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�§¢¥áâ­® (­ ¯à., [1]{[3]), çâ® ¤®¢®«ì­® è¨à®ª¨© ª« áá à¥ «ì­ëå ®¡ê¥ªâ®¢ ®¯¨áë¢ ¥âáï
äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¨áâ¥¬ ¬¨, ¢ ç áâ­®áâ¨, ¤¨ää¥à¥­æ¨ «ì­ë¬¨ á¨áâ¥¬ ¬¨
á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬ ¨ á¨áâ¥¬ ¬¨ á ¯®á«¥¤¥©áâ¢¨¥¬, ­® § ¤ ç  ¨¤¥­â¨ä¨ª æ¨¨ â -
ª¨å á¨áâ¥¬ ¬ «® ¨§ãç¥­ . �à®¬¥ â®£®, ¬­®£¨¥ à ¡®âë ¯® ¨¤¥­â¨ä¨ª æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬
(­ ¯à., [4], [5]) ¯à¥¤¯®« £ îâ, çâ® ¢å®¤­®© á¨£­ « ¯®«­®áâìî ¨§¢¥áâ¥­ ­  ®âà¥§ª¥ ¢à¥¬¥­¨ ¨§-
¬¥à¥­¨ï, å®âï ¤«ï ­ å®¦¤¥­¨ï ¯ à ¬¥âà®¢ ¬®¤¥«¨ ¨­®£¤  ¤®áâ â®ç­® §­ âì «¨èì ­¥ª®â®àë¥
¢¥«¨ç¨­ë, äã­ªæ¨®­ «ì­® á¢ï§ ­­ë¥ á ¢å®¤­ë¬ á¨£­ «®¬,   ­¥ á ¬ á¨£­ «. �, ­ ª®­¥æ, ç -
áâ® ¯à¥¤¯®« £ ¥âáï (­ ¯à., [6]{[8]), çâ® ¯à®¨§¢®¤ïâáï ¨§¬¥à¥­¨ï ¢ëå®¤  ¬®¤¥«¨,   ­¥ ®¡ê¥ªâ ,
¬®¤¥«ì ª®â®à®£® ¬ë å®â¨¬ ¯®áâà®¨âì (¬®¤¥«ì ®â®¦¤¥áâ¢«ï¥âáï á ®¡ê¥ªâ®¬).

�à¥¤« £ ¥¬ ï áâ âìï ¯®á¢ïé¥­  § ¤ ç¥ ­ å®¦¤¥­¨ï ¯ à ¬¥âà®¢ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­-
æ¨ «ì­®© á¨áâ¥¬ë á ¯®á«¥¤¥©áâ¢¨¥¬, ¬®¤¥«¨àãîé¥© à¥ «ì­ë© ®¡ê¥ªâ ¯® ª®á¢¥­­ë¬ ¨§¬¥à¥­¨ï¬
¢å®¤  ¨ ¢ëå®¤  íâ®£® ®¡ê¥ªâ , ¨ ­ ¯¨á ­  á æ¥«ìî ãáâà ­¥­¨ï ãª § ­­ëå ¢ëè¥ ¯à®¡¥«®¢ ¢
â¥®à¨¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï à¥ «ì­ëå ®¡ê¥ªâ®¢.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì R | ¬­®¦¥áâ¢® ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«, Rn | ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥ªâ®à®¢ á
ª®¬¯®­¥­â ¬¨ ¨§ R, Lm

[a;b] | ¯à®áâà ­áâ¢® m-¬¥à­ëå ¢¥é¥áâ¢¥­­ëå ¢¥ªâ®à-äã­ªæ¨© á áã¬¬¨àã-
¥¬ë¬¨ ­  [a; b] ª®¬¯®­¥­â ¬¨, Dn

[a;b] | ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥é¥áâ¢¥­­ëå ¢¥ªâ®à-äã­ªæ¨© á
 ¡á®«îâ­® ­¥¯à¥àë¢­ë¬¨ ­  [a; b] ª®¬¯®­¥­â ¬¨, Y ¨ Z | «¨­¥©­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­-
áâ¢ , H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ h'; i ¨ ­®à¬®© k�kH =

p
h�; �i:

�ãáâì ¨¬¥¥âáï à¥ «ì­ë© ®¡ê¥ªâ, ª®â®àë© ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ­  ª®­¥ç­®¬ ®âà¥§ª¥
¢à¥¬¥­¨ [�; T ]:

�¥à¥§ v(t) ®¡®§­ ç¨¬ m-¬¥à­ë© ¢¥ªâ®à ¯ à ¬¥âà®¢, å à ªâ¥à¨§ãîé¨å ¢­¥è­¨¥ ¢®§¤¥©áâ¢¨ï
­  ®¡ê¥ªâ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 [�; T ];   ç¥à¥§ x(t) | n-¬¥à­ë© ¢¥ªâ®à ¯ à ¬¥âà®¢, å à ªâ¥à¨-
§ãîé¨å à¥ ªæ¨î ®¡ê¥ªâ  ­  ¢­¥è­¨¥ ¢®§¤¥©áâ¢¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 [�; T ]: �¥ªâ®à-äã­ªæ¨¨
v ¨ x ¡ã¤¥¬ ­ §ë¢ âì ¢å®¤®¬ ¨ ¢ëå®¤®¬ ®¡ê¥ªâ  á®®â¢¥âáâ¢¥­­®. �ã¤¥¬ áç¨â âì, çâ® v 2 Lm

[�;T ];
  x 2 Dn

[�;T ]:
� §®¢¥¬ y 2 Y ¨ z 2 Z ¨§¬¥à¥­¨ï¬¨ ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  á®®â¢¥âáâ¢¥­­®, ¥á«¨ ®­¨

á¢ï§ ­ë á v ¨ x à ¢¥­áâ¢ ¬¨

y = P (
�

C
�
v); (1)

z = Q(
�

C
�
x); (2)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (96-01-01613,
96-15-96195).
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£¤¥ P : Lm
[�;� ] ! Y ¨ Q : Dn

[�;� ] ! Z | ­¥¯à¥àë¢­ë¥ ®¯¥à â®àë,
�

C
�
| ®¯¥à â®à áã¦¥­¨ï ¢¥ªâ®à-

äã­ªæ¨© ­  ®âà¥§®ª [�; � ]; � 2 (�; T ]; [�; � ] | ®âà¥§®ª ¢à¥¬¥­¨, ¢ â¥ç¥­¨¥ ª®â®à®£® ¯à®¨§¢®¤ïâáï
¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ , � | ä¨ªá¨à®¢ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨.

