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1. �¢¥¤¥­¨¥

�ãáâì D(a;R) = fz : jz � aj < Rg, £¤¥ a 2 C, R > 0. �«ï ªà âª®áâ¨ ¤ «¥¥ ¯®«®¦¨¬

DR = D(0; R), D = D1. �¡®§­ ç¨¬ ç¥à¥§ A(DR) ª« áá äã­ªæ¨© ¢¨¤  f(z) =
1P
k=0

ak(f)zk, à¥-

£ã«ïà­ëå ¢ DR. �§¢¥áâ­® ([1], á. 98), çâ® A(DR) ï¢«ï¥âáï â®¯®«®£¨ç¥áª¨¬ ¢¥ªâ®à­ë¬ ¯à®áâà ­-
áâ¢®¬, áå®¤¨¬®áâì ¢ ª®â®à®¬ à ¢­®á¨«ì­  à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¢­ãâà¨ DR. �ãáâì â ª¦¥
A0(DR) = ff 2 A(DR) : a0(f) = 1g, A = A(D), A0 = A0(D), A(D) = ff 2 A : f à¥£ã«ïà­  ¢
§ ¬ª­ãâ®¬ ¥¤¨­¨ç­®¬ ªàã£¥ Dg.

�à®áâà ­áâ¢® � «¨­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨®­ «®¢ ­  A å à ªâ¥à¨§ã¥â á«¥¤ãîé ï

�¥®à¥¬  A ([2]). �ã­ªæ¨®­ « �, § ¤ ­­ë© ­  A, ï¢«ï¥âáï «¨­¥©­ë¬ ¨ ­¥¯à¥àë¢­ë¬ â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ­ ©¤¥âáï äã­ªæ¨ï g 2 A(D) â ª ï, çâ® �(f) = (f � g)(1) ¯à¨ ¢á¥å f 2 A,

£¤¥ (f � g)(z) =
1P
k=0

ak(f)ak(g)zk | á¢¥àâª  ¯® �¤ ¬ àã.

� ¤ «ì­¥©è¥¬ ãª § ­­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã � ¨ g ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ � := g.
�«ï V � A0, á«¥¤ãï à ¡®â¥ [3], ®¯à¥¤¥«¨¬ ¤¢®©áâ¢¥­­®¥ ¤®¯®«­¥­¨¥ ª V ª ª V � = fg 2 A0 :

(f � g)(z) 6= 0 8z 2 D; 8f 2 V g. �« áá V ­ §ë¢ ¥âáï ¤¢®©áâ¢¥­­ë¬, ¥á«¨ V =W � ¯à¨ ­¥ª®â®à®¬
W � A0. �­®£¨¥ è¨à®ª® ¨§¢¥áâ­ë¥ ª« ááë äã­ªæ¨© ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë á ¯®¬®éìî
¤¢®©áâ¢¥­­®áâ¨, çâ® ¯à¨¢®¤¨â ª ªà¨â¥à¨ï¬ ®¤­®«¨áâ­®áâ¨, §¢¥§¤®®¡à §­®áâ¨, ¢ë¯ãª«®áâ¨ ¨ â. ¯.
�¢®©áâ¢¥­­®© ®¡®«®çª®© V ­ §ë¢ ¥âáï ª« áá V �� = (V �)�, ï¢«ïîé¨©áï ­ ¨¬¥­ìè¨¬ ¨§ ¢á¥å
¤¢®©áâ¢¥­­ëå ª« áá®¢, á®¤¥à¦ é¨å V . �à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ªã ¯à¨­æ¨¯  ¤¢®©áâ¢¥­­®áâ¨ [4],
å à ªâ¥à¨§ãé¥£® ¤¢®©áâ¢¥­­ãî ®¡®«®çªã ¯à¨ ­¥ª®â®àëå ®£à ­¨ç¥­¨ïå ­  ª« áá V .

�¥®à¥¬  B. �ãáâì V � A0 ª®¬¯ ªâ­® ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

Pxf 2 V ¯à¨ ¢á¥å f 2 V; x 2 D; (1)

£¤¥ (Pxf)(z) = f(xz), z 2 D. �®£¤  ¤«ï «î¡®£® � 2 � ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® �(V ) = �(V ��),
¯à¨ç¥¬

f 2 V �� , 8� 2 � �(f) 2 �(V ): (2)

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ë ­¥ª®â®àë¥ ­®¢ë¥ ¯à¥¤áâ ¢«¥­¨ï ¤«ï ¤¢®©áâ¢¥­­ëå ¤®¯®«­¥­¨©
¨ ®¡®«®ç¥ª. �®ª § ­®, çâ® ¯à¨­æ¨¯ ¤¢®©áâ¢¥­­®áâ¨ ®áâ ¥âáï ¢ á¨«¥ ¯à¨ ­¥ª®â®à®¬ ®á« ¡«¥-
­¨¨ ãá«®¢¨© ¯® áà ¢­¥­¨î á ¯à¨¢®¤¨¬ë¬¨ ¢ [3] ¨ [4]. � ª®­¥æ, ¢¢®¤ïâáï ¨ à áá¬ âà¨¢ îâáï
¯®¤¬­®¦¥áâ¢  U � V , ¤«ï ª®â®àëå U� = V � (¨ U�� = V �� á®®â¢¥âáâ¢¥­­®).
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2. �á­®¢­ë¥ à¥§ã«ìâ âë

�«¥¤ãï [4], ­ §®¢¥¬ ¬­®¦¥áâ¢® V � A0, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (1), § ¢¥àè¥­­ë¬. �¯à¥-
¤¥«¨¬ § ¢¥àè¥­­ãî ®¡®«®çªã V ª ª ª« áá cm(V ) = [x2DPx(V ) = fPxf : f 2 V; x 2 Dg, ª®â®àë©
ï¢«ï¥âáï ­ ¨¬¥­ìè¨¬ ¨§ ¢á¥å § ¢¥àè¥­­ëå ¬­®¦¥áâ¢, á®¤¥à¦ é¨å V . �¥âàã¤­® ¢¨¤¥âì, çâ®
cm(V ) á®¢¯ ¤ ¥â á ª« áá®¬ V 0, ¢¢¥¤¥­­ë¬ ¢ à ¡®â¥ [3]. � ¬ ¦¥ ¯®ª § ­®, çâ® â¥®à¥¬  B ¡ã¤¥â
á¯à ¢¥¤«¨¢  ¨ ¯à¨ § ¬¥­¥ (1) ­  ¡®«¥¥ á« ¡®¥ ãá«®¢¨¥

