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1. �®áâ ­®¢ª  § ¤ ç¨. �®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢

�ãáâì ®¡« áâì 
 «¥¦¨â ¢ ¯®«ã¯à®áâà ­áâ¢¥ ft > 0g � fx 2 Rng. �¡®§­ ç¨¬ D� ¯à®¥ªæ¨î
á¥ç¥­¨ï ¯«®áª®áâìî ft = �g ®¡« áâ¨ 
 ­  ¯«®áª®áâì ft = 0g. �à¥¤¯®«®¦¨¬, çâ® 
 à áè¨àï¥âáï
á ã¢¥«¨ç¥­¨¥¬ ¢à¥¬¥­¨, â. ¥.

Dt1 � Dt2 8t1; t2; t1 < t2: (1)

� á¨«ã íâ®£® ãá«®¢¨ï ¤«ï ª ¦¤®© â®çª¨ (t0; x) 2 
 «ãç f(t; x)jt � t0g â ª¦¥ ¯à¨­ ¤«¥¦¨â 
.
�¡®§­ ç¨¢ ç¥à¥§ s(x) = infft j (t; x) 2 
g, ¯®«ãç¨¬


 = f(t; x) j x 2 D; t > s(x)g; (2)

£¤¥ D = [t>0Dt. �à¨ íâ®¬, ¯®áª®«ìªã ¤«ï ª ¦¤®£® t > 0 fx 2 D j t > s(x)g ®âªàëâ® (
 |
®¡« áâì), â® s(x) | ¯®«ã­¥¯à¥àë¢­ ï á¢¥àåã äã­ªæ¨ï.

� ®¡« áâ¨ 
 à áá¬®âà¨¬ § ¤ çã ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

Lu � @u

@t
�

nX
i;j=1

@

@xi
aij(t; x)

@u

@xj
= f(t; x); (t; x) 2 
; (3)

L0 � �0u�
nX

i;j=1

aij(t; x)
@u

@xj
�j = �0'(x); (t; x) 2 �; (4)

£¤¥ � | £à ­¨æ  
, � = (�0; �1; �2; : : : ; �n) | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢­¥è­¥© (¯® ®â­®è¥­¨î ª 
)
­®à¬ «¨ ª �. �®íää¨æ¨¥­âë aij = aji | ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ ¢ 
, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î


1 �
nX

i;j=1

aij�i�j � 
2 (5)

¤«ï «î¡®£® ¥¤¨­¨ç­®£® ¢¥ªâ®à  � (
1, 
2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥).
�â¬¥â¨¬, çâ® (4) ¢ª«îç ¥â ¨ ­ ç «ì­®¥ ãá«®¢¨¥ (¥á«¨ D0 = � \ ft = 0g, â® �i = 0 ¯à¨

1 � i � n, �0 = �1, â. ¥. (4) ¯à¨­¨¬ ¥â ¢¨¤ ujt=0 = '(x)).
�ã¤¥¬ à áá¬ âà¨¢ âì ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (3), (4) ¢ ¯. 2. � ç áâ­®áâ¨, ­¨ª ª¨å á¢®©áâ¢

à¥£ã«ïà­®áâ¨ � (§  ¨áª«îç¥­¨¥¬ (1)) ­¥ ¯à¥¤¯®« £ ¥âáï.
�¥«ìî à ¡®âë ï¢«ï¥âáï ¯®áâà®¥­¨¥ ¨ ¨§ãç¥­¨¥ äã­ªæ¨¨ �à¨­  G(t; x; �; �), á ¯®¬®éìî ª®-

â®à®© ¢ëà ¦ ¥âáï à¥è¥­¨¥ § ¤ ç¨ (3), (4)

u(t; x) =
Z


G(t; x; �; �)f(�; �)d�d� +

Z
D
G'(�)d�: (6)
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�«ï ¯à®¨§¢®«ì­ëå (¢®®¡é¥ £®¢®àï, ­¥®£à ­¨ç¥­­ëå ¨ á ­¥£« ¤ª®© £à ­¨æ¥©) æ¨«¨­¤à¨ç¥áª¨å
®¡« áâ¥© â ª ï äã­ªæ¨ï �à¨­  ¡ë«  ¯®áâà®¥­  ¢ [1]. � ¬ ¦¥ ãáâ ­®¢«¥­ë ®æ¥­ª¨Z

D\fjx��j>rg

G2(t; x; �; �)d� � Be��
r2

t�� =minft� �; �2(x)gn
2 ; (7)

G(t; x; �; �) �
B exp

�
��jx��j2

4(t��)

�
(minft� �; �2(x)gminft� �; �2(�)g)n4 ; (8)

£¤¥ �(x) | à ááâ®ï­¨¥ ®â x ¤® £à ­¨æë D. �®áâ®ï­­ ï B § ¢¨á¨â â®«ìª® ®â 
1, 
2 ¨ n. � ¤ ­­®©
à ¡®â¥ ãáâ ­ ¢«¨¢ îâáï ®æ¥­ª¨ äã­ªæ¨¨ �à¨­  § ¤ ç¨ (3), (4),  ­ «®£¨ç­ë¥ (7), (8). �¬¥­­®,
¢¢¥¤¥¬ æ¨«¨­¤àë

Q+
� (�; �) = f(t; x) j � < t < � + �2; jx� �j < �g;

Q�
� (t; x) = f(�; �) j t� �2 < � < t; jx� �j < �g;

¨ ¯ãáâì

d+(�; �; t0) = supf� j Q�+ � 
 \ ft < t0gg;
d�(t; x; �0) = supf� j Q�� � 
 \ f� < �0gg:

T ª ª ª 
 à áè¨àï¥âáï, â® d+(�; �; t) = min(
p
t� � ; �� (�)), £¤¥ �� (�) | à ááâ®ï­¨¥ ®â � ¤® £à -

­¨æë D� .
�á­®¢­ë¬ à¥§ã«ìâ â®¬ à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . �ãáâì 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1). �®£¤  áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ Cm (§ ¢¨-
áïé¨¥ ®â 
1, 
2 ¨§ (5) ¨ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  n) ¨ � (§ ¢¨áïé ï ®â 
2) â ª¨¥, çâ® ¤«ï
äã­ªæ¨¨ �à¨­  § ¤ ç¨ (3), (4) ¤«ï ¢á¥å p, 1 � p � 1, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

� Z
Dt\fjx��j>rg

Gq(t; x; �; �)dx
� 1

q

� C1 exp(��min( 1p ; 1q ) r2

t��
)

(d+(�; �; t))
n
p

; (9)

� Z
D�\fjx��j>rg

Gp(t; x; �; �)d�
� 1

p

� C2 exp(��min( 1p ; 1q ) r2

t��
)

(d�(t; x; �))
n
q

; (10)

G(t; x; �; �) � C3 exp(��min( 1p ; 1q ) r2

t��
)

(d+(�; �; t))
n
q (d�(t; x; �))

n
p

; (11)

£¤¥ 1
p
+ 1

q
= 1, t > � , r > 0.

