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�á¨¬¯â®â¨ç¥áª ï áâàãªâãà  à¥§®«ì¢¥âë R(t) ãà ¢¥¨ï

x(t) =
Z t

0
K(t� s)x(s)ds+ f(t) (1)

¨§ãç « áì ¬®£¨¬¨  ¢â®à ¬¨ ( ¯à., [1]{[8]). �ãáâì K 2 L1. �¡®§ ç¨¬ ç¥à¥§ bU(z) = 1R
0

e�ztU(t)dt

¯à¥®¡à §®¢ ¨¥ � ¯« á  äãªæ¨¨ U . � ª ª ª bR = bK
1�bK , â® áâàãªâãà  R áãé¥áâ¢¥® á¢ï§   á

ã«ï¬¨ äãªæ¨¨ cK(z) � 1 ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨. �á«¨ cK(z) � 1 6= 0 ¯à¨ Re z � 0, â® R 2 L1

¯® â¥®à¥¬¥ �¨¥à  [1]. �á«¨ cK(z) � 1 ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ¨¬¥¥â ª®¥ç®¥ ç¨á«® ã«¥© �r
æ¥«®© ªà â®áâ¨ mr, â®, ª ª á«¥¤ã¥â ¨§ â¥®à¨¨ ¢ëç¥â®¢, å à ªâ¥à ¯®¢¥¤¥¨ï R â¥á® á¢ï§  á
ª¢ §¨¬®£®ç«¥®¬ Q(t) =

P
e�rtPmr�1(t), £¤¥ Pq(t) | ¬®£®ç«¥ áâ¥¯¥¨ ¥ ¢ëè¥ q.

� [2]{[5] äãªæ¨ï R ¯à¥¤áâ ¢«ï« áì ¢ ä®à¬¥ R = R0+Q, R0 2 L1. � [6], [7] ¡ë«® ¯à¥¤«®¦¥®
¯à¥¤áâ ¢«¥¨¥ R = R0 +Q+Q � R0 ¨«¨ R = R0 +Q � R0, £¤¥ R0 2 L1,  

Q � R0(t) =
Z t

0

Q(t� s)R0(s)ds:

�â¬¥â¨¬, çâ® ®âáî¤  ¯®«ãç ¥âáï ¨ ¯à¥¤áâ ¢«¥¨¥ R = Q+R0.
� ª ª ª äãªæ¨ï K(z)   «¨â¨ç  ¯à¨ Re z > 0, â® ¢ íâ®© ®¡« áâ¨ äãªæ¨ï cK(z) � 1

¬®¦¥â ¨¬¥âì ã«¨ «¨èì æ¥«®© ªà â®áâ¨. �¤ ª®   ¬¨¬®© ®á¨ ¢®§¬®¦ë ã«¨ ¨ ¥ æ¥«®©
ªà â®áâ¨. � [8] ¤«ï K � 0 ¨ cK(z)�1 = z� (z),  (0) 6= 0, � 2 (0; 1), ¡ë«  ¯®«ãç¥   á¨¬¯â®â¨ª 
tR
0

R(s)ds � ct�.

�  ï à ¡®â  ¯®á¢ïé¥  ¢ëïá¥¨î áâàãªâãàë à¥§®«ì¢¥âë ¢ ®¡é¥¬ á«ãç ¥ ª®¥ç®£®
ç¨á«  ã«¥© ¯à®¨§¢®«ì®© ªà â®áâ¨. �á®¢ë¬ ãá«®¢¨¥¬ ¢® ¢á¥å æ¨â¨àã¥¬ëå à ¡®â å ï¢«ï¥âáï
âà¥¡®¢ ¨¥ tpK 2 L1 ¯à¨ ¥ª®â®à®¬ æ¥«®¬ p. �á«¨ cK(z) � 1 ¨¬¥¥â   ¬¨¬®© ®á¨ ª®à¥ì i
ªà â®áâ¨ m > 0, â® â ª®¥ ãá«®¢¨¥ ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥ë¬, â. ª. ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥âcK (l)(i) = lim

z!i

cK (l)(z), l | æ¥« ï ç áâì ç¨á«  m,   cK (l)(z) | ¯à¥®¡à §®¢ ¨¥ � ¯« á  tlK.

� ¬¥â¨¬, çâ® ¥á«¨ m < p, â® á®£« á® ä®à¬ã«¥ �¥©«®à  m æ¥«®¥. � ª¨¬ ®¡à §®¬, m ¬®¦¥â
¡ëâì ¥ æ¥«ë¬ «¨èì ¢ á«ãç ¥ tpK 2 L1, tp+1K =2 L1, ¯à¨ç¥¬ m = p+ �, � 2 (0; 1).

