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1. �¢¥¤¥¨¥

�¥«ì ¤ ®© áâ âì¨ | ¨áá«¥¤®¢ ¨¥ ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨ï �ª®¡¨   ®¤®à®¤ëå ¬®-
£®®¡à §¨ïå á ¨¢ à¨ âë¬¨ à¨¬ ®¢ë¬¨ ¬¥âà¨ª ¬¨ ¨ â ª  §ë¢ ¥¬ë¬¨ æ¥âà «ìë¬¨ ¨«¨
áã¡¬¥àáë¬¨ ¬¥âà¨ª ¬¨.

�®à®è® ¨§¢¥áâ®, çâ® £¥®¤¥§¨ç¥áª¨¥   à¨¬ ®¢ëå ¬®£®®¡à §¨ïå «®ª «ì® ¯à¥¤áâ ¢«ïîâ
á®¡®© ªà âç ©è¨¥ à ááâ®ï¨ï ¬¥¦¤ã «î¡ë¬¨ ¤¢ã¬ï â®çª ¬¨, ®¤ ª® £«®¡ «ì® ¤ ®¥ á¢®©áâ¢®
¬®¦¥â ¥ ¢ë¯®«ïâìáï. �«ï ¤®¯®«¨â¥«ì®£® ¨áá«¥¤®¢ ¨ï íªáâà¥¬ «ìëå á¢®©áâ¢ £¥®¤¥§¨ç¥-
áª¨å ¨á¯®«ì§ãîâ ¢â®àãî ¢ à¨ æ¨î äãªæ¨® «  ¤¥©áâ¢¨ï ( ¯à., [1]), çâ® ¢ ª®¥ç®¬ ¨â®£¥
¯à¨¢®¤¨â ª ¢ àì¨à®¢ ¨î ãà ¢¥¨ï £¥®¤¥§¨ç¥áª¨å. �¥§ã«ìâ â®¬ â ª®© «¨¥ à¨§ æ¨¨ ï¢«ï¥âáï
«¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢â®à®£® ¯®àï¤ª  | ãà ¢¥¨¥ �ª®¡¨. �¥è¥¨ï¬¨ ¤ -
®£® ãà ¢¥¨ï ï¢«ïîâáï ïª®¡¨¥¢ë ¢¥ªâ®àë¥ ¯®«ï, ®¯¨áë¢ îé¨¥ ®âª«®¥¨ï £¥®¤¥§¨ç¥áª¨å
¯à¨ ¬ «ëå ¨§¬¥¥¨ïå  ç «ìëå ãá«®¢¨©,   ¯®íâ®¬ã ¯à¥¤®áâ ¢«ïîé¨¥ ¨ä®à¬ æ¨î ®¡ ãáâ®©-
ç¨¢®áâ¨ à¥è¥¨© á®®â¢¥âáâ¢ãîé¨å £¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢. � ç áâ®áâ¨, ¨áá«¥¤®¢ ¨¥ à¥è¥¨©
ãà ¢¥¨ï �ª®¡¨ ¯®§¢®«ï¥â ¤¥« âì ¢ë¢®¤ë ®¡ íªá¯®¥æ¨ «ì®¬ ¨«¨ ®áæ¨««ïæ¨®®¬ å à ª-
â¥à¥ ¯®¢¥¤¥¨ï ¡«¨§ª¨å £¥®¤¥§¨ç¥áª¨å   à¨¬ ®¢ëå ¬®£®®¡à §¨ïå, çâ®  ¯àï¬ãî á¢ï§ ® á
â®¯®«®£¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ íâ¨å ¬®£®®¡à §¨© [2].

�¥§ã«ìâ âë ¤ ®© áâ âì¨ ¬®¦® ãá«®¢® ¯®¤¥«¨âì   ¤¢¥ ç áâ¨. � ¯¥à¢®© ç áâ¨ à ¡®âë
à áá¬ âà¨¢ ¥âáï á¯¥æ¨ «ì ï ¯ã áá®®¢  áâàãªâãà    ª á â¥«ìëå à áá«®¥¨ïå ¯à®¨§¢®«ì-
ëå ¯ã áá®®¢ëå ¬®£®®¡à §¨© TM (¤  ï áâàãªâãà  ¨ ¥¥ á¢®©áâ¢  ¯®¤à®¡® ¨áá«¥¤ãîâáï,
 ¯à., ¢ [3], [4]), á ¯®¬®éìî ª®â®à®© ¤ «¥¥ ¤®ª §ë¢ ¥âáï £ ¬¨«ìâ®®¢ å à ªâ¥à á®®â¢¥âáâ¢ãî-
é¨å «¨¥ à¨§®¢ ëå £ ¬¨«ìâ®®¢ëå á¨áâ¥¬. �®¯à®áë £ ¬¨«ìâ®¨§ æ¨¨ «¨¥ à¨§®¢ ëå á¨-
áâ¥¬ ¯à¥¤áâ ¢«ïîâ ¥¬ «ë© ¨â¥à¥á. � íâ®© á¢ï§¨ á«¥¤ã¥â ã¯®¬ïãâì à ¡®âã [5], ¢ ª®â®à®© ¢
â¥à¬¨ å á¨¬¯«¥ªâ¨ç¥áª¨å á¢ï§®áâ¥© ¡ë«¨ ¯®«ãç¥ë ªà¨â¥à¨¨ £ ¬¨«ìâ®®¢®áâ¨ «¨¥ à¨§®-
¢ ëå á¨áâ¥¬ ¢ ¢ à¨ æ¨ïå.

�® ¢â®à®© ç áâ¨ ¤ ®© áâ âì¨ ¨áá«¥¤ã¥âáï ¨â¥£à¨àã¥¬®áâì ãà ¢¥¨ï �ª®¡¨   à¨¬ -
®¢ëå ¬®£®®¡à §¨ïå, ¢ ç áâ®áâ¨, | ®¤®à®¤ëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå (M ' G=H; g) á
¨¢ à¨ âë¬¨ ¬¥âà¨ª ¬¨ ¨ áã¡¬¥àáë¬¨ ¨«¨ æ¥âà «ìë¬¨ ¬¥âà¨ª ¬¨ [6]. �à¨ íâ®¬ à áá¬ -
âà¨¢ ¥âáï «¨¥ à¨§®¢ ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª, ¢ª«îç îé¨© ¢ á¥¡ï ¨áå®¤®¥ ãà ¢¥¨¥ £¥®-
¤¥§¨ç¥áª¨å,   â ª¦¥ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ �ª®¡¨, ¨ § â¥¬ ¤®ª §ë¢ ¥âáï ¥£® £ ¬¨«ìâ®®¢
å à ªâ¥à. � «¥¥ áâà®¨âáï ¬¥â®¤ ¨â¥£à¨à®¢ ¨ï ¢ ª¢ ¤à âãà å ãà ¢¥¨ï �ª®¡¨   ®¤®à®¤ëå
¯à®áâà áâ¢ å á ãª § ë¬¨ ª« áá ¬¨ ¬¥âà¨ª ¨ ¯à¥¤« £ îâáï á®®â¢¥âáâ¢ãîé¨¥ ªà¨â¥à¨¨ ¨-
â¥£à¨àã¥¬®áâ¨. � § ª«îç¥¨¥ ¢ ª ç¥áâ¢¥ ¯à®áâ¥©è¥£® ¯à¨¬¥à  ®áãé¥áâ¢«ï¥âáï ¨â¥£à¨à®¢ ¨¥
¢ ª¢ ¤à âãà å £¥®¤¥§¨ç¥áª®£® ¯®â®ª  á ¨¢ à¨ â®© ¬¥âà¨ª®© ¨ á®®â¢¥âáâ¢ãîé¥£® ãà ¢¥¨ï
�ª®¡¨   ¤¢ã¬¥à®© ¯«®áª®áâ¨ �®¡ ç¥¢áª®£®.

�â¬¥â¨¬, çâ® ¨§«®¦¥¨¥ ¯ à £à ä®¢ 4 ¨ 5 ¤ ®© áâ âì¨ áãé¥áâ¢¥® ®¯¨à ¥âáï   à¥§ã«ì-
â âë [7].
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2. � ¬¨«ìâ®®¢ë á¨áâ¥¬ë ¢ ¢ à¨ æ¨ïå   ¯ã áá®®¢ëå ¬®£®®¡à §¨ïå

�ãáâì W | £« ¤ª®¥ ¯ã áá®®¢® ¬®£®®¡à §¨¥. �ª®¡ª  �ã áá®  f�; �g § ¤ ¥â ¢ ¯à®áâà -
áâ¢¥ £« ¤ª¨å äãªæ¨© C1(W ) áâàãªâãàã ¡¥áª®¥ç®¬¥à®©  «£¥¡àë �¨ ¨ ï¢«ï¥âáï ¡¨«¨¥©-
®© ª®á®á¨¬¬¥âà¨ç¥áª®© ®¯¥à æ¨¥©, ã¤®¢«¥â¢®àïîé¥© â®¦¤¥áâ¢ã �ª®¡¨. �¡®§ ç ï ç¥à¥§ fzig,
i = 1; : : : ;dimW , «®ª «ìë¥ ª®®à¤¨ âë   W , áª®¡ªã �ã áá®  f�; �g ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

f'; g � !(d'; d ) =
X
i; j

!ij(z)
@'(z)
@zi

@ (z)
@zj

; ';  2 C1(W );

£¤¥ !ij(z) � fzi; zjg ¨ !ij(z) = �!j i(z). � ª¨¬ ®¡à §®¬, ¯ã áá®®¢  áâàãªâãà    W ¯®«®áâìî
§ ¤ ¥âáï ª®á®á¨¬¬¥âà¨ç¥áª¨¬ (¢ ®¡é¥¬ á«ãç ¥ ¢ëà®¦¤¥ë¬) â¥§®àë¬ ¯®«¥¬ !ij(z).