� ¬¥ç ­¨¥. � ª ®¡ëç­®, ¯à¨ p = 1 áç¨â ¥¬ 1
q
= 0, ¯à¨ p = 1 áç¨â ¥¬ 1

p
= 0, q = 1,

(
R jf(x)jpdx) 1p = ess supjf(x)j.
�â¬¥â¨¬, çâ® ¨§ (11) (¢ ®â«¨ç¨¥ ®â (8)) á«¥¤ã¥â, çâ® G(t; x; �; �) ª ª äã­ªæ¨ï ¯¥à¥¬¥­­®© x

®£à ­¨ç¥­  ¢¯«®âì ¤® £à ­¨æë Dt (¯à¨ ä¨ªá¨à®¢ ­­ëå � < t, � 2 D� ), ¨ ª ª äã­ªæ¨ï ¯¥à¥¬¥­-
­®© � ®£à ­¨ç¥­  ¢¯«®âì ¤® £à ­¨æë D� .

2. �ã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢  ¨ ®¡®¡é¥­­ë¥ à¥è¥­¨ï

�â¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ®  ­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¤«ï á«ãç ï æ¨«¨­¤à¨ç¥áª¨å ®¡« áâ¥©
¨¬¥îâáï ¢ à ¡®â¥ [2].

�ãáâì ®¡« áâì 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1). �¥à¥§ 
T ®¡®§­ ç¨¬ ¯¥à¥á¥ç¥­¨¥ 
 á ¯®«ã¯à®-
áâà ­áâ¢®¬ ft < Tg,   ç¥à¥§ �T | ¯ à ¡®«¨ç¥áªãî £à ­¨æã 
T , �T = � \ ft < Tg.
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�ãáâì V = V (
T ) | ¬­®¦¥áâ¢® äã­ªæ¨© ¨§ C1
0 (R

n+1), ®¡à é îé¨åáï ¢ ­ã«ì ¯à¨ t � T

(â®ç­¥¥ | ¬­®¦¥áâ¢® áã¦¥­¨© ­  
T äã­ªæ¨© ãª § ­­®£® ª« áá ). �®¤ W 0;1
2 ¨

�

W 1;1
2 ¡ã¤¥¬

¯®­¨¬ âì ¯®¯®«­¥­¨¥ V ¯® ­®à¬ ¬

kuk2
W 0;1

2

=
Z

T

�
u2 +

nX
i=1

�
@u

@xi

�2�
dx dt;

kuk2
W 1;1

2

=
Z

T

�
u2 +

�
@u

@t

�2

+
nX
i=1

�
@u

@xi

�2�
dx dt:

(12)

� §ã¬¥¥âáï, ¢ ®¯à¥¤¥«¥­¨¨W 0;1
2 ª« áá V ¬®¦­® § ¬¥­¨âì ­  C1

0 (R
n). �á«¨ ¯®¯®«­¥­¨¥ C1

0 (R
n)

¢ ­®à¬¥ (12) ®¡®§­ ç¨âì ç¥à¥§ W 1;1
2 , â®
�

W 1;1
2 = fu 2W 1;1

2 j ujt=T = 0g;
£¤¥ ujt=T | á«¥¤ äã­ªæ¨¨ u.

�ãáâì � d
dt
| ®¯¥à â®à, ®â®¡à ¦ îé¨© W 0;1

2 !W 0;1
2

�
, á ®¡« áâìî ®¯à¥¤¥«¥­¨ï V . � ª ®¡ëç-

­®, ®â®¦¤¥áâ¢«ï¥¬ L2(
T ) á® á¢®¨¬ á®¯àï¦¥­­ë¬. �®íâ®¬ã

W 0;1
2 � L2 = (L2)� �W 0;1

2

�
;

¨ ¤«ï «î¡®© u 2 L2

kukW 0;1

2

� = sup
'2W 0;1

2

��� Z

T

u'dx dt
���

k'kW 0;1

2

:

�¥¬¬  1. �¯¥à â®à � d
dt
: V �W 0;1

2 !W 0;1
2

�
¤®¯ãáª ¥â § ¬ëª ­¨¥.

� ¬¥â¨¬, çâ® ¤«ï «î¡®© u 2 V á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

u2(s(x); x) = �
Z T

s(x)

2u
@u

@t
dt

(äã­ªæ¨ï s(x) ®¯à¥¤¥«¥­  ¢ (2)). �«¥¤®¢ â¥«ì­®,Z
DT

u2(s(x); x)dx � 2
����
Z

T

u
@u

@t
dx dt

���� � 2kukW 0;1

2





@u@t





W 0;1

2

�

: (13)

�¡®§­ ç¨¬ ç¥à¥§ D� : W 0;1
2 ! W 0;1

2

�
§ ¬ëª ­¨¥ ®¯¥à â®à  � d

dt
,   ç¥à¥§ H� | ¥£® ®¡« áâì

®¯à¥¤¥«¥­¨ï, ª®â®à®¥ á­ ¡¤¨¬ ­®à¬®© £à ä¨ª 

kuk2H� = kuk2
W 0;1

2

+ kD�uk2
W 0;1

2

� :

�ç¥¢¨¤­®, H� | ¡ ­ å®¢® ¯à®áâà ­áâ¢® (¡®«¥¥ â®£®, ¢ ­¥¬ ¬®¦­® ¢¢¥áâ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥-
­¨¥, § ¤ îé¥¥ ¤ ­­ãî ­®à¬ã), ª®â®à®¥ ¯«®â­® ¢ W 0;1

2 .
�§ ®æ¥­ª¨ (13) ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ ® á«¥¤ å äã­ªæ¨© ¨§ H�.

�¥¬¬  2. �â®¡à ¦¥­¨¥ 
 : u(t; x)! u(s(x); x), ®¯à¥¤¥«¥­­®¥ ­  äã­ªæ¨ïå ¨§ V , ¯à®¤®«¦ -

¥âáï ¯® ­¥¯à¥àë¢­®áâ¨ ¤® ®â®¡à ¦¥­¨ï 
 : H� ! L2(DT ).