�(V ) = �[cm(V )] ¤«ï ¢á¥å � 2 �: (3)

�â¬¥â¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢  ­¥ª®â®àë¥ ¯à®áâë¥ á¢®©áâ¢  § ¢¥àè¥­­®© ®¡®«®çª¨ (¬­®¦¥áâ¢ 
U; V � A0 ¯à¥¤¯®« £ îâáï ¯à®¨§¢®«ì­ë¬¨):

a) ¥á«¨ V ª®¬¯ ªâ­®, â® cm(V ) â®¦¥ ª®¬¯ ªâ­®;
b) (cm(V ))� = V �;
c) cm(U [ V ) = cm(U) [ cm(V );
d) cm(U \ V ) � cm(U) \ cm(V ).

�«ï V � A0 à áá¬®âà¨¬ ª« áá V T = fg 2 A0(D) : (f � g)(1) 6= 0 ¯à¨ ¢á¥å f 2 V g. �§ § ¢¥àè¥­-
­®áâ¨ V «¥£ª® á«¥¤ã¥â § ¢¥àè¥­­®áâì V T , ­® ­¥ ­ ®¡®à®â. �­ «®£¨ç­®, ¤«ï U � A0(D) ¢¢¥¤¥¬
ª« áá U? = fh 2 A0 : (g � h)(1) 6= 0 ¯à¨ ¢á¥å g 2 Ug.

�¥¯¥àì áä®à¬ã«¨àã¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë áâ âì¨.

�¥®à¥¬  1. �á«¨ V � A0, â® V
� = (cm(V ))T , £¤¥ § ¬ëª ­¨¥ ¡¥à¥âáï ¢ ¯à®áâà ­áâ¢¥ A.

�¥®à¥¬  2. �ãáâì V | ª®¬¯ ªâ­ë© ¯®¤ª« áá A0, ¯à¨ç¥¬ V T ï¢«ï¥âáï § ¢¥àè¥­­ë¬. �®-
£¤  ¯à¨ «î¡®¬ � 2 � ¨¬¥¥¬ �(V ) = �(V ��), ¡®«¥¥ â®£®, á¯à ¢¥¤«¨¢  íª¢¨¢ «¥­â­®áâì (2).

�¥®à¥¬  3. � ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

V �� = (V T )?:

3. �®ª § â¥«ìáâ¢® ®á­®¢­ëå à¥§ã«ìâ â®¢

�«ï ­ ç «  ¤®ª ¦¥¬ ­¥áª®«ìª® ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©.

�¥¬¬  1. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ffng áå®¤¨âáï ª f ¢ ¯à®áâà ­áâ¢¥ A(DR1
),   gn ! g,

n!1 ¢ A(DR2
), â® fn � gn ! f � g, n!1 ¢ A(DR1R2

).

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® z 2 D�, £¤¥ 0 < � < R1R2. �ë¡¥à¥¬ �1 < R1, �2 < R2

â ª, çâ®¡ë � < �1�2 < R1R2. �å®¤¨¬®áâì fn ! f ¢ ¯à®áâà ­áâ¢¥ A(DR1
) ¢«¥ç¥â §  á®¡®© à ¢­®-

¬¥à­ãî áå®¤¨¬®áâì fn ª f ¢ D�1 , ¨§ ª®â®à®© ¢ á¢®î ®ç¥à¥¤ì á«¥¤ã¥â à ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì
ffng ¢ D�1 . � á¨«ã ­¥à ¢¥­áâ¢ �®è¨ ¤«ï ª®íää¨æ¨¥­â®¢ ¬®¦­® § ¯¨á âì

jak(fn)j �M(fn; �1)��k1 �M1�
�k
1 ; (4)

jak(fn)� ak(f)j �M(fn � f; �1)��k1 � "1;n�
�k
1 ¯à¨ ¢á¥å n � 1; k � 0; (5)

£¤¥ M(f; r) = sup
jzj=r

jf(z)j, "1;n ! 0, n!1. �®ç­® â ª ¦¥ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fgng ¯®«ãç¨¬

jak(g)j �M(g; �2)��k2 �M2�
�k
2 ; (6)

jak(gn)� ak(g)j �M(gn � g; �2)�
�k
2 � "2;n�

�k
2 ¯à¨ ¢á¥å n � 1; k � 0; (7)

£¤¥ "2;n ! 0, n!1.
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�à¨¬¥­ïï ®æ¥­ª¨ (4){(7), ¤«ï ¢á¥å z 2 D� ¡ã¤¥¬ ¨¬¥âì

j(fn � gn)(z)� (f � g)(z)j �
1X

k=0

jak(fn)ak(gn)� ak(f)ak(g)j�k �

�
1X

k=0

[jak(fn)j jak(gn)� ak(g)j + jak(g)j jak(fn)� ak(f)j]�k �

�
1X

k=0

["2;n��k2 M1�
�k
1 + "1;n�

�k
1 M2�

�k
2 ]�k = ("2;nM1 + "1;nM2)(1� �=�1�2)�1:

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ áâà¥¬¨âáï ª 0 ¯à¨ n!1, çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�¥¬¬  2. �ãáâì V | ª®¬¯ ªâ­®¥ ¯®¤¬­®¦¥áâ¢® A(DR1
), g 2 A(DR2

). �®£¤  ¬­®¦¥áâ¢®
U = ff � g : f 2 V g ª®¬¯ ªâ­® ¢ A(DR1R2

).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ¢¨¤  fn � g, n = 1; 2; : : : , £¤¥
fn 2 V . � á¨«ã ª®¬¯ ªâ­®áâ¨ V ¬®¦­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fnk , à ¢­®¬¥à­® áå®¤ï-
éãîáï ¢­ãâà¨ DR1

ª ­¥ª®â®à®© äã­ªæ¨¨ f 2 V . �® â®£¤  á ãç¥â®¬ «¥¬¬ë 1 fnk � g ! f � g 2 U
¢ ¯à®áâà ­áâ¢¥ A(DR1R2

), ¨ ¯®íâ®¬ã U ª®¬¯ ªâ­®.