�ãáâì H(z) | ¯à®¨§¢®«ì ï £« ¤ª ï äãªæ¨ï ¨§ C1(W ) (£ ¬¨«ìâ®¨ ). �ãªæ¨¨ H(z)
¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã

_zi = fH; zig; zij t=0 = z0i : (1)

�¨áâ¥¬  (1), ®¯à¥¤¥«ïï ¤¨ ¬¨ªã   ¯ã áá®®¢®¬ ¬®£®®¡à §¨¨ W , à¥ «¨§ã¥â ¥ª®â®àãî ®¤-
®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¨ää¥®¬®àä¨§¬®¢ t, ª®â®à ï ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¨¤ãæ¨àã¥â
¤¨ ¬¨ªã ¢ ª á â¥«ì®¬ à áá«®¥¨¨ TW ¯à®áâà áâ¢  W . �ãáâì �z0 | ª á â¥«ìë© ¢¥ªâ®à ¢
â®çª¥ z0 2W . �®£¤ 

(t)� : �z0 ! �z = (t)��z0; �z0 2 Tz0W; �z 2 TzW: (2)

�â®¡à ¦¥¨¥ (2) ¢ «®ª «ìëå ª®®à¤¨ â å ¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥¨¥ á¨áâ¥¬ë

� _zi =
@

@zk
fH; zig�zk; �zij t=0 = �z0i ; (3)

¨ ¢ «¨¥©®¬ ¯à¨¡«¨¦¥¨¨ ®¯¨áë¢ ¥â ¢®§¬ãé¥¨¥ ¨â¥£à «ì®© âà ¥ªâ®à¨¨ £ ¬¨«ìâ®®¢®©
á¨áâ¥¬ë (1),  ç «ìë¥ ãá«®¢¨ï ª®â®à®© ¨§¬¥¥ë   ¢¥«¨ç¨ã �z0. �¨áâ¥¬  (3)  §ë¢ ¥âáï
£ ¬¨«ìâ®®¢®© á¨áâ¥¬®© ¢ ¢ à¨ æ¨ïå.

�¯à¥¤¥«¥¨¥ 1. �â®¡à ¦¥¨¥ � : C1(W ) ! C1(TW ) â ª®¥, çâ® �' � hd'; �zi, �z 2 TzW ,
' 2 C1(W ), ¡ã¤¥¬  §ë¢ âì ¢ à¨ æ¨¥©,   äãªæ¨î �' | ¢ à¨ æ¨¥© äãªæ¨¨ '.

�ç¥¢¨¤®, ¢á¥ ¢ à¨ æ¨¨ «¨¥©ë   ª ¦¤®¬ á«®¥ p�1(z) = TzW , £¤¥ p | ª ®¨ç¥áª ï ¯à®-
¥ªæ¨ï TW !W . �â¬¥â¨¬ â ª¦¥, çâ® äãªæ¨¨ �' ¬®¦® à áá¬ âà¨¢ âì ª ª «¨äâë äãªæ¨© '
¨§ W ¢ TW , £¤¥ á ¬  äãªæ¨ï ' ¨£à ¥â à®«ì ¢¥àâ¨ª «ì®£® «¨äâ  ([8], á. 150).

�â¢¥à¦¤¥¨¥ 1. �  ª á â¥«ì®¬ à áá«®¥¨¨ ¯à®¨§¢®«ì®£® ¯ã áá®®¢  ¬®£®®¡à §¨ï W
áãé¥áâ¢ã¥â ¨¤ãæ¨à®¢  ï ¯ã áá®®¢  áâàãªâãà  f�; �gT , ª®â®à ï ¢ «®ª «ìëå ª®®à¤¨ â å

(zi; �zi) ¨¬¥¥â ¢¨¤

fF;GgT =
X
i; j

�
@!ij(z)
@zk

�zk
@F

@�zi

@G

@�zj
+ !ij(z)

@F

@�zi

@G

@zj
+ !ij(z)

@F

@zi

@G

@�zj

�
; (4)

£¤¥ F (z; �z); G(z; �z) | äãªæ¨¨ ¨§ C1(TW ).

�¥©áâ¢¨â¥«ì®, ¯àï¬®© ¯à®¢¥àª®© ¬®¦® ã¡¥¤¨âìáï, çâ® áª®¡ª  (4) ã¤®¢«¥â¢®àï¥â ¯à ¢¨-
«ã �¥©¡¨æ  ¨ â®¦¤¥áâ¢ã �ª®¡¨, çâ® ¨ ¤®ª §ë¢ ¥â ¤ ®¥ ãâ¢¥à¦¤¥¨¥. �«¥¤ãï à ¡®â ¬ [3],
[4], ¯ã áá®®¢ã áâàãªâãàã f�; �gT ¬®¦® â ª¦¥ à áá¬ âà¨¢ âì ª ª ¯®à®¦¤¥ãî ¯ã áá®®¢ë¬
¡¨¢¥ªâ®àë¬ ¯®«¥¬ �!, ï¢«ïîé¨¬áï ¯®«ë¬ «¨äâ®¬ ¯ã áá®®¢  ¯®«ï ! á W   TW .

�ãáâì ',  | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ¨§ C1(W ), �' ¨ � | ¨å á®®â¢¥âáâ¢ãîé¨¥ ¢ à¨ æ¨¨.
�§ ®¯à¥¤¥«¥¨ï áª®¡ª¨ (4) «¥£ª® ¢ëâ¥ª ¥â

�â¢¥à¦¤¥¨¥ 2. �¤ãæ¨à®¢  ï áª®¡ª  �ã áá®  f�; �gT ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ -

¬¨: 1) f'; gT = 0, 2) f�';  gT = f'; � gT = f'; g, 3) f�'; � gT = �f'; g.
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�ã áá®®¢  áâàãªâãà  f�; �gT ¯®§¢®«ï¥â ¯à¥¤áâ ¢¨âì £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã (1) ¨ á®®â¢¥â-
áâ¢ãîéãî ¥© á¨áâ¥¬ã ¢ ¢ à¨ æ¨ïå (3) ¢ ¢¨¤¥ £ ¬¨«ìâ®®¢®© á¨áâ¥¬ë   TW . �¥©áâ¢¨â¥«ì®,
¨á¯®«ì§ãï á¢®©áâ¢  áª®¡ª¨ f�; �gT , ¯¥à¥ç¨á«¥ë¥ ¢ ãâ¢¥à¦¤¥¨¨ 2, ¯®«ãç ¥¬

_zi = fH; zig = f�H; zigT ; � _zi = �fH; zig = f�H; �zigT : (5)

�¨áâ¥¬  (5) ï¢«ï¥âáï £ ¬¨«ìâ®®¢®© ®â®á¨â¥«ì® áª®¡ª¨ f�; �gT á £ ¬¨«ìâ®¨ ®¬ �H, ¯®íâ®¬ã
¢¥à 

�¥®à¥¬  1. �ãáâì H(z) | ¥ª®â®à ï £« ¤ª ï äãªæ¨ï (£ ¬¨«ìâ®¨ )   ¯à®¨§¢®«ì®¬

¯ã áá®®¢®¬ ¬®£®®¡à §¨¨ (W; f�; �g). � ¬¨«ìâ®®¢  á¨áâ¥¬  (1) ¢¬¥áâ¥ á ãà ¢¥¨ï¬¨ ¢ ¢ -

à¨ æ¨ïå (3) ¯à¥¤áâ ¢«ïîâ á®¡®© à áè¨à¥ãî £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã   ¯ã áá®®¢®¬ ¬®£®-

®¡à §¨¨ (TW; f�; �gT ) á £ ¬¨«ìâ®¨ ®¬ �H.

� áá¬®âà¨¬ ¥ª®â®àë¥ ¯à¨¬¥àë ¨¤ãæ¨à®¢ ®© ¯ã áá®®¢®© áâàãªâãàë f�; �gT   TW .

�à¨¬¥à 1 (ª®ª á â¥«ì®¥ à áá«®¥¨¥ T �M). �áâ¥áâ¢¥ ï ¯ã áá®®¢  áâàãªâãà    2m-
¬¥à®¬ ª®ª á â¥«ì®¬ à áá«®¥¨¨ W = T �M § ¤ ¥âáï á ¯®¬®éìî á¨¬¯«¥ªâ¨ç¥áª®© 2-ä®à¬ë
! = dpa ^ dx

a, a = 1; : : : ;m, £¤¥ (x1; : : : ; xm; p1; : : : ; pm) | «®ª «ìë¥ ª®®à¤¨ âë ¢ T �M . �ª®¡ª 
�ã áá®    T �M , á®®â¢¥âáâ¢ãîé ï ä®à¬¥ !, ®¯à¥¤¥«ï¥âáï äã¤ ¬¥â «ìë¬¨ áª®¡ª ¬¨

fxa; xbg = fpa; pbg = 0; fpa; x
bg = �ba: (6)

�¢¥¤¥¬ «®ª «ìë¥ ª®®à¤¨ âë ¢ á«®¥ T(x;p)(T �M): (�x1; : : : ; �xm; �p1; : : : ; �pm). �®£¤  áª®¡ª 
f�; �gT   T (T �M) ¨¬¥¥â ¥ã«¥¢ë¥ ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï

fpa; �x
bg = f�pa; x

bg = �ba: (7)

�à¨¬¥à 2 (¤ã «ì®¥ ¯à®áâà áâ¢®  «£¥¡àë �¨ G�). �ãáâì G | n-¬¥à ï ¢¥é¥áâ¢¥ ï  «-
£¥¡à  �¨ á ¡¨«¨¥©®© ª®á®á¨¬¬¥âà¨ç®© ®¯¥à æ¨¥© [�; �], W = G� | ¤ã «ì®¥ ¯à®áâà áâ¢®
(ª® «£¥¡à ), í«¥¬¥âë ª®â®à®£® ¬®¦® à áá¬ âà¨¢ âì ª ª «¨¥©ë¥ äãªæ¨¨ ¨§ C1(G). �ë¡¥-
à¥¬ ¡ §¨á feig, i = 1; : : : ; n, ¢ G ¨ á®®â¢¥âáâ¢ãîé¨© ¡ §¨á ¢ ¤ã «ì®¬ ¯à®áâà áâ¢¥ feig � G�,
hei; eji = �ij . �  ª® «£¥¡à¥ G

� ®¯à¥¤¥«¥  ¢ëà®¦¤¥ ï «¨¥© ï áª®¡ª  �ã áá® {�¨

f'; gLie = hz; [d'(z); d (z)] i = Ck
ijzk

@'(z)
@zi

@ (z)
@zj

; ';  2 C1(G�);

á ¡ §¨áë¬¨ ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ fzi; zjg
Lie = Ck

ijzk. �¤¥áì Ck
ij | áâàãªâãàë¥

ª®áâ âë  «£¥¡àë G ¢ ¢ë¡à ®¬ ¡ §¨á¥.
� áá¬®âà¨¬ ª á â¥«ì®¥ à áá«®¥¨¥ TG� ¯à®áâà áâ¢  G� á ª®®à¤¨ â ¬¨ (zi; �zi). �§ ®¯à¥-

¤¥«¥¨ï f�; �gT á«¥¤ã¥â, çâ® ¥¥ äã¤ ¬¥â «ìë¥ áª®¡ª¨   TG� § ¤ îâáï á«¥¤ãîé¨¬¨ à ¢¥-
áâ¢ ¬¨:

fzi; zjg
Lie
T = 0; fzi; �zjg

Lie
T = f�zi; zjg

Lie
T = Ck

ij zk; f�zi; �zjg
Lie
T = Ck

ij �zk:

3. �¥®¤¥§¨ç¥áª¨¥ ¯®â®ª¨ ¨ ãà ¢¥¨¥ �ª®¡¨   à¨¬ ®¢ëå ¬®£®®¡à §¨ïå

�ãáâì M | £« ¤ª®¥ m-¬¥à®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ á ¥¢ëà®¦¤¥®© à¨¬ ®¢®© ¬¥âà¨-
ª®© g = (gab), det gab 6= 0, (x1; : : : ; xm), (p1; : : : ; pm) | «®ª «ìë¥ ª®®à¤¨ âë   ¬®£®®¡à §¨¨
M ¨ ¢ á«®¥ T �xM á®®â¢¥âáâ¢¥®. � ¯®¬®éìî ¯ã áá®®¢®© áâàãªâãàë (6)   T �M ãà ¢¥¨¥
£¥®¤¥§¨ç¥áª¨å �xa + �abc(x) _x

b _xc = 0 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ £ ¬¨«ìâ®®¢®© ä®à¬¥

_xa = fH(x; p); xag; _pa = fH(x; p); pag; (8)

£¤¥H(x; p) = 1
2
gab(x)papb (á¢ï§®áâì ¯®« £ ¥¬ á®£« á®¢ ®© á ¬¥âà¨ª®©). � ¬¨«ìâ®®¢ã á¨áâ¥¬ã

(8)  §ë¢ îâ £¥®¤¥§¨ç¥áª¨¬ ¯®â®ª®¬.
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�ãáâì xa = xa(t) | £¥®¤¥§¨ç¥áª ï   M , ¯ à ¬¥âà¨§®¢  ï  âãà «ìë¬ ¯ à ¬¥âà®¬ t.
�¥ªâ®à®¥ ¯®«¥ �a(t) � Tx(t)M ¢¤®«ì £¥®¤¥§¨ç¥áª®©  §ë¢ ¥âáï ¯®«¥¬ �ª®¡¨, ¥á«¨ ®® ï¢«ï¥âáï
à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  (ãà ¢¥¨ï �ª®¡¨) ([1], c. 65)

r2
_x�

a +Ra
bcd _x

b _xc�d = 0; (9)

£¤¥ r _x | ®¯¥à â®à ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¤®«ì ¯®«ï _xa, Ra
bcd | ª®¬¯®¥âë â¥-

§®à  ªà¨¢¨§ë. �á¯®«ì§ãï ¥áâ¥áâ¢¥ë© ¨§®¬®àä¨§¬ ¯à®áâà áâ¢ T �M ¨ TM ,   â ª¦¥ á¨¬-
¯«¥ªâ¨ç¥áªãî áâàãªâãàã ! = dpa^dx

a, ¬®¦® ¯®ª § âì, çâ® ãà ¢¥¨¥ �ª®¡¨ (9) íª¢¨¢ «¥â®
á«¥¤ãîé¥© £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥ ¢ ¢ à¨ æ¨ïå:

� _xa = �fH(x; p); xag; � _pa = �fH(x; p); pag; (10)

£¤¥ �xa � �a, �pa = gab _�b + gab;c _xb�c,   § ¢¨á¨¬®áâì ®â ¢à¥¬¥¨ ¯¥à¥¬¥ëå x ¨ p ®¯à¥¤¥«ï¥â-
áï á¨áâ¥¬®© (8). �«¥¤ãï ¯à¥¤ë¤ãé¥¬ã ¯ à £à äã, § ¤ ¤¨¬ ¢ ¯à®áâà áâ¢¥ T (T �M) áâàãªâãàã
¯ã áá®®¢®£® ¬®£®®¡à §¨ï á ¥ã«¥¢ë¬¨ äã¤ ¬¥â «ìë¬¨ áª®¡ª ¬¨ �ã áá®  (7). �®£« á®
â¥®à¥¬¥ 1 £¥®¤¥§¨ç¥áª¨© ¯®â®ª (8) ¢¬¥áâ¥ á á®®â¢¥âáâ¢ãîé¨¬¨ ãà ¢¥¨ï¬¨ ¢ ¢ à¨ æ¨ïå (10)
¯à¥¤áâ ¢«ï¥â á®¡®© à áè¨à¥ãî £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã

_xa = f�H(x; p); xagT ; _pa = f�H(x; p); pagT ; (11)

� _xa = f�H(x; p); �xagT ; � _pa = f�H(x; p); �pagT ; (12)

á £ ¬¨«ìâ®¨ ®¬ �H(x; p) = 1
2
gab; c �x

cpapb + gabpa�pb. �¥âàã¤® ¢¨¤¥âì, çâ® ¯®«ãç¥ ï á¨áâ¥¬ 
á®¢¯ ¤ ¥â á ª ®¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ � ¬¨«ìâ®    ª®ª á â¥«ì®¬ à áá«®¥¨¨ T �(TM) á
¥áâ¥áâ¢¥®© á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà®© �! = dpa^d�x

a+d�pa^dxa ¨ ®¯¨áë¢ ¥â £¥®¤¥§¨ç¥áª¨©
¯®â®ª   TM ®â®á¨â¥«ì® ®¢®© à¨¬ ®¢®© ¬¥âà¨ª¨ eg(�; �),  áá®æ¨¨à®¢ ®© á £ ¬¨«ìâ®¨ ®¬
�H(x; p).

�¯à¥¤¥«¥¨¥ 2. �¥®¤¥§¨ç¥áª¨© ¯®â®ª, ®¯¨áë¢ ¥¬ë© £ ¬¨«ìâ®®¢®© á¨áâ¥¬®© (11){(12), ¡ã-
¤¥¬  §ë¢ âì à áè¨à¥ë¬ £¥®¤¥§¨ç¥áª¨¬ ¯®â®ª®¬.

�ãáâì I(x; p) | ¯¥à¢ë© ¨â¥£à « £¥®¤¥§¨ç¥áª®£® ¯®â®ª  (8). �ç¥¢¨¤®, ¤  ï äãªæ¨ï ®áâ -
¥âáï â ª¦¥ ¨ ¨â¥£à «®¬ à áè¨à¥®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª , â. ª. ¯® á¢®©áâ¢ã 2) áª®¡ª¨ f�; �gT
¨¬¥¥¬ f�H; IgT = fH; Ig = 0. �à®¬¥ â®£®, äãªæ¨ï I(x; p) ¤®áâ ¢«ï¥â á¨áâ¥¬¥ (11){(12) ¥é¥ ®¤¨
¨â¥£à « ¤¢¨¦¥¨ï: ¨§ á¢®©áâ¢  3) á«¥¤ã¥â, çâ® ¢ à¨ æ¨ï �I â ª¦¥ ª®¬¬ãâ¨àã¥â á �H. �à¨ íâ®¬
«¥£ª® ¢¨¤¥âì, çâ® äãªæ¨¨ I ¨ �I ª®¬¬ãâ¨àãîâ ¨ äãªæ¨® «ì® ¥§ ¢¨á¨¬ë   T (T �M).

�§¢¥áâ®, çâ® ¢ á«ãç ¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¨¬¥¥âáï  ¡®àm äãª-
æ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ ¤¢¨¦¥¨ï fI1; : : : ; Img,  å®¤ïé¨åáï ¢ ¨¢®«îæ¨¨ ®â®-
á¨â¥«ì® áª®¡ª¨ �ã áá®  ([9], á. 163). �§ ¢ëè¥áª § ®£® á«¥¤ã¥â, çâ® ¢ á«ãç ¥ à áè¨à¥-
®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¤ ë©  ¡®à ¬®¦® ¤®¯®«¨âì á®®â¢¥âáâ¢ãîé¨¬¨ ¢ à¨ æ¨ï¬¨
f�I1; : : : ; �Img, ã¢¥«¨ç¨¢ ï â¥¬ á ¬ë¬ ç¨á«® ¨â¥£à «®¢ ¤¢¨¦¥¨ï ª ®¨ç¥áª®© £ ¬¨«ìâ®®-
¢®© á¨áâ¥¬ë (11){(12) ¤® 2m. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. � áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª (11){(12)   TM á £ ¬¨«ìâ®¨ ®¬ �H
ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢¯®«¥ ¨â¥£à¨àã¥¬ ¨áå®¤ë©

£¥®¤¥§¨ç¥áª¨© ¯®â®ª (8)   M á £ ¬¨«ìâ®¨ ®¬ H.

4. � áè¨à¥ë¥ £¥®¤¥§¨ç¥áª¨¥ ¯®â®ª¨   ®¤®à®¤ëå ¯à®áâà áâ¢ å
á ¨¢ à¨ âë¬¨ ¨ æ¥âà «ìë¬¨ ¬¥âà¨ª ¬¨

� ¤ ®¬ ¯ à £à ä¥ à áá¬®âà¨¬ £¥®¤¥§¨ç¥áª¨¥ ¯®â®ª¨ ¨ ãà ¢¥¨ï �ª®¡¨   ®¤®à®¤ëå
G-¯à®áâà áâ¢ å á ¤¢ã¬ï ª« áá ¬¨ à¨¬ ®¢ëå ¬¥âà¨ª, á¢ï§ ëå á £àã¯¯®© ¯à¥®¡à §®¢ ¨©.
�â® G-¨¢ à¨ âë¥ ¨ â ª  §ë¢ ¥¬ë¥ áã¡¬¥àáë¥ ¨«¨ æ¥âà «ìë¥ ¬¥âà¨ª¨.