� áá¬®âà¨¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ãî á¨áâ¥¬ã

_x(t) =
MX
i=1

'i(!)Ai(t;
t

C
�
x) +

NX
j=1

 j(!)Bj(t;
t

C
�
v); x(�) = �; (3)

¢ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå: t 2 [�; T ]; v 2 Lm
[�;T ], x 2 Dn

[�;T ]; ! 2 
 � Rl; � 2 Rn; Ai(t; �)

¯®çâ¨ ¯à¨ ª ¦¤®¬ t 2 [�; T ] ¥áâì ¢¥ªâ®à-äã­ªæ¨®­ « ¨§ Dn
[�;t] ¢ R

n; ®¯¥à â®à (Aix)(t) = Ai(t;
t

C
�
x)

¤¥©áâ¢ã¥â ¨§ Dn
[�;T ] ¢ L

n
[�;T ]; Bj(t; �) ¯®çâ¨ ¯à¨ ª ¦¤®¬ t 2 [�; T ] ¥áâì ¢¥ªâ®à-äã­ªæ¨®­ « ¨§ Lm

[�;t]

¢ Rn; ®¯¥à â®à (Bjv)(t) = Bj(t;
t

C
�
v) ¤¥©áâ¢ã¥â ¨§ Lm

[�;T ] ¢ L
n
[�;T ]; 'i : 
 ! R ¨  j : 
 ! R |

­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, i = 1;M; j = 1; N ; Ai; Bj; 'i ¨  j § ¤ ­ë; á¨áâ¥¬  (3), à áá¬ âà¨¢ ¥¬ ï
¯à¨ t 2 [�; �]; ®¤­®§­ ç­® à §à¥è¨¬  ®â­®á¨â¥«ì­® x 2 Dn

[�;�] ¯à¨ «î¡ëå v 2 L
m
[�;�]; � 2 R

n; ! 2 

¨ � 2 (�; T ]:

�â¬¥â¨¬, çâ® ®¯¥à â®àë Ai ¨ Bj ï¢«ïîâáï ¢®«ìâ¥àà®¢ë¬¨ ¢ á¬ëá«¥ [9], á«¥¤®¢ â¥«ì­®, (3)
¯à¨ t 2 [�; �] (� 2 (�; T ]) | íâ® á¨áâ¥¬  á ¯®á«¥¤¥©áâ¢¨¥¬.

� ¤ çã ¨¤¥­â¨ä¨ª æ¨¨ ¯®áâ ¢¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �® ¨§¢¥áâ­ë¬ y; z; P ¨ Q ­ ©â¨ â ª¨¥
� ¨ !; ¯à¨ ª®â®àëå ª ¦¤®¬ã v 2 Lm

[�;T ]; ã¤®¢«¥â¢®àïîé¥¬ã ãá«®¢¨î (1), á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥
x á¨áâ¥¬ë (3), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (2).

�¯à¥¤¥«¥­¨¥. �¨áâ¥¬ã (3) ­ §®¢¥¬ ¨¤¥­â¨ä¨æ¨àã¥¬®© ¯® ¨§¬¥à¥­¨ï¬ (1), (2), ¥á«¨ § ¤ ç 
¨¤¥­â¨ä¨ª æ¨¨ ®¤­®§­ ç­® à §à¥è¨¬ .

2. �á­®¢­ë¥ â¥®à¥¬ë

�ãáâì ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yj(t) = Bj(t;
t

C
�
v); j = 1; N; t 2 [�; � ]; (4)

z = Q(
�

C
�
x); (5)

zi = Q

�
�

C
�

Z (�)

�

Ai(s;
s

C
�
x)ds

�
; i = 1;M; (6)

£¤¥ yj 2 Ln
[�;� ]; z 2 H; Q : Dn

[�;� ] ! H | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à, zi 2 H:
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï: �k | k-ï ª®¬¯®­¥­â  ¢¥ªâ®à  �; ek | k-© áâ®«¡¥æ ¥¤¨­¨ç­®© n � n-

¬ âà¨æë, fk = Q(ek); k = 1; n; gj = Q
h �
C
�

Z (�)

�

yj(s)ds
i
; j = 1; N:

�¥®à¥¬  1. �ãáâì

 ) í«¥¬¥­âë fk (k = 1; n); zi (i = 1;M ) ¨ gj (j = 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë;

¡) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® z =
nP

k=1
�kfk+

MP
i=1

�izi+
NP
j=1


jgj, £¤¥ f�k; �i; 
jg| à¥è¥­¨¥ «¨­¥©­®©
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 «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë

8>>>>>>>>>><
>>>>>>>>>>:

nX
k=1

�khfk; f�i+
MX
i=1

�ihzi; f�i+
NX
j=1


jhgj ; f�i = hz; f�i; � = 1; n;

nX
k=1

�khfk; z�i+
MX
i=1

�ihzi; z�i+
NX
j=1


jhgj ; z�i = hz; z�i; � = 1;M ;

nX
k=1

�khfk; g�i+
MX
i=1

�ihzi; g�i+
NX
j=1


jhgj ; g�i = hz; g�i; � = 1; N ;

(7)

¢) á¨áâ¥¬ 

'i(!) = �i;  j(!) = 
j ; ! 2 
; i = 1;M; j = 1; N; (8)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !;

£) à¥è¥­¨¥ x̂ á¨áâ¥¬ë (3) ¯à¨ t 2 [�; � ]; ¯à¨ Bj(t;
t

C
�
v) = yj(t); ¯à¨ � = � ¨ ¯à¨ ! = !

