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�¡®¡é¥­­ë¥ ¨­â¥£à «ì­ë¥ á¢¥àâª¨, ¯®à®¦¤¥­­ë¥ âà¥¬ï ®¯¥à â®à ¬¨, ¢¯¥à¢ë¥ à áá¬ âà¨-
¢ «¨áì ¢ [1] ¤«ï ¯à¥®¡à §®¢ ­¨© â¨¯  �¥««¨­  [2], ¤ «¥¥ ¢ [3] ¤«ï G-¯à¥®¡à §®¢ ­¨© [4] ¨ ¢
[5] ¤«ï ¯à¥®¡à §®¢ ­¨© â¨¯  �®­â®à®¢¨ç {�¥¡¥¤¥¢  [6]. � [7] ¯à¥¤«®¦¥­ ª®­áâàãªâ¨¢­ë© ¬¥-
â®¤ ®¯à¥¤¥«¥­¨ï ­ ¨¡®«¥¥ ®¡é¨å ¨­â¥£à «ì­ëå á¢¥àâ®ª á ¢¥á®¬, ¯®§¢®«ïîé¨© ¯®áâà®¨âì ­®¢ë¥
â¨¯ë á¢¥àâ®ª, ¢ â®¬ ç¨á«¥ ®¡®¡é¥­­ë¥ ¨­â¥£à «ì­ë¥ á¢¥àâª¨, ¯®à®¦¤¥­­ë¥ âà¥¬ï ¯à¥®¡à §®-
¢ ­¨ï¬¨ �ãàì¥, ª®á¨­ãá- ¨ á¨­ãá-�ãàì¥ [8]. � ¬ ¦¥ ¤ ­® ¯à¨«®¦¥­¨¥ íâ¨å á¢¥àâ®ª ª à¥è¥­¨î
á¨áâ¥¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­ë á¢¥àâª¨ ¯® âà¥¬ H-¯à¥®¡à §®¢ ­¨ï¬ ¨ ¨§ãç¥­ë á¢®©áâ¢  íâ¨å
á¢¥àâ®ª. �â¬¥â¨¬ á«¥¤ãîé¨© «î¡®¯ëâ­ë© ä ªâ: ï¤à® á¢¥àâª¨ ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ¢á¥ âà¨
H-¯à¥®¡à §®¢ ­¨ï, ¯®à®¦¤ îé¨¥ á¢¥àâªã (â¥®à¥¬  2). � ­® ¯à¨«®¦¥­¨¥ ¯®«ãç¥­­ëå á¢¥àâ®ª
ª à¥è¥­¨î á¨áâ¥¬ ãà ¢­¥­¨© ¢ á¢¥àâª å ®¡é¥£® ¢¨¤  (â¥®à¥¬  4) ¨ ¯à¨¢¥¤¥­ë ¯à¨¬¥àë â ª¨å
á¨áâ¥¬.

1. �¡®¡é¥­­ë¥ á¢¥àâª¨

�¯à¥¤¥«¥­¨¥ 1 [9]. Hk-¯à¥®¡à §®¢ ­¨ï ¢¢¥¤¥¬ à ¢¥­áâ¢ ¬¨

Fk(x) = (Hkfk)(x) =
1
2�i

Z
�

Xpk

mk;ak;�k(s)f�k (s)x
�sds; k = 1; 3; (1)

£¤¥

Xpk

mk;ak;�k(s) =
pkY
j=1

�mk
j (bkj + �k

j s); bkj =
1

2
� (akj � 1

2
) sign(�k

j );
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j 2 Z; akj 2 C ; �k

j 2 R; mk = (mk
1 ; : : : ;m

k
pk
); ak = (ak1 ; : : : ; a

k
pk
); �k = (�k

1 ; : : : ; �
k
pk
):

�à¨ íâ®¬ �k+1 > (2Re akj � 1) sign(�k
j ), j = 1; pk. f�(s) | ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  [8] äã­ªæ¨¨

f(x), � = fs; Re s = 1

2
g.