�áî¤ã ¤ «¥¥ ç¥à¥§ Pr(t) ®¡®§ ç ¥âáï ¬®£®ç«¥ áâ¥¯¥¨, ¥ ¯à¥¢ëè îé¥© r. �ç¨â ¥¬

P�1(t) = 0 ¨
0P
1
= 0.

�¥®à¥¬ . �ãáâì ãà ¢¥¨¥ cK(z) = 1 ¨¬¥¥â ¯à¨ Re z � 0 ã«¨ �1 = i1; : : : ; �k =
ik; �k+1; : : : ; �n ªà â®áâ¨ m1+�1; : : : ;mk+�k;mk+1; : : : ;mn á®®â¢¥âáâ¢¥®, £¤¥ mj � 0 æ¥«ë¥,
�j 2 (0; 1), ¯à¨ç¥¬ m1 = m2 = � � � = mk = p = max

Re�j=0
mj. �ãáâì ¤ «¥¥ tpK 2 L1 ¨

(t+ 1)p�1+�j � (t+ 1)p�1+�j � e�ij tK(t) 2 L1: (2)
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�®£¤  R(t) = R1(t) +Q+Q �R2(t) = R3 +Q �R4, £¤¥

Q(t) =
kX

j=1

eijtt�j�1Pp(t) +
nX

j=1

Pmj�1(t)e
�j t; Rl 2 L1:

�á«¨, ªà®¬¥ â®£®, K(t)! 0 ¯à¨ t!1, â® ¨ Rl ! 0 ¯à¨ t!1.

�®ª § â¥«ìáâ¢®. �á«¨ U 2 L1(0; a) ¯à¨ «î¡®¬ a, â® ç¥à¥§ eU ®¡®§ ç¨¬ ¤¥©áâ¢ãîé¨© ¢

C[0;1) ®¯¥à â®à á¢¥àâª¨, â. ¥. ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ ( eUx)(t) = tR
0

U(t � s)x(s)ds,

  ç¥à¥§ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à. �®«®¦¨¬ Qj(t) = ce�j t, j = 1; : : : ; n, c > maxRe�j ,

Q0(t) = c
kP

j=1
t�j�1eij t, £¤¥ ç¨á«® c ¤®áâ â®ç® ¬ «® ¨ ¡ã¤¥â ãâ®ç¥® ¤ «¥¥.

�¯à¥¤¥«¨¬ ï¤à® K0 à ¢¥áâ¢®¬ I�fK0 = (I�fK)
nQ

j=1
(I+ eQj)mj ,   ï¤à® K1 à ¢¥áâ¢®¬ I�fK1 =

(I � fK0)(I + eQ0). �®ª ¦¥¬, çâ® K1 2 L1(0;1) ¨ 1 � cK1(z) 6= 0 ¯à¨ Re z � 0. �¯à ¢¥¤«¨¢ë
á®®â®è¥¨ï (r < mj)Z 1

t

e�(t��)
Z 1

�

K(s)(� � s)re�j(��s)ds d� =

=

8>><>>:
P0

Z 1

t

K(s)(t� s)r+1e�j (t�s)ds; ¥á«¨ � = �j ;Z 1

t

K(s)[Pr(t� s)e�j (t�s) + P0e
�(t�s)]ds; ¥á«¨ � 6= �j ;

¨ Z 1

0

Z 1

t

jK(s)j(s� t)re�Re �j(s�t)ds dt �

Z 1

0

jK(s)j(C0 +C1s
p)ds <1:

�á¯®«ì§ãï íâ¨ á®®â®è¥¨ï, à ¢¥áâ¢  cK(�j) = 1, cK (r)(�j) = 0, 1 � r < mj , ¨ ¨¤ãªæ¨î ¯à¨
¯®á«¥¤®¢ â¥«ì®¬ ã¬®¦¥¨¨   ®¯¥à â®àë I + eQj , «¥£ª® ¯®ª § âì

K0(t) = K(t)�
nX

j=1

Z 1

t

K(s)Pmj�1(t� s)e�j(t�s)ds ¨ K0 2 L1:

�® ãá«®¢¨î

1� cK(z) =
kY

j=1

(z � ij)
mj+�j

Y
j>k

(z � �j)
mjw(z);

£¤¥ w(z) 6= 0 ¯à¨ Re z � 0. � ª ª ª

1 + bQj(z) = 1 +
c

z � �j
=
z � �j + c

z � �j

¨ z � �j + c 6= 0 ¯à¨ Re z � 0, â® 1 � cK0(z) =
kQ

j=1
(z � ij)�jw0(z), £¤¥ w0(z) 6= 0 ¯à¨ Re z � 0.

