¢¥ C2� à áá¬®âà¨¬ ª¢ ¤à âãàãî ä®à¬ã«ã

1
2�

Z 2�

0

'(�)d� =
NX
k=1

Ak'(�k) +RT
N('); ' 2 C2�; N 2 N; (1)

£¤¥ Ak = Ak;N | ª®íää¨æ¨¥âë, �k = �k;N | ¯®¯ à® ¥íª¢¨¢ «¥âë¥ ã§«ë,   RT
N(') |

®áâ â®çë© ç«¥.
�¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«® m  §ë¢ ¥âáï âà¨£®®¬¥âà¨ç¥áª®© áâ¥¯¥ìî â®ç®áâ¨ ª¢ -

¤à âãà®© ä®à¬ã«ë (1), ¥á«¨ ®  â®ç  ¤«ï «î¡®£® âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬  ' 2 H
T
m ¨

áãé¥áâ¢ã¥â å®âï ¡ë ®¤¨ ¯®«¨®¬  2 H
T
m+1 â ª®©, çâ® R

T
N( ) 6= 0.

�á®, çâ® m = m(�1; �2; : : : ; �N ;A1; A2; : : : ; AN ), â. ¥. ç¨á«®m ï¢«ï¥âáï äãªæ¨® «®¬ ®â ä®à-
¬ã«ë (1). �®íâ®¬ã ç¨á«®

m0 = sup
�1;:::;�N2[a;a+2�)

A1;:::;AN2R

m(�1; �2; : : : ; �N ;A1; A2; : : : ; AN)

¡ã¤¥¬  §ë¢ âì ���� ª¢ ¤à âãàëå ä®à¬ã« ¢¨¤  (1),   ¥á«¨ m(��1; �
�
2 ; : : : ; �

�
N ;A

�
1; A

�
2; : : : ; A

�
N) =

m0, â® ä®à¬ã«ã (1) á ã§« ¬¨ �k = ��k ¨ ª®íää¨æ¨¥â ¬¨ Ak = A�k; k = 1; N , | ª¢ ¤à âãà®©
ä®à¬ã«®© ����.

�«¥¤ãï ([3], £«. 3, x 3), ¬¥â®¤®¬ ®â ¯à®â¨¢®£® ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï

�¥®à¥¬  1. �¨ ¯à¨ ª ª®¬ á¯®á®¡¥ ¢ë¡®à  ã§«®¢ ¨ ª®íää¨æ¨¥â®¢ ä®à¬ã«  (1) ¥ ¬®¦¥â

¡ëâì â®ç®©   ¬®¦¥áâ¢¥ ¯®«¨®¬®¢ H T
N , á«¥¤®¢ â¥«ì®,

0 � m0 � N � 1; N 2 N:

� áá¬®âà¨¬ ª¢ ¤à âãàãî ä®à¬ã«ã

1
2�

Z 2�

0

'(�)d� =
1
N

NX
k=1

'

�
2k�
N

+
!

N

�
+RT

N('); ' 2 C2�; ! 2 R; (2)

£¤¥ ! | ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®.

�¥®à¥¬  2. �¢ ¤à âãà ï ä®à¬ã«  (2) â®ç  ¤«ï «î¡®£® ¯®«¨®¬  ¨§ H
T
N�1 . �à®¬¥ â®-

£®, ®  â®ç  ¤«ï ¯®«¨®¬®¢ ¢¨¤  e�il� = cos l� � i sin l� ¯à¨ «î¡ëå l 2 N, ã¤®¢«¥â¢®àïîé¨å

¥à ¢¥áâ¢ ¬

Nr + 1 � l � N(r + 1)� 1;

£¤¥ r | ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®.

�®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ â¥®à¥¬ë ¯à®¢¥¤¥¬, á«¥¤ãï ([3], £«. 3, x 3). �à¨ '(�) = 1 ¨¬¥¥¬

RT
N(1) =

1
2�

Z 2�

0
d� � 1

N

NX
k=1

1 = 0:

�«ï äãªæ¨© '(�) = eil�; l = �1; : : : ;�(N � 1),  å®¤¨¬

RT
N(e

il�) =
1
2�

Z 2�

0

eil�d� � 1
N

NX
k=1

eil�
�

k = � 1
N

NX
k=1

eil�
�

k = 0; ��k =
2k�
N

+
!

N
:

�«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ â¥®à¥¬ë ¯®«®¦¨¬ l = Nr+�, £¤¥ r 2 N,   � = 1; 2; : : : ; N�1.
�®£¤  ¯à¨ '(�) = e�il� ¨¬¥¥¬

1
2�

Z 2�

0
'(�)d� =

1
2�

Z 2�

0
e�il�d� = 0:

29



� ¤àã£®© áâ®à®ë, ¢ ¨§ãç ¥¬®¬ á«ãç ¥ ª¢ ¤à âãà ï áã¬¬  ¨§ (2) ¯à¨¨¬ ¥â ¢¨¤

1
N

NX
k=1

'(��k) =
1
N

NX
k=1

e
�il

�
2k�

N
+ !

N

�
=
e�

il!

N

N

NX
k=1

e�il
2k�

N = 0;

£¤¥ ¯à¨ ¢ë¢®¤¥ ¯®á«¥¤¥£® à ¢¥áâ¢  ¨á¯®«ì§®¢ ® ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥¬®©
â¥®à¥¬ë. �

�§ â¥®à¥¬ 1 ¨ 2 á«¥¤ã¥â, çâ® ª¢ ¤à âãà ï ä®à¬ã«  (2) ï¢«ï¥âáï ä®à¬ã«®© ����.
�«¥¤ã¥â ®â¬¥â¨âì, çâ®, ¢ ®â«¨ç¨¥ ®â ª¢ ¤à âãà®© ä®à¬ã«ë ����, ä®à¬ã«  ���� ¥ ï¢«ï-

¥âáï ¥¤¨áâ¢¥®©, â®ç¥¥, áãé¥áâ¢ã¥â ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ª¢ ¤à âãàëå ä®à¬ã«
���� (2). �ë¡¨à ï ¯ à ¬¥âà ! 2 R (¨ N 2 N) á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬, ¨§ (2) ¬®¦®  ©-
â¨ ª¢ ¤à âãàë¥ ä®à¬ã«ë, ®¡« ¤ îé¨¥ ã¦ë¬¨  ¬ ®¯à¥¤¥«¥ë¬¨ á¢®©áâ¢ ¬¨. �à®¬¥ â®£®
(á¬. [2],   â ª¦¥ ¨¦¥), á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

1�. �à¨ N = 2n ä®à¬ã«  (2) â®ç  ¤«ï ¯®«¨®¬®¢ ¢¨¤ 

'(�) =
a0
2
+

N�1X
k=1

(ak cos k� + bk sink�) +A sin(N� + !); ai; br; A = const :

2�. �à¨ N = 2n, ! = �2� ª¢ ¤à âãà ï ä®à¬ã«  (2) â®ç  ¤«ï ¯®«¨®¬®¢ ¢¨¤ 

'(�) =
a0
2
+

N�1X
k=1

(ak cos k� + bk sink�) + bN sinN�:

3�. �à¨ N = 2n; ! = �� ª¢ ¤à âãà ï ä®à¬ã«  (2) â®ç  ¤«ï ¯®«¨®¬®¢ ¢¨¤ 

'(�) =
a0
2
+

N�1X
k=1

(ak cos k� + bk sink�) + aN cosN�:

1.2. �¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ª¢ ¤à âãàëå ä®à¬ã« ����. � á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ å
¯à¨¢®¤ïâáï  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ª¢ ¤à âãà®© ä®à¬ã«ë ���� (2).