� ¯®¬¨¬ áå¥¬ã ¯®áâà®¥¨ï ¨¢ à¨ âëå ¨ æ¥âà «ìëå à¨¬ ®¢ëå ¬¥âà¨ª   ®¤®à®¤-
ëå ¯à®áâà áâ¢ å [7]. �ãáâì G | ¢¥é¥áâ¢¥ ï á¢ï§ ï n-¬¥à ï £àã¯¯  �¨, G | ¥¥  «£¥¡à 
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�¨, H | (n�m)-¬¥à ï § ¬ªãâ ï ¯®¤£àã¯¯  £àã¯¯ë G, H|  «£¥¡à  �¨ £àã¯¯ë H,M = G=H
| ®¤®à®¤®¥ ¯à ¢®¥m-¬¥à®¥G-¯à®áâà áâ¢®. �ë¡¥à¥¬   ª®ª á â¥«ì®© ¯«®áª®áâ¨ G� = T �eG
¢ ¥¤¨¨æ¥ £àã¯¯ë ¯à®¨§¢®«ìãî ª¢ ¤à â¨çãî ¥¢ëà®¦¤¥ãî ä®à¬ã G(�; �) ¨ à §¥á¥¬ ¥¥ á
¯®¬®éìî «¥¢ëå ¨ ¯à ¢ëå á¤¢¨£®¢   ¢áî £àã¯¯ã G. � à¥§ã«ìâ â¥ íâ®£® ¢ ª ¦¤®© â®çª¥ g 2 G
¡ã¤ãâ ®¯à¥¤¥«¥ë «¥¢®¨¢ à¨ â ï (GL

g = L�gG) ¨ ¯à ¢®¨¢ à¨ â ï (GR
g = R�gG) ¬¥âà¨ª¨

  £àã¯¯¥ �¨.
�ãáâì � : G ! M | ª ®¨ç¥áª ï ¯à®¥ªæ¨ï £àã¯¯ë G   ¯à®áâà áâ¢® ¯à ¢ëå á¬¥¦ëå

ª« áá®¢ G=H. � ª ª ª £àã¯¯  G ¤¥©áâ¢ã¥â   M ¯à ¢ë¬¨ á¤¢¨£ ¬¨ ¨ ª¢ ¤à â¨ç ï ä®à¬ 
GR

g ¯à ¢®¨¢ à¨ â , â® ¯à®¥ªæ¨ï ¬¥âà¨ª¨ GR
g   ¯à®áâà áâ¢® ¯à ¢ëå á¬¥¦ëå ª« áá®¢

®¯à¥¤¥«ï¥â   ®¤®à®¤®¬ ¯à®áâà áâ¢¥ G-¨¢ à¨ âãî à¨¬ ®¢ã ¬¥âà¨ªã GR
x = ��GR

g , x =
�(g). �â¬¥â¨¬, çâ® ¯®¤®¡®¥ ®¯à¥¤¥«¥¨¥ ï¢«ï¥âáï ª®àà¥ªâë¬ â®«ìª® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï
Ad(H)-¨¢ à¨ â®áâ¨: G(Ad�h �;Ad

�

h �)jH? = G(�; �)jH? , h 2 H.
�à®¥ªâ¨àãï   «®£¨çë¬ ®¡à §®¬ «¥¢®¨¢ à¨ âãî ¡¨«¨¥©ãî ä®à¬ã GL

g   ¯à ¢®¥ ®¤-
®à®¤®¥ G-¯à®áâà áâ¢®, ¯®«ãç ¥¬ æ¥âà «ìãî à¨¬ ®¢ã ¬¥âà¨ªã GL

x = ��GL
g , ª®â®à ï ¢

®¡é¥¬ á«ãç ¥ ¥ ï¢«ï¥âáï ¨¢ à¨ â®© ®â®á¨â¥«ì® ¤¥©áâ¢¨ï £àã¯¯ë G. �¢¨¤ã â®£®, çâ® ¤«ï
®¯à¥¤¥«¥¨ï æ¥âà «ì®© ¬¥âà¨ª¨ ¥ âà¥¡ã¥âáï ¢ë¯®«¥¨ï ãá«®¢¨ï Ad(H)-¨¢ à¨ â®áâ¨,
¤ ë© ª« áá ¬¥âà¨ª ï¢«ï¥âáï ¡®«¥¥ è¨à®ª¨¬, ç¥¬ ª« áá G-¨¢ à¨ âëå ¬¥âà¨ª   ®¤®à®¤-
ëå ¯à®áâà áâ¢ å.

�à®¨§¢®«ìë© í«¥¬¥â £àã¯¯ë ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ g = hs(x), £¤¥ h 2 H, s(x) |
£« ¤ª®¥ «®ª «ì®¥ á¥ç¥¨¥ s : G ! M £« ¢®£® à áá«®¥¨ï (G;M; �;H), � � s = id. �ãáâì fzig
(i = 1; : : : ; n), fyag (a = 1; : : : ; n�m), fxag (a = 1; : : : ;m) | «®ª «ìë¥ ª®®à¤¨ âë   £àã¯¯¥ G, ¢
á«®¥ H ¨   ¡ §¥M á®®â¢¥âáâ¢¥®. � íâ¨å ª®®à¤¨ â å «¥¢®¨¢ à¨ âë¥ ¯®«ï �A(g) � (Lg)� eA
  £àã¯¯¥ G ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�A(g) = Xa
A(x)@xa + �aA(y; x)@ya ; A = 1; : : : ; n:

�ç¥¢¨¤®, ¢¥ªâ®àë¥ ¯®«ï ���A(g) = Xa
A(x)@xa ®â®á¨â¥«ì® ®¡ëç®£® ª®¬¬ãâ â®à  ®¡à §ãîâ

 «£¥¡àã �¨, ¨§®¬®àäãî G, ¨ ï¢«ïîâáï £¥¥à â®à ¬¨ £àã¯¯ë ¯à¥®¡à §®¢ ¨© G, ¤¥©áâ¢ãîé¥©
  M . �®¬¯®¥â ¬¨ «¥¢®¨¢ à¨ â®© ¬¥âà¨ª¨   £àã¯¯¥ G ¨ æ¥âà «ì®© ¬¥âà¨ª¨   M ¢
«®ª «ìëå ª®®à¤¨ â å ï¢«ïîâáï

gij(z) = GAB�iA(z)�
j
B(z);

gab(x) = GABXa
A(x)X

b
B(x): (13)

�¢¥¤¥¬   ª á â¥«ì®¬ à áá«®¥¨¨ TG £àã¯¯ë G áâàãªâãàã £àã¯¯®¢®£® ¬®£®®¡à §¨ï ([10],
p. 98). �«ï íâ®£®, ®¡®§ ç ï ç¥à¥§ �g 2 TgG ª á â¥«ìë© ¢¥ªâ®à ¢ â®çª¥ g 2 G, à áá¬®âà¨¬  
TG ¡¨ àãî ®¯¥à æ¨î

(g1; �g1) � (g2; �g2) = (g1g2; [Rg2 ]� �g1 + [Lg1 ]� �g2);

¨, ªà®¬¥ â®£®, ª ¦¤®¬ã í«¥¬¥âã (g; �g) ¨§ TG á®¯®áâ ¢¨¬ ®¡à âë© ¥¬ã ¯® ¯à ¢¨«ã (g; �g)�1 =
(g�1;�[Lg�1 ]� [Rg�1 ]� �g). �¢¥¤¥ë¥ ®¯¥à æ¨¨ ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ ¯® ª ¦¤®¬ã  à£ã¬¥âã ¨
ã¤®¢«¥â¢®àïîâ ¢á¥¬  ªá¨®¬ ¬ £àã¯¯ë, ¯®íâ®¬ã ¬®£®®¡à §¨¥ TG ®â®á¨â¥«ì® íâ¨å ®¯¥à æ¨©
®¡à §ã¥â £àã¯¯ã �¨. � ª £àã¯¯ , TG ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ £àã¯¯ë G
   ¡¥«¥¢ã n-¬¥àãî £àã¯¯ã Rn: TG = Rn . G. �ãáâì § ª® ª®¬¯®§¨æ¨¨   £àã¯¯¥ G «®ª «ì®
®¯¨áë¢ ¥âáï á ¯®¬®éìî äãªæ¨¨ zi =  i(z1; z2). �®£¤  äãªæ¨ï ª®¬¯®§¨æ¨¨ ¢ £àã¯¯¥ TG ¨¬¥¥â
¢¨¤

zi =  i(z1; z2); �zi =
@ (z1; z2)

@zk1
�zk1 +

@ (z1; z2)
@zk2

�zk2 :

� ©¤¥¬ ï¢ë© ¢¨¤ «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥©   £àã¯¯¥ TG. �«ï íâ®£®  «®¦¨¬
  ¡ §¨áë¥ ¢¥ªâ®àë ª á â¥«ì®£® ¯à®áâà áâ¢  £àã¯¯ë TG ¢ ¥¤¨¨æ¥ feA = @�zA j�z=0, �eA =
@zA jz=0g á«¥¤ãîé¨¥ ª®¬¬ãâ æ¨®ë¥ á®®â®è¥¨ï:

[eA; eB ] = 0; [eA; �eB ] = [�eA; eB ] = CC
AB eC ; [�eA; �eB ] = CC

AB�eC :
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�ç¥¢¨¤®, «¨¥©®¥ ¯à®áâà áâ¢® eG � T(e;0)(TG) ¢ íâ®¬ á«ãç ¥ áâ ®¢¨âáï  «£¥¡à®© �¨ £àã¯¯ë
TG ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã¯àï¬ãî áã¬¬ã eG � GuRn  «£¥¡àë G ¨ n-¬¥à®£®  ¡¥«¥¢  ¨¤¥ « 
Rn. �¥¢®¨¢ à¨ âë¥ ¯®«ï   £àã¯¯¥ TG ¯®«ãç îâáï ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ¤¨ää¥à¥æ¨ «®¢
«¥¢®£® á¤¢¨£    á®®â¢¥âáâ¢ãîé¨¥ ¡ §¨áë¥ ¢¥ªâ®àë  «£¥¡àë �¨ eG ¨ ¢ ª®®à¤¨ â å (zi; �zi)
¨¬¥îâ ¢¨¤

e�A(z; �z) = �kA(z)
@

@�zk
; �e�A(z; �z) = �kA(z)

@

@zk
+
@�kA(z)
@zl

�zl
@

@�zk
: (14)

� áá¬®âà¨¬ £ ¬¨«ìâ®¨  £¥®¤¥§¨ç¥áª®£® ¯®â®ª    £àã¯¯¥ G á «¥¢®¨¢ à¨ â®© ¬¥âà¨ª®©

H(z; p) =
1
2
gij(z)pipj =

1
2
GAB�A(z; p)�B(z; p);

£¤¥ �(z; p) � �(�A) = �iA(z)pi, � = pidx
i, ! = d�. �¢¥¤¥¬ á¨¬¯«¥ªâ¨ç¥áªãî áâàãªâãàã ¢ T �(TG) á

¯®¬®éìî 1-ä®à¬ë �� = pi d�z
i + �pi dz

i ¨ ®¯à¥¤¥«¨¬ äãªæ¨¨

e�A(z; p) � ��(e�A) = �iA(z)pi; �e�A(z; p) � ��(�e�A) = �iA(z)�pi +
@�iA(z)
@zk

�zkpi:

� ¯®¬®éìî äãªæ¨© e�A(z; p) ¨ �e�A(z; p) ¢ à¨ æ¨ï £ ¬¨«ìâ®¨   H(z; p) ¬®¦¥â ¡ëâì § ¯¨á  
¢ ¢¨¤¥

�H(z; p) = GAB e�A(z; p)�e�B(z; p): (15)

�§ ¥¢ëà®¦¤¥®áâ¨ ä®à¬ë G á«¥¤ã¥â, çâ® £ ¬¨«ìâ®¨  (15) ®¯à¥¤¥«ï¥â   TG ¨¤ãæ¨à®¢ -
ãî à¨¬ ®¢ã ¬¥âà¨ªã eGL