�«ï «î¡®© äã­ªæ¨¨ u 2 H� ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï 
u = u(s(x); x).
�¡®§­ ç¨¬ ç¥à¥§ D+ : W 0;1

2 ! W 0;1
2

�
®¯¥à â®à, á®¯àï¦¥­­ë© ¢ á¬ëá«¥ â¥®à¨¨ ­¥®£à ­¨ç¥­-

­ëå ®¯¥à â®à®¢ ª D� :W 0;1
2 !W 0;1

2

�
. �¡« áâì ®¯à¥¤¥«¥­¨ï D+ ¡ã¤¥¬ ®¡®§­ ç âì H+. C­ ¡¦¥­-

­®¥ ­®à¬®© £à ä¨ª 
kuk2H+ = kuk2

W 0;1

2

+ kD+uk2
W 0;1

2

� ;

H+ ¡ã¤¥â £¨«ì¡¥àâ®¢ë¬ (á ¯®¤å®¤ïé¨¬ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬) ¯à®áâà ­áâ¢®¬.
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�¥¬¬  3. 1) hD�u; ui � 0 ¤«ï «î¡®© äã­ªæ¨¨ u 2 H�(
T ),
2) hD+u; ui � 0 ¤«ï «î¡®© äã­ªæ¨¨ u 2 H+(
T ).

�®ª § â¥«ìáâ¢®. 1. �á«¨ u 2 V , â®

hDu; ui = �
D@u
@t
; u
E
= �1

2

Z

T

@u2

@t
dx dt =

1
2
u2(s(x); x) � 0:

� ª ª ª V ¯«®â­® ¢ H�, â® ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬ «¥£ª® ¯®«ãç¨âì âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® ¤«ï
«î¡®© u 2 H�(
T ).

2. �ãáâì u 2 H+(
T ). �¡®§­ ç¨¬ ç¥à¥§ uh ®áà¥¤­¥­¨¥ �â¥ª«®¢  äã­ªæ¨¨ u: uh(t; x) =

1
h

t+hR
t
u(�; x)d� , £¤¥ h > 0. (�ç¨â ¥¬ u(t; x) = 0 ¯à¨ t > T .) � ª ª ª u 2W 0;1

2 (
T ), â® uh 2W 1;1
2 (
T )

(­ ¯®¬­¨¬, çâ® 
T à áè¨àï¥âáï). �à¨ íâ®¬ D�uh = �@uh
@t

= u(t;x)�u(t+h;x)
h

¨ uh ! u ¢ W 0;1
2 ¯à¨

h! 0. �®£¤ 

hD+u; uhi = hu;D�uhi = 1
h

Z

T

u(t; x)(u(t; x) � u(t+ h; x))dx dt �

� 1
2h

Z

T

(u2(t; x)� u2(t+ h; x))dx dt =
1
2h

Z
DT

Z s(x)+h

s(x)

u2(t; x)dt dx � 0:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ h! 0, ¯®«ãç¨¬ ­ã¦­®¥ ­¥à ¢¥­áâ¢®.

�ãáâì (H�)�, (H+)� | á®¯àï¦¥­­ë¥ ¯à®áâà ­áâ¢  ªH� ¨H+ á®®â¢¥âáâ¢¥­­®, (D�)� : W 0;1
2 !

(H�)�, (D+)� : W 0;1
2 ! (H+)� | á®¯àï¦¥­­ë¥ ®¯¥à â®àë ª ®£à ­¨ç¥­­ë¬ ®¯¥à â®à ¬ D� : H� !

(W 0;1
2 )� ¨ D+ : H+ ! (W 0;1

2 )�. �¥£ª® ¢¨¤¥âì, çâ® D� = (D+)�jH� , D+ = (D�)�jH+ ,

H+ = fu 2W 0;1
2 j (D�)�u 2 (W 0;1

2 )�g;
H� = fu 2W 0;1

2 j (D+)�u 2 (W 0;1
2 )�g:

�à¥¤«®¦¥­¨¥ 1. �ãáâì M :W 0;1
2 ! (W 0;1

2 )� | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à, ã¤®¢«¥-

â¢®àïîé¨© ¤«ï ¢á¥å u 2W 0;1
2 ­¥à ¢¥­áâ¢ã

hMu; ui � �kuk2
W 0;1

2

+ �kuk2L2 ; � > 0: (14)

�®£¤  á«¥¤ãîé¨¥ ®¯¥à â®àë ï¢«ïîâáï «¨­¥©­ë¬¨ £®¬¥®¬®àä¨§¬ ¬¨:

1. D� +M : H� ! (W 0;1
2 )�,

2. D+ +M� : H+ ! (W 0;1
2 )�,

3. (D�)� +M� : W 0;1
2 ! (H�)�,

4. (D+)� +M : W 0;1
2 ! (H+)�.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ® ¯®áâ®ï­­ ï � ¨§ (14) ¯®«®¦¨â¥«ì­ . �®£¤ 
¢ á¨«ã «¥¬¬ë 3 ­¥®£à ­¨ç¥­­ë¥ ®¯¥à â®àë D� +M : W 0;1

2 ! (W 0;1
2 )� ¨ D+ +M� : W 0;1

2 !
(W 0;1

2 )� ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ®¡à â­ë¥ ­  á¢®¥© ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï. �«¥¤®¢ â¥«ì­® (­ ¯à., [3]),
D++M� ¨ D�+M áîàì¥ªâ¨¢­ë (ª ª á®¯àï¦¥­­ë¥ ª ®¯¥à â®à ¬ á ®£à ­¨ç¥­­ë¬¨ ®¡à â­ë¬¨).
�¥¬ á ¬ë¬ ¯¯. 1 ¨ 2 ¯à¥¤«®¦¥­¨ï 1 ¤®ª § ­ë (­¥¯à¥àë¢­®áâì D�+M : H� ! (W 0;1

2 )�, D++M� :
H+ ! (W 0;1

2 )� ®ç¥¢¨¤­ ). �â¢¥à¦¤¥­¨ï ¯¯. 3 ¨ 4 ­¥¬¥¤«¥­­® á«¥¤ãîâ ¨§ 1 ¨ 2. �áâ «®áì § ¬¥â¨âì,
çâ® ®â®¡à ¦¥­¨¥ u! e�tu ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢ W 0;1

2 ¨ (W 0;1
2 )� ¢ á¥¡ï (T <1).

�®íâ®¬ã ãá«®¢¨¥ � > 0 ­¥ ®£à ­¨ç¨¢ ¥â ®¡é­®áâ¨.