�¥®à¥¬  3. �¢ ¤à âãà ï ä®à¬ã«  (2) áå®¤¨âáï ¤«ï «î¡®© 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¨

'(�), ¨â¥£à¨àã¥¬®© ¯® �¨¬ ã   «î¡®¬ ¯à®¬¥¦ãâª¥ ¤«¨ë 2�; ¥á«¨ ¦¥ '(�) 2 C2�, â®

¤«ï ¥¥ á¯à ¢¥¤«¨¢  ®æ¥ª 

jRT
N(')j � 2ET

N�1('); ' 2 C2�; N 2 N; (3)

£¤¥ ET
N�1(') = �('; H T

N�1) |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ ' 2 C2� ¢á¥¢®§-

¬®¦ë¬¨ âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¯®àï¤ª  ¥ ¢ëè¥ N � 1,   RT
N(') | ®áâ â®ª

ä®à¬ã«ë (2).

�«¥¤áâ¢¨¥. �ãáâì N = 2n+2 ¨ '(�) = e'(�) sin2 �, £¤¥ e' 2 C2�. �®£¤  ª¢ ¤à âãà ï ä®à¬ã« 

1
2�

Z 2�

0

e'(�) sin2 �d� = 1
2n+ 2

2n+2X
k=1

e'(��k) sin2 ��k +RT
2n+2('); (4)

��k = �+ (k � 1)
�

n+ 1
� k�

n+ 1
+

!

2n+ 2
;

â®ç  ¤«ï «î¡®£® âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬  ¯®àï¤ª  ¥ ¢ëè¥ 2n + 1. �«ï ¥¥ ®áâ âª 
á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ®æ¥ª :

jRT
2n+2(')j � minf2ET

2n+1(');E
T
2n�1( e')g; n 2 N:
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�®ª § â¥«ìáâ¢®. �¥à¢ ï ç áâì â¥®à¥¬ë ®ç¥¢¨¤  ¢ á¨«ã á¢®©áâ¢ ¨â¥£à «  �¨¬  . �¡®-
§ ç¨¬ ç¥à¥§ QN�1(�) âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï ¨§
H
T
N�1 ¤«ï äãªæ¨¨ '(�) 2 C2�. �®£¤  ¢ á¨«ã â¥®à¥¬ë 2 ¨¬¥¥¬

jRT
N(')j =

���� 12�
Z 2�

0

'(�)d� � 1
N

NX
k=1

'

�
2k�
N

+
!

N

����� �
�
���� 12�

Z 2�

0
['(�)�QN�1(�)]d�

����+
���� 1N

NX
k=1

['(��k)�QN�1(�
�
k)]
���� �

� k'(�)�QN�1(�)kC2�
+ max

1�k�N
j'(��k)�QN�1(�

�
k)j � 2k'(�)�QN�1(�)kC2�

= 2ET
N�1(');

£¤¥

��k =
2k�
N

+
!

N
� (k � 1)

2�
N

+ �:

�æ¥ª  (3) ¤®ª §  , ¤®ª ¦¥¬ á«¥¤áâ¢¨¥. � á¨«ã â¥®à¥¬ë 2 á¯à ¢¥¤«¨¢  ®æ¥ª 

jRT
2n+2(')j � 2ET

2n+1('); n 2 N; ' 2 C2�:

�®ª ¦¥¬, çâ® ¢ â¥å ¦¥ ãá«®¢¨ïå

jRT
2n+2(')j � ET

2n�1( e'); n 2 N; e' 2 C2�:

�®£¤  ¨§ ¤¢ãå ¯®á«¥¤¨å ¥à ¢¥áâ¢ ¡ã¤¥â á«¥¤®¢ âì âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.
�¡®§ ç¨¬ ç¥à¥§ eQ2n�1(�) 2 H

T
2n�1 ¯®«¨®¬  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï äãª-

æ¨¨ e'(�) 2 C2�. �®£¤  eQ2n�1(�) sin
2 � 2 H

T
2n+1 ¨ ¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 3 ¯®«ãç ¥¬

jRT
2n+2(')j =

���� 12�
Z 2�

0

'(�)d� � 1
2n+ 2

2n+2X
k=1

'(��k)
���� �

� 1
2�

Z 2�

0
sin2 �j e'(�)� eQ2n�1(�)jd� + 1

2n+ 2

2n+2X
k=1

sin2 ��kj e'(��k)� eQ2n�1(�
�
k)j �

� k e'(�)� eQ2n�1(�)kC2�

1
2�

Z 2�

0

sin2 �d� + max
1�k�2n+2

j e'(��k)� eQ2n�1(��k)j
1

2n+ 2

2n+2X
k=1

sin2 ��k �

� ET
2n�1( e')

�
1
2�

Z 2�

0

sin2 �d� +
1

2n+ 2

2n+2X
k=1

sin2 ��k

�
= ET

2n�1( e') 1�
Z 2�

0

sin2 �d� = ET
2n�1( e');

£¤¥

��k =
2k�
2n+ 2

+
!

2n+ 2
=

k�

n+ 1
+

!

2n+ 2
: �

�â¬¥â¨¬, çâ® ¢ á¨«ã å®à®è® à §¢¨âëå ¯àï¬ëå â¥®à¥¬ â¥®à¨¨ ¯à¨¡«¨¦¥¨ï äãªæ¨© (á¬.,
 ¯à., [4], [6], [7] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å) â¥®à¥¬  3 ï¢«ï¥âáï ¢¥áì¬  ®¡é¥© ¨ ã¤®¡®© ¤«ï ¯à¨-
¬¥¥¨©. � ç áâ®áâ¨, ¨§ ¥¥ ¨ ¨§ ®¡®¡é¥¨© â¥®à¥¬ �¦¥ªá®  ( ¯à., [4], [6], [7]) á«¥¤ã¥â

�¥®à¥¬  4. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï1

 ) ¥á«¨ ' 2 W rH!, £¤¥ r + 1 2 N,   ! = !(�) | ¤ ë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ á è £®¬

� 2 (0; �], â®

jRT
N(')j �

6
N r

!

�
'(r);

1
N

�
� 6
N r

!

�
1
N

�
;

£¤¥ !( ; �) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨  (�) 2 C2� á è £®¬ � > 0;

1�¤¥áì ¨ ¤ «¥¥ W rH! ¨ W rM | å®à®è® ¨§¢¥áâë¥ ¢ â¥®à¨¨ ¯à¨¡«¨¦¥¨© áâ ¤ àâë¥ ª« ááë ¥-

¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨©.
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¡) ¥á«¨ ' 2W rM (r 2 N, M = const), â®

jRT
N(')j � �

M

N r
:

�à¨¢¥¤¥¬ ¥é¥ ®¤¨ à¥§ã«ìâ â ®â®á¨â¥«ì® ª¢ ¤à âãàëå ä®à¬ã« (1) ¨ (2).