�¥¬¬  3. �ãáâì V | ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢® ¢ A(DR), R > 1, ¯à¨ç¥¬ f(1) 6= 0 ¤«ï «î¡®£®
f 2 V . �®£¤  ­ ©¤¥âáï � 2 (1; R) â ª®¥, çâ® f(�) 6= 0 ¯à¨ ¢á¥å f 2 V .

�®ª § â¥«ìáâ¢®. �à¥¤¯®« £ ï ¯à®â¨¢­®¥, ä¨ªá¨àã¥¬ ­¥ª®â®àãî ã¡ë¢ îéãî ¯®á«¥¤®¢ -
â¥«ì­®áâì fxng, 1 < xn < R, n = 1; 2; : : : , áå®¤ïéãîáï ª ¥¤¨­¨æ¥. �®£¤  ¤«ï «î¡®£® n � 1
­ ©¤¥âáï äã­ªæ¨ï fn 2 V , ¤«ï ª®â®à®© fn(xn) = 0. �®áª®«ìªã V ª®¬¯ ªâ­®, â®, ¢ë¡¨à ï
¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, ¬®¦­® áç¨â âì, çâ® fn ! f 2 V ¢ ¯à®áâà ­áâ¢¥
A(DR). �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© gn(z) = (1�xnz)�1, n 2 N, ¯à¨­ ¤«¥¦ é¨å A(D1=x1),
­¥âàã¤­® ¯®ª § âì, çâ® gn(z) ! g(z) = (1 � z)�1, n ! 1, à ¢­®¬¥à­® ¢­ãâà¨ D1=x1 . �®íâ®-
¬ã fn � gn ! f � g à ¢­®¬¥à­® ¢­ãâà¨ â®£® ¦¥ ªàã£  ¢ á¨«ã «¥¬¬ë 1. � ç áâ­®áâ¨, ¨¬¥¥¬
fn(xn) = (fn � gn)(1)! (f � g)(1) = f(1), ®âªã¤  f(1) = 0, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î «¥¬¬ë.

�¥¬¬  4. �ãáâì V � U � A0, ¯à¨ç¥¬ ¤«ï «î¡®£® � 2 �, � := g, ¨¬¥¥¬ g(0) 2 �(V ). �®£¤ 
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë:

a) �(U) = �(V ) ¯à¨ ¢á¥å � 2 �,
¡) ¥á«¨ � 2 �;â® ¨§ 0 =2 �(V ) á«¥¤ã¥â, çâ® 0 =2 �(U),
¢) UT = V T .

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨ï  )) ¡) âà¨¢¨ «ì­ . �®¯ãáâ¨¬, çâ® á¯à ¢¥¤«¨¢® ãá«®¢¨¥ ¡).
�®£¤  ¯à¨ g 2 V T , � := g ¨¬¥¥¬ 0 =2 �(V ), çâ® ¢«¥ç¥â 0 =2 �(U), â. ¥. �(f) = (g � f)(1) 6= 0 ¯à¨ ¢á¥å
f 2 U , ®âªã¤  g 2 UT . �¬¥áâ¥ á ®ç¥¢¨¤­ë¬ ®¡à â­ë¬ ¢ª«îç¥­¨¥¬ UT � V T íâ® ¤ ¥â UT = V T .
� ª®­¥æ, ¯ãáâì ¢ë¯®«­¥­® ¢). �¨ªá¨àã¥¬ ­¥ª®â®àë© äã­ªæ¨®­ « � 2 �, � := g. �®áâ â®ç­®
¤®ª § âì ¢ª«îç¥­¨¥ �(U) � �(V ). �à¥¤¯®«®¦¨¬, çâ® w 2 C n �(V ) (ïá­®, çâ® â®£¤  w 6= g(0)).
�âáî¤  ¯à¨ f 2 V ¯®«ãç¨¬ �(f)�w = f[g(z) � w] � f(z)g(1) 6= 0, á«¥¤®¢ â¥«ì­®,

[g(z) � w][g(0) � w]�1 2 V T = UT : (8)

�â® à ¢­®á¨«ì­® â®¬ã, çâ® w =2 �(U), ¨­ ç¥ £®¢®àï, �(U) � �(V ), çâ® ¨ âà¥¡®¢ «®áì.

� ¬¥â¨¬, çâ® ãá«®¢¨¥  ) ¯à¨ U = cm(V ) á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ (3). �®ª ¦¥¬, çâ® ¤«ï ª®¬-
¯ ªâ­ëå ª« áá®¢ V ¤®¯®«­¨â¥«ì­®¥ ¯à¥¤¯®«®¦¥­¨¥ g(0) 2 �(V ) ¬®¦­® ®¯ãáâ¨âì.