�¯à¥¤¥«¥­¨¥ 2. �¡®¡é¥­­ë¥ á¢¥àâª¨ Hk-¯à¥®¡à §®¢ ­¨ï (1) ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬
®¡à §®¬:

(fi
k� fj)(xk) = 1

xk

Z +1

0

Z +1

0

�k(xk; s; t)fi(s)fj(t)ds dt; (2)

£¤¥ [10], [11]

�k(xk; s; t) =
1
st
H

0
@xk=s pi mi ai �i

pj mj aj �j

xk=t pk �mk ak �k

1
A ;

i; j; k = 1; 2; 3; i 6= j; j 6= k; k 6= i:
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�¥®à¥¬  1 (áà. [12], [9]). �¡®¡é¥­­ë¥ á¢¥àâª¨ (2) ¤«ï Hk-¯à¥®¡à §®¢ ­¨© (k = 1; 3) áãé¥-
áâ¢ãîâ ¢ ¯à®áâà ­áâ¢ å =<�1ck;
k

(L) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥

ãá«®¢¨ï:

2 sign(ck � ck0 + cj0) + sign(
k � 
k0 + 
i0 + �k) � 0;

2 sign(ck � ck
0
+ ci

0
) + sign(
k � 
k

0
+ 
j0 + �k) � 0;

2 sign(2ck + ci
0
+ cj0) + sign(2
k + 1 + 
i

0
+ 
j0) � 0;

sign(ck � ck0 + ci0) + sign(ck � ck0 + cj0) + sign(2ck + ci0 + cj0) + 2 sign(
k � 
k0 + 
i0 + 
j0 + �k) � 0;

£¤¥ (ck0 ; 

k
0 ), =<�1ck;
k

(L) ®¯à¥¤¥«¥­ë ¢ [12], [9], [13], [14],

�k =
1
2

pkX
j=1

mk
j�

k
j ; i; j; k = 1; 2; 3; i 6= j; j 6= k; k 6= i:

�¡®¡é¥­­ë¥ á¢¥àâª¨ (2) ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ ¬ =<�1
ck;
k

(L), ¢ ª®â®àëå

(ck; 
k) =

8>><
>>:
 
min

(
ck + ci0 � ck0
ck + cj0 � ck0

)
;

k + 
i0 � 
k0 + �k


k + 
j0 � 
k0 + �k

!
; ci0 6= cj0;

(ck + ci0 � ck0 ; min(
k + 
i0 � 
k0 + �k; 2
k + 
i0 + 
j0 � 
k0 + �k)); ci0 = cj0;

¨ ¨¬¥îâ ¬¥áâ® ä ªâ®à¨§ æ¨®­­ë¥ à ¢¥­áâ¢ 

Hk(fi
k� fj)(x) = (Hifi)(x)(Hjfj)(x):

�à®¬¥ â®£®, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¯ àë (lk; hk), çâ® á¢¥àâª¨ (fi
k� fj) 2 =<�1lk;hk

(L) ¯à¨ ¢á¥å

fi(x); fj(x) 2 =<�1ck;
k
(L), â® =<�1

ck;
k
(L) � =<�1lk;hk

(L).

�ãáâì [15]
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;

(H3h)(x) =
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t
:

� á¨«ã ®¯à¥¤¥«¥­¨ï 2 ¨ â¥®à¥¬ë 1 ®¡®¡é¥­­ë¥ á¢¥àâª¨ íâ¨å Hi-¯à¥®¡à §®¢ ­¨©, i = 1; 3, ¨¬¥îâ
¢¨¤
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£¤¥
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1
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2
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1
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H

0
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2
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1
st
H

0
@x3=s 1 1 0 1
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2
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2
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1
A :

�à®¬¥ â®£®, á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:
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 ) (f1
3�f2)(x3) 2 =<�1c3;
3(L), c

3 = c3+ 1

2
, 
3 = 
3�1, ¤«ï ¢á¥å f1; f2 2 =<�1c3;
3

(L), c3 > 1

2
8
3 2 R

¨ c3 = 1

2
, 
3 � 1;

¡) (f1
2� f3)(x2) 2 =<�1c2;
2(L), c

2 = c2, 
2 = 
2 � 1, ¤«ï ¢á¥å f1; f3 2 =<�1c2;
2
(L), c2 > 1

2
8
2 2 R,

0 < c2 � 1

2
, 
2 � �2 ¨ c2 = 0, 
2 � � 1

4
;

¢) (f2
1� f3)(x1) 2 =<�1c1;
1(L), c

1 = c1 � 1

2
, 
1 = min(
1; 2
1 + 1

2
), ¤«ï ¢á¥å f2; f3 2 =<�1c1;
1

(L),
c1 >

1

2
8
1 2 R ¨ c1 = 1

2
, 
1 � 0.