�¥®à¥¬  5. �à¨ N !1 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï á« ¡®© íª¢¨¢ «¥â®áâ¨

VN(W rH!) � inf
�1;:::;�N2[a;a+2�)

A1;:::;AN2R

sup
'2W rH!

���� 12�
Z 2�

0

'(�)d� �
NX
k=1

Ak'(�k)
���� �

� sup
'2W rH!

���� 12�
Z 2�

0

'(�)d� � 1
N

NX
k=1

'

�
2k�
N

+
!

N

����� � 1
N r

!

�
1
N

�
;

¨ ª¢ ¤à âãà ï ä®à¬ã«  ���� (2) ï¢«ï¥âáï ®¯â¨¬ «ì®© å®âï ¡ë ¯® ¯®àï¤ªã ¢ ª« ááe äãª-

æ¨© W rH!.

�â® ¢ ¦®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â,  ¯à¨¬¥à, ¨§ ¯à¨¢¥¤¥ëå ¢ëè¥ â¥®à¥¬ ¨ å®à®è® ¨§-
¢¥áâëå à¥§ã«ìâ â®¢ ¯® ®¯â¨¬¨§ æ¨¨ ª¢ ¤à âãàëå ä®à¬ã«, ¨§«®¦¥ëå ¢ ¬®®£à ä¨¨ [5]
�.�.�¨ª®«ìáª®£® á ¤®¡ ¢«¥¨ï¬¨ �.�.�®à¥©çãª .

1.3. � áâë¥ á«ãç ¨ ª¢ ¤à âãàëå ä®à¬ã« ����. � íâ®¬ ¯ãªâ¥ ¤®ª ¦¥¬, çâ® ¥ª®â®àë¥ ¨§
å®à®è® ¨§¢¥áâëå ª¢ ¤à âãàëå ä®à¬ã«  «£¥¡à ¨ç¥áª®© áâ¥¯¥¨ â®ç®áâ¨ ï¢«ïîâáï ç áâë¬¨
á«ãç ï¬¨ ª¢ ¤à âãà®© ä®à¬ã«ë ���� (2).

1.3.1. �¢ ¤à âãà ï ä®à¬ã«  �à¬¨â  ¥áâì ç áâë© á«ãç © ª¢ ¤à âãà®© ä®à¬ã«ë ����.
�«ï ¤®ª § â¥«ìáâ¢  ¢ (2) ¯®«®¦¨¬

'(��) = '(�) 2 C2� ¨ N = 2n; � =
�

2n
;

â. ¥. à áá¬®âà¨¬ ç áâë© á«ãç ©. �®£¤ 

1
2�

Z 2�

0

'(�)d� =
1
�

Z �

0

'(�)d� =
1
2n

2nX
k=1

'(�k) +RT
2n(') =

=
1
2n

nX
k=�n+1

'(�k) +RT
2n(') =

1
2n

� nX
k=1

'(�k) +
0X

k=�n+1

'(�k)
�
+RT

2n(') =

=
1
n

nX
k=1

'(�k) +RT
2n('); �k =

2k � 1
2n

�; k = 1; 2n;

â. ª. ¢ á¨«ã ¯¥à¨®¤¨ç®áâ¨ ¨ ç¥â®áâ¨ äãªæ¨¨ '(�) ¨¬¥¥¬

0X
k=�n+1

'(�k) =
n�1X
k=0

'(��k) =
n�1X
k=0

'

��2k � 1
2n

�

�
=

n�1X
k=0

'

�
2k + 1
2n

�

�
=

nX
k=1

'

�
2k � 1
2n

�

�
:

�®íâ®¬ã ¢ ¨§ãç ¥¬®¬ á«ãç ¥ ä®à¬ã«  (2) ¯à¨¨¬ ¥â ¢¨¤

1
�

Z �

0
'(�)d� =

1
n

nX
k=1

'

�
2k � 1
2n

�

�
+RT

2n('): (20)

� (20) ¯®«®¦¨¬

x = cos � 2 [�1; 1]; � = arccos x 2 [0; �]; xk = cos �k; �k =
2k � 1
2n

�;

'(�) = '(arccos x) = f(x); f(x) = f(cos �) � '(�):
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�®£¤  ä®à¬ã«  (20),   á«¥¤®¢ â¥«ì®, ¨ ä®à¬ã«  (2) ¯à¨¨¬ ¥â ¢¨¤Z 1

�1

f(x)dxp
1� x2

=
�

n

nX
k=1

f

�
cos

2k � 1
2n

�

�
+Rn(f); f 2 C[�1; 1]; (5)

â. ¥. ¯®«ãç¨«¨ ª¢ ¤à âãàãî ä®à¬ã«ã �à¬¨â , £¤¥

Rn(f) = �RT
2n('); n 2 N; '(��) = '(�) 2 C2�: (6)

� á¨«ã (2), (20), (6) ¨ â¥®à¥¬ë 3 ¤«ï ®áâ â®ç®£® ç«¥  ª¢ ¤à âãà®© ä®à¬ã«ë �à¬¨â  (5)
¨¬¥¥¬

jRn(f)j = �jRT
2n(')j � 2�ET

2n�1(') = 2�E2n�1(f); n 2 N; (7)

§¤¥áì Em(f) |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ f(x) 2 C[�1; 1]  «£¥¡à ¨ç¥áª¨¬¨
¬®£®ç«¥ ¬¨ áâ¥¯¥¨ ¥ ¢ëè¥ m, £¤¥ m+ 1 2 N.

� ¬¥â¨¬, çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ (7) áãé¥áâ¢¥® ¨á¯®«ì§®¢   ¨§¢¥áâ ï á¢ï§ì ( ¯à., [4])
¬¥¦¤ã  ¨«ãçè¨¬¨ à ¢®¬¥àë¬¨ ¯à¨¡«¨¦¥¨ï¬¨ ¨¤ãæ¨à®¢ ëå äãªæ¨© ¢  «£¥¡à ¨ç¥-
áª®¬ ¨ âà¨£®®¬¥âà¨ç¥áª®¬ á«ãç ïå.