(g; �g), ï¢«ïîéãîáï ¨¢ à¨ â®© ®â®á¨â¥«ì® «¥¢ëå á¤¢¨£®¢ £àã¯¯ë
TG. �¥©áâ¢¨¥ ¤ ®© ¬¥âà¨ª¨   ¡ §¨áëå 1-ä®à¬ å § ¤ ¥âáï á®®â®è¥¨ï¬¨

eGL
(g; �g)(dz

i; dzj) = eGL
(g; �g)(d�z

i; d�zj) = 0; eGL
(g; �g)(dz

i; d�zj) = GL
g (dz

i; dzj):

�ç¥¢¨¤®, ¨¤ãæ¨à®¢  ï ¬¥âà¨ª  eGL
(g; �g)   TG ®¯à¥¤¥«ï¥â à áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª

á £ ¬¨«ìâ®¨ ®¬ �H(z; p), ª®â®àë© ¢ª«îç ¥â ¢ á¥¡ï ¨áå®¤ë© ¯®â®ª   £àã¯¯¥ G á £ ¬¨«ìâ®-
¨ ®¬ H(z; p) ¨ ¥£® £ ¬¨«ìâ®®¢ã á¨áâ¥¬ã ¢ ¢ à¨ æ¨ïå.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © £¥®¤¥§¨ç¥áª®£® ¯®â®ª    ®¤®à®¤®¬ ¯à®áâà áâ¢¥M á æ¥âà «ì-
®© ¬¥âà¨ª®© (13). � á â¥«ì®¥ à áá«®¥¨¥ TH § ¬ªãâ®© ¯®¤£ã¯¯ë H � G ¥áâì ¬®¦¥áâ¢® ¯ à
(h; �h) â ª¨å, çâ® h 2 H, �h 2 ThG. �ç¥¢¨¤®, TH ï¢«ï¥âáï ¯®¤£àã¯¯®© ¢ TG, ¯®íâ®¬ã ¬®¦®
à áá¬ âà¨¢ âì ¯à ¢®¥ ®¤®à®¤®¥ ¯à®áâà áâ¢® fM ' TG=TH. �ãáâì e� | ª ®¨ç¥áª ï ¯à®¥ª-
æ¨ï TG   ¯à®áâà áâ¢® ¯à ¢ëå á¬¥¦ëå ª« áá®¢ fM . �¥ªâ®àë¥ ¯®«ï eX = e��(e�) ¨ � eX = e��(�e�),
ï¢«ïîé¨¥áï ¯à®¥ªæ¨ï¬¨   fM «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥© (14), ¯à¥¤áâ ¢«ïîâ á®¡®©
£¥¥à â®àë £àã¯¯ë TG, ¤¥©áâ¢ãîé¥©   fM ¯à ¢ë¬¨ á¤¢¨£ ¬¨. �¥§ ¯®â¥à¨ ®¡é®áâ¨ ¢ë¡¥à¥¬
¡ §¨á ¢  «£¥¡à¥ �¨ eH £àã¯¯ë TH á«¥¤ãîé¨¬ ®¡à §®¬: fe�; �e�g, � = 1; : : : ; n � m, â®£¤  ¢
«®ª «ìëå ª®®à¤¨ â å ¯®«ï eXA ¨ � eXA ¨¬¥îâ ¢¨¤

eXA(x; �x) = Xa
A(x)

@

@�xa
; � eXA(x; �x) = Xa

A(x)
@

@xa
+
@Xa

A(x)
@xb

�xb
@

@�xb
; (16)

£¤¥ f�xa; a = 1; : : : ;mg|ª®®à¤¨ âë ¢¥ªâ®à  �x = e�(�g) 2 TxM . �¥£ª® ¯à®¢¥àï¥âáï, çâ® ®â®á¨-
â¥«ì® ®¯¥à æ¨¨ ®¡ëç®£® ª®¬¬ãâ¨à®¢ ¨ï ®¯¥à â®àë (16) ®¡à §ãîâ  «£¥¡àã �¨, ¨§®¬®àäãî
 «£¥¡à¥ eG £àã¯¯ë TG.

�ãáâì �� = �padx
a + pad�x

a, �! = d�� { ¥áâ¥áâ¢¥ ï á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà    T �fM .
� áá¬®âà¨¬   T �fM £ ¬¨«ìâ®¨ 

�H(x; p) = GABXA(x; p)�XB(x; p); (17)

ª®â®àë© ¯à¥¤áâ ¢«ï¥â á®¡®© ¢ à¨ æ¨î £ ¬¨«ìâ®¨   £¥®¤¥§¨ç¥áª®£® ¯®â®ª    ®¤®à®¤®¬
¯à®áâà áâ¢¥ M á æ¥âà «ì®© ¬¥âà¨ª®©. �¤¥áì XA(x; p) = ��(XA), �XA(x; p) = ��(�XA). � «®-
£¨ç® á«ãç î £¥®¤¥§¨ç¥áª®£® ¯®â®ª    £àã¯¯¥ TG ¬®¦® ¯®ª § âì, çâ® £ ¬¨«ìâ®¨  �H(x; p)
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¨¤ãæ¨àã¥â ¢ fM à¨¬ ®¢ã ¬¥âà¨ªã eGL
(x; �x), ï¢«ïîéãîáï æ¥âà «ì®© ¯® ®â®è¥¨î ª £àã¯¯¥

¯à¥®¡à §®¢ ¨© TG. � ¤àã£®© áâ®à®ë, ª ®¨ç¥áª ï £ ¬¨«ìâ®®¢  á¨áâ¥¬  á £ ¬¨«ìâ®¨ ®¬
(17) ¯à¥¤áâ ¢«ï¥â á®¡®© á®áâ ¢ãî á¨áâ¥¬ã, ¢ª«îç îéãî ¢ á¥¡ï £¥®¤¥§¨ç¥áª¨© ¯®â®ª  M ®â®-
á¨â¥«ì® æ¥âà «ì®© ¬¥âà¨ª¨ GL

x ¨ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ ¢ ¢ à¨ æ¨ïå (ãà ¢¥¨¥ �ª®-
¡¨). �âáî¤  ¢ëâ¥ª ¥â, çâ® à áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª   TM ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬
¯®â®ª®¬   ®¤®à®¤®¬ ¯à®áâà áâ¢¥ fM ®â®á¨â¥«ì® ¨¤ãæ¨à®¢ ®© æ¥âà «ì®© ¬¥âà¨ª¨eGL

(x; �x).
�â¬¥â¨¬, çâ®   «®£¨çë¥ ¯®áâà®¥¨ï   M ¬®¦® ¯à®¢¥áâ¨ ¤«ï ¯à®¨§¢®«ì®© G-¨¢ -

à¨ â®© ¬¥âà¨ª¨, á¢®¤ï â¥¬ á ¬ë¬ ãà ¢¥¨¥ �ª®¡¨ ¢¬¥áâ¥ á ¨áå®¤ë¬ £¥®¤¥§¨ç¥áª¨¬ ¯®-
â®ª®¬ ª ®¢®¬ã à áè¨à¥®¬ã £¥®¤¥§¨ç¥áª®¬ã ¯®â®ªã   TM ®â®á¨â¥«ì® ¨¤ãæ¨à®¢ ®©
TG-¨¢ à¨ â®© ¬¥âà¨ª¨.

5. �®áâà®¥¨¥ ª ®¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï

�¢®«îâ¨¢ë©  ¡®à 2m ¥§ ¢¨á¨¬ëå ¯¥à¢ëå ¨â¥£à «®¢ £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¯®§¢®«ï¥â
ãáâ ®¢¨âì «¨èì ¯à¨æ¨¯¨ «ìãî ¢®§¬®¦®áâì ¥£® â®ç®£® ¨â¥£à¨à®¢ ¨ï. �®áâà®¥¨¥ ï¢®-
£® à¥è¥¨ï £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¢ ª¢ ¤à âãà å ¯à¥¤áâ ¢«ï¥â á®¡®© á ¬®áâ®ïâ¥«ìãî § ¤ çã,
§ ç áâãî ¢¥áì¬  ¥âà¨¢¨ «ìãî. � ¤ ®¬ ¯ à £à ä¥ ¤«ï  å®¦¤¥¨ï ¢ ª¢ ¤à âãà å à¥è¥-
¨ï £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¨ ãà ¢¥¨ï �ª®¡¨   ¨§ãç ¥¬ëå ¯à®áâà áâ¢ å ¨á¯®«ì§ã¥¬ ª®-
áâàãªâ¨¢ë©  «£®à¨â¬, ®á®¢ ë©   ¯®áâà®¥¨¨ ª ®¨ç¥áª¨å ª®®à¤¨ â   ®à¡¨â å ª®¯à¨-
á®¥¤¨¥®£® ¯à¥¤áâ ¢«¥¨ï ¨   á¨¬¯«¥ªâ¨ç¥áª¨å «¨áâ å ¯ã áá®®¢®©  «£¥¡àë ¨¢ à¨ âëå
äãªæ¨©.

�¢¥¤¥¬ ®â®¡à ¦¥¨¥ ¬®¬¥â  � : T �M ! G�, �(x; p) = PAe
A, £¤¥ PA = XA(x; p). �â®¡à ¦¥-

¨¥ � ®¡« ¤ ¥â á¢®©áâ¢®¬ íª¢¨¢ à¨ â®áâ¨, â. ¥. £ ¬¨«ìâ®®¢® ¤¥©áâ¢¨¥ £àã¯¯ë G   T �M
¯à¨ ®â®¡à ¦¥¨¨ � ¯¥à¥å®¤¨â ¢ ª®¯à¨á®¥¤¨¥®¥ ¤¥©áâ¢¨¥ Ad�g £àã¯¯ë G   ¤ã «ì®¬ ¯à®-
áâà áâ¢¥ G�. �à¨ íâ®¬ «î¡ ï âà ¥ªâ®à¨ï £¥®¤¥§¨ç¥áª®£® ¯®â®ª    T �M ¯®á«¥ ®â®¡à ¦¥¨ï
¬®¬¥â  ¡ã¤¥â ¯à¨ ¤«¥¦ âì ¥ ¢á¥¬ã G�,   ¯®¢¥àå®áâ¨ GH? = fP 2 G� j P = Ad�g �, g 2 G,
� 2 H?g (¤®ª § â¥«ìáâ¢® íâ®£® ä ªâ  á¬. ¢ [7]).

