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�¨à®ª¨¥ ª« ááë ¢ à¨ æ¨®ëå § ¤ ç, á®¤¥à¦ é¨å,  ¯à¨¬¥à, äãªæ¨® «ë á ®âª«®ïî-
é¨¬áï  à£ã¬¥â®¬, ª ª ¯à ¢¨«®, ¥à §à¥è¨¬ë¬¥â®¤ ¬¨ ª« áá¨ç¥áª®£® ¢ à¨ æ¨®®£® ¨áç¨á«¥-
¨ï. �®¯ëâª¨ ¢ë©â¨ §  à ¬ª¨ íâ¨å ¬¥â®¤®¢ ¡ë«¨ ¯à¥¤¯à¨ïâë,  ¯à¨¬¥à, ¢ [1]. �«ï à¥è¥¨ï
â ª¨å § ¤ ç ¡ë« à §à ¡®â  ¬¥â®¤ à¥¤ãªæ¨¨ ¢ à¨ æ¨®ëå § ¤ ç ª § ¤ ç¥ ¬¨¨¬¨§ æ¨¨ äãª-
æ¨® «  ¢ ¥ª®â®à®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ [2]{[5]. �¨¦¥ ¯à¥¤« £ ¥âáï ®¡é¨© ¯®¤å®¤ ª
â ª®© à¥¤ãªæ¨¨, ®á®¢ ë©   ¥¯®áà¥¤áâ¢¥®¬ ¨§ãç¥¨¨ íªáâà¥¬ «ì®© § ¤ ç¨.

� ¯®¬¨¬, çâ® ¤¥©áâ¢ãîé¨© ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ D «¨¥©ë© á ¬®á®¯àï¦¥ë©
®£à ¨ç¥ë© ®¯¥à â®à U : D ! D  §ë¢ ¥âáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬   ¯à®áâà áâ¢¥
D, ¥á«¨ hUy; yi � 0 ¯à¨ ¢á¥å y 2 D; áâà®£® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬, ¥á«¨ hUy; yi > 0 ¯à¨
¢á¥å y 2 D, y 6= 0; á¨«ì® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬, ¥á«¨ hUy; yi � kyk2 ¯à¨ ¥ª®â®à®¬
 > 0 ¨ ¢á¥å y 2 D. �®«®¦¨â¥«ì ï ®¯à¥¤¥«¥®áâì ®¯¥à â®à  U íª¢¨¢ «¥â  ¥®âà¨æ â¥«ì®-
áâ¨ ¥£® á¯¥ªâà . �¨«ì ï ¯®«®¦¨â¥«ì ï ®¯à¥¤¥«¥®áâì ®¯¥à â®à  U ®§ ç ¥â, çâ® ¯à¨ ¥ª®â®-
à®¬  > 0 ¢á¥ â®çª¨ á¯¥ªâà  ®¯¥à â®à  U ¥ ¬¥ìè¥ , ¯à¨ íâ®¬ áãé¥áâ¢ã¥â ®¡à âë© ®¯¥à â®à
U�1 ([6], c. 249).

�§¢¥áâë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ ª¢ ¤à â¨ç®£® äãªæ¨® « 

1
2
hx;Uxi � hx; fi �! inf; (1)

£¤¥ f 2D ( ¯à., [2], [3]), áä®à¬ã«¨àã¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¥®à¥¬  1. �®çª  x0 2 D ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

Ux0 = f ¨ ®¯¥à â®à U ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D. �á«¨ ®¯¥à â®à U áâà®£®

¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D, â® § ¤ ç  (1) ¨¬¥¥â ¥ ¡®«¥¥ ®¤®£® à¥è¥¨ï.

�á«¨ ®¯¥à â®à U á¨«ì® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D, â® ®¯¥à â®à U�1 ®¡à -

â¨¬, ¨ § ¤ ç  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x0 = U�1f .