� ¬¥â¨¬ â¥¯¥àì, çâ® ¥á«¨ ¢ ª ç¥áâ¢¥M ¢§ïâì ®¯¥à â®àMu = ��u+u (¡®«¥¥ â®ç­® ®¯¥à â®à
M ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬

hMu; vi =
Z

T

� nX
i=1

@u

@xi

@v

@xi
+ uv

�
dx dt
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¤«ï ¢á¥å u; v 2W 0;1
2 (
T )), â® à¥è¥­¨¥ ãà ¢­¥­¨ï D+u+M�u = f ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã

â®¦¤¥áâ¢ã Z

T

�
� u

@v

@t
+

nX
i=1

@u

@xi

@v

@xi
+ uv

�
dx dt =

Z

T

fv dx dt

¤«ï ¢á¥å v 2
�

W 1;1
2 ¨, á«¥¤®¢ â¥«ì­®, ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

@u

@t
��u+ u = f

¢ á¬ëá«¥ â¥®à¨¨ ®¡®¡é¥­­ëå äã­ªæ¨© ¢ 
. �®íâ®¬ã u ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ , ¥á«¨ f
¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ .

�®áª®«ìªã ¬­®¦¥áâ¢® £« ¤ª¨å äã­ªæ¨© ¯«®â­® ¢ (W 0;1
2 (
T ))�, â® ¨§ ¯. 2 ¯à¥¤«®¦¥­¨ï 1 ¢ëâ¥-

ª ¥â, çâ® ¯¥à¥á¥ç¥­¨¥ H+(
T ) á ¬­®¦¥áâ¢®¬ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå ¢ 
T n�T äã­ªæ¨©
(®¡®§­ ç¨¬ ¥£® V +) ¯«®â­® ¢ H+(
T ).

�¥¬¬  4. �ãáâì 0 < t0 � T . �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ u ¨§ V + u(t0; x) 2 L2(Dt0). �à¨
íâ®¬ ®â®¡à ¦¥­¨¥ u(t; x)! u(t0; x) ¯à®¤®«¦ ¥âáï ¯® ­¥¯à¥àë¢­®áâ¨ ¤® ®â®¡à ¦¥­¨ï


t0 : H
+(
T )! L2(Dt0):

� ¬¥ç ­¨¥. �«ï äã­ªæ¨© ¨§ H+ ­ àï¤ã á ®¡®§­ ç¥­¨¥¬ 
t0u ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥-
­¨ï ujt=t0 ¨«¨ u(t0; x).

� ¯à¥¤«®¦¥­¨¨ 1 ¯® áãé¥áâ¢ã ¤®ª § ­ë áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨© § ¤ ç¨
(3), (4) ¨ á®¯àï¦¥­­®© á ­¥© § ¤ ç¨ (16){(18) (á¬. ­¨¦¥). �¥©ç á ¬ë ¤ ¤¨¬ ¡®«¥¥ âà ¤¨æ¨®­­®¥
®¯à¥¤¥«¥­¨¥ ®¡®¡é¥­­ëå à¥è¥­¨© ¢ â¥à¬¨­ å ¨­â¥£à «ì­ëå â®¦¤¥áâ¢. � ¨¬¥­­®, äã­ªæ¨î u 2
W 0;1

2 ¡ã¤¥¬ ­ §ë¢ âì ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (3), (4), ¥á«¨ ¤«ï ¢á¥å v 2 V á¯à ¢¥¤«¨¢®
¨­â¥£à «ì­®¥ â®¦¤¥áâ¢®

Z

T

�
� u

@v

@t
+

nX
i;j=1

aij
@u

@xj

@v

@xi

�
dx dt =

Z

T

f(t; x)v(t; x)dx dt +
Z
DT

'(x)v(s(x); x)dx: (15)

�­â¥£à «ë, ¢å®¤ïé¨¥ ¢ (15), ®¯à¥¤¥«¥­ë, ¥á«¨ f 2 L2(
T ), '(x) 2 L2(DT ).
� áá¬®âà¨¬ â¥¯¥àì á®¯àï¦¥­­ãî ª (3), (4) § ¤ çã

eLv � �@v
@t
�

nX
i;j=1

@

@xj
aij

@v

@xi
= g(t; x); (t; x) 2 
T ; (16)

nX
i;j=1

aij
@v

@xi
�j = 0; (t; x) 2 �T ; t > 0; (17)

vjt=T =  (x); x 2 DT : (18)

�®¤ ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (16){(18) ¡ã¤¥¬ ¯®­¨¬ âì äã­ªæ¨î v 2W 0;1
2 , ã¤®¢«¥â¢®àïî-

éãî ¤«ï ¢á¥å u 2 H+(
T ) â®¦¤¥áâ¢ã

hv;D+ui+
Z

T

nX
i;j=1

aij
@v

@xj

@u

@xi
dx dt =

Z

T

g(t; x)u(t; x)dx dt �
Z
DT

 (x)u(T; x)dx: (19)

�à¥¤«®¦¥­¨¥ 2. �«ï «î¡ëå f 2 L2(
T ), ' 2 L2(DT ) § ¤ ç  (3), (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

®¡®¡é¥­­®¥ à¥è¥­¨¥.

�«ï «î¡ëå g 2 L2(
T ),  2 L2(DT ) § ¤ ç  (16){(18) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ®¡®¡é¥­­®¥ à¥è¥-

­¨¥.
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�®ª § â¥«ìáâ¢®. �¯à¥¤¥«ï¥¬ ®¯¥à â®à M :W 0;1
2 ! (W 0;1

2 )� à ¢¥­áâ¢®¬

hMu; vi =
Z

T

nX
i;j=1

aij
@u

@xj

@v

@xi
dx dt: (20)

� á¨«ã «¥¬¬ 2 ¨ 4 äã­ªæ¨®­ «ë v ! R
DT

v(s(x); x)'(x)dx, u ! R
DT

 (x)u(T; x)dx ¯à¨­ ¤«¥¦ â

(H�)� ¨ (H+)� á®®â¢¥âáâ¢¥­­®. �à¨¬¥­¥­¨¥ ãâ¢¥à¦¤¥­¨© 3 ¨ 4 ¯à¥¤«®¦¥­¨ï 1 § ¢¥àè ¥â ¤®ª -
§ â¥«ìáâ¢®.

3. �®áâà®¥­¨¥ äã­ªæ¨¨ �à¨­ 

�ãáâì U | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® 
T . �ã¤¥¬ £®¢®à¨âì,çâ® äã­ªæ¨ï (®¯à¥¤¥«¥­­ ï ¢ U)
¯à¨­ ¤«¥¦¨âH�(H+;W 0;1

2 ) ¢ U , ¥á«¨ ®­  ï¢«ï¥âáï áã¦¥­¨¥¬ ­  U äã­ªæ¨¨ ¨§H�(
T )(H+;W 0;1
2 ).

�ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï u (á®®â¢¥âáâ¢¥­­® v) ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨
(3), (4) (á®®â¢¥âáâ¢¥­­® (16){(18)) ¢ U , ¥á«¨ ®­  ¯à¨­ ¤«¥¦¨â W 0;1

2 ¢ U ¨ ã¤®¢«¥â¢®àï¥â (15) á
f = 0, ' = 0 ¤«ï ¢á¥å v 2 V (á®®â¢¥âáâ¢¥­­® (19) á g = 0,  = 0 ¤«ï ¢á¥å u 2 H+), ®¡à é îé¨åáï
¢ ­ã«ì ¢ ®ªà¥áâ­®áâ¨ 
T n U .

�à¥¤«®¦¥­¨¥ 3. �ãé¥áâ¢ã¥â äã­ªæ¨ï G(t; x; �; �) 2 L2(
T � 
T ), ­¥¯à¥àë¢­ ï ¢­¥ ¤¨ £®-

­ «¨ (t; x) = (�; �), â ª ï, çâ®

 ) ¤«ï ¢á¥å (�0; �0) 2 
T äã­ªæ¨ï G(t; x; �0; �0) ¯à¨­ ¤«¥¦¨â H+ ¢­¥ «î¡®© ®ªà¥áâ­®áâ¨

(�0; �0), ¤«ï ¢á¥å (t0; x0) 2 
T äã­ªæ¨ï G(t0; x0; �; �) ¯à¨­ ¤«¥¦¨â H� ¢­¥ «î¡®© ®ªà¥áâ-

­®áâ¨ (t0; x0);
¡) ¤«ï ®¡®¡é¥­­ëå à¥è¥­¨© § ¤ ç¨ (3), (4) ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (6), ¤«ï

®¡®¡é¥­­ëå à¥è¥­¨© § ¤ ç¨ (16){(18) ¯®çâ¨ ¢áî¤ã á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

v(�; �) =
Z

T

G(t; x; �; �)g(t; x)dx dt +
Z
DT

G(T; x; �; �) (x)dx; (21)

¢) ¢­¥ «î¡®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ (�0; �0) 2 
T äã­ªæ¨ï G(t; x; �0; �0) ï¢«ï¥âáï à¥-

è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (3), (4), ¢­¥ «î¡®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ (t0; x0) 2 
T

äã­ªæ¨ï G(t0; x0; �; �) ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (16){(18).

�®ª § â¥«ìáâ¢®. �«ï ¢á¥å f ¨ g ¨§ L2(
T ) ®¯à¥¤¥«¨¬ äã­ªæ¨®­ « � à ¢¥­áâ¢®¬

h�; f(�; �)g(t; x)i = h(D� +M)�1g; fi = h(D+ +M)�1f; gi;
£¤¥ ®¯¥à â®à M =M� ®¯à¥¤¥«¥­ ¢ (20). � á¨«ã ¯à¥¤«®¦¥­¨ï 1 � ®¤­®§­ ç­® ¯à®¤®«¦ ¥âáï ¤®
«¨­¥©­®£® ­¥¯à¥àë¢­®£® äã­ªæ¨®­ «  ­  L2(
T � 
T ).

�® â¥®à¥¬¥ �¨áá  áãé¥áâ¢ã¥â G 2 L2(
T � 
T ) â ª ï, çâ®

h�; f(�; �)g(t; x)i =
Z

T�
T

G(t; x; �; �)f(�; �)g(t; x)d� d� dt dx:

�¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢ (6) (¯à¨ ' = 0) ¨ (19) (¯à¨  = 0) á«¥¤ã¥â ¨§ â¥®à¥¬ë �ã¡¨­¨.
�ãáâì U1, U2 | ®âªàëâë¥ ¯®¤¬­®¦¥áâ¢  
T , § ¬ëª ­¨ï ª®â®àëå ­¥ ¯¥à¥á¥ª îâáï, eU1, eU2

| ®âªàëâë¥ ¯®¤¬­®¦¥áâ¢ , ª®¬¯ ªâ­® «¥¦ é¨¥ ¢ U1 ¨ U2 á®®â¢¥âáâ¢¥­­®. �ãáâì f(�; �), ¯à¨-
­ ¤«¥¦ é ï H�(
T )�, ¨¬¥¥â ­®á¨â¥«ì ¢ U2, â®£¤  u(t; x) = ((D�)� +M)�1 f ï¢«ï¥âáï à¥è¥­¨-
¥¬ ®¤­®à®¤­®© § ¤ ç¨ (3), (4) ¢ U1 ¨ ¯®íâ®¬ã [3] ­¥¯à¥àë¢­  ¯® ��¥«ì¤¥àã ¢ U1 á ¯®ª § â¥«¥¬
� = �(
1; 
2; n) > 0, ¯à¨ç¥¬

kuk
C�(eU1) � ckukL2(U1); (22)

£¤¥ c § ¢¨á¨â â®«ìª® ®â 
1, 
2, n, U1, eU1.
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�®íâ®¬ã ¤«ï ¢á¥å (t; x) 2 U1 äã­ªæ¨®­ « f ! u(t; x) ­¥¯à¥àë¢¥­ ¢ ­®à¬¥ (H�)� ¨ ¯® â¥®à¥¬¥
� ­ {� ­ å  ¯à®¤®«¦ ¥âáï ¤® í«¥¬¥­â  G1

t;x(�; �) 2 (H�)�� = H�,

u(t; x) = hf(�; �); G1
t;x(�; �)i; (23)

¯à¨ç¥¬ ­®à¬  G1
t;x ¢ H�(
T ) à ¢­®¬¥à­® ®â­®á¨â¥«ì­® (t; x) 2 eU1 ®£à ­¨ç¥­a. �ç¥¢¨¤­®,

G1
t;x(�; �) = G(t; x; �; �) ¯®çâ¨ ¢áî¤ã ¢ U1 � U2. �¥¬ á ¬ë¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ¯.  ) ¤®ª § ­®.
�­ «®£¨ç­® áâà®¨âáï á¥¬¥©áâ¢® äã­ªæ¨© G2

�;�(t; x) 2 H+(
T ), á®¢¯ ¤ îé¨å ¯®çâ¨ ¢áî¤ã ¢

U1 � U2 á G(t; x; �; �), à ¢­®¬¥à­® ®£à ­¨ç¥­­®¥ ¢ H+(
T ) ®â­®á¨â¥«ì­® (�; �) 2 eU2.
�á«¨ ¢ ª ç¥áâ¢¥ U1 ¢§ïâì ®ªà¥áâ­®áâì ­¥ª®â®à®© â®çª¨ (t; x), ª®¬¯ ªâ­® «¥¦ éãî ¢ 
T , ¢

ª ç¥áâ¢¥ U2 | ®ªà¥áâ­®áâì £à ­¨æë 
T ,   ¢ ª ç¥áâ¢¥ f | äã­ªæ¨®­ «

u !
Z
DT

u(s(x); x)'(x)dx;

â® ¨§ (23) á«¥¤ã¥â (6) (¤«ï ¯. ¢. (t; x) á«¥¤ë äã­ªæ¨© G ¨ G1
t;x ­  �T , ®ç¥¢¨¤­®, á®¢¯ ¤ îâ).