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (6).
�®£¤  á¨áâ¥¬  (3) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (4), (5), (6), ¯à¨ íâ®¬ (�; !)| à¥è¥­¨¥

§ ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

�®ª § â¥«ìáâ¢®. �ãáâì ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë, â®£¤  áãé¥áâ¢ãîâ â ª¨¥ � = � ¨
! = !; ¯à¨ ª®â®àëå ª ¦¤®¬ã v; ã¤®¢«¥â¢®àïîé¥¬ã (4), á®®â¢¥âáâ¢ã¥â ¢ á¨«ã á¨áâ¥¬ë (3) x;

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (5) ¨ (6). �¥©áâ¢¨â¥«ì­®, ¯à¨ � = �; ! = !; t 2 [�; � ] ¨ Bj(t;
t

C
�
v) =

yj(t) (j = 1; N ) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® x(t) = x̂(t);   x̂ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (6) ¨ ¢ á¨«ã
à ¢¥­áâ¢ 

z =
nX

k=1

�kfk +
MX
i=1

�izi +
NX
j=1


jgj

| ãá«®¢¨î (5). �à®¬¥ â®£®, â ª¨¥ � = � ¨ ! = ! ¥¤¨­áâ¢¥­­ë, â.ª. ¥á«¨ áãé¥áâ¢ãîâ � ¨ !
â ª¨¥, çâ® (�; !) 6= (�; !) ¨ ¯à¨ � = �; ! = ! à¥è¥­¨¥ á¨áâ¥¬ë (3) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (5)
¨ (6) ¤«ï «î¡®£® v; ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (4), â® f�k; �i; 
jg; £¤¥ �i = 'i(!); 
j =  j(!);
ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (7). �® á¨áâ¥¬  (7) ¢ á¨«ã ãá«®¢¨ï  ) ®¤­®§­ ç­® à §à¥è¨¬ , §­ ç¨â,
f�k; �i; 
jg = f�k; �i; 
jg ¨ ! ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ (8). �® ¨ á¨áâ¥¬  (8) à §à¥è¨¬  ®¤­®§­ ç­®,
á«¥¤®¢ â¥«ì­®, ! = ! ¨ (�; !) = (�; !) | ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�«ï ¨««îáâà æ¨¨ â¥®à¥¬ë 1 ¯à¨¢¥¤¥¬

�à¨¬¥à 1. �ãáâì v 2 L1
[�;�+4]; x 2 D

1
[�;�+4]; � = � + 3; 
 = R2: �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = !1!2

Z t

�

sin[x(s)]ds+ !2

�
1 +

Z t

�

sin[v(s)]ds
�
; x(�) = �; (9)

£¤¥ t 2 [�; � + 4]; v 2 L1
[�;�+4]; x 2 D

1
[�;�+4]; ! = (!1; !2); ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y(t) = 1 +
Z t

�

sin[v(s)]ds = cos(t� �); t 2 [�; � + 3];

z = col(1; 2; 3); z = col(1� sin 1; 2� sin 2; 3� sin 3)

(£¤¥ ª®¬¯®­¥­âë ¢¥ªâ®à®¢ ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ x(� + k) ¤«ï z ¨
Z �+k

�

Z s

�

sin[x(r)]dr ds ¤«ï

z, k = 1; 2; 3); â.ª. ¢¥ªâ®àë f = col(1; 1; 1); z ¨ g = col(sin 1; sin 2; sin 3); (£¤¥ ª®¬¯®­¥­âë ¢¥ªâ®à  g
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¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬
Z �+k

�

y(s)ds; k = 1; 2; 3) «¨­¥©­® ­¥§ ¢¨á¨¬ë, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z = �f + �z + 
g

¯à¨ � = 0; � = 1; 
 = 1; á¨áâ¥¬ 

!1!2 = � = 1; !2 = 
 = 1

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (!1; !2) = (1; 1); äã­ªæ¨ï x̂(t) = t� � ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë

(9) ¯à¨ t 2 [�; � + 3]; ¯à¨ 1 +
Z t

�

sin[v(s)]ds = cos(t� �); ¯à¨ � = � = 0; ¯à¨ !1 = !1 = 1 ¨ ¯à¨

!2 = !2 = 1;   x̂ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
Z �+k

�

Z s

�

sin[x(r)]dr ds = k � sink; k = 1; 2; 3:

�áª®¬ë¥ �; !1; ¨ !2 ¨¬¥îâ §­ ç¥­¨ï � = 0; !1 = !2 = 1: �«¥¤ã¥â ®â¬¥â¨âì, çâ® á¨áâ¥¬  (9)
¯à¨ t 2 [�; �] ¨¬¥¥â à¥è¥­¨¥ x 2 D1

[�;�] ¯à¨ «î¡ëå v 2 L1
[�;�]; ! 2 R2; � 2 R; � 2 [�; � + 4] ¢ á¨«ã

¯à¨­æ¨¯  � ã¤¥à  ([10], £«. 16, x 3, á. 627), ¯à¨¬¥­¥­­®£® ª íª¢¨¢ «¥­â­®¬ã ãà ¢­¥­¨î ¢â®à®£®
à®¤ 

x(t) = �+ !1!2

Z t

�

Z s

�

sin[x(r)]dr ds+ !2

Z t

�

(1 +
Z s

�

sin[v(r)]dr)ds; t 2 [�; �];

¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­® ¢ á¨«ã â¥®à¥¬ë 1.2 ([1], £«. 10, x 10, á. 212).