�¥¬¬  5. �ãáâì ª« áá V � A0 ª®¬¯ ªâ¥­, ¯à¨ç¥¬ (cm(V ))T = V T . �®£¤  g(0) 2 �(V ) ¯à¨
«î¡®¬ � 2 �, � := g.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ­¥ª®â®à®¬ � 2 �, � := g, ¨¬¥¥¬ g(0) =2 �(V ). �
á¨«ã ª®¬¯ ªâ­®áâ¨ V ¨ ­¥¯à¥àë¢­®áâ¨ � ¬­®¦¥áâ¢® �(V ) ª®¬¯ ªâ­®, ¨ ­ ©¤¥âáï â ª®¥ " > 0, çâ®
D(g(0); ")\�(V ) = ;. �¥¯¥àì, ¥á«¨ w 2 D(g(0); "), w 6= g(0), â®, à ááã¦¤ ï ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥
«¥¬¬ë 4, ¯®«ãç¨¬ á®®â­®è¥­¨¥ (8) á U = cm(V ). �®íâ®¬ã ¤«ï ¢á¥å f 2 V; x 2 D ¨¬¥¥¬

f[g(z) � w][g(0) � w]�1 � Pxfg(1) = [(g � f)(x)�w][g(0) � w]�1 6= 0;

®âªã¤  (g � f)(x) 6= w ¯à¨ x 2 D. �«¥¤®¢ â¥«ì­®, g(0) = (g � f)(0) | ¨§®«¨à®¢ ­­ ï â®çª 
®¡à §  (g � f)(D) ¤«ï «î¡®© ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ f 2 V . �® ¯à¨­æ¨¯ã á®åà ­¥­¨ï ®¡« áâ¨,
(g � f)(z) ¯®áâ®ï­­  ¢ D ¨ ¤ ¦¥ ¢ ­¥áª®«ìª® ¡®«ìè¥¬ ªàã£¥. �® â®£¤  �(f) = (g � f)(1) = g(0),
çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®¬ã ¯à¥¤¯®«®¦¥­¨î.

�â¬¥â¨¬, çâ® V T ¡ã¤¥â § ¢¥àè¥­­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  V T = (cm(V ))T . �¥©áâ¢¨-
â¥«ì­®, ¥á«¨ V T | § ¢¥àè¥­­ë© ª« áá, â® Pxg 2 V T , ¥á«¨ â®«ìª® g 2 V T , x 2 D, ¯®íâ®¬ã ¤«ï
«î¡®£® f 2 V ¨¬¥¥¬

(Pxg � f)(1) = (g � Pxf)(1) 6= 0; (9)

®âªã¤  g 2 (cm(V ))T . � ª ª ª V � cm(V ), â® ¨§ ¤®ª § ­­®£® á«¥¤ã¥â, çâ® V T = (cm(V ))T .
�¡à â­®, ¥á«¨ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¢¥à­®, â® ¤«ï «î¡®£® g 2 V T á ãç¥â®¬ á®®â­®è¥­¨© (9) á
¯à®¨§¢®«ì­ë¬¨ f 2 V ¨ x 2 D § ª«îç ¥¬, çâ® Pxg 2 V T .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì g 2 V �. � áá¬®âà¨¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì
frng â ªãî, çâ® 0 < rn < 1, n 2 N, ¨ rn ! 1, n!1. �®«®¦¨¬ gn(z) = (Prng)(z) = (1 � rnz)�1 �
g(z). � ª ª ª 0 < rn < 1, â® g 2 A0(D), n = 1; 2; : : : �¥âàã¤­® ¤®ª § âì, çâ® (1�rnz)�1 ! (1�z)�1

¢ A, ®âªã¤  ¨§ «¥¬¬ë 1 á«¥¤ã¥â gn!g, n!1. �á«¨ f2V , x2D, â® (gn �Pxf)(1) = (g � f)(rnx)6=0,
â. ª. g 2 V �. �®íâ®¬ã gn 2 (cm(V ))T , ¨ g 2 (cm(V ))T .

�¡à â­®, ¯ãáâì g 2 (cm(V ))T . �®£¤  ¯à¨ «î¡ëå f 2 V , x 2 D ¨¬¥¥¬ (g�f)(x) = (g�Pxf)(1) 6= 0,
â. ¥. g 2 V �. �§ ¤®ª § ­­®£® ¢ª«îç¥­¨ï (cm(V ))T � V � á ãç¥â®¬ § ¬ª­ãâ®áâ¨ ª« áá  V � ¢ A [3]
á«¥¤ã¥â, çâ® (cm(V ))T â®¦¥ á®¤¥à¦¨âáï ¢ V �: �

�­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¯à¨¢®¤ïâ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.
�¥®à¥¬  10. �à¨ U � A0(D) ¨¬¥¥¬ U� = (cm(U))?.

� ¬¥â¨¬, çâ® UT � U?, ¯à¨ç¥¬ U? ­¥ ®¡ï§ â¥«ì­® § ¬ª­ãâ® ¢ A.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � á¨«ã «¥¬¬ 4 ¨ 5 ¤«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï
â¥®à¥¬ë ¤®áâ â®ç­® ¯à®¢¥à¨âì ¢ª«îç¥­¨¥ V T � (V ��)T . �ãáâì g 2 V T = (cm(V ))T . �®£¤  g 2
A(DR), R > 1, ¨ ¤«ï «î¡®© äã­ªæ¨¨ f 2 cm(V ) ¨¬¥¥¬ (g � f)(1) 6= 0. �ç¨âë¢ ï ª®¬¯ ªâ­®áâì
cm(V ) ¢ A, ¨§ «¥¬¬ 2 ¨ 3 § ª«îç ¥¬, çâ® ¯à¨ ­¥ª®â®à®¬ �, 1 < � < R, ­¥à ¢¥­áâ¢® (g �f)(�) 6= 0
á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å f 2 cm(V ). �®« £ ï â¥¯¥àì h = P�g, ¡ã¤¥¬ ¨¬¥âì h 2 A(D), ¨ (h�f)(1) 6= 0,
¥á«¨ â®«ìª® f 2 cm(V ). � ª¨¬ ®¡à §®¬, h 2 (cm(V ))T , ¨ ¯® â¥®à¥¬¥ 1 h 2 V �. �®íâ®¬ã ¤«ï
¯à®¨§¢®«ì­®£® k 2 V �� ¨¬¥¥¬

(g � k)(1) = (P1=�h � k)(1) = (h � k)(1=�) 6= 0;