�¥®à¥¬  2. �ãáâì ¤ ­  H-äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå [11]

H(x; y; �; a; b) =
1

(2�i)2

Z
�s

Z
�t

mY
i=1

�ni(�i + ais+ bit)x�sy�tds dt; (3)

¢ ª®â®à®© ª®íää¨æ¨¥­âë ai, bi ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

1:
mX
i=1

a2i 6= 0;
mX
i=1

b2i 6= 0;
mX
i=1

a2i b
2

i 6= 0; (4)

2: ai = cbi, £¤¥ c | ­¥ª®â®à ï ª®­áâ ­â ,   aibi 6= 0.
�®£¤  áãé¥áâ¢ãîâ ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬ë¥ Hk-¯à¥®¡à §®¢ ­¨ï, k = 1; 3, ¤«ï ª®-

â®àëå á¯à ¢¥¤«¨¢® ä ªâ®à¨§ æ¨®­­®¥ à ¢¥­áâ¢®

H3(f1
3� f2)(x) = (H1f1)(x)(H2f2)(x); (5)
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:

� á¨«ã ãá«®¢¨ï (4) H-äã­ªæ¨î (3) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ [10]

H(x; y; �; a; b) =
1
c
H

0
B@x

1

c m1 n1 �1 a1
m2 n2 �2 b2

y m3 n3 �3 b3

1
CA ;
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6= ;; Imi
\ Imj
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; aibi 6= 0; i 2 Im3
:

�«¥¤®¢ â¥«ì­®,

H
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x3
u
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;
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�
=
1
c
H

0
B@x3=u m1 n1 �1 a1

m2 n2 �2 b2
x3=v m3 n3 �3 b3

1
CA :

�âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬ëå Hk-¯à¥®¡à §®¢ ­¨©, k =
1; 3, ï¤à  ª®â®àëå á®®â¢¥âáâ¢¥­­® ¨¬¥îâ ¢¨¤

h1(s) = Xm1

n1;�1;a1
(s); h2(s) = Xm2

n2;�2;b2
(s); h3(s) = Xm3

�n3;�3;b3
(s);

¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (5).

�¥®à¥¬  3. �¡®¡é¥­­ë¥ á¢¥àâª¨ (2) ª®¬¬ãâ â¨¢­ë, ­¥  áá®æ¨ â¨¢­ë ¨ á¯à ¢¥¤«¨¢ë à -

¢¥­áâ¢ 

 ) (fi
j� fk) k� gi = fi

k� (fk j� gi);
¡) ((fj

i� fk) j� gk) k� gi = fj
k� (fk i� (gk j� gi)).

�¤¥áì i; j; k = 1; 2; 3, i 6= j, j 6= k, k 6= i.
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� ¯à¨¬¥à, ãâ¢¥à¦¤¥­¨¥  ) â¥®à¥¬ë 3 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1, ®¯à¥¤¥«¥­¨ï 2 ¨ à ¢¥­áâ¢

Hk((fi
j� fk) k� gi)(x) = Hj(fi

j� fk)(x)(Higi)(x) =

= (Hifi)(x)(Hkfk)(x)(Higi)(x) = (Hifi)(x)Hj(fk
j� gi)(x) = (Hk(fi

k� (fk j� gi)))(x):

�«¥¤áâ¢¨¥ 1. �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

 ) (fi
j� fr) k� gi = fi

j� (fr k� gi), £¤¥ i; j; k; r = 1; 4, i 6= j, i 6= k, i 6= r, j 6= k, j 6= r, k 6= r;

¡) ((fk
i� fr) j� gr) k� gi = fk

i� (fr j� (gr k� gi)).

2. �à¨«®¦¥­¨¥ ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬

1. �ãáâì h(x) 2 =<�1c;
(L), c >
1

2
8
 2 R ¨ c = 1

2
, 
 � 0, â®£¤  ¢ á¨«ã ä®à¬ã«ë 3.548.3 ([16],

á. 198) ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

�

Z +1

0

Z +1

0

�1(x; s; t) tg
�
1p
s

�
f(t)ds dt = �xh(x); � 6= 0;

¨¬¥¥â à¥è¥­¨¥

f(x) =
1
��

�
tg
�
1p
t

�
1� h
�
(x) 2 =<�1c1;
1(L);

£¤¥ c1 = c � 1

2
, 
1 = min(
; 2
 + 1

2
), ï¤à  �1(x; s; t) ¨ ­¨¦¥ �2(x; s; t), �3(x; s; t) ®¯à¥¤¥«¥­ë ­ 

áâà. 80.