�ãáâì ¤ «¥¥ ¨§¬¥à¥­¨ï ¢å®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

y =
�

C
�
v; (10)

£¤¥ y 2 Lm
[�;� ];   ¨§¬¥à¥­¨ï ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤ (5), (6). �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

gi = Q

�
�

C
�

Z (�)

�

Bj(s;
s

C
�
y)ds

�
; j = 1; N:

�¥®à¥¬  2. �ãáâì

 ) í«¥¬¥­âë fk (k = 1; n); zi (i = 1;M ) ¨ gj (j = 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë;
¡) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z =
nX

k=1

�kfk +
MX
i=1

�izi +
NX
j=1


jgj ;

£¤¥ f�k; �i; 
jg | à¥è¥­¨¥ á¨áâ¥¬ë (7);
¢) á¨áâ¥¬  (8) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !;
£) à¥è¥­¨¥ x̂ á¨áâ¥¬ë (3) ¯à¨ t 2 [�; � ]; ¯à¨ v(t) = y(t); ¯à¨ � = � ¨ ¯à¨ ! = ! ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬ (6).
�®£¤  á¨áâ¥¬  (3) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (5), (6), ¯à¨ íâ®¬ (�; !) | à¥è¥-

­¨¥ § ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

�®ª § â¥«ìáâ¢® â ª®¥ ¦¥, ª ª ¢ â¥®à¥¬¥ 1.
�¥®à¥¬ã 2 ¨««îáâà¨àã¥â

�à¨¬¥à 2. �ãáâì v 2 L1
[�;�+4]; x 2 D

1
[�;�+4]; � = � + 3; 
 = R2: �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = !1!2

Z t

�

sin[x(s)]ds+ !2

�
1 +

Z t

�

arctg[v(s)]ds
�
; x(�) = �; (11)
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£¤¥ t 2 [�; � + 4]; v 2 L1
[�;�+4]; x 2 D

1
[�;�+4]; ! = (!1; !2); ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y(t) = v(t) = � tg[sin(t� �)]; t 2 [�; � + 3];

z = col(1; 2; 3); z = col(1� sin 1; 2� sin 2; 3� sin 3);

£¤¥ ª®¬¯®­¥­âë ¢¥ªâ®à®¢ z ¨ z ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ x(� + k) ¨
Z �+k

�

Z s

�

sin[x(r)]dr ds á®®â-

¢¥âáâ¢¥­­® ¤«ï k = 1; 2; 3. �¥©áâ¢¨â¥«ì­®, ¢¥ªâ®àë f = col(1; 1; 1); z ¨ g = col(sin 1; sin 2; sin 3)
(£¤¥ ª®¬¯®­¥­âë ¢¥ªâ®à  g ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬

Z �+k

�

�
1 +

Z s

�

arctg[y(r)]dr
�
ds

¤«ï k = 1; 2; 3) «¨­¥©­® ­¥§ ¢¨á¨¬ë, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® z = �f + �z + 
g ¯à¨ � = 0; � = 1;

 = 1; á¨áâ¥¬  !1!2 = � = 1; !2 = 
 = 1 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (!1; !2) = (1; 1); äã­ªæ¨ï
x̂(t) = t � � ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (11) ¯à¨ t 2 [�; � + 3]; v(t) = y(t) = � tg[sin(t � �)];
� = � = 0; !1 = !1 = 1 ¨ ¯à¨ !2 = !2 = 1;   x̂ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬Z �+k

�

Z s

�

sin[x(r)]dr ds = k � sink

¯à¨ k = 1; 2; 3: �áª®¬ë¥ �; !1 ¨ !2 ¨¬¥îâ §­ ç¥­¨ï � = 0; !1 = !2 = 1:

�ãáâì ¤ «¥¥ ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤ (10) ¨

z =
�

C
�
x; z 2 Dn

[�;� ]: (12)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï: (�)� | á¨¬¢®« âà ­á¯®­¨à®¢ ­¨ï,

ai(t) =
Z t

�

Ai(s;
s

C
�
z)ds; i = 1;M; t 2 [�; � ];

bj(t) =
Z t

�

Bj(s;
s

C
�
y)ds; j = 1; N;

Ln
2 [�; � ] | ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥ªâ®à-äã­ªæ¨© á ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ë¬¨ ­  [�; � ] ª®¬-

¯®­¥­â ¬¨ ¨ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

hf; gi0 =
Z �

�

f�(t)g(t)dt:

�¥®à¥¬  3. �ãáâì

 ) ¢¥ªâ®à-äã­ªæ¨¨ ai (i = 1;M ) ¨ bj (j = 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [�; � ];
¡) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z(t) = �+
MX
i=1

�iai(t) +
NX
j=1


jbj(t); t 2 [�; � ]; (13)

£¤¥ � = z(�);   f�i; 
jg | à¥è¥­¨¥ «¨­¥©­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë

MX
i=1

�ihai; a�i0 +
NX
j=1


jhbj ; a�i0 = hz � �; a�i0; � = 1;M ;

MX
i=1

�ihai; b�i0 +
NX
j=1


jhbj ; b�i0 = hz � �; b�i0; � = 1; N ;

(14)

¢) á¨áâ¥¬ 

'i(!) = �i;  j(!) = 
j ; ! 2 
; i = 1;M; j = 1; N; (15)
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¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ! = !:

�®£¤  á¨áâ¥¬  (3) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (12), ¯à¨ íâ®¬ (�; !) | à¥è¥­¨¥