�¥©áâ¢¨¥ Ad�g £àã¯¯ë�¨G à áá« ¨¢ ¥â ¤ã «ì®¥ ¯à®áâà áâ¢® G�   ®à¡¨âë ª®¯à¨á®¥¤¨¥-
®£® ¯à¥¤áâ ¢«¥¨ï (K-®à¡¨âë). � ªá¨¬ «ì ï à §¬¥à®áâì K-®à¡¨âë à ¢  n � r, £¤¥ ç¨á«®
r = indG  §ë¢ ¥âáï ¨¤¥ªá®¬  «£¥¡àë G. � ®¡é¥¬ á«ãç ¥ ¨¢ à¨ â®¥ ¯à®áâà áâ¢® GH?

á®áâ®¨â ¨§ á¨£ã«ïàëå ®à¡¨â. �ãáâì ¬ ªá¨¬ «ì ï à §¬¥à®áâì K-®à¡¨âë, ¯à¨ ¤«¥¦ é¥©
¯à®áâà áâ¢ã GH? à ¢  n� r � 2sM . �¨á«® sM  §ë¢ ¥âáï áâ¥¯¥ìî ¢ëà®¦¤¥¨ï ®¤®à®¤®-
£® ¯à®áâà áâ¢  M ¨ ®¯à¥¤¥«ï¥âáï áâàãªâãàë¬¨ ª®áâ â ¬¨  «£¥¡àë G ¨ ¯®¤ «£¥¡àë H ¯®
ä®à¬ã«¥ [11]

sM =
1
2
(dimG� � indG); (18)

£¤¥ � | í«¥¬¥â ®¡é¥£® ¯®«®¦¥¨ï ¯à®áâà áâ¢  H?, G� |  ã«ïâ®à ª®¢¥ªâ®à  � 2 H?,
H� = H \ G�.

�®£¤  äãªæ¨¨ XA(x; p) ¥ ï¢«ïîâáï äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¬¨, ¬¥¦¤ã ¨¬¨ ¬®£ãâ
áãé¥áâ¢®¢ âì äãªæ¨® «ìë¥ á®®â®è¥¨ï �(X(x; p)) = 0,  §ë¢ ¥¬ë¥ â®¦¤¥áâ¢ ¬¨. �¨á«®
¥§ ¢¨á¨¬ëå â®¦¤¥áâ¢ iM  §ë¢ ¥âáï ¨¤¥ªá®¬ ®¤®à®¤®£® ¯à®áâà áâ¢ . � ª ¯®ª § ® ¢ [11],
¨¤¥ªá ®¤®à®¤®£® ¯à®áâà áâ¢  à ¢¥ iM = codimGH? ¨ ¬®¦¥â ¡ëâì ¯®áç¨â  ¯® áâàãªâãà-
ë¬ ª®áâ â ¬  «£¥¡àë G ¨ ¥¥ ¯®¤ «£¥¡àë H:

iM = dimH� rankh�; [G;H]i = dimH�: (19)

�«£¥¡à  �¨ G äãªæ¨©XA(x; p) = Xa
A(x)pa ¤®¯ãáª ¥â ¢ ®¡é¥¬ á«ãç ¥  «£¥¡àã ¨¢ à¨ âëå

äãªæ¨© L(x; p): fL(x; p);XA(x; p)g = 0. �ë¡¥à¥¬ ¡ §¨á ¥§ ¢¨á¨¬ëå ¨¢ à¨ âëå äãªæ¨©
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fL�(x; p)g. �ç¥¢¨¤®, áª®¡ª  �ã áá®  äãªæ¨© L�(x; p) äãªæ¨® «ì® ¢ëà ¦ ¥âáï ç¥à¥§ íâ®â
 ¡®à:

fL�; L�g = 
��(L): (20)

�à®áâà áâ¢® F á ¡ §¨á®¬ fL�(x; p)g ¨ ¥«¨¥©ë¬¨ ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ (20)
 §ë¢ îâ äãªæ¨® «ì®©  «£¥¡à®© ¨«¨ F - «£¥¡à®©.

�¢¥¤¥¬ ¤ã «ì®¥ ª F ¯à®áâà áâ¢® F� = fa�g á ®¡à §ãîé¨¬¨ a� ¨ ¢ ¯à®áâà áâ¢¥ £« ¤-
ª¨å äãªæ¨©   F� ®¯à¥¤¥«¨¬ áª®¡ªã �ã áá® , ¯à¥¢à é ï â¥¬ á ¬ë¬ C1(F�) ¢ ¯ã áá®®¢ã
 «£¥¡àã:

f'; gF (a) � 
��(a)
@'(a)
@a�

 (a)
@a�

:

�¢¥¤¥¬ â ª¦¥ ®â®¡à ¦¥¨¥ ¬®¬¥â  e� : T �M ! F� á®®â®è¥¨¥¬ L�(x; p) = a�. �â®¡à ¦¥¨ï
¬®¬¥â®¢ � : T �M ! GH? ¨ e� : T �M ! F� ®¯à¥¤¥«ïîâ ¡¨à áá«®¥¨¥. � ª ¯®ª § ® ¢ ([12], á. 39),
á¨¬¯«¥ªâ¨ç¥áª¨¥ «¨áâë 
 � GH? ¨ e
 � F�  å®¤ïâáï ¢® ¢§ ¨¬® ®¤®§ ç®¬ á®®â¢¥âáâ¢¨¨
¤àã£ á ¤àã£®¬: e
 = e�(��1(
)). �â® ®§ ç ¥â, çâ® ª®«¨ç¥áâ¢® ¥âà¨¢¨ «ìëå äãªæ¨© � §¨¬¨à 
Km(P )   GH? á®¢¯ ¤ ¥â á ª®«¨ç¥áâ¢®¬ äãªæ¨© � §¨¬¨à  Zm(a)   F� ¨ ¨å ¬®¦® ¢ë¡à âì
á®£« á®¢ ë¬ ®¡à §®¬: Zm(L(x; p)) = Km(X(x; p)), m = 1; : : : ; indF . �¨á«® ¥âà¨¢¨ «ìëå
äãªæ¨© � §¨¬¨à    F� ¯®   «®£¨¨ á  «£¥¡à ¬¨ �¨  §ë¢ ¥¬ ¨¤¥ªá®¬ (indF) F - «£¥¡àë.
�®£« á®¢ ë¥ á¨¬¯«¥ªâ¨ç¥áª¨¥ «¨áâë 


{
, e


{
, ã¬¥à®¢ ë¥ (indF)-¬¥àë¬ ¯ à ¬¥âà®¬ {,

®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨



{
= fP 2 GH? j Km(P ) = {mg; e


{
= fa 2 F� j Zm(a) = {mg: (21)

� ª ¯®ª § ® ¢ [11], à §¬¥à®áâì ¨ ¨¤¥ªá F- «£¥¡àë ¬®£ãâ ¡ëâì ¯®áç¨â ë ¯® ä®à¬ã« ¬

dimF = iM + 2m� n; indF = r + 2sM � iM : (22)

� §¬¥à®áâì á¨¬¯«¥ªâ¨ç¥áª®£® «¨áâ  e
 à ¢  dim e
 = dimF � indF = 2d(M). �¥«®¥ ¥®âà¨æ -
â¥«ì®¥ ç¨á«® d(M)  §ë¢ ¥âáï ¤¥ä¥ªâ®¬ ®¤®à®¤®£® ¯à®áâà áâ¢  M .

�ãáâì (indF)-¬¥àë© ¢¥é¥áâ¢¥ë© ¯ à ¬¥âà j ã¬¥àã¥â ®à¡¨âë ¬ ªá¨¬ «ì®© à §¬¥à®-
áâ¨ ¢ GH?, �(j) | ¯à¥¤áâ ¢¨â¥«ì ®à¡¨âë O�(j) � GH?. �¢¥¤¥¬   ®à¡¨â¥ O�(j) ª®®à¤¨ âë
� à¡ã (��; q�), ¢ ª®â®àëå á¨¬¯«¥ªâ¨ç¥áª ï ä®à¬  �¨à¨««®¢  ([9], á. 136) ¨¬¥¥â ª ®¨ç¥áª¨©
¢¨¤ !jO�(j) = d��^dq

�, � = 1; : : : ; (n�r)=2�sM . � ¯®¤ ¢«ïîé¥¬ ¡®«ìè¨áâ¢¥ á«ãç ¥¢ ¤«ï äãª-
æ¨® «  � 2 G� áãé¥áâ¢ã¥â ®à¬ «ì ï ¯®«ïà¨§ æ¨ï P � Gc â ª ï, çâ® dimP = dimG� 1

2
dimO�,

h�; [P;P]i = 0, �+ P? � O�. � íâ®¬ á«ãç ¥ ¯¥à¥å®¤ ª ª ®¨ç¥áª¨¬ ª®®à¤¨ â ¬ § ¤ ¥âáï ¢ë-
à ¦¥¨¥¬ [13]

PA = PA(q; �; j) = P �
A(q)�� + �A(q; �(j));

¯à¨ç¥¬ Km(P (q; �; j)) = {m(j) = {m(j), det
@{m(j)

@jk

 6= 0, m; k = 1; : : : ; indF .

� «®£¨ç® ¯¥à¥©¤¥¬ ª ª ®¨ç¥áª¨¬ ª®®à¤¨ â ¬ (u; v)   á¨¬¯«¥ªâ¨ç¥áª®¬ «¨áâ¥ e

{(j)

(21):
a� = a�(u; v; j); Zm(a(u; v; j)) = {m(j):

� áè¨à¨¬ á¨¬¯«¥ªâ¨ç¥áª®¥ ¯à®áâà áâ¢® 
� e
 á ä®à¬®© d�^dq+dv^du ¤® á¨¬¯«¥ªâ¨ç¥áª®£®
¯à®áâà áâ¢  K, £®¬¥®¬®àä®£® ¯à®áâà áâ¢ã T �M , ¯ãâ¥¬ ¤®¡ ¢«¥¨ï indF ¯ à ª ®¨ç¥áª¨
á®¯àï¦¥ëå ¢¥«¨ç¨ (�; j) ¨ ®¯à¥¤¥«¥¨ï   K á¨¬¯«¥ªâ¨ç¥áª®© ä®à¬ë

e! =
(n�r)=2�sMX

�=1

d�� ^ dq
� +

d(M)X
�=1

dv� ^ du
� +

indFX
m=1

djm ^ d�m:

� «¥¥ ®¯à¥¤¥«¨¬ («®ª «ì®) ¢§ ¨¬® ®¤®§ çë© ¯¥à¥å®¤ ®â ª®®à¤¨ â (x; p)   T �M ª ª®®à-
¤¨ â ¬ (q; �; u; v; j; �)   K â ª, çâ® ! = dp ^ dx = e!.
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�â®¡à ¦¥¨ï ¬®¬¥â®¢ �; e� ï¢«ïîâáï ¯ã áá®®¢ë¬¨ ®â®¡à ¦¥¨ï¬¨ T �M ! K:

f' � �;  � �g = f'; gLie � �; ff � e�; h � e�g = ff; hgF � e�; ';  2 C1(G�); f; h 2 C1(F�)