� ª¨¬ ®¡à §®¬, ª¢ ¤à âãà ï ä®à¬ã«  �à¬¨â  (5) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ä®à¬ã«ë
���� (2) ¨ ¤«ï ¥¥ ®áâ â®ç®£® ç«¥  Rn(f) á¯à ¢¥¤«¨¢  ®æ¥ª 

jRn(f)j � 2�E2n�1(f); n 2 N; f 2 C[�1; 1]:
�®áª®«ìªã E2n�1(f) = 0 ¤«ï «î¡®£® f 2 H 2n�1 ¨ E2n�1(x2n) = 1

22n�1
6= 0, â® ä®à¬ã«  �à¬¨â 

¨¬¥¥â  «£¥¡à ¨ç¥áªãî áâ¥¯¥ì â®ç®áâ¨, à ¢ãî 2n� 1, çâ® å®à®è® á®£« áã¥âáï á ¨§¢¥áâë¬¨
à¥§ã«ìâ â ¬¨ ( ¯à., [1]{[4]) ¯® ª¢ ¤à âãàë¬ ä®à¬ã« ¬ â¨¯  � ãáá . �à®¬¥ â®£®, ¨§ ¢â®à®-
£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ª¢ ¤à âãà ï ä®à¬ã«  �à¬¨â  (5) â®ç  â ª¦¥ ¤«ï
¬®£®ç«¥®¢ �¥¡ëè¥¢  I à®¤  ¢¨¤ 

Tl(t) = cos l arccos t; l = 2nr + �; r 2 N; � = 1; 2n� 1:

1.3.2. �¢ ¤à âãà ï ä®à¬ã«  â¨¯  � ãáá  á ç¥¡ëè¥¢áª¨¬ ¢¥á®¬ ¢â®à®£® à®¤  ¥áâì ç áâë©

á«ãç © ª¢ ¤à âãà®© ä®à¬ã«ë ����.

� (2) ¨ (4) à áá¬®âà¨¬ á«¥¤ãîé¨© ç áâë© á«ãç ©:

N = 2n+ 2; � =
2�
N

=
�

n+ 1
; '(�) = e'(�) sin2 �; (8)

£¤¥ e'(��) = e'(�) 2 C2�. �®£¤ 

�k =
k�

n+ 1
; k = 1; 2n+ 2; (9)

¨ ä®à¬ã«ë (2) ¨ (4) ¯à¨¨¬ îâ ¢¨¤

1
2�

Z 2�

0

'(�) d� =
1
�

Z �

0

e'(�) sin2 � d� = 1
n+ 1

nX
k=1

'(�k) +RT
2n+2('); (200)

£¤¥ ¢ á¨«ã ç¥â®áâ¨ ¨ ¯¥à¨®¤¨ç®áâ¨ äãªæ¨¨ e'(�) ¨¬¥¥¬
1

2n+ 2

2n+2X
k=1

sin2 �k e'(�k) = 1
2n+ 2

� X
k=0;k=n+1

+
nX

k=1

+
2n+1X
k=n+2

�
'(�k) =

=
1

2n+ 2

� nX
k=1

+
�1X

k=�n

�
'(�k) =

1
n+ 1

nX
k=1

'(�k): (10)
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�§ (8){(10) ¨ (200)  å®¤¨¬Z �

0

sin2 � e'(�)d� = Z 1

�1

p
1� x2f(x)dx =

�

n+ 1

nX
k=1

(1� x2k)f(xk) +Rn(f); (11)

£¤¥

xk = cos
k�

n+ 1
; k = 1; n; f(x) � e'(�); Rn(f) = �RT

2n+2('): (12)

� ª¨¬ ®¡à §®¬, ª¢ ¤à âãà ï ä®à¬ã«  â¨¯  � ãáá  (11){(12) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬
ä®à¬ã«ë (2),   ¤«ï ¥¥ ®áâ âª  ¢ á¨«ã á«¥¤áâ¢¨ï â¥®à¥¬ë 3 ¨ á®®â®è¥¨© (10){(12) á¯à ¢¥¤«¨¢ë
®æ¥ª¨

jRn(f)j = j�RT
2n+2(')j � �minf2ET

2n+2(');E
T
2n�1( e')g � �ET

2n�1( e') = �E2n�1(f): (13)

�§ (13) á«¥¤ã¥â, çâ® ä®à¬ã«  (11){(12) â®ç  ¤«ï «î¡®£® f 2 H 2n�1 , çâ® å®à®è® á®£« áã¥âáï á
¨§¢¥áâë¬¨ à¥§ã«ìâ â ¬¨ ( ¯à., [1]{[4]). �à®¬¥ â®£®, ¨§ ¢â®à®£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 3 á«¥¤ã-
¥â, çâ® ª¢ ¤à âãà ï ä®à¬ã«  � ãáá  (11){(12) â®ç  â ª¦¥ ¤«ï ¬®£®ç«¥®¢ �¥¡ëè¥¢  II à®¤ 
¢¨¤ 

Ul(t) =
cos (l + 1) arccos tp

1� t2
; �1 � t � 1; l = 2nr + �; r 2 N; � = 1; 2n� 1:

1.3.3. �¢ ¤à âãà ï ä®à¬ã«  �«¥è®ã{�ãàâ¨á  ¥áâì ç áâë© á«ãç © ª¢ ¤à âãà®© ä®à¬ã-
«ë ����.

� (2) à áá¬®âà¨¬ á«¥¤ãîé¨© ç áâë© á«ãç ©:

N = 2n; � =
2�
N

=
�

n
¨ '(��) = '(�) 2 C2�: (14)

�®£¤  ä®à¬ã«  (2) ¯à¨¨¬ ¥â ¢¨¤

1
2�

Z 2�

0

'(�)d� =
1
�

Z �

0

'(�)d� =
1
2n

2nX
k=1

'

�
k�

n

�
+RT

2n('); �k =
k�

n
; (2000)

£¤¥ á ãç¥â®¬ ç¥â®áâ¨ ¨ ¯¥à¨®¤¨ç®áâ¨ äãªæ¨¨ '(�) ¨¬¥¥¬

1
2n

2nX
k=1

'

�
k�

n

�
=

1
2n

nX
k=�n+1

'(�k) =
'(�0) + '(�n)

2n
+

1
2n

� n�1X
k=1

+
�1X

k=�n+1

�
'(�k) =

=
'(�0) + '(�n)

2n
+

1
2n

� n�1X
k=1

'(�k) +
n�1X
k=1

'(��k)
�
=
'(0) + '(�)

2n
+
1
n

n�1X
k=1

'

�
k�

n

�
:

�®íâ®¬ã ä®à¬ã«  (2000) ¯à¨¨¬ ¥â ¢¨¤

1
�

Z �

0

'(�)d� =
1
n

nX00

k=0

'

�
k�

n

�
+RT

2n('); (15)

£¤¥ ¤¢  èâà¨å  ã § ª  áã¬¬ë ®§ ç îâ, çâ® ¥¥ á« £ ¥¬ë¥ ¯à¨ k = 0 ¨ k = n á«¥¤ã¥â à §¤¥«¨âì
  ª®íää¨æ¨¥â 2. �âáî¤ , ª ª ¨ ¢ ¯¯. 1.3.1 ¨ 1.3.2,  å®¤¨¬Z 1

�1

f(x)dxp
1� x2

=
�

n

nX00

k=0

f

�
cos

k�

n

�
+Rn+1(f); (16)

£¤¥ f(x) = '(cos �), Rn+1(f) = �RT
2n('). �®íâ®¬ã á ãç¥â®¬ â¥®à¥¬ë 3 ¨ ¨§¢¥áâ®£® á®®â®è¥¨ï