®âªã¤  g 2 (V ��)T .
�®ª ¦¥¬ ¢â®àãî ç áâì â¥®à¥¬ë. � ª ã¦¥ ¤®ª § ­® ¢ëè¥, ¯à¨ ¢á¥å � 2 � ¨¬¥¥¬ �(V ) =

�(V ��), ¨ ¨§ f 2 V �� á«¥¤ã¥â, çâ® �(f) 2 �(V ). �¡à â­®, ¯ãáâì ¤«ï äã­ªæ¨¨ f 2 A0 ¢ª«îç¥­¨¥
�(f) 2 �(V ) ¢ë¯®«­ï¥âáï ¯à¨ ¢á¥å � 2 �. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ g 2 V T , � := g. � á¨«ã
§ ¢¥àè¥­­®áâ¨ V T ¨¬¥¥¬ �(Pxh) = (g � Pxh)(1) 6= 0, ¥á«¨ â®«ìª® h 2 V , x 2 D. �®«®¦¨¬
�x := Pxg. �à¨ h 2 V , x 2 D ¯®«ãç ¥¬ �x(h) = (Pxg � h)(1) = (g � Pxh)(1) 6= 0, â. ¥. 0 =2 �x(V ).
�® â®£¤  �x(f) = (g � f)(x) 6= 0, ¨ f 2 (V T )� = [(cm(V ))T ]� = V ��. �®á«¥¤­¥¥ à ¢¥­áâ¢® ¬®¦­®
®¡®á­®¢ âì, ¥á«¨ ¯®ª § âì, çâ® (U)� = U� ¤«ï U � A0. �§ ¢ª«îç¥­¨ï U � U á«¥¤ã¥â, çâ®
(U)� � U�. �®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �«ï «î¡®£® f 2 U áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì
fn 2 U , n 2 N, áå®¤ïé ïáï ª f . �¥¯¥àì, ¥á«¨ g 2 U�, â® (g � fn)(z) 6= 0 ¯à¨ n 2 N, z 2 D. �
á¨«ã «¥¬¬ë 1 g � fn ! g � f , n ! 1, ¢ ¯à®áâà ­áâ¢¥ A. �® â¥®à¥¬¥ �ãà¢¨æ  ([5], á. 19), ¥á«¨
(g�f)(z) 6� const, â® (g�f)(z) 6= 0 ¢ ªàã£¥ D, ­® ¨ ¢ á«ãç ¥, ª®£¤  (g�f)(z) � const, â®¦¥ ¯®«ãç¨¬
(g � f)(z) = (g � f)(0) = 1 6= 0. �®áª®«ìªã äã­ªæ¨ï f 2 U ¢ë¡à ­  ¯à®¨§¢®«ì­®, â® g 2 (U)�: �
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ãáâì h 2 V ��, g 2 V T ; � := g. �®£¤  �(f) = (g � f)(1)6=0
¯à¨ ¢á¥å f 2 V , â. ¥. 0 =2 �(V ). �® â¥®à¥¬¥ 2 0 6= �(h) = (g � h)(1), ®âªã¤  h 2 (V T )?. �¡à â­®,
¯ãáâì h 2 (V T )?,   g 2 V �. � á¨«ã â¥®à¥¬ë 1 ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© gn 2
V T = (cm(V ))T , n = 1; 2 : : : , â ª ï, çâ® gn ! g, n ! 1. �à¨ íâ®¬ ¤«ï ¢á¥å x 2 D ¨¬¥¥¬
(gn � Pxh)(1) = (gn � h)(x) 6= 0. �á¯®«ì§ãï â¥®à¥¬ã �ãà¢¨æ , ª ª ¢ ¯à¥¤ë¤ãé¥¬ ¤®ª § â¥«ìáâ¢¥,
¯®«ãç¨¬ (h � g)(x) 6= 0, ¥á«¨ â®«ìª® x 2 D, ®âªã¤  h 2 V ��: �

�«¥¤áâ¢¨¥ 1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 2 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

V �� = \�2��
�1[�(V )] = \�2�(V + ker�);

£¤¥ ��1(A) | ¯à®®¡à § ¬­®¦¥áâ¢  A ¯à¨ ®â®¡à ¦¥­¨¨ �, A + B = fx + y : x 2 A; y 2 Bg |
 «£¥¡à ¨ç¥áª ï áã¬¬  ¬­®¦¥áâ¢,   ker� = ff 2 A : �(f) = 0g | ï¤à® äã­ªæ¨®­ «  �.

�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬¥ 2 ¢ª«îç¥­¨¥ f 2 V �� à ¢­®á¨«ì­® â®¬ã, çâ® �(f) 2 �(V )
¯à¨ «î¡®¬ � 2 �, çâ® ¢ á¢®î ®ç¥à¥¤ì à ¢­®á¨«ì­® ¢ª«îç¥­¨î f 2 ��1[�(V )], � 2 �, ¨ ¯¥à¢®¥
à ¢¥­áâ¢® ¤®ª § ­®. �¥¯¥àì, ¥á«¨ f 2 ��1[�(V )], â® ­ ©¤¥âáï g 2 V â ª®¥, çâ® �(g) = �(f). �®
â®£¤  ¤«ï h = f � g ¨¬¥¥¬ �(h) = �(f) � �(g) = 0, ¨ h 2 ker �, ®âªã¤  f = g + h 2 V + ker �. �
¤àã£®© áâ®à®­ë, ¥á«¨ f = g + h, £¤¥ g 2 V , h 2 ker �, â® �(f) = �(g) 2 �(V ).

� ¬¥ç ­¨¥. �á«¨ V � A0 | ª®¬¯ ªâ­ë© ¤¢®©áâ¢¥­­ë© ª« áá, â® V = \�2��
�1[�(V )]. �­ -

«®£¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ á¯à ¢¥¤«¨¢® ¤«ï ¯à®¨§¢®«ì­®£® ª®¬¯ ªâ­®£® ¢ë¯ãª«®£® ¬­®¦¥áâ¢  ¢
«®ª «ì­® ¢ë¯ãª«®¬ ¯à®áâà ­áâ¢¥ X, ®¤­ ª® ¢¬¥áâ® � §¤¥áì á«¥¤ã¥â ¢§ïâì ¯à®áâà ­áâ¢® ¢á¥å
¢¥é¥áâ¢¥­­®§­ ç­ëå «¨­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨®­ «®¢ ­  X ([6], c. 88).