� ¢¥­áâ¢® (21) ¯®«ãç ¥âáï  ­ «®£¨ç­®.
�ãáâì â¥¯¥àì u 2 H+(
T ) ¨¬¥¥â ­®á¨â¥«ì ¢­¥ eU1. �®£¤ , ¯®«®¦¨¢ f = (D+ +M)u, ¢ á¨«ã

(23) ¯®«ãç¨¬

hG1
t;x; (D+ +M)ui = 0 (24)

¯à¨ (t; x) 2 U1. �®íâ®¬ã G1
t;x ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (16){(18) ¢ U2 ¨, á«¥¤®-

¢ â¥«ì­®, ã¤®¢«¥â¢®àï¥â â ¬ ãá«®¢¨î ��¥«ì¤¥à . T ª ª ª ­®à¬  G1
t;x(�; �) ¢ H

�(
T ) ®£à ­¨ç¥-

­  à ¢­®¬¥à­® ®â­®á¨â¥«ì­® (t; x) 2 eU1, â® ¨§ ­¥à ¢¥­áâ¢ ,  ­ «®£¨ç­®£® (22), ¢ëâ¥ª ¥â, çâ®
kG1

t;xkC�(eU2) â ª¦¥ à ¢­®¬¥à­® ®£à ­¨ç¥­ . G2
�;�, ®ç¥¢¨¤­®, ®¡« ¤ ¥â â¥¬ ¦¥ á¢®©áâ¢®¬. �ã­ª-

æ¨ï G(t; x; �; �) ¤«ï ¯. ¢. (t; x; �; �) 2 eU1� eU2 á®¢¯ ¤ ¥â ª ª á G1
t;x(�; �), â ª ¨ á G

2
�;�(t; x) ¨, §­ ç¨â,

¥¥ ¬®¦­® áç¨â âì (¨á¯à ¢¨¢ ­  ¬­®¦¥áâ¢¥ ­ã«¥¢®© ¬¥àë) ­¥¯à¥àë¢­®© ¯® ��¥«ì¤¥àã ¢ eU1� eU2 ¯®
á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ eU1, eU2 G(t; x; �; �) ­¥¯à¥àë¢­  ¯® ��¥«ì¤¥àã
¢áî¤ã ¢­¥ ¤¨ £®­ «¨ (t; x) = (�; �).

�§ (24) á«¥¤ã¥â, çâ® à ¢¥­áâ¢®

hG(t; x; �; �); (D+ +M)u(�; �)i = 0 (25)

á¯à ¢¥¤«¨¢® ¯à¨ (t; x) 2 eU1 n E, £¤¥ E | ¬­®¦¥áâ¢® ­ã«¥¢®© ¬¥àë. �à¨¡«¨¦ ï â¥¯¥àì ¯à®¨§-
¢®«ì­ãî â®çªã (t; x) 2 eU1 ¯®á«¥¤®¢ â¥«ì­®áâìî (tk; xk) 2 eU1nE ¨ ãç¨âë¢ ï ®£à ­¨ç¥­­®áâì ­®à¬
G(tk; xk; �; �) ¢ H�, ¬®¦¥¬ ¢ë¡à âì á« ¡® áå®¤ïéãîáï ¢ H� ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ G(tk; xk; �; �). �¥à¥©¤ï ª ¯à¥¤¥«ã ¢ (25), ¯®«ãç¨¬, çâ® ¤«ï ¢á¥å (t; x) 2 eU1 G(t; x; �; �)
ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (16){(18) ¢ U2. �¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ¯. ¢) ¤®ª §ë¢ ¥âáï
 ­ «®£¨ç­®.

�«¥¤áâ¢¨¥. �à¨ t < � G(t; x; �; �) = 0.

� ª ª ª ¢ ®¡« áâ¨ 
T \ft < ���g (� > 0) G(t; x; �; �) ª ª äã­ªæ¨ï ¯¥à¥¬¥­­ëå (t; x) ï¢«ï¥âáï
à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (3), (4), â® ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ®­  à ¢­  ­ã«î.

4. �æ¥­ª¨ äã­ªæ¨¨ �à¨­ 

�ãáâì â¥¯¥àì 
t2
t1 = 
 \ ft1 < t < t2g, 0 � t1 < t2 � T . �®ª ¦¥¬, çâ® ¯®áâà®¥­­ ï ¢ ¯. 3

äã­ªæ¨ï �à¨­  § ¤ ç (3), (4) ¨ (16){(18) ï¢«ï¥âáï â ª¦¥ äã­ªæ¨¥© �à¨­  ¢ ®¡« áâ¨ 
t2
t1 § ¤ ç¨

Lu = 0; (t; x) 2 
t2
t1
; (26)

L0u = 0; (t; x) 2 �; t1 < t < t2; (27)

u
���
t=t1

= '(x); x 2 Dt1 ; (28)
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¨ á®¯àï¦¥­­®© ª ­¥© § ¤ ç¨

eLv = 0; (t; x) 2 
t2
t1
; (29)

nX
i;j=1

aij
@v

@xi
�j = 0; (t; x) 2 �; t1 < t < t2; (30)

vjt=t2 =  (x); x 2 Dt2 : (31)

�¡®¡é¥­­ë¥ à¥è¥­¨ï § ¤ ç¨ (26){(28) ¨ (29){(31) ®¯à¥¤¥«ïîâáï ¨­â¥£à «ì­ë¬¨ â®¦¤¥áâ¢ ¬¨
( ­ «®£¨ç­ë¬¨ (15) ¨ (19))

Z


t2
t1

�
� u

@v

@t
+

nX
i;j=1

aij
@u

@xj

@v

@xi

�
dx dt =

Z
Dt1

'(x)v(t1; x)dx (32)

¤«ï ¢á¥å v 2 V (
T ), ®¡à é îé¨åáï ¢ ­ã«ì ¯à¨ t > t2 ¨ á®®â¢¥âáâ¢¥­­®

hv;D+ui+
Z


t2
t1

nX
i;j=1

aij
@u

@xj

@v

@xi
dx dt =

Z
Dt2

 (x)u(t2; x)dx (33)

¤«ï ¢á¥å u 2 H+(
t2
t1).

