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� ¤ ®© à ¡®â¥ ¯®   «®£¨¨ á ª« áá ¬¨ ¯®çâ¨ íà¬¨â®¢ëå ¬®£®®¡à §¨© [1], [2] ¢¢®¤ïâáï
ª« ááë ®â®á¨â¥«ìëå ¯®çâ¨ íà¬¨â®¢ëå ¬®£®®¡à §¨©, ¯®«ãç¥ëå ¨§ ®¡é¥£® ¬¥âà¨ç¥áª®£®
¯à®áâà áâ¢  ¢¥ªâ®àëå í«¥¬¥â®¢ á ®â®á¨â¥«ì®© ¬¥âà¨ª®©, ¨  å®¤ïâáï ¯à¨§ ª¨, å à ªâ¥-
à¨§ãîé¨¥ íâ¨ ª« ááë. � áá¬ âà¨¢ ¥¬ë¥ ¬®£®®¡à §¨ï, â¥§®àë¥ ¯®«ï ¨ ®¡ê¥ªâë ¯à¥¤¯®« £ -
îâáï ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ª« áá  C1.

1. �ãáâì M | ¢¥é¥áâ¢¥®¥ n-¬¥à®¥ ¬®£®®¡à §¨¥, TM | ¥£® ª á â¥«ì®¥ à áá«®¥¨¥ á
¨ä¨¨â¥§¨¬ «ì®© á¢ï§®áâìî H, â. ¥. ¢ãâà¥¥© ¯® â¥à¬¨®«®£¨¨ �.�.� ¯ãª®¢  [3] á¢ï§-
®áâìî. �ãáâì V | ¢¥àâ¨ª «ì®¥ à á¯à¥¤¥«¥¨¥ ¨ J | ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà    TM ,
¤«ï ª®â®à®© J(Xh) = Xv, J(Xv) = �Xh, £¤¥ Xh 2 H, Xv 2 V . �¨¬¢®«®¬ g ®¡®§ ç¨¬ ¬¥-
âà¨ªã ®¡é¥£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  ¢¥ªâ®àëå í«¥¬¥â®¢ gn;y = (M; g), y 2 Tx, x 2 M ,
â. ¥. ¥¢ëà®¦¤¥®¥ á¨¬¬¥âà¨ç¥áª®¥ M -â¥§®à®¥ ¯®«¥ â¨¯  (0,2)   TM , ª®¬¯®¥âë ª®â®à®-
£® ¯® ®¯à¥¤¥«¥¨î ï¢«ïîâáï ®â®á¨â¥«ìë¬¨ ¢¥á  w ¨ ®¤®à®¤ë¬¨ ä¨ªá¨à®¢ ®© áâ¥¯¥¨
k ¯® á«®¥¢ë¬ ª®®à¤¨ â ¬. �¥ ç áâë¬ á«ãç ¥¬ ï¢«ï¥âáï,  ¯à¨¬¥à, ¬¥âà¨ª  �®®à  [4]. �ç¨-
â ¥¬, çâ® à¨¬ ®¢  ¬¥âà¨ª  G   TM ¨¤ãæ¨à®¢   ¯®«®¦¨â¥«ì®-®¯à¥¤¥«¥®© ¬¥âà¨ª®©
g : G(Xh; Y h) = G(Xv; Y v) = g(��(X); ��(Y )), G(Xh; Y v) = 0, £¤¥ X = Xh + Xv, Y = Y h + Y v,
� : TM !M . � ª çâ® G | íà¬¨â®¢  ¬¥âà¨ª  á ®â®á¨â¥«ìë¬¨ ¢¥á  W = 1

2
w ª®¬¯®¥â ¬¨.

�¯à¥¤¥«¥¨¥. �®çâ¨ íà¬¨â®¢® ¬®£®®¡à §¨¥ (TM;G; J) ¯à®áâà áâ¢  gn;y ¡ã¤¥¬  §ë¢ âì
®â®á¨â¥«ìë¬ ¯®çâ¨ íà¬¨â®¢ë¬ ¬®£®®¡à §¨¥¬ (¢¥á W = w=2) ¨«¨ ª®à®ç¥ AH-¬®£®®¡à §¨¥¬.

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ â ª¦¥ ®â®á¨â¥«ìãî á¢ï§®áâì ¡¥§ ªàãç¥¨ï á ª®¢ à¨ âë¬ ¤¨ä-
ä¥à¥æ¨à®¢ ¨¥¬ r ª ª «¨¥©ãî á¢ï§®áâì   TM , ¤«ï ª®â®à®© rG = 0 ¯à¨ 2 + nw 6= 0,
rG = G
 � ¯à¨ 2 +nw = 0 ¨ rXY �rYX = [X;Y ], £¤¥ � | ¯®«¥ ª®¢¥ªâ®à  à¥ªãàà¥â®áâ¨  
TM ,   X, Y | í«¥¬¥âë ¬®¤ã«ï X(TM) ¢¥ªâ®àëå ¯®«¥©   TM .