�«¥¤áâ¢¨¥ 2. �á«¨ U; V � A0 ª®¬¯ ªâ­ë¥,   UT , V T | § ¢¥àè¥­­ë¥ ª« ááë, â® á«¥¤ãîé¨¥
á®®â­®è¥­¨ï à ¢­®á¨«ì­ë:

 ) U�� = V ��; ¡) UT = V T ; ¢) U� = V �.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢®  ). �ãáâì g 2 UT , � := g. �®£¤ 
á ãç¥â®¬ ¯à¨­æ¨¯  ¤¢®©áâ¢¥­­®áâ¨ ¨¬¥¥¬ 0 =2 �(U) = �(U��) = �(V ��) = �(V ), ®âªã¤  g 2 V T .
�¡à â­®¥ ¢ª«îç¥­¨¥ ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®. � á¨«ã â¥®à¥¬ë 1 ¨ § ¬¥ç ­¨ï ® § ¢¥àè¥­­®áâ¨
UT ¯®«ãç ¥¬ ¨¬¯«¨ª æ¨î ¡)) ¢). � ª®­¥æ, ®ç¥¢¨¤­®, ¨§ ¢) á«¥¤ã¥â  ).

�¥®à¥¬  4. �ãáâì V � A0 ª®¬¯ ªâ­®,   V
T | § ¢¥àè¥­­®¥ ¬­®¦¥áâ¢®. �®£¤ 

V T = [0<r<1Pr(V T ) = [0<r<1Prf[Pr(V )]T g: (10)

�®ª § â¥«ìáâ¢®. �§ § ¢¥àè¥­­®áâ¨ V T á«¥¤ã¥â, çâ® ¯à¨ «î¡®¬ r 2 (0; 1) ¨¬¥¥¬ Pr(V T ) �
V T , ®âªã¤  [0<r<1Pr(V T ) � V T . �ãáâì g 2 V T . �®£¤  g 2 A(DR) ¯à¨ ­¥ª®â®à®¬ R > 1, ¯à¨ç¥¬
(g � f)(1) 6= 0 ¤«ï ¢á¥å f 2 V . � á¨«ã «¥¬¬ 2 ¨ 3 ­ ©¤¥âáï � 2 (1; R) â ª®¥, çâ® (g � f)(�) 6= 0
8f 2 V . �®« £ ï h = P�g (¯à¨ íâ®¬ h 2 A(D)), ¡ã¤¥¬ ¨¬¥âì (h � f)(1) = (g � f)(�) 6= 0, ¥á«¨
f 2 V , ¨, §­ ç¨â, h 2 V T . � ª¨¬ ®¡à §®¬, g = P1=�h 2 P1=�(V T ) � [0<r<1Pr(V T ). �®ª ¦¥¬ ¢â®à®¥
à ¢¥­áâ¢®. �¨ªá¨àã¥¬ g 2 V T ¨ r 2 (0; 1). �®áª®«ìªã V T | § ¢¥àè¥­­®¥ ¬­®¦¥áâ¢®, â® ¤«ï ¢á¥å
f 2 V ¨¬¥¥¬ (g � Prf)(1) 6= 0, ¨ ¯®íâ®¬ã g 2 [Pr(V )]T . �¥¯¥àì ¨§ ¢ª«îç¥­¨ï V T � [Pr(V )]T

á«¥¤ã¥â Pr(V T ) � Prf[Pr(V )]T g, ®âªã¤ 

V T = [0<r<1Pr(V T ) � [0<r<1Prf[Pr(V )]T g:

� ¤àã£®© áâ®à®­ë, ¥á«¨ g ¯à¨­ ¤«¥¦¨â ¯à ¢®© ç áâ¨ (10), â® ¯à¨ ­¥ª®â®à®¬ r 2 (0; 1) ¨¬¥¥¬
g 2 Prf[Pr(V )]T g, §­ ç¨â, g = Prh, £¤¥ h 2 [Pr(V )]T . �á­®, çâ® g 2 A0(D), ¨ (h � Prf)(1) =
(Prh � f)(1) 6= 0, á«¥¤®¢ â¥«ì­®, g 2 V T .
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4. �®à¤îà­ë¥ í«¥¬¥­âë ª« áá  V

� ª £®¢®à¨«®áì ¢ëè¥, V �� ¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¨¬¥­ìè¨© ¯® ¢ª«îç¥­¨î ¤¢®©áâ¢¥­­ë©
ª« áá, á®¤¥à¦ é¨© V . �­®£¨¥ íªáâà¥¬ «ì­ë¥ § ¤ ç¨ ­  à §«¨ç­ëå ª« áá å  ­ «¨â¨ç¥áª¨å
äã­ªæ¨© à¥è îâáï ¯ãâ¥¬ á¢¥¤¥­¨ï ª ¡®«¥¥ ¯à®áâë¬ § ¤ ç ¬ ¯®¨áª  íªáâà¥¬ã¬  ­  ¯®¤ª« áá å,
¨¬¥îé¨å âã ¦¥ § ¬ª­ãâãî ¢ë¯ãª«ãî ®¡®«®çªã, çâ® ¨ ¨áå®¤­ë© ª« áá. �®áâà®¨¬ ¯®¤ª« áá
U � V , ¤«ï ª®â®à®£® U� = V �, à áá¬®âà¨¬ ­¥ª®â®àë¥ ¥£® á¢®©áâ¢ .