§ ¤ ç¨ ¨¤¥­â¨ä¨ª æ¨¨.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë, â®£¤  áãé¥áâ¢ãîâ â ª¨¥ � = � ¨
! = !; ¯à¨ ª®â®àëå ª ¦¤®¬ã v; ã¤®¢«¥â¢®àïîé¥¬ã (10), á®®â¢¥âáâ¢ã¥â à¥è¥­¨¥ x á¨áâ¥¬ë (3),
ã¤®¢«¥â¢®àïîé¥¥ (12) (¢ á¨«ã à ¢¥­áâ¢  (13)), ¯à¨ç¥¬ â ª¨¥ � ¨ ! ¥¤¨­áâ¢¥­­ë, â.ª. á¨áâ¥¬ 
(14), (15) ®¤­®§­ ç­® à §à¥è¨¬  ®â­®á¨â¥«ì­® (�; 
; !); £¤¥ � = (�1; : : : ; �M ); 
 = (
1; : : : ; 
N):

�¥®à¥¬ã 3 ¨««îáâà¨àã¥â

�à¨¬¥à 3. �ãáâì v 2 L1
[�;�+2]; x 2 D

1
[�;�+2]; � = � + 1; 
 = R2: �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = !1!2

Z t

�

sin[x(s)]ds+ !2v(t); x(�) = �;

£¤¥ t 2 [�; � + 2]; v 2 L1
[�;�+2]; x 2 D

1
[�;�+2]; ! = (!1; !2); ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y(t) = v(t) = cos(t� �); z(t) = x(t) = t� �; t 2 [�; � + 1];

â.ª. äã­ªæ¨¨

a(t) =
Z t

�

Z s

�

sin[z(r)]dr ds = t� � � sin(t� �) ¨ b(t) =
Z t

�

y(s)ds = sin(t� �)

«¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [�; � + 1]; ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z(t) = �+ �a(t) + 
b(t)

¯à¨ � = 0; � = 
 = 1; t 2 [�; � + 1]; ¨ á¨áâ¥¬  !1!2 = � = 1; !2 = 
 = 1 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ (!1; !2) = (1; 1): �à¨ íâ®¬ ¨áª®¬ë¥ �; !1 ¨ !2 ¨¬¥îâ §­ ç¥­¨ï � = 0; !1 = !2 = 1:

� áá¬®âà¨¬ ç áâ­ë© á«ãç © á¨áâ¥¬ë (3)

_x(t) =
MX
i=1

�iAi(t;
t

C
�
x) +

NX
j=1


jBj(t;
t

C
�
v); x(�) = �; (16)

£¤¥ t 2 [�; T ]; ! = (�1; : : : ; �M ; 
1; : : : ; 
N ) 2 Rl; l =M +N; 
 = Rl: �§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �ãáâì
 ) í«¥¬¥­âë fk (k = 1; n); zi (i = 1;M ) ¨ gj (j = 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë;
¡) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z =
nX

k=1

�kfk +
MX
i=1

�izi +
NX
j=1


jgj ;

£¤¥ f�k; �i; 
jg | à¥è¥­¨¥ á¨áâ¥¬ë (7);
¢) à¥è¥­¨¥ x̂ á¨áâ¥¬ë (16) ¯à¨ t 2 [�; � ]; v(t) = y(t); � = � ¨ ! = (�1; : : : ; �M ; 
1; : : : ; 
N)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (6).
�®£¤  á¨áâ¥¬  (16) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (5), (6).

�«ï ¨««îáâà æ¨¨ á«¥¤áâ¢¨ï 1 ¬®¦­® ¢§ïâì ¯à¨¬¥à 2, £¤¥ ¢¬¥áâ® !1!2 ¨á¯®«ì§®¢ ­® �;  
¢¬¥áâ® !2 ¨á¯®«ì§®¢ ­® 
:
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�¥®à¥¬  4. �¨áâ¥¬  (16) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (12) â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ¢¥ªâ®à-äã­ªæ¨¨ ai (i = 1;M ); bj (j = 1; N ) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [�; � ] ¨ ¢ë¯®«­ï-

¥âáï à ¢¥­áâ¢®

z(t) = �+
MX
i=1

�iai(t) +
NX
j=1


jbj(t)

¯à¨ ¢á¥å t 2 [�; � ]; £¤¥ � = z(�);   f�i; 
jg | à¥è¥­¨¥ á¨áâ¥¬ë (14). �¤¥áì ai; bj â ª¨¥ ¦¥, ª ª

¢ â¥®à¥¬¥ 3.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 3.
�¥®¡å®¤¨¬®áâì. �ãáâì á¨áâ¥¬  (16) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (12), â®£¤  áã-

é¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¯ à  (�; !) â ª ï, çâ® ¯à¨ (�; !) = (�; !) à¥è¥­¨¥ x á¨áâ¥¬ë (16) ã¤®-
¢«¥â¢®àï¥â (12) ¤«ï «î¡®£® v; ã¤®¢«¥â¢®àïîé¥£® (10), ¯à¨ íâ®¬ x(t) = z(t) ­  [�; � ]; � = z(�)
¨

z(t)� � =
MX
i=1

�iai(t) +
NX
j=1


jbj(t)

­  [�; � ]; £¤¥ ! = (�1; : : : ; �M ; 
1; : : : ; 
N): �à¥¤¯®«®¦¨¬ (®â ¯à®â¨¢­®£®), çâ® a1; : : : ; aM ; b1; : : : ; bN
«¨­¥©­® § ¢¨á¨¬ë ­  [�; � ]; â®£¤  áãé¥áâ¢ã¥â â ª®¥ ! = (�; 
); £¤¥ � = (�1; : : : ; �M ); 
 =
(
1; : : : ; 
N); çâ® ! 6= ! ¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

z(t)� � =
MX
i=1

�iai(t) +
NX
j=1


jbj(t)

­  [�; � ]; ¤ «¥¥

z(t) = �+
MX
i=1

�i

Z t

�

Ai(s;
s

C
�
z)ds+

NX
j=1


j

Z t

�

Bj(s;
s

C
�
y)ds;

á«¥¤®¢ â¥«ì­®, z(t) ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë (16) ¯à¨ t 2 [�; � ]; v(t) = y(t); � = � ¨ ! = !; â.¥.
x(t) = z(t) ¯à¨ t 2 [�; � ]; £¤¥ x|à¥è¥­¨¥ á¨áâ¥¬ë (16) ¯à¨ «î¡®¬ v; ã¤®¢«¥â¢®àïîé¥¬ (10), ¨ ¯à¨
(�; !) = (�; !);   íâ® ¯à®â¨¢®à¥ç¨â ¥¤¨­áâ¢¥­­®áâ¨ (�; !): � ª¨¬ ®¡à §®¬, a1; : : : ; aM ; b1; : : : ; bN
«¨­¥©­® ­¥§ ¢¨á¨¬ë ¨ ! = (�; 
) | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (14).