� áá¬®âà¨¬ § ¤ çã ¬¨¨¬¨§ æ¨¨ ª¢ ¤à â¨ç®£® äãªæ¨® «  á «¨¥©ë¬¨ ®£à ¨ç¥¨ï¬¨
¢ ¢¨¤¥ à ¢¥áâ¢

1
2
hx;Uxi � hx; fi �! inf; `x = �; (2)

£¤¥ ª®¬¯®¥âë «¨¥©®£® ¢¥ªâ®à-äãªæ¨® «  ` : D! Rk «¨¥©® ¥§ ¢¨á¨¬ë ¨ � 2 Rk.
�¡®§ ç¨¬ ç¥à¥§D` ï¤à® ¢¥ªâ®p-äãªæ¨® «  ` ¨ ¯à¥¤áâ ¢¨¬ ¯à®áâà áâ¢®D ¢ ¢¨¤¥ ¯àï¬®©

áã¬¬ë D = D` � D`, £¤¥ D` | ¯à®áâà áâ¢®, ®àâ®£® «ì®¥ ª ¯à®áâà áâ¢ã D`. �ãáâì P :
D ! D` | ®àâ®£® «ìë© ¯à®¥ªâ®à   ¯à®áâà áâ¢® D`, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ P = I �
`�(``�)�1` (I | ¥¤¨¨çë© ®¯¥à â®à). �®£¤  P = I � P = `�(``�)�1` | ®àâ®£® «ìë© ¯à®¥ªâ®à
  ¯à®áâà áâ¢® D`. �à®áâà áâ¢® D` ï¢«ï¥âáï ï¤à®¬ ®¯¥à â®à  P ¨ á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(99-01-01278, 96-15-96195) ¨ �®ªãàá®£® æ¥âà  ¯® ¨áá«¥¤®¢ ¨ï¬ ¢ ®¡« áâ¨ äã¤ ¬¥â «ì®£® ¥áâ¥-
áâ¢®§ ¨ï, � ªâ-�¥â¥à¡ãà£.
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§ ç¥¨© ®¯¥à â®à  `� : Rk ! D, á®¯àï¦¥®£® ª ¢¥ªâ®p-äãªæ¨® «ã `. �âáî¤ , ¢ ç áâ®áâ¨,
á«¥¤ã¥â, çâ® íâ® ¯p®áâp áâ¢® ª®¥ç®¬¥p® ¨ ¥£® à §¬¥à®áâì à ¢  k.

�¥®à¥¬  2. �®çª  x0 2 D ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (2) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

Ux0 � f 2 D`; `x0 = �;

¨ ®¯¥à â®à U ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D`. �á«¨ ®¯¥à â®à U áâà®£® ¯®«®-

¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D`, â® § ¤ ç  (2) ¨¬¥¥â ¥ ¡®«¥¥ ®¤®£® à¥è¥¨ï. �á«¨

®¯¥à â®à U á¨«ì® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥   ¯à®áâà áâ¢¥ D`, â® § ¤ ç  (2) ¨¬¥¥â ¥¤¨-

áâ¢¥®¥ à¥è¥¨¥ x0 = PU�1
`
Pf + (I � PU�1

`
PU)`�(``�)�1�, £¤¥ U` = PU : D` ! D` | áã¦¥¨¥

®¯¥à â®à  U   ¯®¤¯à®áâà áâ¢® D`.

� ¥ª®â®àëå á«ãç ïå ãáâ ®¢¨âì ¯®«®¦¨â¥«ìãî ®¯à¥¤¥«¥®áâì ®¯¥à â®à  U   ¯à®áâà -
áâ¢¥ D` ¬®¦® á ¯®¬®éìî â®£® ä ªâ , çâ® ¤«ï «î¡®£® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®£® ®¯¥à â®à 
A : D! D ®¤®§ ç® ®¯à¥¤¥«ï¥âáï â ª®© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë© ®¯¥à â®à

p
A : D! D,

çâ® (
p
A)2 = A ([6], c. 246).

�¥®à¥¬  3. �ãáâì ®¯¥à â®à U ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ U = A�1 � K, £¤¥ á ¬®á®¯àï¦¥ë©

®¯¥à â®à A ®¡à â¨¬ ¨ á¨«ì® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥. �á«¨ ¢á¥ â®çª¨ á¯¥ªâà  ®¯¥à â®à 

K1 =
p
APKP

p
A ¥ ¯à¥¢®áå®¤ïâ ¥¤¨¨æë, â® ®¯¥à â®à PUP ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥. �á«¨

®¯¥à â®àë PUP ¨ A�1 � PA�1P ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë, â® ¢á¥ â®çª¨ á¯¥ªâà  ®¯¥à â®à 

K1 ¥ ¯à¥¢®áå®¤ïâ ¥¤¨¨æë.