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â Z 1

0

e�ijtK0(t)dt = cK0(ij) = 1:

�§ à ¢¥áâ¢  I�fK1 = (I�fK0)(I+ eQ0) ¯®«ãç ¥¬ K1(t) = K0(t)� [Q0(t)�K0 �Q0(t)]. �®íâ®¬ã
K1 2 L1, ¥á«¨

Uj(t) =
eijt

t1��j
�K0 �

eij t

t1��j
2 L1:
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�¡®§ ç¨¬ 'j(t) =
1R
t

K0(s)e�ijsds. � ª ª ª

Uj(t+ 1) = eij (t+1)
�

1
(t+ 1)1��j

�

Z t

0

K0(s)e�ijs

(t� s+ 1)1��j
ds

�
+

+
Z t+1

t

K0(s)eij (t�s+1)

(t� s+ 1)1��j
ds = eij (t+1)

�
'j(t)�

1� �j
(t+ 1)2��j

� 'j(t)
�
+ U(t);

£¤¥ U 2 L1, â® Uj 2 L1, ¥á«¨ 'j �
1��j

(t+1)2��j
� 'j 2 L1. �®

'j(t) = c

Z 1

t

e�ijsK(s)ds�
X
l 6=j

Z 1

t

e�ijsK(s)Pml�1(t� s)e(�l�ij)(t�s)ds�

�

Z 1

t

e�ijsK(s)Pp(t� s)ds:

� ª ¡ë«® ®â¬¥ç¥® ¢ëè¥,
P
l6=j

2 L1 ¨, ¥á«¨ p > 0,

Z 1

t

e�ijsK(s)Pp�1(t� s)ds 2 L1 ¨
Z 1

t

eijsK(s)ds 2 L1:

� ª¨¬ ®¡à §®¬,

'j(t) = c

Z 1

t

(s� t)pe�ijsK(s)ds+ U(t) = c j(t) + U(t);

£¤¥ U 2 L1. � ª ª ª cK(ij) = 1, cK (l)(ij) = 0, l = 1; : : : ; p, â®  (0) = � � � =  (p�1)(0) = 0,
 (p)(0) = p! �á¯®«ì§ãï íâ¨ à ¢¥áâ¢ , ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬  ©¤¥¬

 j(t)�
1� �j

(t+ 1)2��j
� j = c[(t+1)p�1+�j � (t+1)p�1+�j � e�ij tK(t)] +

p�1X
k=0

ck

Z 1

t

(s� t)ke�ijsK(s)ds:

�® ãá«®¢¨î tpK 2 L1. �®íâ®¬ã
1R
t

(s� t)ke�ijsK(s)ds 2 L1. �«¥¤®¢ â¥«ì®,  j �
1��j

(t+1)2��j
� j 2 L1

¨

'j �
1� �j

(t+ 1)2��j
� 'j = c

�
 j �

1� �j
(t+ 1)2��j

�  j

�
+
�
U �

1� �j
(t+ 1)2��j

� U

�
2 L1:

�â ª, K1 2 L1. �®ª ¦¥¬, çâ® 1� cK1(z) 6= 0 ¯à¨ Re z � 0. �¬¥¥¬

1� cK1(z) = (1� cK0(z))(1 + bQ0(z)) =
kY

j=1

(z � ij)�jw0(z)
�
1 + c

kX
j=1

�(�j)
(z � ij)�j

�
= w0(z)w1(t):

�®ª ¦¥¬ â ª¦¥, çâ® w1(z) 6= 0 ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0. �¡®§ ç¨¬ Bj(c) = fz : jz � ij j �
c; Re z � 0g. �á«¨ z =2 [Bj(c), â®

jw1(z)j �
Y
j

jz � ij j
�j

�
1� c

X
j

�(�j)
jz � ij j�j

�
� c�1+���+�k

�
1�

X
j

�(�j)c1��j
�
> 0;

¥á«¨ c ¤®áâ â®ç® ¬ «®. �ãáâì z 2 B1(c). �¡®§ ç¨¬

f(z) =
kY

j=1

(z � ij)
�j + c�(�1)

kY
j=2

(z � ij)
�j ; g(z) = c

kX
j=2

�(�j)
Y
l 6=j

(z � il)
�l :
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� ª ª ª j arg(z � i1)j � �=2, â® j arg(z � i1)�1 j < �=2. �«¥¤®¢ â¥«ì®, Re(z � i1)�1 � 0 ¨
j(z � i1)�1 + c�(�1)j � c�(�1). �®íâ®¬ã ¯à¨ c < 1