Em(f) = ET
m('), '(cos �) = f(x), ¯®«ãç ¥¬

jRn+1(f)j = �jRT
2n(')j � 2�ET

2n�1(') = 2�E2n�1(f); f 2 C[�1; 1]: (17)
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� ¬¥â¨¬, çâ® ä®à¬ã«  (16) ¥áâì ª¢ ¤à âãà ï ä®à¬ã«  �«¥è®ã{�ãàâ¨á  (á¬.,  ¯à., [8]{
[10]),   ®æ¥ª  (17) ¢¯¥à¢ë¥ ¯®«ãç¥  ¤àã£¨¬ á¯®á®¡®¬ ¢ à ¡®â¥ [10]. �à®¬¥ â®£®, ¢ á¨«ã (14){(17)
¨§ ¢â®à®© ç áâ¨ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ª¢ ¤à âãà ï ä®à¬ã«  (16) â®ç  â ª¦¥ ¤«ï ¬®£®ç«¥-
®¢ �¥¡ëè¥¢  I à®¤ 

Tl(t) = cos l arccos t; l = 2nr + �;

¯à¨ ¢á¥å r 2 N ¨ � = 1; 2n� 1. �â¬¥â¨¬, çâ® íâ® ãâ¢¥à¦¤¥¨¥ à ¥¥ ¯®«ãç¥® ¤àã£¨¬ á¯®á®¡®¬
¢ [10].

2. �à¨¬¥¥¨ï ª¢ ¤à âãàëå ä®à¬ã« ���� ª ¨â¥£à «ìë¬ ãà ¢¥¨ï¬
�à¥¤£®«ì¬ 

�§¢¥áâ®, çâ® ®¤¨¬ ¨§  ¨¡®«¥¥ íää¥ªâ¨¢ëå ¬¥â®¤®¢ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¨â¥£à «ì-
ëå ãà ¢¥¨© �à¥¤£®«ì¬  ï¢«ï¥âáï ¬¥â®¤ ¬¥å ¨ç¥áª¨å ª¢ ¤à âãà (¬. ¬. ª.). � §«¨çë¬ ¢ë-
ç¨á«¨â¥«ìë¬ áå¥¬ ¬ íâ®£® ¬¥â®¤  ¨ ¨å â¥®à¥â¨ç¥áª®¬ã ®¡®á®¢ ¨î ¯®á¢ïé¥® § ç¨â¥«ì®¥
ç¨á«® à ¡®â. �¨¦¥, á«¥¤ãï  è¨¬ à ¡®â ¬ [11]{[18], ¯à¨¢®¤¨¬ â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ ¬.¬. ª.,
®á®¢ ®£®   ¨áá«¥¤®¢ ëå ¢ ¯. 1 ä®à¬ã« å ����. �®¤ â¥®à¥â¨ç¥áª¨¬ ®¡®á®¢ ¨¥¬, á«¥¤ãï
[19], [15], ¯®¨¬ ¥âáï á«¥¤ãîé¨© ªàã£ § ¤ ç:

 ) ¤®ª § â¥«ìáâ¢® ®¤®§ ç®© à §à¥è¨¬®áâ¨  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢¥¨©,
¡) ¤®ª § â¥«ìáâ¢® áå®¤¨¬®áâ¨ ¬.¬. ª. ¨ ãáâ ®¢«¥¨¥ áª®à®áâ¨ áå®¤¨¬®áâ¨,
¢) ãáâ ®¢«¥¨¥ ®æ¥ª¨ ¯®£à¥è®áâ¨ ¬.¬. ª. ¢ § ¢¨á¨¬®áâ¨ ®â áâàãªâãàëå á¢®©áâ¢ ¨áå®¤ëå

¤ ëå,
£) ¨áá«¥¤®¢ ¨¥ ãáâ®©ç¨¢®áâ¨ ¨ ®¡ãá«®¢«¥®áâ¨ ¬.¬. ª.

2.1. �ëç¨á«¨â¥«ì ï áå¥¬  ¬.¬. ª. � áá¬®âà¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¢¨¤ 

Kx � x(t) +
1
2�

Z 2�

0

h(t; s)x(s)ds = y(t); �1 < t <1; (18)

£¤¥ h(t; s) ¨ y(t) | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ 2�{¯¥à¨®¤¨ç¥áª¨¥ ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå äãª-
æ¨¨,   x(t) | ¨áª®¬ ï äãªæ¨ï.

� á«ãç ¥ ¯¥à¨®¤¨ç¥áª¨å ª®íää¨æ¨¥â®¢ ¢ ®á®¢ã ¬.¬. ª.  ¨¡®«¥¥ ã¤®¡® ¯®«®¦¨âì ¨áá«¥-
¤®¢ ë¥ ¢ ¯. 1 ª¢ ¤à âãàë¥ ä®à¬ã«ë ����1

1
2�

Z 2�

0
f(t)dt =

1
N

N�1X
k=0

f(tk) +RN(f); f 2 C2�; tk =
2k�
N

+
!

N
; ! 2 R; N 2 N: (19)

� ¬¥¨¢ ¨â¥£à « ¢ (18) ¯® ä®à¬ã«¥ (19) ¨ ®â¡à®á¨¢ á®®â¢¥âáâ¢ãîé¨© ®áâ â®çë© ç«¥, ¤«ï  -
å®¦¤¥¨ï ¯à¨¡«¨¦¥ëå § ç¥¨© ¨áª®¬®© äãªæ¨¨ ¢ ã§« å ª¢ ¤à âãà®© ä®à¬ã«ë ¯à¨å®¤¨¬
ª á«¥¤ãîé¥© á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����):

cj +
1
N

N�1X
k=0

h(tj ; tk)ck = y(tj); tj =
2j�
N

+
!

N
; j = 0; N � 1; ! 2 R; N 2 N: (20)

�¡®§ ç¨¬ ç¥à¥§ c�0; c
�
1; : : : ; c

�
N�1 à¥è¥¨¥ ���� (20). �®£¤  §  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ x�n(t)

¨áå®¤®£® ãà ¢¥¨ï (18) ¡ã¤¥¬ ¯à¨¨¬ âì [11]{[18] âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  ¥
¢ëè¥ n = [[N=2]] 2, ¯à¨¨¬ îé¨© ¢ ã§« å tk § ç¥¨ï c�k (k = 0; N � 1). �§¢¥áâ®, çâ® ¢ á«ãç ¥

1�®áª®«ìªã ¢ íâ®© ç áâ¨ à ¡®âë à áá¬ âà¨¢ îâáï «¨èì âà¨£®®¬¥âà¨ç¥áª¨¥ ¯à¨¡«¨¦¥¨ï, § çª¨

\T" ã ®¡®§ ç¥¨© RT
N (f); E

T
m(f) ¨ â. ¯. ®¯ãáª îâáï.

2�¥à¥§ [[d]] ®¡®§ ç ¥âáï æ¥« ï ç áâì ç¨á«  d � 0.
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¥ç¥â®£® ç¨á«  ã§«®¢ â ª®© ¯®«¨®¬ ®¯à¥¤¥«ï¥âáï ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¨ ¨¬¥¥â ¢¨¤

x�n(t) =
2

2n+ 1

2nX
k=0

c�kDn(t� tk); tk =
2k�
N

+
!