�«¥¤áâ¢¨¥ 1. �á«¨ kPKPAk � 1, â® ®¯¥à â®à PUP ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥.

�«¥¤áâ¢¨¥ 2. �ãáâì U = I � K. �®£¤  ®¯¥à â®à PUP ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¢á¥ â®çª¨ á¯¥ªâà  ®¯¥à â®à  PKP ¥ ¯à¥¢®áå®¤ïâ ¥¤¨¨æë.

�ª«îç¥¨¥

Ux� f 2 D` (3)

íª¢¨¢ «¥â® ãà ¢¥¨î P (Ux�f) = 0. �â® ãà ¢¥¨¥ ã¤®¡¥¥ § ¯¨áë¢ âì ¢ ¤àã£®¬ ¢¨¤¥. �ãáâì
B | ¥ª®â®à®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨ W : B ! D | ®¯¥à â®à, ¬®¦¥áâ¢® § ç¥¨©
ª®â®à®£® á®¢¯ ¤ ¥â á ï¤à®¬ äãªæ¨® «  `, â. ¥. á ¯à®áâà áâ¢®¬ D`. �®£¤  kerW � = D` ¨
¢ª«îç¥¨¥ (3) íª¢¨¢ «¥â® ãà ¢¥¨î

W �(Ux� f) = 0: (4)

�à ¢¥¨ï ¢¨¤  (4) á®áâ ¢«ïîâ ¬®¦¥áâ¢® \ãà ¢¥¨© �©«¥à " § ¤ ç¨ (2). �à¨ íâ®¬ ¯®«®¦¨-
â¥«ì ï ®¯à¥¤¥«¥®áâì ®¯¥à â®à  PUP : D! D íª¢¨¢ «¥â  ¯®«®¦¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨
®¯¥à â®à  W �UW : B! B.

�¡®§ ç¨¬ ç¥à¥§ L[a; b] ¯à®áâà áâ¢® äãªæ¨© x : [a; b]! R, áã¬¬¨àã¥¬ëå   [a; b], á ®à¬®©

kxk =
bR
a

jx(t)j dt, ç¥à¥§ L2[a; b] ®¡®§ ç¨¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® äãªæ¨© x : [a; b] ! R,

áã¬¬¨àã¥¬ëå á ª¢ ¤à â®¬   [a; b], á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ hx; yi =
bR
a

x(t)y(t) dt ¨ ç¥à¥§

W
(n)
2 [a; b] ®¡®§ ç¨¬ ¯à®áâà áâ¢® â ª¨å n à § ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©, çâ® x(n) 2 L2[a; b],

¨ co áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬

hx; yi =
n�1X
i=0

x(i)(a)y(i)(a) +

bZ
a

x(n)(t)y(n)(t) dt:

� áá¬®âà¨¬ ª« áá¨ç¥áªãî ¢ à¨ æ¨®ãî § ¤ çã

1
2

Z b

a

( _x2(t)� p(t)x2(t)� 2g(t) _x(t)) dt �! inf; x(a) = �; x(b) = �; (5)
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£¤¥ x 2 W
(1)
2 [a; b], p 2 L[a; b], g 2 L2[a; b], �, � 2 R. � ¤ ç  (5) § ¯¨è¥âáï ¢ ¢¨¤¥ (2), ¥á«¨

¯®«®¦¨âì

(Ux)(t) = x(t)� x(a)�
Z b

a

p(s)x(s) ds�
Z t

a

Z b

s

p(�)x(�) d�ds; f(t) =
Z t

a

g(s) ds:

�¤¥áì `x = (x(a); x(b)), `�(1; 2) = 1 + (1 + t � a)2, ¯à®¥ªâ®à   ¯à®áâà áâ¢® D` ®¯p¥¤¥«¥
p ¢¥áâ¢®¬

(Px)(t) = x(t)� x(a)� (x(b) � x(a))
t� a

b� a
;

¯à®áâà áâ¢® D` ¤¢ã¬¥à® ¨ á®áâ®¨â ¨§ «¨¥©ëå äãªæ¨© ¢¨¤  c1+c2t, £¤¥ c1, c2 | ¯à®¨§¢®«ì-
ë¥ ¯®áâ®ïë¥.