2. �ãáâì �1(x); �2(x) 2 =<�1c;
(L), c >
1

2
8
 2 R ¨ c = 1

2
, 
 > 0. �à¨¬¥­ïï ä®à¬ã«ë 3.522.2 ([16],

á. 190), 3.548.3 ([16], á. 198), 7.1.1 ([17], á. 341), ã¡¥¤¨¬áï, çâ® á¨áâ¥¬  ¤¢ãå ãà ¢­¥­¨©

�11

Z +1

0

Z +1

0

�1(x; s; t)H((1 � s)s)'1(t)ds dt+
�12
2

Z +1

0

Z +1

0

�1(x; s; t)'2(s)ds dt = x�1(x);

�21
2

Z +1

0

Z +1

0

�2(x; s; t)'1(s)ds dt+
�22
�

Z +1

0

Z +1

0

�2(x; s; t) tg
�
1p
s

�
'2(s)ds dt = x�2(x);

£¤¥ H(x(1�x)) | äã­ªæ¨ï �¥¢¨á ©¤  [15], ¯à¨ �11�22��12�21 6= 0 ¨¬¥¥â à¥è¥­¨¥, ¯à¥¤áâ ¢¨¬®¥
¢ ¢¨¤¥

'1(x) = �22(�1
1�H(u(1 � u)))(x) � �12

�
�2

1� 1
2

�
(x) 2 =<�1c1;
1(L);

'2(x) =
�11
�

�
�2

2� tg
�

1p
u

��
(x)� �21

�
�1

2� 1
2

�
(x) 2 =<�1c2;
2(L);

£¤¥ c2 = c, 
2 = 
 � 1.

3. �á¯®«ì§ãï ä®à¬ã«ë 3.522.2 ([16], á. 190), 3.548.3 ([16], á. 198), 7.1.1 ([17], á. 341), ã¡¥¤¨¬áï,
çâ® á¨áâ¥¬  âà¥å ãà ¢­¥­¨©

�11

Z +1

0

Z +1

0

�11(x; s; t)H((1 � s)s)'1(s)ds dt+
�12
2

Z +1

0

Z +1

0

�1(x; s; t)'2(s)ds dt+

+
�13
�

Z +1

0

Z +1

0

�1(x; s; t) tg
�
1p
s

�
'3(s)ds dt = x�1(x);
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�21
2

Z +1

0

Z +1

0

�2(x; s; t)'1(s)ds dt+
�22
�

Z +1

0

Z +1

0

�22(x; s; t) tg
�
1p
t

�
'2(s)ds dt+

�23

Z +1

0

Z +1

0

�2(x; s; t)H((1 � s)s)'3(s)ds dt = x�2(x);

�31
�

Z +1

0

Z +1

0

�3(x; s; t)'1(s) tg
�
1p
t

�
ds dt+ �32

Z +1

0

Z +1

0

�3(x; s; t)H(s(1� s))�

�'2(t)ds dt+ �33
2

Z +1

0

Z +1

0

�33(x; s; t)'3(s)ds dt = x�3(x);

£¤¥

�11(x1; s; t) =
1
st
H

0
@x1=s 1 1 0 1

1 1 0 1
x1=t 1 �1 0 1

1
A ;

�22(x2; s; t) =
1
st
H

0
@x2=s 1 1 0 1; 1 �1 1

2
�1

1 1 0 1; 1 �1 1

2
�1

x2=t 1 �1 0 1; 1 1 1

2
�1

1
A ;

�33(x3; s; t) =
1
st
H

0
@x3=s 1 1 1

2
1; 1 �1 1 �1

1 1 1

2
1; 1 �1 1 �1

x3=t 1 �1 1

2
1; 1 1 1 �1

1
A ;

�i(x) 2 =<�1c;
(L), i = 1; 3, 4 � det(�ij) 6= 0, c > 1

2
8
 2 R ¨ c = 1

2
, 
 � 1, ¨¬¥¥â à¥è¥­¨¥

'1(x) =
411

4 (�1
1�H(u(1 � u)))(x) � 412

4
�
�1

1� 1
2

�
(x) +

413

�4
�
�3

1� tg
�

1p
u

��
(x) 2 =<�1c1;
1(L);

'2(x)=� 421

4
�
�2

2� 1
2

�
(x)+

422

�4
�
�2

2� tg
�

1p
u

��
(x)�423

4 (�3
2�H(u(1�u)))(x) 2 =<�1c2;
2(L);

'3(x) =
431

�4
�
�1

3� tg
�

1p
u

��
(x)� 432

4 (�3
2�H(u(1� u)))(x) +

433

4
�
�3

3� 1
2

�
(x) 2 =<�1c3;
3(L);

¢ ª®â®à®¬ c3 = c, 
3 = 
 � 1.
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