�ãáâì V � A0 ¨ V ­¥ á®¢¯ ¤ ¥â á ª« áá®¬, á®áâ®ïé¨¬ ¨§ ®¤­®£® í«¥¬¥­â  e � 1. �ã¤¥¬
£®¢®à¨âì, çâ® f 2 V ï¢«ï¥âáï ¡®à¤îà­ë¬ í«¥¬¥­â®¬ ª« áá  V , ¥á«¨ ¨§ á®®â­®è¥­¨ï f = Pxg,
£¤¥ g 2 V; x 2 D, á«¥¤ã¥â jxj = 1. �­®¦¥áâ¢® ¢á¥å ¡®à¤îà­ëå í«¥¬¥­â®¢ V ­ §®¢¥¬ ¡®à¤îà®¬ V
¨ ®¡®§­ ç¨¬ ç¥à¥§ bor(V ). �á«¨ V = feg, â® ¯® ®¯à¥¤¥«¥­¨î ¡ã¤¥¬ ¯®« £ âì bor(V ) = feg.

�¥¬¬  6. �ãáâì V � A0 | ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢®. �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f 2 V
­ ©¤ãâáï g 2 bor(V ), x 2 D, â ª¨¥, çâ® f = Pxg. �à¨ íâ®¬ ¤«ï f 6� e í«¥¬¥­â g ®¯à¥¤¥«ï¥âáï
á â®ç­®áâìî ¤® ¯à¥®¡à §®¢ ­¨ï Py, £¤¥ jyj = 1.

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî äã­ªæ¨î f 2 V . �®áâà®¨¬ ç¨á«®¢®¥ ¬­®¦¥-
áâ¢®

Rf = fr > 0 : áãé¥áâ¢ãîâ g 2 V; x 2 D â ª¨¥, çâ® f = Pxg; jxj = rg:

� ¬¥â¨¬, çâ® 1 2 Rf 6= ;. �ãáâì r0 = infRf > 0. �®£¤  ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìfrng í«¥-
¬¥­â®¢ ¨§ Rf , áå®¤ïé ïáï ª r0 ¯à¨ n !1, á«¥¤®¢ â¥«ì­®, ¬®¦­® ãª § âì ¯®á«¥¤®¢ â¥«ì­®áâ¨
gn 2 V , xn 2 D â ª¨¥, çâ® f = Pxngn, jxnj = rn, n = 1; 2; : : : � á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢ V ¨
D áç¨â ¥¬, ¢ë¡¨à ï ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨, çâ® gn ! g0 2 V , xn ! x0 2 D,
n ! 1. �¥âàã¤­® ¢¨¤¥âì, çâ® r0 = jx0j, ¨ á ãç¥â®¬ «¥¬¬ë 1 Pxngn ! Px0g0, n ! 1, ®âªã¤ 
f = Px0g0. �à¥¤¯®«®¦¨¬, çâ® g0 =2 bor(V ). �®£¤  ¯à¨ ­¥ª®â®àëå h 2 V ¨ y 2 D ¨¬¥¥¬ g0 = Pyh,
¯®íâ®¬ã f = Px0yh, £¤¥ jx0yj 2 Rf , ®¤­ ª® jx0yj < jx0j = r0, çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®¬ã
¯à¥¤¯®«®¦¥­¨î. �«¥¤®¢ â¥«ì­®, g0 | ¨áª®¬ë© í«¥¬¥­â.

�áâ «®áì à áá¬®âà¥âì á«ãç © r0 = 0. � ááã¦¤ ï, ª ª ¨ ¢ëè¥, ¯®«ãç¨¬ f = P0g0 = e. �á«¨
V 6= feg, â® ­ ©¤¥âáï ®â«¨ç­ ï ®â e äã­ªæ¨ï h 2 V , ¯à¥¤áâ ¢¨¬ ï ¢ ¢¨¤¥ h = Pxg ¯à¨ ­¥ª®â®àëå
g 2 bor(V ) ¨ x 2 D. �® â®£¤  f = P0g, çâ® ¨ âà¥¡®¢ «®áì. �«ï ª« áá  V = feg à ááã¦¤¥­¨ï
âà¨¢¨ «ì­ë.

�®ª ¦¥¬ ¥¤¨­áâ¢¥­­®áâì ¨áª®¬®© äã­ªæ¨¨. �ãáâì ¯à¨ ­¥ª®â®àëå g; h 2 bor(V ) ¨ x; y 2 D
¨¬¥¥¬ f = Pxg = Pyh, ¯à¨ç¥¬ f 6= e. �ç¥¢¨¤­®, x; y 6= 0. �à¥¤¯®«®¦¨¬, ¤«ï ®¯à¥¤¥«¥­­®áâ¨, çâ®
jxj � jyj. � ª ª ª á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

f(z) = g(xz) = h(yz) = g[(x=y)yz] = (Px=yg)(yz); z 2 D;

â® ¢ ªàã£¥ Djyj äã­ªæ¨¨ h ¨ Px=yg á®¢¯ ¤ îâ. �® â¥®à¥¬¥ ¥¤¨­áâ¢¥­­®áâ¨ ®­¨ á®¢¯ ¤ îâ ¨ ¢®
¢á¥¬ ªàã£¥ D. �® â®£¤ , ¯®áª®«ìªã h 2 bor(V ), â® jx=yj = 1. �«ãç © jxj � jyj ®¡®á­®¢ë¢ ¥âáï
 ­ «®£¨ç­®.

� ¬¥ç ­¨¥. �§ «¥¬¬ë 6 á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ª®¬¯ ªâ­®£® V � A0 ¢ë¯®«­ï¥âáï ¢ª«î-
ç¥­¨¥ V � cm(bor(V )), ¯à¨ç¥¬ ¢ á«ãç ¥ § ¢¥àè¥­­®áâ¨ V ®­® ¯à¥¢à é ¥âáï ¢ à ¢¥­áâ¢®.

�«¥¤áâ¢¨¥ 3. �á«¨ V � A0 ª®¬¯ ªâ­®, â® (bor(V ))� = V �.

