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� ¤ ­­®© à ¡®â¥ ¯à®¤®«¦ ¥âáï ¨§ãç¥­¨¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©

x(t) = �

Z b

a
K(t; s)dx(s) + f(t); t 2 [a; b]; � 2 C ; (1)

x(t) = �

Z t

a

Q(t; s)dx(s) + f(t); t 2 [a; b]; � 2 C ; (2)

á âà ªâ®¢ª®© ¨­â¥£à «  ¢ á¬ëá«¥ �¥àà®­ {�â¨«âì¥á , ­ ç â®¥ ¢ [1]. � â ª¨¬ ãà ¢­¥­¨ï¬ á¢®-
¤ïâáï, ­ ¯à¨¬¥à, ªà ¥¢ ï § ¤ ç  ¨ § ¤ ç  �®è¨ ¤«ï á¨­£ã«ïà­ëå á¨áâ¥¬ «¨­¥©­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©, à áá¬ âà¨¢ ¥¬ëå, ­ ¯à¨¬¥à, ¢ [2],   â ª¦¥ ¤«ï á¨áâ¥¬ «¨­¥©­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ®¡®¡é¥­­ë¬¨ äã­ªæ¨ï¬¨ ¢ ª®íää¨æ¨¥­â å.

�  ï¤à  K(t; s) ¨ Q(t; s) ãà ¢­¥­¨© ¢¨¤  (1) ¨ (2) ¢ [3] ­ ª« ¤ë¢ îâáï ®¡à¥¬¥­¨â¥«ì­ë¥
®£à ­¨ç¥­¨ï: âà¥¡ã¥âáï ®£à ­¨ç¥­­®áâì ¢ à¨ æ¨¨ ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå, â®£¤  ª ª ¢
ãª § ­­ëå ¯à¨«®¦¥­¨ïå íâ® ãá«®¢¨¥ ¬®¦¥â ­¥ ¢ë¯®«­ïâìáï. � è¨ ®£à ­¨ç¥­¨ï (á¬. ­¨¦¥)
§­ ç¨â¥«ì­® á« ¡¥¥.

� ª ¢ [1], ¡ã¤¥¬ ­ §ë¢ âì ãà ¢­¥­¨¥ (1) ãà ¢­¥­¨¥¬ �¥àà®­ {�â¨«âì¥á {�à¥¤£®«ì¬  (PSF-
ãà ¢­¥­¨¥¬),   ãà ¢­¥­¨¥ (2) | ãà ¢­¥­¨¥¬ �¥àà®­ {�â¨«âì¥á {�®«ìâ¥àà  (PSV-ãà ¢­¥­¨¥¬).

�¥à¥§ BVn[a; b] ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ª®¬¯«¥ªá­®§­ ç­ëå n-¢¥ªâ®à-äã­ªæ¨© x(�); ®¯à¥¤¥«¥­-
­ëå ­  [a; b]; â ª¨å, çâ®

b_
a

(x) := sup
nX
i=1

kx(ti)� x(ti�1)k < +1; (3)

£¤¥ â®ç­ ï ¢¥àå­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ à §¡¨¥­¨ï¬ a = t0 < t1 < � � � < tn = b ®âà¥§ª  [a; b];  
k � k | ¯à®¨§¢®«ì­ ï ­®à¬  ¢ C n . �¡®§­ ç¨¬ â ª¦¥

MBVn[a; b]
:=
�
A : [a; b]!Mn(C );

b_
a

(A) := sup
nX
i=1

kA(ti)�A(ti�1)kMn
< +1

�
;

£¤¥ k � kMn
| ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Mn(C ) ª®¬¯«¥ªá­ëå n� n-¬ âà¨æ, á®£« á®¢ ­­ ï á ­®à¬®©

¢ (3).
�à¥¤¯®« £ ¥âáï, çâ® ¢ ãà ¢­¥­¨¨ (1) n � n-¬ âà¨æ  K(t; s) ¯® ª ¦¤®© ¯¥à¥¬¥­­®© ¨¬¥¥â