�«ï ¨««îáâà æ¨¨ â¥®à¥¬ë 4 ¬®¦­® ¢§ïâì ¯à¨¬¥à 3, £¤¥ !1!2 § ¬¥­¥­® ­  �;   !2 | ­  
:

3. �¤¥­â¨ä¨æ¨àã¥¬®áâì «¨­¥©­ëå á¨áâ¥¬

� áá¬®âà¨¬ «¨­¥©­ãî äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ãî á¨áâ¥¬ã

_x(t) =
LX
�=1

A�f�(t)x(t) +
MX
�=1

B�

Z t

�

g�(t; s) _x(s)ds+
NX
�=1

C�u�(t)v(t);

x(�) = �; t 2 [�; T ]; v 2 Lm
[�;T ]; x 2 Dn

[�;T ];

(17)

¢ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå: � 2 Rn; A� = fa�ijg | n � n-¬ âà¨æ , £¤¥ a�ij 2 R; i = 1; n;
j = 1; n; B� = fb�ijg | n � n-¬ âà¨æ , £¤¥ b�ij 2 R; i = 1; n; j = 1; n; C� = fc�ikg | n � m-
¬ âà¨æ , £¤¥ c�ik 2 R; i = 1; n; k = 1;m; f� 2 L1

[�;T ]; u� | áª «ïà­ ï äã­ªæ¨ï, ®£à ­¨ç¥­­ ï ¢
áãé¥áâ¢¥­­®¬ ­  [�; T ]; g�(t; s) | áª «ïà­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¯à¨ � � s � t � T ¨ â ª ï,
çâ® ®¯¥à â®à

G : Ln
[�;T ] ! Ln

[�;T ]; (G')(t) = B�

Z t

�

g�(t; s)'(s)ds

á« ¡® ¢¯®«­¥ ­¥¯à¥àë¢¥­ (íâ® ãá«®¢¨¥ £ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì á¨áâ¥¬ë (17)
¯à¨ «î¡ëå v; �; A�; B�; C� [11]).
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�¨áâ¥¬  (17) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ á¨áâ¥¬ë (16), £¤¥

! = col(a111; : : : ; aLnn; b111; : : : ; bMnn; c111; : : : ; cNnm) 2 R
l;

l = L � n � n+M � n � n+N � n �m; 
 = Rl:

�ãáâì ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤ (10) ¨

zi =
nX

j=1

�
 ijxj(�) +

Z �

�

'ij(t) _xj(t)dt
�
; i = 1; l; (18)

zij�k =
Z �

�

'ij(t)f �(t)xk(t)dt; i = 1; l; j = 1; n; k = 1; n; (19)

zij�k =
Z �

�

'ij(t)
Z t

�

g�(t; s) _xk(s)ds dt; � = 1;M; k = 1; n; (20)

£¤¥  ij 2 R;   'ij | äã­ªæ¨¨, ®£à ­¨ç¥­­ë¥ ¢ áãé¥áâ¢¥­­®¬ ­  [�; � ]:
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�ij�k =
Z �

�

'ij(t)u�(t)yk(t)ds; � = 1; N; k = 1;m;

F =

0
@ 11 : : :  1n z1111 : : : z1nLn z1111 : : : z1nMn �1111 : : : �1nNm

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
 l1 : : :  ln zl111 : : : zlnLn zl111 : : : zlnMn �l111 : : : �lnNm

1
A

| l � l-¬ âà¨æ , F�1 | ¬ âà¨æ , ®¡à â­ ï F:
�§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �ãáâì detF 6= 0 ¨ x̂ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (19), (20), £¤¥ x̂ | à¥è¥­¨¥
á¨áâ¥¬ë (17) ¯à¨ t 2 [�; � ]; � = �; ! = ! ¨ v(t) = y(t); col(�; !) = F�1z; z = col(z1; : : : ; zl): �®£¤ 
á¨áâ¥¬  (17) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (18){(20).

�«¥¤áâ¢¨¥ 2 ¨««îáâà¨àã¥â

�à¨¬¥à 4. �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = ax(t) + bv(t); t 2 [0; 4]; x(0) = �;

£¤¥ v 2 L1
[0;4]; x 2 D

1
[0;4]; ! = (a; b; �); ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y(t) = v(t) = 1; t 2 [0; 3]; z1 = x(1) = 2e� 1;

z2 = x(2) = 2e2 � 1; z3 = x(3) = 2e3 � 1;

z11 =
Z 1

0

x(s)ds = 2e� 3; z21 =
Z 2

0

x(s)ds = 2e2 � 4; z31 =
Z 3

0

x(s)ds = 2e3 � 5;

â.ª. ¬ âà¨æ  F ¨¬¥¥â ¢¨¤

F =

0
@1 2e � 3 1
1 2e2 � 4 2
1 2e3 � 5 3

1
A ¨ detF = �2e(e � 1)2 6= 0;

¯à¨ íâ®¬ ¨áª®¬ë¥ ¯ à ¬¥âàë ¨¬¥îâ §­ ç¥­¨ï a = b = � = 1;   x̂(t) = 2et � 1; t 2 [0; 3]:
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�ãáâì ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤ (10), (12). �¢¥¤¥¬ ®¡®§­ ç¥­¨ï: yk(�) |
k-ï ª®¬¯®­¥­â  ¢¥ªâ®à-äã­ªæ¨¨ y; k = 1;m; zj(�) | j-ï ª®¬¯®­¥­â  ¢¥ªâ®à-äã­ªæ¨¨ z; j = 1; n;

f��(t) =
Z t

�

f �(s)zj(s)ds; � = 1; L; j = 1; n; t 2 [�; � ];

g�j(t) =
Z t

�

Z s

�

g�(s; r) _zj(r)dr ds; � = 1;M; j = 1; n; t 2 [�; � ];

u�k(t) =
Z t

�

u�(s)yk(s)ds; � = 1; N; k = 1;m; t 2 [�; � ];