�â¬¥â¨¬, çâ® ãá«®¢¨ï ®¤®§ ç®© à §à¥è¨¬®áâ¨ ¨ ¥®âà¨æ â¥«ì®áâ¨ äãªæ¨¨ �à¨  ¤¢ãå-
â®ç¥ç®© ªà ¥¢®© § ¤ ç¨ (Lx)(t) def= �x(t) + p(t)x(t) = z(t), x(a) = x(b) = 0, ®¡¥á¯¥ç¨¢ îé¨¥ á¯à -
¢¥¤«¨¢®áâì á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë ® ¤¨ää¥à¥æ¨ «ì®¬ ¥à ¢¥áâ¢¥, ¯à¨¢«¥ª «¨ ¢¨¬ ¨¥
¬®£¨å ¬ â¥¬ â¨ª®¢. � à ¡®â¥ [7] ¡ë«  ¤®ª §   íª¢¨¢ «¥â®áâì á«¥¤ãîé¨å ãâ¢¥à¦¤¥¨©:

a) áãé¥áâ¢ã¥â â ª ï äãªæ¨ï v 2W(2)
2 [a; b], çâ®   [a; b] ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  v(t) � 0,

(Lv)(t) � 0 ¨ v(a) + v(b)�
bR
a

(Lv)(t) dt > 0;

¡) «î¡®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï Lx = 0 ¨¬¥¥â   [a; b] ¥ ¡®«¥¥ ®¤®£® ã«ï;
¢) äãªæ¨ï �®è¨ C(t; s) ãà ¢¥¨ï Lx = 0 ¯®«®¦¨â¥«ì  ¯à¨ a � s < t � b;
£) ªà ¥¢ ï § ¤ ç  Lx = z, x(a) = x(b) = 0 ®¤®§ ç® à §à¥è¨¬  ¢ ¯à®áâà áâ¢¥ W(2)

2 [a; b],
¯à¨ç¥¬ ¥¥ äãªæ¨ï �à¨  G(t; s) ®âà¨æ â¥«ì  ¯à¨ t; s 2 (a; b);

¤) á¯¥ªâà «ìë© à ¤¨ãá ®¯¥à â®à  (Wx)(t) = �
bR
s

(G�(t; s)p(s)+x(s)) ds, £¤¥ G� | äãªæ¨ï

�à¨  ªà ¥¢®© § ¤ ç¨ ��(t) � p�(t)�(t) = f(t), �(a) = �(b) = 0 ¨ p(t) = p+(t) � p�(t),
p+(t) � 0, p�(t) � 0, ¬¥ìè¥ ¥¤¨¨æë.

�ª §ë¢ ¥âáï, çâ® íâ¨ ãá«®¢¨ï íª¢¨¢ «¥âë âà¥¡®¢ ¨î ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨
(5).

�¥®à¥¬  4. �â¢¥à¦¤¥¨ï  ){¤) íª¢¨¢ «¥âë ãâ¢¥p¦¤¥¨ï¬

1) ¢ à¨ æ¨® ï § ¤ ç  (5) ®¤®§ ç® à §à¥è¨¬  ¯à¨ ¢á¥å g 2 L2[a; b], �, � 2 R;
2) ¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  (Ky)(t) = �

bR
a

G0(t; s)p(s)y(s) ds, K : C[a; b] !
C[a; b], £¤¥ G0 | äãªæ¨ï �à¨  ªà ¥¢®© § ¤ ç¨ �y = z, y(a) = y(b) = 0, ¯à¨ ¤«¥¦ â

¯à®¬¥¦ãâªã (�1; 1);
3) à¥è¥¨¥ § ¤ ç¨ �®è¨ Lx = 0, x(a) = 0, _x(a) = 1 ¯®«®¦¨â¥«ì®   (a; b].

�ãáâì ¯à®áâà áâ¢® D ¨§®¬®àä® ¯àï¬®¬ã ¯à®¨§¢¥¤¥¨î ¯à®áâà áâ¢ B�Rn, ¨§®¬®àä¨§¬
J = D ! B �Rn § ¤ ¥âáï à ¢¥áâ¢®¬ z = �x, � = rx, ¨ J �1(z; �) = �z + Y �, £¤¥ � : B ! D,
Y : D! Rn, � : D! B, r : D! Rn.