N
; N = 2n+ 1; (21a)

£¤¥Dn(') | ®¡ëç®¥ ï¤à® �¨à¨å«¥ ¯®àï¤ª  n. � á«ãç ¥ ¦¥ ç¥â®£® ç¨á«  ã§«®¢ áãé¥áâ¢ã¥â, ª ª
¨§¢¥áâ®, æ¥«®¥ á¥¬¥©áâ¢® ¯®«¨®¬®¢ ¯®àï¤ª  n, ®¡« ¤ îé¨å âà¥¡ã¥¬ë¬ á¢®©áâ¢®¬. �§ íâ®£®
á¥¬¥©áâ¢  ¢ë¤¥«¨¬ â®â ¯®«¨®¬ [20], [11], [13], [14], ª®â®àë© ¨¬¥¥â ¬¨¨¬ «ìãî ®à¬ã ¢ L2, ¨
¯à¨¬¥¬ ¥£® §  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (18). � ª®© ¯®«¨®¬ áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥¥
¨ ¨¬¥¥â ¢¨¤

x�n(t) =
1
n

2n�1X
k=0

c�kDn(t� tk); tk =
2k�
N

+
!

N
; N = 2n; (21¡)

£¤¥ Dn(') | â ª  §ë¢ ¥¬®¥ ¬®¤¨ä¨æ¨à®¢ ®¥ ï¤à® �¨à¨å«¥ ¯®àï¤ª  n.
�«ï ®¡®á®¢ ¨ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (18){(21)  ¬ ¯® ¤®¡¨âáï àï¤ ¢á¯®¬®£ â¥«ìëå

¯à¥¤«®¦¥¨©, ç áâì ¨§ ª®â®àëå ¯à¨¢®¤ïâáï ¢ á«¥¤ãîé¥¬ ¯ãªâ¥.

2.2. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë. �ãáâì X = L2 = L2(0; 2�) | ¯à®áâà áâ¢® �¥¡¥£  á
®à¬®©

kxkL2
=
�
1
2�

Z 2�

0

jx(t)j2dt
�1=2

� kxk2; x 2 L2:

�¡®§ ç¨¬ ç¥à¥§ Pnx = Pn(x; t) âà¨£®®¬¥âà¨ç¥áª¨© ¨â¥à¯®«ïæ¨®ë© ¯®«¨®¬ ¤«ï äãª-
æ¨¨ x 2 C2�, ®¡à §®¢ ë© ¯® ¯à ¢¨«ã

Pn(x; t) =
2
N

N�1X
k=0

x(tk)�n(t� tk); tk =
2k�
N

+
!

N
; ! 2 R; N 2 N; (22)

£¤¥ �n(') = fDn(') ¯à¨ N = 2n+ 1; Dn(') ¯à¨ N = 2ng.
�¥¬¬  1. �«ï «î¡ëå N = 1; 2; : : : á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

kPnkL2!L2
=1; kPnkC2�!L2

= 1; kPnkC2�!C2�
� 4
�
+
2
�
ln
2N
�
: (23)

�¥¬¬  2. �«ï «î¡®© äãªæ¨¨ x(t) 2 C2� á¯à ¢¥¤«¨¢  ®æ¥ª 

kx� Pnxk2 � 2Em(x); n = [[N=2]]; m = [[(N � 1)=2]]; N 2 N: (24)

�¥¬¬  3. �«ï «î¡®£® ¯®«¨®¬  xn 2 H
T
n á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

kxnk22 =
1
N

N�1X
k=0

jxn(tk)j2 + N � 2n� 1
2

���� 1N
N�1X
k=0

(�1)kxn(tk)
����
2

; N 2 N; (25)

kxnk22 �
1
N

N�1X
k=0

jxn(tk)j2 � 2kxnk22; N = 2n: (26)

�®ª § â¥«ìáâ¢  «¥¬¬ 1{3 ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ à ¡®â å [13], [15].
� «¥¥, ¯ãáâì X | ¯®«®¥ «¨¥©®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®,   Xn | ¥£® ¯à®¨§¢®«ì®¥

ª®¥ç®¬¥à®¥ ¯®¤¯à®áâà áâ¢®. � áá¬®âà¨¬ ®¯¥à â®àë¥ ãà ¢¥¨ï

Kx = y (x; y 2 X) ¨ Knxn = yn (xn; yn 2 Xn);

£¤¥ K ¨ Kn | «¨¥©ë¥ ®¯¥à â®àë á®®â¢¥âáâ¢¥® ¢ X ¨ Xn. �¬¥¥â ¬¥áâ®
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�¥¬¬  4 ([15]). �ãáâì áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© ®¯¥à â®à K�1 ¨

�n = kK �Knk kK�1k < 1; K �Kn : Xn ! X:

�®£¤  áãé¥áâ¢ã¥â â ª¦¥ ¥¯à¥àë¢ë© ®¯¥à â®à

K�1
n : Xn ! Xn; kK�1

n k � kK�1k(1 � �n)
�1;

¨ ¤«ï à¥è¥¨© x� = K�1y ¨ x�n = K�1
n yn á¯à ¢¥¤«¨¢ë ®æ¥ª¨

kKk�1k(y � yn) + (Kn �K)x�nk � kx� � x�nk � (ky � ynk+ �nkyk)(1 � �n)�1kK�1k:

�á«¨ ¦¥ K = E +H, Kn = E +Hn, yn = Pny, £¤¥ Pn = P 2
n | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï X

  Xn, â® á¯à ¢¥¤«¨¢  ®æ¥ª 

kx� � x�nk � (1 + kK�1
n PnHk)kx� � Pnx

�k+ kK�1
n k k(Hn � PnH)Pnx

�k:

2.3. �å®¤¨¬®áâì ¬.¬. ª. ¢ áà¥¤¥¬. �¡®§ ç¨¬ ç¥à¥§ P t
nh = P t

nh(t; s) ¨ P
s
nh = P s

nh(t; s) âà¨£®-
®¬¥âà¨ç¥áª¨¥ ¨â¥à¯®«ïæ¨®ë¥ ¯®«¨®¬ë ¯®àï¤ª  n ¤«ï äãªæ¨¨ h(t; s) ¯® ¯¥à¥¬¥ë¬ t ¨
s á®®â¢¥âáâ¢¥®, ¯®áâà®¥ë¥ ¯®   «®£¨¨ á ä®à¬ã«®© (22).

� ¤ «ì¥©è¥¬, ª ª ¨ ¢ [13]{[15], áãé¥áâ¢¥ãî à®«ì ¡ã¤ãâ ¨£à âì á«¥¤ãîé¨¥ ¯®«ãç ¥¬ë¥ ¨§
«¥¬¬ 1, 2 á®®â®è¥¨ï:

"1;N = sup
t

�
1
2�

Z 2�

0
jh(t; s)� P s

nh(t; s)j2ds
�1=2

� 2Es
m(h);

"2;N = sup
s

�
1
2�

Z 2�

0
jh(t; s)� P t

nh(t; s)j2dt
�1=2

� 2Et
m(h);

"3;N =
�
1
2�

Z 2�

0
jy(t)� Pny(t)j2dt

�1=2

� 2Em(y);

£¤¥ n = [[N
2
]];m = [[N�1

2
]], N 2 N.