à ¢­®¬¥à­® ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î, â. ¥. áãé¥áâ¢ãîâ ª®­áâ ­âë 
 ¨ � â ª¨¥, çâ®

b_
a

(K(�; s)) � 
;
b_
a

(K(t; �)) � �; t; s 2 [a; b]; (4)

  f 2 BVn[a; b]. �¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì â®¦¥ ¢ BVn[a; b]: �¥§®«ì¢¥­â®© ï¤à  K(t; s)
­ §®¢¥¬ ¬ âà¨æã R(t; s; �) â¥å ¦¥ à §¬¥à®¢, ®¯à¥¤¥«¥­­ãî ­  ¬­®¦¥áâ¢¥ [a; b]� [a; b]��; ª®â®à ï
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¯à¨ «î¡®¬ � 2 � � C ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (4) ¨ ¤«ï «î¡®© ¯à ¢®© ç áâ¨ f(t) äã­ªæ¨ï

x(t) = f(t) + �

Z b

a

R(t; s; �)df(s) (5)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1). � [1] ¯®ª § ­®, çâ® ¥á«¨ à¥§®«ì¢¥­â  áãé¥áâ¢ã¥â, â® ®­ 
®¯à¥¤¥«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬,   à¥è¥­¨¥ (5) ¥¤¨­áâ¢¥­­®. (�¤¨­áâ¢¥­­®áâì à¥§®«ì¢¥­âë
¯®­¨¬ ¥âáï ¢ â®¬ á¬ëá«¥, çâ® ¥á«¨ R1(t; s; �) ®¯à¥¤¥«¥­  ¯à¨ � 2 �1;   R2(t; s; �) | ¯à¨ � 2 �2,
â® ¤«ï «î¡®£® � 2 �1 \ �2 R1(t; s; �) � R2(t; s; �):)

�¥®à¥¬  1. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ c0; c1; c2; : : : â ª ï, çâ®

1) ¤«ï «î¡®£® L > 0 àï¤ D(�) =
1P
n=0

cn�
n áå®¤¨âáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­® ¢ ®¡« áâ¨

j�j � L;

2) àï¤ D(t; s; �) =
1P
n=0

Bn(t; s)�n, £¤¥ ª®íää¨æ¨¥­âë Bn(t; s) á¢ï§ ­ë à¥ªãàà¥­â­ë¬ á®®â­®-

è¥­¨¥¬

B0(t; s) = K(t; s); Bn(t; s) = K(t; s)cn +
Z b

a

K(t; �)dBn�1(�; s); n = 1; 2; : : : ;

áå®¤¨âáï â ª, çâ®

lim
N!1

b_
a

�
D(�; s; �) �

NX
n=0

Bn(�; s)�n
�
= 0; s 2 [a; b];

lim
N!1

b_
a

�
D(t; �; �)�

NX
n=0

Bn(t; �)�n
�
= 0; t 2 [a; b];

¯à¨ç¥¬ áå®¤¨¬®áâì ¢ ®¡®¨å ¯à¥¤¥«ì­ëå à ¢¥­áâ¢ å à ¢­®¬¥à­ ï (®â­®á¨â¥«ì­® s ¢ ¯¥à-
¢®¬ à ¢¥­áâ¢¥ ¨ ®â­®á¨â¥«ì­® t ¢® ¢â®à®¬).

�®£¤  ¢ëà ¦¥­¨¥ D(t; s; �)D�1(�) á®¢¯ ¤ ¥â á à¥§®«ì¢¥­â®© ï¤à  K(t; s).

�«¥¤áâ¢¨¥. �á«¨ detD(�) = 0, â® «î¡ ï äã­ªæ¨ï ¢¨¤ 

x(t) =
Z b

a

D(t; s; �)N(�)dy(s); t 2 [a; b];

£¤¥ N(�) | ¯à®¨§¢®«ì­ ï ¬ âà¨æ  ¨§ Mn â ª ï, çâ® D(�)N(�) = 0;   y(�) | ¯à®¨§¢®«ì­ ï
äã­ªæ¨ï ¨§ BVn[a; b]; ï¢«ï¥âáï à¥è¥­¨¥¬ á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï

x(t) =
Z b

a
K(t; s)dx(s):

�à¨¬¥à 1. �ãáâì n = 1, K(t; s) =

(
1; t � s;

0; t < s;
[a; b] = [0; 1]: �®§ì¬¥¬ c0 = 1, c1 = �1, cn = 0

¯à¨ n � 2: �®£¤  D(�) = 1� �;

B1(t; s) = �K(t; s) +
Z 1

0

K(t; �)dK(�; s) = �K(t; s) +
�
K(t; s)�K(0; s)

�
= �K(0; s);

B2(t; s) = 0 �K(t; s)�
Z

1

0

K(t; �)dK(0; s) = 0; Bn(t; s) � 0; n � 3:

�­ ç¨â, D(t; s; �) = K(t; s)�K(0; s)� =

8>><
>>:
1; t � s > 0;

0; t < s;

1� �; t � s = 0:

�âáî¤  R(t; s; �) =

8>><
>>:

1

1��
; t � s > 0;

0; t < s;

1; t � s = 0;
� = C n f1g.
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�à¨ � = 1 ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â à¥è¥­¨ï

x0(t) � 0; xs(t) =

(
1; t � s;

0; t < s;
¯à¨ s > 0:

� ¬¥ç ­¨¥. � íâ®¬ ¯à¨¬¥à¥ ï¤à® K(t; s) ¨¬¥¥â ¡¥áª®­¥ç­ãî ¢ à¨ æ¨î ¯® á®¢®ªã¯­®áâ¨
¯¥à¥¬¥­­ëå.