2. � [1], [2] ®â¬¥ç¥ë ¥ª®â®àë¥ ª« ááë ¯®çâ¨ íà¬¨â®¢ëå ¬®£®®¡à §¨© ¨ å à ªâ¥à¨§ãî-
é¨¥ ¨å ¯à¨§ ª¨. �ã¤¥¬ à áá¬ âà¨¢ âì   «®£¨çë¥ ª« ááë AH-¬®£®®¡à §¨©. � ¬¥â¨¬ ®¤ -
ª®, çâ®,  ¯à¨¬¥à, ¤«ï ®â®á¨â¥«ìëå (®.) ¯®çâ¨ ª¥«¥à®¢ëå ¬®£®®¡à §¨© äã¤ ¬¥â «ì ï
2-ä®à¬  F(X;Y ) = G(X;JY ) AH-¬®£®®¡à §¨ï, ¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï â®ç®© (dF 6� 0) ¢
®â«¨ç¨¥ ®â á«ãç ï ¯®çâ¨ ª¥«¥à®¢ëå ¬®£®®¡à §¨©. �®¤®¡ ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¨ ¤«ï «®-
ª «ì® ª®ä®à¬®-ª¥«¥à®¢ëå áâàãªâãà [5]. �¥à¥ç¨á«¨¬ ãª § ë¥ ª« ááë AH-¬®£®®¡à §¨© ¨
¨å å à ªâ¥à¨áâ¨ª¨

(1) ®. ¯®«ãíà¬¨â®¢ë (HH) : N(X;Y;Z) +N(Y;X;Z) = 0;
(2) ®. á¥¬¨íà¬¨â®¢ë (SH) : N(X;Y; JZ) +N(Y;Z; JX) +N(Z;X; JY ) = 0;
(3) ®. ¯®çâ¨ á¥¬¨ª¥«¥à®¢ë (ASK) : (�F)(X) = �(JX);
(4) ®. ª¢ §¨ª¥«¥à®¢ë (QK) : (rXJ)Y + (rJXJ)JY = 0;
(5) ®. ¯®çâ¨ ª¥«¥à®¢ë (AK) : dF = (�+W )F c 1-ä®à¬®©    TM â ª®©, çâ® (�F)(X) = �(JX);
(6) ®. ¯à¨¡«¨¦¥® ª¥«¥à®¢ë (NK) : (rXJ)Y + (rY J)X = 0;
(7) ®. íà¬¨â®¢ë (H) : N = 0;
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(8) ®. á¥¬¨ª¥«¥à®¢ë (SK) : (�F)(X) = �(JX), N = 0;
(9) ®. ª¥«¥à®¢ë (K) : rJ = 0,

£¤¥ N(X;Y;Z) = G(X;N(Y;Z)), N(X;Y ) = [JX; JY ] � J [X; JY ] � J [JX; Y ] � [X;Y ] | â¥§®à
�¥©¥å¥©á  áâàãªâãàë J , � | ®¯¥à â®à ª®¤¨ää¥à¥æ¨à®¢ ¨ï, d | ®¯¥à â®à ¢¥è¥£® ¤¨ää¥-
à¥æ¨à®¢ ¨ï, X;Y;Z 2 X(TM).

�ãáâì (TU; x�; y�) | ª àâ  à áá«®¥¨ï TM á ¨¤ãæ¨à®¢ ë¬¨ ª®®à¤¨ â ¬¨ x�, y� ¢ TU =
��1(U) ( ¤ ª®®à¤¨ â®© ®ªà¥áâ®áâìî U) ¨ g��(x; y) | ª®¬¯®¥âë g ¢ (TU; x�; y�) (�; �; : : : =
1; n). �ç¨â ¥¬, çâ®

g��(x; y) = 'k=2gw=2g��(x; y);

£¤¥ ' = g��y
�y� , g = det(g��),   g��(x; y) áãâì (0)-®¤®à®¤ë¥ ª®¬¯®¥âë ¯®«®¦¨â¥«ì® ®¯à¥-

¤¥«¥®© ¬¥âà¨ª¨ �®®à . �ãáâì ��� , L
�
�� =

1

2
g��(X�g�� + X�g�� � X�g��) ¨ C�

�� =
1

2
g��(g���� +

g���� � g����) | ª®íää¨æ¨¥âë § ¤ ®© ª ®¨ç¥áª®© ([6]) á¢ï§®áâ¨ L, ¤«ï ª®â®à®© ¡ã¤¥¬
¯à¥¤¯®« £ âì ��� 6� y�L�

��, £¤¥ �
�
� (x; y) | ª®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨ H, g���� = @g��=@y

�,
(g��) = (g��)�1 ¨ X� = @=@x� � ��� (x; y)@=@y

�. �ãáâì, ¤ «¥¥,

R�
�� = X��

�
� �X��

�
� ; P �

�� = ����� � L�
��:

� ª çâ® R�
��, P

�
�� ¨ C

�
�� | ª®¬¯®¥âë âà¥å M -â¥§®àëå ¯®«¥© ªàãç¥¨© á¢ï§®áâ¨ L.

�¥®à¥¬  1. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ¯®«ãíà¬¨â®¢ë¬() R���+R��� =
0, F��� + F��� = 0, £¤¥ F��� = P��� � P��� (R��� = g��R

�
��), (P��� = g��P

�
��).

�¥®à¥¬  2. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ á¥¬¨íà¬¨â®¢ë¬() R���+R���+
R��� = 0, Q��� +Q��� +Q��� = 0, £¤¥ Q��� = P��� � P���.

�¥®à¥¬  3. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ¯®çâ¨ á¥¬¨ª¥«¥à®¢ë¬ ()

g�� (P��� � P��� )� 2(n� 1)s� = 0; (1)

g�� (C��� � C��� ) + 2(n� 1)t� = 0; (2)

¤«ï ª®â®àëå

s� =
�

k

2 + nw

�
1
2'

X�'; t� =
�

k

2 + nw

�
1
2'

'�� (2 + nw 6= 0);

s� =
1
n

�
l� �

1
2g
X�g

�
; t� =

1
n

�
m� �

1
2g
g��

�
(2 + nw = 0);

£¤¥ (2l�; 2m�) = (�; n+�) = (j), j = 1; 2n, | ª®®à¤¨ âë 1-ä®à¬ë  ¢  ¤ ¯â¨à®¢ ®¬ (ª H)
¡ §¨á¥,   C��� = g��C

�
�� .

�¥®à¥¬  4. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ª¢ §¨ª¥«¥à®¢ë¬ ()

R��� +R��� +R��� = 0; (3)

P��� � P��� + 2g��s� � 2g��s� = 0; (4)

C��� � C��� � 2g��t� + 2g��t� = 0; (5)

£¤¥ s�, t� ¯®¤ç¨ïîâáï á®®â®è¥¨ï¬ (1), (2).

�§ â¥®à¥¬ 2, 4 á«¥¤ã¥â

�¥®à¥¬  5. �â®á¨â¥«ì®¥ ª¢ §¨ª¥«¥à®¢® ¬®£®®¡à §¨¥ (TM;G; J) ï¢«ï¥âáï ®â®á¨â¥«ì-
ë¬ á¥¬¨íà¬¨â®¢ë¬.

�¥®à¥¬  6. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ¯®çâ¨ ª¥«¥à®¢ë¬ () ¨¬¥îâ ¬¥-

áâ® (3){(5).

�§ áà ¢¥¨ï â¥®à¥¬ 4, 6 ¢ëâ¥ª ¥â
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�¥®à¥¬  7. �« áá ®â®á¨â¥«ìëå ª¢ §¨ª¥«¥à®¢ëå ¬®£®®¡à §¨© (TM;G; J) á®¢¯ ¤ ¥â á

ª« áá®¬ ®â®á¨â¥«ìëå ¯®çâ¨ ª¥«¥à®¢ëå ¬®£®®¡à §¨©.

�¥®à¥¬  8. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ¯à¨¡«¨¦¥® ª¥«¥à®¢ë¬() R��� =
0, F��� + F��� = 0 ¨ ¢ë¯®«ïîâáï (4), (5), £¤¥ F��� = P��� � P���.

�¥®à¥¬  9. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ íà¬¨â®¢ë¬ () R��� = 0 ¨

P��� = P���.

�¥®à¥¬  10. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ á¥¬¨ª¥«¥à®¢ë¬ () R��� = 0,
P��� = P��� ¨ ¨¬¥îâ ¬¥áâ® (1), (2).

�¥®à¥¬  11. AH-¬®£®®¡à §¨¥ ï¢«ï¥âáï ®â®á¨â¥«ìë¬ ª¥«¥à®¢ë¬ ¬®£®®¡à §¨¥¬ ()

R��� = 0, P��� = P��� ¨ ¢ë¯®«ïîâáï (4), (5).
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