� ¤ ç 

mX
i=1

hTix; T ixi+ hT0x; gi �! inf; `x = �; (6)

£¤¥ Ti, T i : D! B, i = 0; : : : ;m, | «¨¥©ë¥ ®£à ¨ç¥ë¥ ®¯¥à â®àë, ¨§ãç « áì ¢ [2], [3]. � 

§ ¯¨è¥âáï ¢ ¢¨¤¥ (2), ¥á«¨ ¯®«®¦¨âì U =
mP
i=1

(T �
i
T i + T i�Ti), f = �T �0 g.

�á«¨ ®¯¥à â®à W : B ! D ¤¥©áâ¢ã¥â   ï¤à® äãªæ¨® «  `, â® ãà ¢¥¨¥ Lx = ', £¤¥

L = W �U =
mP
i=1
(Q�

i
T i + Qi�Ti), ' = W �f = �Q0g, Qi = WTi : B ! B, Qi = WT i : B ! B,
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 §®¢¥¬ (á«¥¤ãï [2]) ãà ¢¥¨¥¬ �©«¥à  § ¤ ç¨ (6). �®«®¦¨â¥«ì ï ®¯à¥¤¥«¥®áâì ®¯¥p â®p 

PUP íª¢¨¢ «¥â  ¯®«®¦¨â¥«ì®© ®¯p¥¤¥«¥®áâ¨ ®¯¥p â®p  H =
mP
i=1
(Q�

i
Qi +Qi�Qi).

�¥â®¤ë ¯®áâp®¥¨ï ®¯¥p â®p  W , áãé¥áâ¢¥® § ¢¨áïé¨¥ ®â á®®â®è¥¨ï ¬¥¦¤ã n ¨ k,
¯à¥¤« £ «¨áì ¢ [2], [3].

�â¬¥â¨¬, çâ® «î¡ãî ª¢ ¤à â¨çãî § ¤ çã (6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

1
2

�h�x;Q�x +Arxi+ hA��x+ qrx; rxi�� h�x; 'i � hrx;  i �! inf; ��x+	rx = �; (7)

£¤¥ «¨¥©ë¥ á ¬®á®¯àï¦¥ë¥ ®¯¥à â®àë Q : B ! Q, q : Rn ! Rn ®£à ¨ç¥ë, ®¯¥à â®àë
A : Rn ! B, � : B ! Rk, 	 : Rn ! Rk «¨¥©ë¥, ' 2 B,  2 Rn, � 2 Rk. � ¤ çã (7) ¬®¦®
â ª¦¥ § ¯¨á âì ¢ ¬ âà¨ç®¬ ¢¨¤¥

1
2
hJ x;UJ xi+ hJ x; F i �! inf; hL;J xi = �;

£¤¥ U =
�
Q A

A� q

�
, F =

�
'

 

�
, L =

�
�
	

�
. �¤¥áì U = ��Q� + r�A� + ��A�r + r�qr = J �UJ ,

f = ��' + r� = J �F , ` = �� + 	r = LJ . �«¥¤®¢ â¥«ì®, â®çª  x0 2 D ï¢«ï¥âáï à¥è¥¨¥¬
§ ¤ ç¨ (7), ¥á«¨ ¯à¨ ¥ª®â®à®¬ c 2 Rk

Lx0 = '+��c; `0x0 =  +	�c; `x0 = �;

£¤¥ L = Q� + Ar, `0 = A�� + qr ¨ ®¯¥p â®p PUP ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥. � ç áâ®áâ¨, ¥á«¨
¬ âà¨æ  	 ®¡à â¨¬  (à¥£ã«ïàë© á«ãç © [3]), â®, ¯®« £ ï W = �� Y	�1�, ¯®«ãç¨¬, çâ® â®çª 
x0 2 D ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (7) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

(L� �	��1`0)x0 = '� �	��1 ; `x0 = �;

¨ ®¯¥à â®à H = Q�A�	�1�� ��	��1A+��	��1q	�1� ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥.

�¨â¥à âãà 
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