�¥¬¬  5. �ã­ªæ¨ï u(t; x) =
R
Dt1

G(t; x; �; �)'(�)d� ï¢«ï¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨

(26){(28). �ã­ªæ¨ï v(�; �) =
R
Dt2

G(t2; x; �; �) (x)dx ï¢«ï¥âáï ®¡®¡é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (29){

(31).

�®ª § â¥«ìáâ¢®. �ãáâì hf; vi = R
Dt1

v(t1; �)'(�)d� ¤«ï ¢á¥å v 2 H�(
T ). �®£¤  ¢ á¨«ã «¥¬-

¬ë 2 f 2 H�(
T )�. �§ á¢®©áâ¢ äã­ªæ¨¨ �à¨­  á«¥¤ã¥â, çâ® ((D�)�+M)u = f ,   â. ª. ¨§ á«¥¤áâ¢¨ï
ª ¯à¥¤«®¦¥­¨î 3 ¢ëâ¥ª ¥â, çâ® u = 0 ¯à¨ t < t1, â® (32) ¤®ª § ­®.

�­ «®£¨ç­ë¬¨ à ááã¦¤¥­¨ï¬¨ ¬ë ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì (33), ¥á«¨ ¯à®¢¥à¨¬, çâ® ¢áïªãî
äã­ªæ¨î u 2 H+(
t2

t1) ¬®¦­® ¯à®¤®«¦¨âì ¤® äã­ªæ¨¨ eu 2 H+(
T ), à ¢­®© ­ã«î ¯à¨ � < t1,
¨ áã¦¥­¨¥ D+eu ­  
t2

t1 á®¢¯ ¤ ¥â á D+u. �ãáâì f = (D+ +M)u, ef | ¯à®¤®«¦¥­¨¥ ­ã«¥¬ ­ 

T äã­ªæ¨¨ f , ª®â®à®¥ ­¥ ¢ë¢®¤¨â §  ¯à¥¤¥«ë ª« áá  (W 0;1

2 )�. �®£¤  eu = (D+ +M)�1f = 0
¯à¨ � < t1. �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© äã­ªæ¨¨ v 2 V (
T ), ®¡à é îé¥©áï ¢ ­ã«ì ¯à¨ t > t2,
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Z


t2
t1

�
� eu@v

@t
+

nX
i;j=1

aij
@eu
@xj

@v

@xi

�
dx dt =

Z


t2
t1

f v dx;

â. ¥. u á®¢¯ ¤ ¥â á áã¦¥­¨¥¬ eu ­  
t2
t1 (¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ ®¡®¡é¥­­®£® à¥è¥­¨ï).

� ¬¥ç ­¨¥. �à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë ¬ë ­¥ ¤¥« «¨ à §«¨ç¨ï ¢ ®¡®§­ ç¥­¨ïå ®¯¥à â®à®¢
D+ ¢ 
T ¨ ¢ 
t2

t1 , çâ® ­¥ ¤®«¦­® ¯à¨¢¥áâ¨ ª ­¥¤®à §ã¬¥­¨ï¬, ¯®áª®«ìªã ¢á¥£¤  ãª §ë¢ «áï ¥£®
 à£ã¬¥­â.

�ãáâì A0 | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® Rn, A� = fx 2 A0 j inf
�=2A0

jx � �j > �g, Dt;� = Dt \ A�,


� = 
 \ fA� � ft > 0gg,

H(t; �) =
Z
Dt;�

u2(t; x)dx+ 2
Z t

0

Z
Dt;�

nX
i;j=1

aij
@u

@xi

@u

@xj
dx d�:
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�¥¬¬  6. �ãáâì u(t; x) ï¢«ï¥âáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (3), (4) ¢ 
0. �®£¤  ¤«ï ¢á¥å

t > 0, R > 0

H(t; R) � c0 exp
�
� �0

R2

t

�
H(t; 0); (34)

£¤¥ c0 |  ¡á®«îâ­ ï ¯®áâ®ï­­ ï, �0 § ¢¨á¨â ®â 
2.

�®ª § â¥«ìáâ¢®. �§ ¨­â¥£à «ì­®£® â®¦¤¥áâ¢  (15) á f = 0, ' = 0 á ¯®¬®éìî áâ ­¤ àâ­ëå
à ááã¦¤¥­¨© (á¬. [3], [4]) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

1
2

Z
Dt

u2(t; x)�(x)dx+
Z t

0

Z
D�

�
nX

i;j=1

aij
@u

@xi

@u

@xj
dx d� �

����
Z t

0

Z
D�

u
nX

i;j=1

aij
@u

@xi

@�

@xj
dx d�

���� (35)

¤«ï «î¡®© ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨ �(x) á ­®á¨â¥«¥¬ ¢ A0 ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¬¨ ¯¥à-
¢ë¬¨ ¯à®¨§¢®¤­ë¬¨.

�«ï «î¡®£® ¬­®¦¥áâ¢  A äã­ªæ¨ï d(x;A) = inf
y2A

jx � yj, ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
�¨¯è¨æ 

jd(x;A) � d(y;A)j � jx� yj
¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯¥à¢®£® ¯®àï¤ª , ¯à¨ç¥¬ ¤«ï ¯. ¢. x 2 Rn

j @
@xi
d(x;A)j � 1.
�ãáâì ¯à¨ r > 0, � > 0

�r;�(x) = min(1; 1
�
d(x;Rn n Ar)):

�®£¤  �(x) = 0 ¯à¨ x =2 Ar, �(x) = 1 ¯à¨ x 2 Ar+� ¨ j @�@xi j � 1
�
¯à¨ ¯. ¢. x 2 Rn.

�®«®¦¨¢ ¢ (35) �(x) = �r;�(x), ¯®«ãç¨¬

H(t; r + �) � 2
�Z t

0

Z
D�;r

nX
i;j=1

aij
@u

@xi

@u

@xj
dx d�

� 1
2
�Z t

0

Z
Dt;r

u2
nX

i;j=1

aij
@�

@xi

@�

@xj
dx d�

� 1
2

�

�
p
2
2
�

�
H(t; r)

Z t

0

H(�; r)d�
� 1

2

:

�®¢â®àïï ¤ «¥¥ à ááã¦¤¥­¨ï ¨§ ([4], ¯à¥¤«®¦¥­¨¥ 3), ¯®«ãç¨¬ (34).