¨ ¢ «®ª «ìëå ª®®à¤¨ â å ¨¬¥îâ ¢¨¤

XA(x; p) = PA(q; �; j); L�(x; p) = a�(u; v; j): (23)

�®®â®è¥¨ï (23) ¥ï¢ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâ ¯¥à¥¬¥ë¥ (q; �; u; v; j) ª ª äãªæ¨¨ ®â ¯¥-
à¥¬¥ëå (x; p), ¢ ç áâ®áâ¨, à ¢¥áâ¢  Km(X(x; p)) = {m(j) ¥ï¢® ®¯à¥¤¥«ïîâ äãªæ¨¨
jm = jm(x; p). �â®¡à ¦¥¨¥ T : T �M ! K ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

Tm(x; p) = �m: (24)

�ç¥¢¨¤®, ®â®¡à ¦¥¨¥ � = (�; e�; T ) : T �M ! K ¡ã¤¥â á¨¬¯«¥ªâ¨ç¥áª¨¬, â. ¥. ¯¥à¥¢®¤¨â ä®à¬ã
! ¢ ä®à¬ã e! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äãªæ¨¨ Tm(x; p) ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬

fTm; jkg = �mk ; fTm; q�g = fTm; ��g = fTm; u�g = fTm; v�g = 0: (25)

�¤¥áì ¯à¥¤¯®« £ ¥âáï, çâ® ¯¥à¥¬¥ë¥ q; �; u; v; j ï¢«ïîâáï äãªæ¨ï¬¨ ®â x ¨ p, ®¯à¥¤¥«ï¥¬ë¬¨
¨§ á®®â®è¥¨© (25).

� á¨«ã â®£®, çâ® ä®à¬ë !; e! ¥¢ëà®¦¤¥ë ¨ à §¬¥à®áâì ¯à®áâà áâ¢  T �M à ¢  à §-
¬¥à®áâ¨ ¯à®áâà áâ¢  K, â® �, ®¯à¥¤¥«ï¥¬®¥ á®®â®è¥¨ï¬¨ (23), (24), ï¢«ï¥âáï «®ª «ìë¬
á¨¬¯«¥ªâ¨ç¥áª¨¬ ¡¨¥ªâ¨¢ë¬ ®â®¡à ¦¥¨¥¬ ¨ ®áãé¥áâ¢«ï¥â â¥¬ á ¬ë¬ ã¦®¥ ª ®¨ç¥áª®¥
¯à¥®¡à §®¢ ¨¥.

�ãáâì H(x; p) | £ ¬¨«ìâ®¨  ¯à®¨§¢®«ì®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª    T �M . �®á«¥ ª ®¨-
ç¥áª®£® ¯à¥®¡à §®¢ ¨ï (23), (24) H(x; p) ¯à¥®¡à §ã¥âáï ª ®¢®¬ã £ ¬¨«ìâ®¨ ã eH(q; �; u; v; j)
¨ ãà ¢¥¨ï £¥®¤¥§¨ç¥áª®£® ¯®â®ª  á¢®¤ïâáï ª à¥¤ãæ¨à®¢ ®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥

du�

dt
=
@ eH
@v�

;
dv�
dt

= �
@ eH
@u�

;
dq

dt
=
@ eH
@��

;
d�

dt
= �

@ eH
@q�

; (26)

dj

dt
= 0;

d�m

dt
=
@ eH
@jm

: (27)

�ç¥¢¨¤®, ¤  ï á¨áâ¥¬  ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨â¥£à¨àã¥¬  ¯®¤á¨áâ¥-
¬  (26), ¯®íâ®¬ã ¯à¨ ¤®áâ â®ç®¬ ç¨á«¥ ¯¥à¥¬¥ëå jm (26){(27) ã¤ ¥âáï ¯à®¨â¥£à¨à®¢ âì ¢
ª¢ ¤à âãà å. � ç áâ®áâ¨, ¢ [7] ¯®«ãç¥ë á«¥¤ãîé¨¥ ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¨-
â¥£à¨àã¥¬®áâ¨ £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¤«ï á«ãç ¥¢ ¨¢ à¨ â®© ¨ æ¥âà «ì®© ¬¥âà¨ª   M .

�¥®à¥¬  3. �à®¨§¢®«ìë© G-¨¢ à¨ âë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª   ®¤®à®¤®¬ ¯à®áâà -

áâ¢¥ à¥¤ãæ¨àã¥âáï ª  ¢â®®¬®© 2d(M)-¬¥à®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥ ¨, ¢ ç áâ®áâ¨, ¨-

â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  d(M) < 2.

�¥®à¥¬  4. �¥®¤¥§¨ç¥áª¨© ¯®â®ª   ®¤®à®¤®¬ ¯à®áâà áâ¢¥ á ¯à®¨§¢®«ì®© æ¥âà «ì-

®© ¬¥âà¨ª®© à¥¤ãæ¨àã¥âáï ª  ¢â®®¬®© dimO�{¬¥à®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥ ¨, ¢ ç áâ-

®áâ¨, ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

1
2
dimO� =

n� r

2
� sM < 2: (28)

�ëè¥ ¡ë«® ¯®ª § ®, çâ® ª®£¤  M | ®¤®à®¤®¥ ¯à®áâà áâ¢® á æ¥âà «ì®© ¬¥âà¨ª®©
(13), à áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬ ¯®â®ª®¬   fM = TG=TH ®â®-
á¨â¥«ì® ¨¤ãæ¨à®¢ ®© æ¥âà «ì®© ¬¥âà¨ª¨. �® ¦¥ ¢¥à® ¨ ¢ á«ãç ¥ ¨¢ à¨ â®© ¬¥âà¨ª¨,
¯®íâ®¬ã ¨â¥£à¨à®¢ ¨¥ à áè¨à¥®£® ¯®â®ª  ®â®á¨â¥«ì® ãª § ëå ¬¥âà¨ª ¬®¦¥â ¡ëâì â ª-
¦¥ ¯à®¨§¢¥¤¥® á ¯®¬®éìî ª ®¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï (23), (24).

� ª ç¥áâ¢¥ ¨¢ à¨ âëå äãªæ¨© à áè¨à¥®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¬®¦® ¢ë¡à âì  -
¡®à fL�(x; p); �L�(x; p)g, £¤¥ �L�(x; p) | ¢ à¨ æ¨¨ äãªæ¨© L�(x; p). �¥©áâ¢¨â¥«ì®, ¨§ á¢®©áâ¢
áª®¡ª¨ f�; �gT á«¥¤ãîâ à ¢¥áâ¢  fL�; �XAgT = fL�;XAg = 0 ¨ f�L�; �XAgT = �fL�; XAg = 0.
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�®¦® â ª¦¥ ¯®ª § âì, çâ® ¨¤¥ªá ¨ à §¬¥à®áâì F- «£¥¡àë ¯à®áâà áâ¢  fM ã¢¥«¨ç¨¢ îâáï
¢¤¢®¥ ¯® áà ¢¥¨î á á®®â¢¥âáâ¢ãîé¨¬¨ ç¨á« ¬¨ ¤«ï M :

dim eF = 2dimF ; ind eF = 2 indF :

�¥ä¥ªâ ®¤®à®¤®£® ¯à®áâà áâ¢  fM à ¢¥ d(fM ) = 2d(M), á«¥¤®¢ â¥«ì®, ç¨á«® ¯¥à¥¬¥ëå u
¨ v ã¤¢ ¨¢ ¥âáï. � «®£¨çë¬ ®¡à §®¬ ã¤¢ ¨¢ îâáï à §¬¥à®áâ¨ K-®à¡¨â ¢ TG( eH?), ¯®íâ®¬ã
ã¢¥«¨ç¨¢ ¥âáï ¢ ¤¢  à §  ç¨á«® ¯¥à¥¬¥ëå q ¨ �. � ®¨ç¥áª¨© ¯¥à¥å®¤ ª ª®®à¤¨ â ¬  
K-®à¡¨â å ¨ á¨¬¯«¥ªâ¨ç¥áª¨å «¨áâ å F- «£¥¡àë ¤«ï ®¤®à®¤®£® ¯à®áâà áâ¢  fM ¬®¦¥â ¡ëâì
¢ë¡à  ¢ ¢¨¤¥

XA(x; p) = PA(q; �; j); �XA(x; �x; p; �p) = �PA(q; �q; �; ��; j; �j);

L�(x; p) = a�(u; v; j); �L�(x; �x; p; �p) = �a�(u; �u; v; �v; j; �j);

Tm(x; p) = �m; �Tm(x; �x; p; �p) = ��m:

� ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï â¥®à¥¬ã 2 ¨ ª®¬¡¨¨àãï ¨§«®¦¥ë¥ ¢ëè¥ ä ªâë, ¯®«ãç ¥¬
á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  5. 1) � áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª   ª á â¥«ì®¬ à áá«®¥¨¨ ®¤®à®¤®£®

¯à®áâà áâ¢  M á ¯à®¨§¢®«ì®© G-¨¢ à¨ â®© ¬¥âà¨ª®© à¥¤ãæ¨àã¥âáï ª 4d(M)-¬¥à®© £ -

¬¨«ìâ®®¢®© á¨áâ¥¬¥ ¨, ¢ ç áâ®áâ¨, ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  d(M) < 2.
2) � áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª   ª á â¥«ì®¬ à áá«®¥¨¨ ®¤®à®¤®£® ¯à®áâà áâ¢ 

M á ¯à®¨§¢®«ì®© æ¥âà «ì®© ¬¥âà¨ª®© à¥¤ãæ¨àã¥âáï ª 2 dimO�-¬¥à®© £ ¬¨«ìâ®®¢®© á¨-

áâ¥¬¥ ¨, ¢ ç áâ®áâ¨, ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1
2
dimO� < 2.