�¥®à¥¬  6. �ãáâì ¨â¥£à «ìë© ®¯¥à â®à K, ®¯à¥¤¥«ï¥¬ë© «¥¢®© ç áâìî ãà ¢¥¨ï (18),
¨¬¥¥â ¥¯à¥àë¢ë© ®¡à âë© ¢ ¯à®áâà áâ¢¥ X = L2. �ãáâì, ªà®¬¥ â®£®, ï¤à® h(t; s) â ª®¢®,
çâ®

�n = 2
�
Et
n(h) +Es

n(h)
	kK�1k2 < 1 ¯à¨ N = 2n+ 1; (27)

�n =
�
2Et

n(h) + (1 +
p
2)Es

n(h)
	kK�1k2 < 1 ¯à¨ N = 2n; (28)

£¤¥ kK�1k2 = kK�1kL2!L2
.

�®£¤  ���� (20) â ª¦¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ c�0; c
�
1; : : : ; c

�
N�1 ¨ ¯à¨¡«¨¦¥ë¥ à¥-

è¥¨ï (21) áå®¤ïâáï ¯® ®à¬¥ ¯à®áâà áâ¢  L2 ª â®ç®¬ã à¥è¥¨î x�(t) ãà ¢¥¨ï (18) á®
áª®à®áâìî

kx� � x�nk2 = O
�
Et
m(h) +Es

m(h) +Em(y)
	
; n =

��
N

2

��
; m =

��
N � 1
2

��
; (29)

¯à¨ç¥¬ ¯®£à¥è®áâì ¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢®¬

kx� � x�nk2 � f�nkyk2 + 2Em(y)gkK�1k2(1� �n)
�1: (30)
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�®ª § â¥«ìáâ¢®. �â¥£à «ì®¥ ãà ¢¥¨¥ (18) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¯à®áâà áâ¢¥ X = L2

ª ª «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥ ¢¨¤ 

Kx � x+Hx = y;

£¤¥

z = Hx = H0hx; z(t) =
1
2�

Z 2�

0
h(t; s)x(s)ds; kKk2 � 1 + kHk2 � 1 +max

t;s
jh(t; s)j: (31)

�¡®§ ç¨¬ ç¥à¥§ Xn = H
T
n ¬®¦¥áâ¢® ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¯®àï¤ª  ¥ ¢ëè¥

n = [[N
2
]],   ç¥à¥§ Pn | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® Xn, ®¯à¥¤¥«¥ë© ¢ ¯. 2.2.

�®£¤  ���� (20) ¬®¦® à áá¬ âà¨¢ âì ¢ ¯à®áâà áâ¢¥ Xn ª ª «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥
¢¨¤ 

Knxn � xn +Hnxn = Pny(xn; Pny 2 Xn);

£¤¥

zn = Hnxn = P t
nH0P

s
n(hxn); zn(t) =

P t
n

2�

Z 2�

0

P s
n[h(t; s)xn(s)]ds: (32)

�¥¯¥àì ¢ á¨«ã (23), (24), (31) ¨ (32) ¤«ï «î¡®£® xn 2 Xn ¨¬¥¥¬

kKnxn �Kxnk = kHnxn �Hxnk � kHnxn � PnHxnk+ kHxn � PnHxnk �
� 2Et

m(h)kxnk+ kHnxn � PnHxnk: (33)

�à¨ N = 2n+ 1 ¤«ï ¢â®à®£® á« £ ¥¬®£® ¨§ ¯à ¢®© ç áâ¨ (33) ¢ [13], [14] ¯®ª § ®, çâ®

kHnxn � PnHxnk � 2Es
n(h)kxnk; xn 2 Xn: (34)

� á«ãç ¥ N = 2n ¤«ï ¯®«ãç¥¨ï   «®£¨ç®© ®æ¥ª¨ ¢®á¯®«ì§ã¥¬áï «¥¬¬®© 3. �®£¤  ¤«ï ã¯®-
¬ïãâ®£® á« £ ¥¬®£® ¨¬¥¥¬

kHnxn � PnHxnk2 � kPnHxn � Pn eHxnk2 + kHnxn � eHnxnk2; xn 2 Xn; (35)

£¤¥

eHxn = 1
2�

Z 2�

0

Qn�1(t; s)xn(s)ds;

eHnxn =
Pn
2�

Z 2�

0

P s
n(Qn�1xn)ds = Pn eHxn = Pn

N

N�1X
k=0

Qn�1(t; tk)xn(tk); (36)

  Qn�1(t; s) | âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨¦¥¨ï ¯®àï¤ª  ¥
¢ëè¥ n�1 ¤«ï ¥¯à¥àë¢®© äãªæ¨¨ h(t; s) ¯® ¯¥à¥¬¥®© s. �®íâ®¬ã á ¯®¬®éìî á®®â®è¥¨©
(25), (26), (35), (36)  å®¤¨¬

kPnHxn � Pn eHxnk2 � Es
n�1(h)kxnk2;

kHnxn � eHnxnkL2
�
 1N

N�1X
k=0

[h(t; tk)�Qn�1(t; tk)]xn(tk)

C2�

�

� Es
n�1(h)

1
N

N�1X
k=0

jxn(tk)j � Es
n�1(h)

�
1
N

N�1X
k=0

jxn(tk)j2
�1=2

�
p
2Es

n�1(h)kxnkL2
:

�®íâ®¬ã ¯à¨ N = 2n ¤«ï «î¡ëå xn 2 Xn ¨¬¥¥¬

kHnxn � PnHxnk2 � (1 +
p
2)Es

n�1(h)kxnk2; N = 2n: (37)

38



� ª¨¬ ®¡à §®¬, ¢ á¨«ã (33), (34) ¨ (37) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

kK �KnkXn!X � 2
�
Et
n(h) +Es

n(h)
	

¯à¨ N = 2n+ 1; (38)

kK �KnkXn!X � 2
�
Et
n�1(h) + (1 +

p
2)Es

n�1(h)
	

¯à¨ N = 2n: (39)

�§ ¥à ¢¥áâ¢ (38), (39), «¥¬¬ë 4 ¨ ¥¥ á«¥¤áâ¢¨ï ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

2.4. �å®¤¨¬®áâì ¬.¬. ª. ¢ ã§« å ª ª á«¥¤áâ¢¨¥ áå®¤¨¬®áâ¨ ¢ áà¥¤¥¬.

�¥®à¥¬  7. � ãá«®¢¨ïå â¥®à¥¬ë 6 ¬.¬. ª. áå®¤¨âáï ¢ ã§« å á® áª®à®áâìî

max
1�j�N

jx�(tj)� c�j j = O
�
Et
m(h) +Es

m(h) +Em(y)
	
; m =

��
N � 1
2

��
; (40)

¯à¨ç¥¬

max
1�j�N

jx�(tj)� c�j j � khkCkx� � x�nkL2
+ 2Es

n(h)kx�nkL2
¯à¨ N = 2n+ 1; (41)

max
1�j�N

jx�(tj)� c�j j � khkCkx� � x�nkL2
+ (1 +

p
2)Es

n�1(h)kx�nkL2
¯à¨ N = 2n; (42)

£¤¥ khkC = max
t;s

jh(t; s)j, kx�nkL2
� kx�kL2

+ kx� � x�nkL2
� kx�kL2

, n!1.