�à¨ ¯à®¨§¢®«ì­ëå t1 ¨ t2 (0 < t1 < t2) ç¥à¥§ U t2
t1 ®¡®§­ ç¨¬ ®¯¥à â®à, ª®â®àë© ª ¦¤®© äã­ª-

æ¨¨ ' 2 L2(Dt1) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨î u(t2; x) 2 L2(Dt2), £¤¥ u(t; x) | à¥è¥­¨¥ § ¤ ç¨
(26){(28). � á¨«ã «¥¬¬ë 5 á®¯àï¦¥­­ë© ª U t2

t1 ®¯¥à â®à (U t2
t1 )

� : L2(Dt2) ! L2(Dt1) ¯¥à¥¢®¤¨â
äã­ªæ¨î  2 L2(Dt2) ¢ v(t; x), £¤¥ v | à¥è¥­¨¥ § ¤ ç¨ (29){(31).

� [4] ãáâ ­®¢«¥­®, çâ®

kU t2
t1
k � 1; (36)

¨ çâ® ®æ¥­ª  (36) á¯à ¢¥¤«¨¢ , ¥á«¨ à áá¬ âà¨¢ âì U t2
t1 ª ª ®¯¥à â®à, ®â®¡à ¦ îé¨© L1(Dt1)!

L1(Dt2) ¨ L1(Dt1)! L1(Dt2).
� ãç¥â®¬ (36) ¨§ (34) á«¥¤ã¥â, çâ® ­®à¬  U t2

t1 ª ª ®¯¥à â®à  ¨§ L2(Dt1 nDt1;0) (äã­ªæ¨ï ' = 0
¢­¥ A0) ¢ L2(Dt2;R) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

kU t2
t1
k � C0 exp

�
� �

R2

t2 � t1

�

¤«ï «î¡®£® ¬­®¦¥áâ¢  A0 ¨ R � 0.
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�à¨¬¥­ïï â¥¯¥àì ¨­â¥à¯®«ïæ¨®­­ãî â¥®à¥¬ã �¨áá {�®à¨­  ([5]{[7]), ¤«ï ®¯¥à â®à  U t2
t1 :

Lp(Dt1 nDt1;0)! Lp(Dt2;R) ¯®«ãç¨¬ ®æ¥­ªã

kU t2
t1
k � C0 exp

�
� �0min( 1p ;

1
q
)

R2

t2 � t1

�
; (37)

£¤¥ p � 1, 1
p
+ 1

q
= 1.

�§ íâ®© ¦¥ â¥®à¥¬ë á«¥¤ã¥â, çâ® (36) á¯à ¢¥¤«¨¢  ¤«ï U t2
t1 : Lp(Dt1) ! Lp(Dt2) ¯à¨ ¢á¥å p

(1 � p � 1). �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© äã­ªæ¨¨ ' 2 L2(Dt1) \ Lq(Dt1)




Z
Dt1

G(t2; x; t1; �)'(�)d�





Lq(Dt2

)

� k'(�)kLq(Dt1
)

¤«ï ¢á¥å t2 > t1.
� ª á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®âë [5], ¤«ï «î¡®£® à¥è¥­¨ï u(t; x) ãà ¢­¥­¨ï (26) ¢ æ¨«¨­¤à¥

Q�
� (t; x) á¯à ¢¥¤«¨¢  ®æ¥­ª 

ju(t; x)j � c1

�
n
q

max
t��2<�<t

ku(�; x)kLq (D� ): (38)

�«¥¤®¢ â¥«ì­®, ����
Z
Dt1

Gq(t; x; t1; �)'(�)d�
���� � C1k'kLq

(d�(t; x; t1))
n
q

;

®âáî¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ '�Z
Dt1

Gp(t; x; t1; �)d�
� 1

p

� C1

(d�(t; x; t1))
n
q

: (39)

�­ «®£¨ç­®, �Z
Dt2

Gq(t2; x; �; �)dx
� 1

q

� C1

(d+(�; �; t2))
n
p

: (40)

�à¨¬¥­ïï â¥¯¥àì (38) ª G(t; x; �; �), ¯®«ãç¨¬

jG(t; x; �; �)j � c1

�
n
q

max
t��2<�<t

�Z
D�

Gq(t; x; �; �)d�
� 1

q

(41)

¤«ï «î¡®£® æ¨«¨­¤à  Q�
� (t; x), «¥¦ é¥£® ¢ 


t
� . �§ (40) ¨ (41) ¯®«ãç ¥¬

jG(t; x; �; �)j � C2
1

(d+(�; �; t+�
2
))

n
p (d�(t; x; t+�

2
))

n
q

� C

(d+(�; �; t))
n
p (d�(t; x; �))

n
q

: (42)

�§ (39), (40) á«¥¤ã¥â, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢ (10) ¨ (9) ¤®áâ â®ç­® à áá¬®âà¥âì
á«ãç © r > 4(t� �). �à¨ íâ®¬

d+(�; �; t) <
r

2
; d�(t; x; �) <

r

2
: (43)

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ A0 è à á æ¥­âà®¬ ¢ â®çª¥ x à ¤¨ãá  r. �§ (37) á R = r
2
á«¥¤ã¥â, çâ® ¤«ï

¢á¥å ' 2 Lq \ L2 á ­®á¨â¥«¥¬ ¢­¥ A0




Z
Dt1

G(t; x; �; �)'(�)d�





Lq(Dt2;

r
2
)

� C0 exp
�
� �0min( 1p ;

1
q
)

r2

4(t� �)

�
k'kLq :

�«¥¤®¢ â¥«ì­®, ãç¨âë¢ ï (43), ¨§ (38) ¯®«ãç¨¬����
Z
Dt1

G(t; x; �; �)'(�)d�
���� � C exp(��0min( 1p ; 1q ) r2

4(t��)
)

d�(t; x; �)
n
q

k'kLq :
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�âáî¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ' á«¥¤ã¥â (10). �¥à ¢¥­áâ¢® (9) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
�«ï ¤®ª § â¥«ìáâ¢  (11) ¤®áâ â®ç­® (¢ á¨«ã (42)) ®£à ­¨ç¨âìáï á«ãç ¥¬ jx� �j2 > 4(t � �).

�®§ì¬¥¬ r = jx��j

2
, â®£¤  d+(�; �; t) + r � jx� �j. �§ (10) ¨ (41) á«¥¤ã¥â

jG(t; x; �; �)j �
C1C exp(��0min( 1p ; 1q ) r2

4(t��)
)

(d+(�; �; t+�
2
))

n
p (d�(t; x; t+�

2
))

n
q

:

�à®áâ®© ®æ¥­ª®© ¯®«ãç¨¬ ®âáî¤  (11). �¥®à¥¬  ¤®ª § ­ . �

�¨â¥à âãà 
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