� «¥¥ à áá¬®âà¨¬ ¨­â¥£à «ì­®¥ PSV-ãà ¢­¥­¨¥ (2) ¯à¨ â¥å ¦¥ ¯à¥¤¯®«®¦¥­¨ïå (4) ®â­®á¨-
â¥«ì­® ï¤à  Q(t; s): �®£¤  ãâ¢¥à¦¤¥­¨ï ® à¥§®«ì¢¥­â¥ R(t; s; �) á¯à ¢¥¤«¨¢ë ¨ ¢ íâ®¬ á«ãç ¥,  
¥¥ ¯à¥¤áâ ¢«¥­¨¥,  ­ «®£¨ç­®¥ â¥®à¥¬¥ 1, ¤ ¥â

�¥®à¥¬  2. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

d0(s); d1(s); : : : ; dn(s); : : : 2MBVn[a; b]

â ª®¢ , çâ®

1) ¤«ï «î¡®£® s 2 [a; b] àï¤ E(s; �) =
1P
n=0

dn(s)�n ¨¬¥¥â à ¤¨ãá áå®¤¨¬®áâ¨ �(s) � r > 0;

2) àï¤ E(t; s; �) =
1P
n=0

Cn(t; s)�n; £¤¥ ª®íää¨æ¨¥­âë Cn(t; s) á¢ï§ ­ë à¥ªãàà¥­â­ë¬ á®®â­®-

è¥­¨¥¬

Cn(t; s) = Q(t; s)
�
dn(s) + Cn�1(s; s)

�
+
Z t

s

Q(t; �)dCn�1(�; s); n = 1; 2; : : : ; s � t;

C0(t; s) = Q(t; s);

áå®¤¨âáï â ª, çâ®

lim
N!1

b_
a

�
E(�; s; �) �

NX
n=0

Cn(�; s)�n
�
= 0; s 2 [a; b];

lim
N!1

b_
a

�
E(t; �; �) �

NX
n=0

Cn(t; �)�n
�
= 0; t 2 [a; b];

¯à¨ç¥¬ áå®¤¨¬®áâì ¢ ®¡®¨å ¯à¥¤¥«ì­ëå à ¢¥­áâ¢ å à ¢­®¬¥à­ ï (®â­®á¨â¥«ì­® s ¢ ¯¥à-
¢®¬ à ¢¥­áâ¢¥ ¨ ®â­®á¨â¥«ì­® t ¢® ¢â®à®¬) ¢ «î¡®¬ ªàã£¥ j�j � L < r:

�®£¤  à¥§®«ì¢¥­â  ï¤à  Q(t; s) áãé¥áâ¢ã¥â ¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥

R(t; s; �) = E(t; s; �)E�1(s; �):

� «¥¥ à áá¬®âà¨¬ ¢ ¦­ë© ¤«ï ¯à¨«®¦¥­¨© á«ãç © ¬ã«ìâ¨¯«¨ª â¨¢­®£® ï¤à  PSV-ãà ¢­¥­¨ï

Q(t; s) = �(t)�(s); �; � 2MBVn[a; b]: (6)

�¥®à¥¬  3. �ãáâì àï¤ H(t; �) =
1P
n=0

hn(t)�n; £¤¥

h0(t) � E; hn(t) =
Z t

c

�(s)d
�
�(s)hn�1(s)

�
; n = 1; 2; : : : ; a � c � b; (7)

áå®¤¨âáï â ª, çâ® ¯à¨ j�j < r � +1

lim
N!1

b_
a

�
H(�; �) �

NX
n=0

hn(�)�n
�
= 0:

�®£¤  à¥§®«ì¢¥­â  ï¤à  (6), ®¯à¥¤¥«¥­­ ï ¯à¨

� 2 �� : j�j < r; jdetH(t; �)j � � > 0; jdet(E � ��(t)�(t))j � � > 0 8t 2 [a; b]
	
;
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áãé¥áâ¢ã¥â ¨ ¨¬¥¥â ¢¨¤

R(t; s; �) = �(t)H(t; �)H�1(s; �)�(s)(E � ��(s)�(s))�1: (8)

�à¨¬¥à 2. Q(t; s) = ts, 0 � s � t � 1: �® ä®à¬ã« ¬ (7) ¯®«ãç ¥¬

h1(t) =
Z t

0

s ds =
t2

2
; h2(t) =

Z t

0

sd
s3

2
=
3
8
t4;

h3(t) =
Z t

0

sd

�
3
8
s5
�
=
15
48
t6; : : : ; hn(t) =

(2n� 1)!!
(2n)!!

t2n:

�âáî¤  ­ å®¤¨¬

H(t; �) = 1 +
1X
n=1

(2n� 1)!!
(2n)!!

t2n�n = 1 +
1X
n=1

(2n� 1)!!
(2n)!!