�®ª § â¥«ìáâ¢®. � á¨«ã ®¯à¥¤¥«¥­¨ï ¨ â®«ìª® çâ® á¤¥« ­­®£® § ¬¥ç ­¨ï ¨¬¥¥¬ bor(V ) �
V � cm(bor(V )), ¯®íâ®¬ã [cm(bor(V ))]� � V � � (bor(V ))�. �ç¨âë¢ ï á¢®©áâ¢® b) § ¢¥àè¥­­®©
®¡®«®çª¨, § ª«îç ¥¬, çâ® ªà ©­¨¥ ç«¥­ë ¯®á«¥¤­¥£® ¢ª«îç¥­¨ï á®¢¯ ¤ îâ.

�¥®à¥¬  5. �ãáâì V � A0 ª®¬¯ ªâ­®,   V
T | § ¢¥àè¥­­®¥ ¬­®¦¥áâ¢®. �®£¤  ¯à¨ «î¡®¬

� 2 �, � := g, á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

�(V ) = [f2bor(V )(f � g)(D); (11)

@�(V ) � [f2bor(V )(f � g)(@D): (12)
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® c 2 �(V ), £¤¥ � 2 �, � := g. �â® §­ ç¨â, çâ® ­ ©¤¥âáï
f 2 V â ª®¥, çâ® c = �(f) = (g �f)(1). �®£« á­® «¥¬¬¥ 6 äã­ªæ¨ï f ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ f = Pxh,
£¤¥ h 2 bor(V ), x 2 D. �® â®£¤  ¯®«ãç¨¬

c = (f � g)(1) = (Pxh � g)(1) = (h � g)(x) 2 (h � g)(D); (13)

£¤¥ ¯®á«¥¤­¥¥ ¬­®¦¥áâ¢®, ®ç¥¢¨¤­®, á®¤¥à¦¨âáï ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (11).
�¡à â­®, ¯ãáâì c 2 [f2bor(V )(f � g)(D). �®£¤  áãé¥áâ¢ãîâ f 2 bor(V ) � V ¨ x 2 D â ª¨¥, çâ®

c = (f � g)(x) = (Pxf � g)(1) = �(Pxf):

�®áª®«ìªã Pxf 2 cm(V ) � V , â® ¢ á¨«ã â¥®à¥¬ë 2 c = �(Pxf) ¯à¨­ ¤«¥¦¨â �(V ), çâ® ¨
âà¥¡®¢ «®áì.

�®ª ¦¥¬ â¥¯¥àì ¢ª«îç¥­¨¥ (12). �®¯ãáâ¨¬, çâ® c 2 @�(V ), â®£¤  c 2 �(V ), ¯®áª®«ìªã �(V )
ª®¬¯ ªâ­®. � ãç¥â®¬ à ¢¥­áâ¢  (11), ­ ©¤ãâáï h 2 bor(V ), x 2 D, ¤«ï ª®â®àëå ¢ë¯®«­¥­ë
á®®â­®è¥­¨ï (13). �à¨ íâ®¬, ¥á«¨ h � g 6� const ¨ x 2 D, â® ¯® ¯à¨­æ¨¯ã á®åà ­¥­¨ï ®¡« áâ¨
­¥ª®â®à ï ®ªà¥áâ­®áâì O(c) â®çª¨ c á®¤¥à¦¨âáï ¢ (h � g)(D), ¨ ¤«ï «î¡®£® c0 2 O(c) ­ ©¤¥âáï
x0 2 D â ª®¥, çâ® c0 = (h � g)(x0) = �(Px0h). �âáî¤ , ª ª ¨ ¢ëè¥, �(Px0h) 2 �(V ), â. ¥. c ï¢«ï¥âáï
¢­ãâà¥­­¥© â®çª®© �(V ), çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®¬ã ¯à¥¤¯®«®¦¥­¨î. �®íâ®¬ã x ¤®«¦­ 
¡ëâì £à ­¨ç­®© â®çª®© ªàã£  D. �á«¨ h � g = const, â® ¯®«ãç ¥¬ c = (h � g)(1) 2 (h � g)(@D).

�  ¯à¨¬¥à¥ ª®¬¯ ªâ­®£® ª« áá  V = f1 + xz : x 2 Dg [ f1 + yz2 : y 2 Dg ¨ äã­ªæ¨®­ « 
�(f) = a1(f), � := g(z) = z, ¬®¦­® ã¡¥¤¨âìáï, çâ® ®¡à â­®¥ ¢ª«îç¥­¨¥ ¢ (12) ­¥ ¢ë¯®«­ï¥âáï.

�¥®à¥¬  6. �«ï «î¡®£® ª®¬¯ ªâ­®£® V � A0 ¨¬¥¥¬

bor(V �) = V � n (cm(V ))T :

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 1 ¨ ®¯à¥¤¥«¥­¨ï ¡®à¤îà  á«¥¤ã¥â, çâ® ª ª (cm(V ))T , â ª ¨
bor(V �) ï¢«ïîâáï ¯®¤¬­®¦¥áâ¢ ¬¨ V �. �ãáâì g 2 (cm(V ))T . �à¨¬¥­ïï «¥¬¬ë 2 ¨ 3, ª ª ¯à¨
¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2, § ª«îç ¥¬, çâ® h = P�g 2 V � ¯à¨ ­¥ª®â®à®¬ � > 1, ®âªã¤  g = P1=�h,
¨ ¯®íâ®¬ã g 62 bor(V �).

�¡à â­®, ¥á«¨ g 2 V � n bor(V �), â® ¢ë¡¥à¥¬ h 2 V � ¨ x 2 D â ª¨¥, çâ® g = Pxh. �®£¤ 
g 2 A0(D) ¨ ®¤­®¢à¥¬¥­­® ¤«ï ¢á¥å y 2 D, f 2 V ¨¬¥¥¬

(g � Pyf)(1) = (Pxh � Pyf)(1) = (h � f)(xy) 6= 0; (14)

¯®áª®«ìªã h 2 V �. �® ¨§ (14) á«¥¤ã¥â, çâ® g 2 (cm(V ))T , ®âªã¤  ¨ ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.
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