� ¬¥â¨¬, çâ® ®á®¢®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë á ®æ¥ª®© (40) á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢ (41) ¨
(42), ¯à¨ç¥¬ ¥à ¢¥áâ¢® (41) ¤®ª § ® ¢ [14],   ¥à ¢¥áâ¢® (42) ¤®ª §ë¢ ¥âáï ¯®   «®£¨¨, ®
á ¨á¯®«ì§®¢ ¨¥¬ «¥¬¬ë 3.

2.5. � ¢®¬¥à ï ®æ¥ª  ¯®£à¥è®áâ¨ ¨ ¥¥ á«¥¤áâ¢¨¥. �§ â¥®à¥¬ë 7, ª ª ¨ ¢ [14], ¢ë¢®¤¨âáï

�¥®à¥¬  8. � ãá«®¢¨ïå â¥®à¥¬ë 6 à ¢®¬¥à® ®â®á¨â¥«ì® t 2 (�1;1) á¯à ¢¥¤«¨¢ 

®æ¥ª 

jx�(t)� x�n(t)j � kPnk
�
max
1�k�N

jx�(tk)� c�kj+ 2Em(x
�)
	
; m =

��
N � 1
2

��
; (43)

£¤¥

kPnk = kPnkC2�!C2�
� 4
�
+
2
�
ln
2N
�
; n =

��
N

2

��
;

Em(x
�) � Em(y) +Et

m(h)kyk2kK�1k2:

�á«¨, ªà®¬¥ â®£®, äãªæ¨¨ h (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå) ¨ y ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¨{

�¨¯è¨æ , â® ¬.¬. ª. áå®¤¨âáï à ¢®¬¥à® á® áª®à®áâìî

kx� � x�nkC2�
= OfEt

n(h) +Es
n(h) +En(y)g lnn: (44)

2.6. � áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬.¬. ª. � ¯®¬®éìî ¤®ª § ëå ¢ëè¥ â¥®à¥¬, ¢ ¯¥à¢ãî ®ç¥à¥¤ì
®æ¥®ª (27){(30), (40){(44), ¨ ¯àï¬ëå â¥®à¥¬ ª®áâàãªâ¨¢®© â¥®à¨¨ äãªæ¨© ( ¯à., [4], [6],
[7]) ¬®¦® á¤¥« âì á«¥¤ãîé¨© ¢ë¢®¤: ç¥¬ «ãçè¥ áâàãªâãàë¥ á¢®©áâ¢  ª®íää¨æ¨¥â®¢ ãà ¢-
¥¨ï (18), â¥¬ ¬¥ìè¥, ¢®-¯¥à¢ëå, ®¬¥à N = N0,  ç¨ ï á ª®â®à®£® ���� (20) ®¤®§ ç®
à §à¥è¨¬  ¨, ¢®-¢â®àëå, ¯®£à¥è®áâì ¯à¨¡«¨¦¥®£® à¥è¥¨ï ª ª ¢ L2 ¨ ¢ C2�, â ª ¨ ¢ ã§« å.
� ç áâ®áâ¨, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  9. �ãáâì äãªæ¨ï h (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå) ¨ y 2 W rH!, £¤¥ r + 1 2 N,  

! = !(�) { ¤ ë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ á è £®¬ � 2 (0; �]. �á«¨ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (18)
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®¤®§ ç® à §à¥è¨¬® ¢ L2, â® ¬.¬. ª. áå®¤¨âáï ¢ áà¥¤¥¬, ¢ ã§« å ¨ à ¢®¬¥à® á® áª®à®áâï¬¨

á®®â¢¥âáâ¢¥®

 ) kx� � x�nkL2
= O

�
1
N r

!

�
1
N

��
;

¡) max
1�k�N

jx�(tk)� x�n(tk)j = O

�
1
N r

!

�
1
N

��
;

¢)1 kx� � x�nkC2�
= O

�
lnN
N r

!

�
1
N

��
:

2.7. �¡ ãáâ®©ç¨¢®áâ¨ ¨ ®¡ãá«®¢«¥®áâ¨ ¬.¬. ª. �§ â¥®à¥¬ 6{9 ¨ à¥§ã«ìâ â®¢ ([15], £«. 1, x 5)
¢ë¢®¤¨âáï

�¥®à¥¬  10. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï

a) ¥á«¨ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (18) å®à®è® ®¡ãá«®¢«¥®, â® ¢ ãá«®¢¨ïå â¥®à¥¬ 6{9 å®à®è®
®¡ãá«®¢«¥®© ï¢«ï¥âáï â ª¦¥  ¯¯à®ªá¨¬¨àãîé ï ¥£® ���� (20);

¡) ¢ ãá«®¢¨ïå â¥®à¥¬ 6{9 ¨§ ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (18) á«¥¤ã¥â ãáâ®©ç¨¢®áâì

à¥è¥¨©  ¯¯à®ªá¨¬¨àãîé¨å ¥£® ���� (20).

2.8. �¡ ®¯â¨¬ «ì®áâ¨ ¬.¬. ª. �§ ¯à¨¢¥¤¥ëå â¥®à¥¬ 3{9 ¨ à¥§ã«ìâ â®¢ ([15], £«. 4; [16])
¯® ®¯â¨¬¨§ æ¨¨ ª¢ ¤à âãàëå ¬¥â®¤®¢ à¥è¥¨ï ¨â¥£à «ìëå ãà ¢¥¨© á«¥¤ã¥â, çâ® ¬. ¬. ª.
(18){(21), ®á®¢ ë©   ª¢ ¤à âãà®© ä®à¬ã«¥ ���� (2), ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¢ á¬ëá«¥
«î¡®£® ¨§ ¯à¥¤«®¦¥ëå ¢ [16] ®¯à¥¤¥«¥¨© ®¯â¨¬ «ì®áâ¨ ª¢ ¤à âãàëå ¬¥â®¤®¢, ¢ ç áâ®áâ¨,
® ®¯â¨¬ «¥ ª ª áà¥¤¨ ¢á¥å ª¢ ¤à âãàëå ¬¥â®¤®¢, â ª ¨ áà¥¤¨ ¢á¥å ¯àï¬ëå ¬¥â®¤®¢ à¥è¥¨ï
ãà ¢¥¨ï (18), ¨á¯®«ì§ãîé¨å  ¯à¨®à¨ § ¤ ¢ ¥¬ãî ¨ä®à¬ æ¨î ® äãªæ¨¨ y(t) ¢ N ¯®¯ à®
¥íª¢¨¢ «¥âëå ã§« å ¨ ® ï¤à¥ h(t; s) ¢ N ¯®¯ à® ¥íª¢¨¢ «¥âëå ã§« å ¯® ª ¦¤®© ¨§
¯¥à¥¬¥ëå.
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