2
min
j 6=l

jj � lj = d ¨¬¥¥¬

jf(z)j =
kY

j=2

jz � ij j
�j j(z � i1)

�1 + c�(�1)j � d�2+���+�k�(�1)c;

jg(z)j = cjz � i1j
�1

���� kX
j=2

�(�j)
Y
l 6=j;1

(z � il)�l
���� �Mc1+�1 :

�«¥¤®¢ â¥«ì®, ¤«ï z 2 B1(c) ¯à¨ ¤®áâ â®ç® ¬ «®¬ c

jw1(z)j � jf(z)j � jg(z)j � d�2+���+�k�(�1)c�Mc1+�1 > 0:

� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® jw1(z)j > 0 ¯à¨ z 2 Bj(c). � ª¨¬ ®¡à §®¬, w1(z) 6= 0 ¯à¨ Re z � 0,
  § ç¨â, ¨ 1� cK1(z) 6= 0 ¯à¨ Re z � 0.

�®«®¦¨¬ I + eD0 =
nQ

j=1
(I + eQj)mj ¨ I + eD1 = (I + eD0)(I + eQ0). �¤à® ®¯¥à â®à  eD0 ¥áâì áã¬¬ 

á¢¥àâ®ª ¢á¥¢®§¬®¦ëå ï¤¥à Qj , ¨ «¥£ª® ¯®¤áç¨â âì, çâ® D0(t) =
nP

j=1
Pmj�1(t)e

�j t. �â¥£à¨à®¢ -

¨¥¬ ¯® ç áâï¬ ¯®«ãç¨¬Z t

0

e�(t�s)(t� s)reis

s1��
ds =

(
e�tPr(t) + ceitt��1 + U(t); £¤¥ U 2 L1 \ C0; ¥á«¨ � 6= i;

ceittr+�; ¥á«¨ � = i;

£¤¥ C0 | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨© x, ¨¬¥îé¨å lim
t!1

x(t) = 0. �«¥¤®¢ â¥«ì®,

D1(t) = D0 +Q0 +D0 �Q0(t) =
kX

j=1

eij tt�j�1Pp(t) +
nX

j=1

Pmj�1(t)e
�j t + v(t) = Q+ v;

£¤¥ v 2 L1 ¨ v ! 0 ¯à¨ t!1. �ãáâì R1 | à¥§®«ì¢¥â  ï¤à  K1. � ª ª ªK1 2 L1 ¨ 1�cK1(z) 6= 0
¯à¨ Re z � 0, â® ¯® â¥®à¥¬¥ �¨¥à  [1] R1 2 L1. �§ I � fK1 = (I � fK)(I + eD1) á«¥¤ã¥â I + eR =
(I + eD1)(I +R1) ¨, § ç¨â, R = D1+R1+D1 �R1 = R1+ v+ v �R1+Q+Q �R1 = R2+Q+Q �R1,
£¤¥ R2 = R1+v+v �R1 2 L1, â. ª. v;R1 2 L1. �à®¬¥ â®£®, ¥á«¨ K 2 C0, â® K0 2 C0,   â. ª. Q0 2 C0,
K0 2 L1, â® ¨ K1 = K0�Q0+K0 �Q0 2 C0. �® R1 = K1+R1 �K1 ¨ R1 2 L1, ¯®íâ®¬ã R1 �K1 2 C0

¨ R1 2 C0. �«¥¤®¢ â¥«ì®, ¨ R2 2 C0.
�â®à®¥ ¯à¥¤áâ ¢«¥¨¥ R ¯®«ãç¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �¯à¥¤¥«¨¬ ï¤à® R0(t) à ¢¥áâ¢®¬eR = (I + eD1) eR0. �§ fK = (I � fK) eR = (I � fK1) eR0 á«¥¤ã¥â eR0 = (I + eR1)fK ¨, § ç¨â, R0 2 L1.

� ª¨¬ ®¡à §®¬, R(t) = R0(t)+D1 �R0(t) = R0(t)+ v �R0(t)+Q �R0(t). �à®¬¥ â®£®, ¥á«¨ K 2 C0,
â® ¨ R0 2 C0,   â. ª. R0 2 L1 ¨ v 2 C0, â® R0 + v � R0 2 C0.

� ¬¥ç ¨¥. � ª á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢ , ãá«®¢¨¥ (2) ¬®¦¥â ¡ëâì § ¬¥¥®   ãá«®¢¨¥

 j(t)�
1� �j

(t+ 1)2��j
�  j 2 L1;

£¤¥  j(t) =
1R
t

(s� t)pe�ijsK(s)ds.