(�t2)n = (1� �t2)�1=2:

�â®â àï¤ áå®¤¨âáï ¯à¨ j�j < 1. �®¤áâ ¢«ïï ­ ©¤¥­­ë¥ ¢ëà ¦¥­¨ï ¢ (8), ¯®«ãç¨¬

R(t; s; �) =
tp

1� �t2
sp

1� �s2
; � < 1:

� ª¨¬ ®¡à §®¬, à¥§®«ì¢¥­â  PSV-ãà ¢­¥­¨ï á ï¤à®¬ (6) ®¯à¥¤¥«ï¥âáï äã­ªæ¨¥© H(t; �):
� «¥¥ ¯à¥¤« £ ¥âáï ¥é¥ ®¤¨­ á¯®á®¡ ¯®áâà®¥­¨ï íâ®© äã­ªæ¨¨, ®á­®¢ ­­ë© ­  ¢â®à®¬ à¥§®«ì-
¢¥­â­®¬ â®¦¤¥áâ¢¥ [1]

R(t; s; �) = �

Z t

s
R(t; �; �)dQ(�; s) + �R(t; s; �)Q(s; s) +Q(t; s):

�¥®à¥¬  4. �ãáâì (E � ��(t)�(t))�1 2MBVn[a; b];   àï¤

U(t; �) =
1X
k=0

uk(t; �); u0(t; �) � E; j�j < r � +1; (9)

uk(t; �) = ��
Z t

c

uk�1(�; �)�(�)(E � ��(�)�(�))�1d�(�); k = 1; 2; : : : ; (10)

£¤¥ c | ­¥ª®â®à ï â®çª  ¨§ [a; b]; áå®¤¨âáï à ¢­®¬¥à­® ®â­®á¨â¥«ì­® t 2 [a; b]: �®£¤  äã­ªæ¨ï
H(t; �); ®¯à¥¤¥«ïîé ï à¥§®«ì¢¥­âã PSV-ãà ¢­¥­¨ï á ï¤à®¬ (6), ¬®¦¥â ¡ëâì ¢ëç¨á«¥­  ¯®

ä®à¬ã«¥

H(t; �) = U�1(t; �):

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ä®à¬ã«ë (9), (10) ¯®§¢®«ïîâ áâà®¨âì à¥§®«ì¢¥­âã ¯à¨ ¡®«¥¥
®¡é¨å ãá«®¢¨ïå, ç¥¬ â¥, ª®â®àë¥ ä®à¬ã«¨àãîâáï ¢ â¥®à¥¬¥ 4. � ¯à¨¬¥à, ¬®¦­® ¤®¯ãáâ¨âì,
çâ® ¬ âà¨æ  E � ��(s)�(s) ¢ëà®¦¤ ¥âáï ¢ ®¤­®© â®çª¥,   ¬ âà¨æë �(�) ¨ �(�) ¯àï¬®ã£®«ì­ë¥.
�¤­ ª® ¯®áâà®¥­­ ï â ª¨¬ ®¡à §®¬ äã­ªæ¨ï R(t; s) ¢ ¯®«­®¬ á¬ëá«¥ á«®¢  à¥§®«ì¢¥­â®© ­¥
ï¢«ï¥âáï, ¯®â®¬ã çâ® ¬®¦¥â ­¥ ¨¬¥âì ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ¯® ª ª®©-«¨¡® ¨§ ¯¥à¥¬¥­­ëå.
�¥¬ ­¥ ¬¥­¥¥, äã­ªæ¨ï R(t; s) ¢á¥ ¦¥ ¨¬¥¥â á¬ëá«, ­ ¯à¨¬¥à, ¥á«¨ äã­ªæ¨ï x(t) = f(t) +Z t

a

R(t; s)df(s) ®¯à¥¤¥«¥­ , â. ¥. ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ áãé¥áâ¢ã¥â, â® x(�) ï¢«ï¥âáï à¥è¥­¨¥¬
­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï á ¯à ¢®© ç áâìî f(�):
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