�j(t) = zj(t)� zj(�); j = 1; n; t 2 [�; � ];

h'; i1 =
Z �

�

'(t) (t)dt:

�§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 3. �¨áâ¥¬  (17) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (10), (12) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  äã­ªæ¨¨ f�j (� = 1; L, j = 1; n); g�j (� = 1;M , j = 1; n); u�k (� = 1; N , k = 1;m) «¨­¥©­®
­¥§ ¢¨á¨¬ë ­  [�; � ] ¨ ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

�i(t) =
LX
�=1

nX
j=1

a�ijf�j(t) +
MX
�=1

nX
j=1

b�ijg�j(t) +
NX
�=1

mX
k=1

c�iku�k(t); t 2 [�; � ]; i = 1; n;

£¤¥ fa�ij ; b�ij ; c�ikg | à¥è¥­¨¥ «¨­¥©­®©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë

LX
�=1

nX
j=1

a�ijhf�j ; f�̂ĵi1 +
MX
�=1

nX
j=1

b�ijhg�j ; f�̂ĵi1 +
NX
�=1

mX
k=1

c�ikhu�k; f�̂ĵi1 = h�i; f�̂ĵi1;

i = 1; n; �̂ = 1; L; ĵ = 1; n;
LX
�=1

nX
j=1

a�ijhf�j ; g�̂ĵi1 +
MX
�=1

nX
j=1

b�ijhg�j ; g�̂ĵi1 +
NX
�=1

mX
k=1

c�ikhu�k; g�̂ĵi1 = h�i; g�̂ĵi1;

i = 1; n; �̂ = 1;M; ĵ = 1; n;
LX
�=1

nX
j=1

a�ijhf�j ; u�̂k̂i1 +
MX
�=1

nX
j=1

b�ijhg�j ; u�̂k̂i1 +
NX
�=1

mX
k=1

c�ikhu�k; u�̂k̂i1 = h�i; u�̂k̂i1;

i = 1; n; �̂ = 1; N; k̂ = 1;m:

�à¨¢¥¤¥¬ ¯à¨¬¥àë, ¨««îáâà¨àãîé¨¥ á«¥¤áâ¢¨¥ 3.

�à¨¬¥à 5. �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = ax(t) + b

Z t

0
(t� s) _x(s)ds+ cv(t); t 2 [0; 2];

x(0) = �; v 2 L1
[0;2]; x 2 D1

[0;2]; ! = (a; b; c); 
 = R2;

¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y(t) = v(t) = 1� t�
1
2
t2; z(t) = x(t) = t; t 2 [0; 1];

â.ª. äã­ªæ¨¨

f11(t) =
Z t

0
z(s)ds =

1
2
t2; g11(t) =

Z t

0

Z s

0
(s� r) _z(r)dr ds =

1
6
t3;
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u11(t) =
Z t

0

y(s)ds = t�
1
2
t2 �

1
6
t3

«¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [0; 1] ¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

�(t) = t = af11(t) + bg11(t) + cu11(t)

¯à¨ t 2 [0; 1] ¨ ¯à¨ a = b = c = 1; ¨áª®¬ë¥ ¯ à ¬¥âàë ¨¬¥îâ §­ ç¥­¨ï � = 0; a = b = c = 1:

�à¨¬¥à 6. �ª «ïà­ ï á¨áâ¥¬ 

_x(t) = ax(t) + bv(t); t 2 [0; 2]; x(0) = �; ! = (a; b);

­¥ ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ y(t) = v(t) = et; z(t) = x(t) = et; t 2 [0; 1]; â.ª. äã­ªæ¨¨

f11(t) =
Z t

0
z(s)ds = et � 1 ¨ u11 =

Z t

0
y(s)ds = et � 1

«¨­¥©­® § ¢¨á¨¬ë ­  [0; 1]:

4. �¤¥­â¨ä¨ª æ¨ï § ¯ §¤ë¢ ­¨ï ¢ ¯à®áâ¥©è¨å áª «ïà­ëå á¨áâ¥¬ å

�ãáâì v 2 L1
[t0;T ]

; x 2 D1
[t0;T ]

;   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

y(t) = v(t) = 1; t 2 [t0; t3]; (21)

zi = x(ti); (i = 0; 1; 2; 3); ti = t0 + i�; t3 < T; � > 0: (22)

� áá¬®âà¨¬ áª «ïà­ãî á¨áâ¥¬ã á § ¯ §¤ë¢ ­¨¥¬

_x(t) = ax(t� h) + bv(t); t 2 [t0; T ]; x(t0) = �;

x(�) = 0 ¯à¨ � < t0; v 2 L1
[t0;T ]

; x 2 D1
[t0;T ]

;
(23)

£¤¥ ! = (a; b; h); 3
2
� � h � 2�; a 2 R; b 2 R: �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

p0 = (z1 � z0)(z3 � z2 � z1 + z0);

p = 2[(z3 � 3z1 + 2z0)(2z1 � z0)� (z2 � 2z1 + z0)(3z1 � 2z0)]=p0;

q = [3(z2 � 2z1 + z0)(3z1 � z0)� 4(z3 � 3z1 + 2z0)z1]=p0:

�â¢¥à¦¤¥­¨¥ 1. �ãáâì z1 6= z0; z3 � z2 � z1 + z0 6= 0: �¨áâ¥¬  (23) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯®
¨§¬¥à¥­¨ï¬ (21), (22) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª¢ ¤à â­®¥ ãà ¢­¥­¨¥ �2�p�� q = 0 ¨¬¥¥â
­  ®âà¥§ª¥ [ 3

2
; 2] â®«ìª® ®¤¨­ ª®à¥­ì �0: �à¨ íâ®¬ ¨áª®¬ë¥ ¯ à ¬¥âàë ¨¬¥îâ ¢¨¤

� = z0; b =
z1 � z0
�

; h = �0�; a =
2(z2 � z0 � 2b�)

(2�� h)[2z0 + b(2�� h)]
:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â ¨§ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë (23), ª®â®-
à®¥ áâà®¨âáï ¬¥â®¤®¬ ¨­â¥£à¨à®¢ ­¨ï ¯® è £ ¬ ([12], £«. 3, x 3.2, á. 57{58).

� áá¬®âà¨¬ ¤ «¥¥ ¯à®áâ¥©èãî áª «ïà­ãî á¨áâ¥¬ã ­¥©âà «ì­®£® â¨¯ 

_x(t) = a _x(t� h) + bv(t); t 2 [t0; T ]; x(t0) = �;

x(�) = 0 ¯à¨ � < t0; v 2 L1
[t0;T ]

; x 2 D1
[t0;T ]

;
(24)

£¤¥ ! = (a; b; h); 3
2
� � h � 2�; a 2 R; b 2 R:

�â¢¥à¦¤¥­¨¥ 2. �¨áâ¥¬  (24) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (21), (22) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  z1 6= z0 ¨ z3 � z2 � z1 + z0 6= 0: �à¨ íâ®¬ ¨áª®¬ë¥ ¯ à ¬¥âàë ¨¬¥îâ ¢¨¤

� = z0; b =
z1 � z0
�

; a =
z3 � z2 � z1 + z0

z1 � z0
; h =

2z3 � 3z2 + z0
z3 � z2 � z1 + z0

�:
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�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï â ª¦¥ ¢ëâ¥ª ¥â ¨§ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë (24),
ª®â®à®¥ áâà®¨âáï ¬¥â®¤®¬ ¨­â¥£à¨à®¢ ­¨ï ¯® è £ ¬.

� «¥¥ à áá¬®âà¨¬ áª «ïà­ãî á¨áâ¥¬ã

_x(t) = ax(�) + bv(t); t 2 [�; T ]; x(�) = �;

v 2 L1
[�;T ]; x 2 D1

[�;T ]; ! = (a; b) 
 = R2:
(25)

�ãáâì v 2 L1
[�;T ]; x 2 D

1
[�;T ];   ¨§¬¥à¥­¨ï ¢å®¤  ¨ ¢ëå®¤  ®¡ê¥ªâ  ¨¬¥îâ ¢¨¤

yi =
Z ti

�

v(s)ds; (i = 1; 2; 3); � < t1 < t2 < t3 < T; (26)

zi = x(ti); (i = 1; 2; 3): (27)

�â¢¥à¦¤¥­¨¥ 3. �¨áâ¥¬  (25) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (26), (27) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

�+ (ti � �)� + yib = zi (i = 1; 2; 3)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (�; �; b) ¨ � 6= 0: �à¨ íâ®¬ ¨áª®¬ë¥ ¯ à ¬¥âàë ¨¬¥îâ ¢¨¤ � = �;

a =
�

�
; b = b:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï á¨-
áâ¥¬ë (25)

x(t) = �+ (t� �)a�+ b

Z t

�

v(s)ds; t 2 [�; T ]:

�­â¥à¥á­® ®â¬¥â¨âì, çâ® á¨áâ¥¬ 

_x(t) = Ax(t0) +Bv(t); t 2 [t0; T ]; x(t0) = �;

v 2 Lm
[�;T ]; x 2 Dn

[�;T ];
(28)

£¤¥A = faijg ¨B = fbikg|¯®áâ®ï­­ë¥ n�n- ¨ n�m-¬ âà¨æë,   ! = (a11; : : : ; a1;n; : : : ; an1; : : : ; ann;
b11; : : : ; b1m; : : : ; bn1; : : : ; bnm); ¯à¨ n � 2 ­¥ ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬

y� =
Z t�

t0

v(s)ds; z� = x(t�); (� = 0; 1; 2; : : : ; n+m);

â.ª. «¨­¥©­ ï  «£¥¡à ¨ç¥áª ï á¨áâ¥¬ 

(t� � t0)Az0 +By� = z� � z0; � = 1; n+m;

­¥ ï¢«ï¥âáï ®¤­®§­ ç­® à §à¥è¨¬®© ®â­®á¨â¥«ì­® ¬ âà¨æ A ¨ B;   ª ­¥© á¢®¤¨âáï ¢®¯à®á ®¡
¨¤¥­â¨ä¨æ¨àã¥¬®áâ¨ á¨áâ¥¬ë (28) ¢ á¨«ã ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï íâ®© á¨áâ¥¬ë

x(t) = �+ (t� t0)A�+B

Z t

t0

v(s)ds; t 2 [t0; T ]:

� ª«îç¥­¨¥

� ª¨¬ ®¡à §®¬, ¥á«¨ á¨áâ¥¬  (3) ¨¤¥­â¨ä¨æ¨àã¥¬  ¯® ¨§¬¥à¥­¨ï¬ (1), (2), â® ¬®¦­® ¯®áâà®-
¨âì ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì (3), ª®â®à ï ¨¬¨â¨àã¥â ¯®¢¥¤¥­¨¥ à¥ «ì­®£® ®¡ê¥ªâ  ®â­®á¨â¥«ì­®
¨§¬¥à¥­¨© ¥£® ¢å®¤  ¨ ¢ëå®¤ .
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