�á«¨ k = 0, â. ¥. ¢á¥ ª®à¨ æ¥«®© ªà â®áâ¨, â® ãá«®¢¨¥ (2) ®âáãâáâ¢ã¥â. �®íâ®¬ã ¢®§¨ª ¥â
¢®¯à®á:  áª®«ìª® ®® ¥®¡å®¤¨¬®, ¥á«¨ k 6= 0. �«ï ¯à®áâ®âë à áá¬®âà¨¬ á«ãç © k = n = 1,
m = 0. �à¨ ¤¥©áâ¢¨â¥«ì®¬ ï¤à¥ K 2 L1 íâ® ®§ ç ¥â, çâ® cK(z) � 1 = z� (z), £¤¥  (z) 6= 0 ¯à¨
Re z � 0. �®£¤  ãá«®¢¨¥ (2) ¯à¨¨¬ ¥â ¢¨¤

1
(t+ 1)1��

�
1

(t+ 1)1��
�K 2 L1; (3)
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  à¥§®«ì¢¥â  ¯à¥¤áâ ¢¨¬  ¢ ä®à¬¥

R = R1 +
c

t1��
+

c

t1��
� R1; £¤¥ R1 2 L1: (4)

�®ª ¦¥¬, çâ® ¥á«¨ á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (4), â® ¢ë¯®«¥® ¨ ãá«®¢¨¥ (3). �¥©áâ¢¨â¥«ì®,
«¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ ¢ë¯®«¥® (4), â® R1 | à¥§®«ì¢¥â  ï¤à  K1 = K � c

t1��
+K � c

t1��
.

�§ à ¢¥áâ¢  R1 = K1 +K1 � R1 á«¥¤ã¥â (1 + bR1)(1� cK1) = 1. � ª ª ª

1� cK1 = (1� cK)(1 + bct��1) = �z� (z)
z� + c�(�)

z�
6=1

¯à¨ Re z � 0, â® 1 + bR1(z) 6= 0 ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨. �® â¥®à¥¬¥ �í«¨{�¨¥à  [1] �K1 2 L1

ª ª à¥§®«ì¢¥â  ï¤à  �R1. �® ãá«®¢¨î K 2 L1, á«¥¤®¢ â¥«ì®, U(t) = 1
t1��

� K � 1
t1��

2 L1.
�áâ «®áì § ¬¥â¨âì, çâ®

1
(t+ 1)1��

�K �
1

(t+ 1)1��
= U(t+ 1)�

Z t+1

t

K(s)
(t� s+ 1)1��

ds

¨ Z t+1

t

K(s)
(t� s+ 1)1��

ds 2 L1:

�«¥¤áâ¢¨¥. �ãáâì cK(z)� 1 = zp+� (z), p � 0 æ¥«®¥, � 2 (0; 1),  (z) 6= 0 ¯à¨ Re z � 0. �ãáâì,
ªà®¬¥ â®£®, tpK 2 L1 ¨

(t+ 1)p�1+� � (t+ 1)p�1+� �K 2 L1: (5)

�á«¨ f(t) = f1 + o(1), t!1, ¨ x(t) | á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã à¥è¥¨¥ (1), â®

x(t) = tp+�(c+ o(1)); t!1: (6)

�â¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ à ¢¥áâ¢

x(t) = f(t) +R � f(t) = f(t) +R3 � f(t) + Pp(t)t
��1 � (R4 � f(t)) =

= C1 + o(1) + Pp(t)t
��1 � (C2 + o(1)) = ctp+� + o(tp+�):

�¥®à¥¬  �¥««¥à  [8] £« á¨â, çâ® Z t

0

R(s)ds = t�(C1 + o(1));

¥á«¨ K � 0, Z 1

0

K(t)dt = 1;
Z t

0

sK(s)ds = t1��(C + o(1)):

�§ ãá«®¢¨© â¥®à¥¬ë �¥««¥à  «¥£ª® á«¥¤ã¥â, çâ® cK(z)�1 = z� (z), â ª çâ® ¯à¨ ¤®¯®«¨â¥«ì®¬
ãá«®¢¨¨ (5) (á p = 0) ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ (6).

�¥ ïá®, ï¢«ï¥âáï «¨ ãá«®¢¨¥ (5) á p = 0 á«¥¤áâ¢¨¥¬ ãá«®¢¨© â¥®à¥¬ë �¥««¥à  ¨«¨ ¢ ãá«®-
¢¨ïå â¥®à¥¬ë �¥««¥à  ¤«ï ¥ª®â®àëå R ®âáãâáâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥ (4).
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