6. �â¥£à¨à®¢ ¨¥ ãà ¢¥¨ï �ª®¡¨   ¯«®áª®áâ¨ �®¡ ç¥¢áª®£® (¯à¨¬¥à)

� ª ç¥áâ¢¥ ¯à®áâ¥©è¥£® ¯à¨¬¥à  ¯à®¨â¥£à¨àã¥¬ ¢ ª¢ ¤à âãà å £¥®¤¥§¨ç¥áª¨© ¯®â®ª ¨ ãà ¢-
¥¨¥ �ª®¡¨   ¯«®áª®áâ¨ �®¡ ç¥¢áª®£®. �¥âà¨ª  ¯«®áª®áâ¨ �®¡ ç¥¢áª®£® L2 ¬®¦¥â ¡ëâì § -
¯¨á   ¢ ª®ä®à¬®¬ ¢¨¤¥ á«¥¤ãîé¨¬ ®¡à §®¬ (¬¥âà¨ª  ¬®¤¥«¨ �«¥© ):

ds2 =
dx2 + dy2

y2
; y > 0: (29)

� ©¤¥¬  «£¥¡àã ¢¥ªâ®à®¢ £àã¯¯ë ¤¢¨¦¥¨ï ¤ ®© ¬¥âà¨ª¨. �«ï íâ®£® à¥è¨¬ ãà ¢¥¨ï �¨«-
«¨£  LXgab = 0 ®â®á¨â¥«ì® ¥¨§¢¥áâ®£® ¢¥ªâ®à®£® ¯®«ï X (§¤¥áì LX | ¯à®¨§¢®¤ ï �¨
¢¤®«ì ¢¥ªâ®à®£® ¯®«ï X). � §¨á «¨¥©®£® ¯à®áâà áâ¢  à¥è¥¨© ¤ ®£® ãà ¢¥¨ï á®áâ®¨â
¨§ ¢¥ªâ®àëå ¯®«¥© ¢¨¤ 

X1 = (x2 � y2)
@

@x
+ 2xy

@

@y
; X2 = x

@

@x
+ y

@

@y
; X3 =

@

@x
; (30)

ª®â®àë¥ ®¡à §ãîâ  «£¥¡àã �¨ G á ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨

[X1;X2] = �X1; [X1;X3] = �2X2; [X2;X3] = �X3:

� ª¨¬ ®¡à §®¬, ¯«®áª®áâì �®¡ ç¥¢áª®£® ï¢«ï¥âáï ®¤®à®¤ë¬ ¯à®áâà áâ¢®¬,   ª®â®à®¬ ¤¥©-
áâ¢ã¥â âà¥å¬¥à ï £àã¯¯  ¤¢¨¦¥¨© G,  áá®æ¨¨à®¢  ï á  «£¥¡à®© �¨ ¢¥ªâ®à®¢ �¨««¨£ 
(30).

� ä¨ªá¨àã¥¬ â®çªã (x0 = 0; y0 = 1) ¨§ L2. �®¤ «£¥¡à®© ¨§®âà®¯¨¨ ¤ ®© â®çª¨ ï¢«ï¥âáï
®¤®¬¥à ï ¯®¤ «£¥¡à  H � G,  âïãâ ï   ¢¥ªâ®à X1 +X3. �«¥¤®¢ â¥«ì®, L2 íª¢¨¢ «¥â®
ä ªâ®à-¯à®áâà áâ¢ã ¯à ¢ëå á¬¥¦ëå ª« áá®¢G=H, £¤¥H|¯®¤£àã¯¯  ¨§G, á®®â¢¥âáâ¢ãîé ï
¯®¤ «£¥¡à¥ H. �® ä®à¬ã« ¬ (18), (19), (22)  å®¤¨¬ sM = 0, iM = 0, dimF = 1, indF = 1,
d(M) = 0. � ª¨¬ ®¡à §®¬,  «£¥¡à  ¨¢ à¨ âëå äãªæ¨© ®¤®¬¥à  ¨ ¯à¨ ¤«¥¦¨â æ¥âàã
®¡¥àâë¢ îé¥£® ¯®«ï E(G).
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� ¬¨«ìâ®¨  £¥®¤¥§¨ç¥áª®£® ¯®â®ª  ¬¥âà¨ª¨ �®¡ ç¥¢áª®£® (29) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
H = 1

2
K(X(x; p)), £¤¥ K(P ) = P 2

2 � P1P3 | äãªæ¨ï � §¨¬¨à   «£¥¡àë G. �âáî¤  á«¥¤ã¥â,
çâ® ¬¥âà¨ª  (29) ®¤®¢à¥¬¥® ï¢«ï¥âáï ¨¢ à¨ â®© ¨ æ¥âà «ì®©,   £ ¬¨«ìâ®¨  H(x; p)
ª®¬¬ãâ¨àã¥â á® ¢á¥¬¨ äãªæ¨ï¬¨ XA(x; p). �¥®¤¥§¨ç¥áª¨© ¯®â®ª ¤ ®© ¬¥âà¨ª¨ ¨¬¥¥â ¢¨¤

_x = y2px; _y = y2py; _px = 0; _py = y(p2x + p2y): (31)

�ë¡¥à¥¬ «¨¥©ë© äãªæ¨® « ®¡é¥£® ¯®«®¦¥¨ï � = (0; j; 0) ¨§ H?, ¯ à ¬¥âà¨§®¢ -
ë© ¢¥é¥áâ¢¥ë¬ ¯ à ¬¥âà®¬ j. �¥à¥å®¤ ª ª ®¨ç¥áª¨¬ ª®®à¤¨ â ¬   ¥¢ëà®¦¤¥®©
K-®à¡¨â¥, ¯à®å®¤ïé¥© ç¥à¥§ � ¨ á®®â¢¥âáâ¢ãîé¥© ¯®¤ «£¥¡à¥ ¨§®âà®¯¨¨ P = fX1;X2g, ¨¬¥¥â
¢¨¤

P1 = q2� + 2qj; P2 = q� + j; P3 = �: (32)

� ª ª ª ¤¥ä¥ªâ L2 à ¢¥ ã«î, ¯¥à¥¬¥ëå u ¨ v ¥â. �®áâà ¨¢ ï äãªæ¨î T (x; p) = � ln(2y)�
ln
�
p2x + p2y + py

q
p2x + p2y

�
, ¯®«ãç ¥¬ ¨áª®¬®¥ ª ®¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥ (¥ï¢®)

(x2 � y2)px + 2xypy = q2� + 2qj; xpx + ypy = q� + j; px = �; (33)

� ln(2y)� ln
�
p2x + p2y + py

q
p2x + p2y

�
= �: (34)

� ¬¨«ìâ®¨  ¯®á«¥ à¥¤ãªæ¨¨ ¨¬¥¥â ¢¨¤ eH = H(P (q; �; j)) = j2=2 ¨ à¥¤ãæ¨à®¢  ï £ ¬¨«ìâ®-
®¢  á¨áâ¥¬  âà¨¢¨ «ì® ¨â¥£à¨àã¥âáï, q; �; j | const, �(t) = jt+ �0.

� áá¬®âà¨¬ à áè¨à¥ë© £¥®¤¥§¨ç¥áª¨© ¯®â®ª   TL2 á £ ¬¨«ìâ®¨ ®¬ �H = y�y(p2x+p
2
y)+

y2(px�px + py�py), ª®â®àë© á®áâ®¨â ¨§ á¨áâ¥¬ë (31) ¨ ¤®¯®«¨â¥«ìëå ãà ¢¥¨©

� _x = 2y�y px + y2�px; � _y = 2y�y py + y2�py;

� _px = 0; � _py = �y(p2x + p2y) + 2y(px�px + py�py):

�à®¨â¥£à¨àã¥¬ ¤ ãî á¨áâ¥¬ã   «®£¨ç® ¨â¥£à¨à®¢ ¨î ¨áå®¤®© á¨áâ¥¬ë (31).
�«£¥¡à  eG ¨â¥£à «®¢ ¤¢¨¦¥¨ï à áè¨à¥®£® £¥®¤¥§¨ç¥áª®£® ¯®â®ª  á®áâ®¨â ¨§ äãªæ¨©

XA(x; p) ¨ ¢ à¨ æ¨© �XA(x; p) ¨ ¨¬¥¥â ¤¢¥ äãªæ¨¨ � §¨¬¨à 

K(P ) = P 2
2 � P1P3; �K(P; �P ) = 2P2 �P2 � P1 �P3 � �P1P3;

¯®íâ®¬ã £ ¬¨«ìâ®¨  �H(x; p) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ �H = 1
2
�K(X(x; p); �X(x; p)). � ä¨ª-

á¨àã¥¬ â®çªã (x = 0, y = 1, �x = 0, �y = 0) ¨§ TL2. �®¤ «£¥¡à®© ¨§®âà®¯¨¨ ¤ ®© â®çª¨ ï¢«ï-
¥âáï ¤¢ã¬¥à®¥ «¨¥©®¥ ¯à®áâà áâ¢® eH,  âïãâ®¥   ¢¥ªâ®àë fX1+X3; �X1+ �X3g. �ë¡¥à¥¬
ª®¢¥ªâ®à ®¡é¥£® ¯®«®¦¥¨ï e� = (0; j; 0; 0; �j; 0) ¨§ eG�, ¯ à ¬¥âà¨§®¢ ë© ¤¢ã¬ï ¢¥é¥áâ¢¥ë-
¬¨ ¯ à ¬¥âà ¬¨ j ¨ �j. �¥à¥å®¤ ª ª ®¨ç¥áª¨¬ ª®®à¤¨ â ¬   ¥¢ëà®¦¤¥®© K-®à¡¨â¥ ¢eG�, á®®â¢¥âáâ¢ãîé¨© ¯®«ïà¨§ æ¨¨ eP = fX1;X2; �X1; �X2g, ¢ª«îç ¥â ¢ á¥¡ï à ¢¥áâ¢  (32) ¨
¤®¯®«¨â¥«ìë¥ á®®â®è¥¨ï

�P1 = 2 �q(q� + j) + q(q�� + 2�j); �P2 = �q� + q�� + �j; �P3 = ��:

�®áâà ¨¢ ï äãªæ¨¨ T (x; p) ¨ �T (x; �x; p; �p), ¯®«ãç ¥¬ ¨áª®¬®¥ ª ®¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥,
á®áâ®ïé¥¥ ¨§ (33){(34) ¨ ãà ¢¥¨©

(xpx + ypy)�x + (xpy � ypx)�y +
1
2
(x2 � y2)�px + xy�py = (q� + j)�q +

1
2
q2�� + q�j; (35)

px�x+ py�y + x�px + y�py = q�� + ��q + �j; �px = ��; (36)

�
�y

y
�

�
2px

q
p2x + p2y + pxpy

�
�px +

�
2py

q
p2x + p2y + p2x + 2p2y

�
�py

(p2x + p2y)
�q

p2x + p2y + py
� = ��: (37)
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� ¬¨«ìâ®¨  ¯®á«¥ à¥¤ãªæ¨¨ ¨¬¥¥â ¢¨¤ � eH = �j2=2, ¨ ¯®á«¥ ¨â¥£à¨à®¢ ¨ï à¥¤ãæ¨à®¢ ®©
á¨áâ¥¬ë ¨¬¥¥¬ q, �q, �, ��, j, �j | const, �(t) = jt+�0, ��(t) = �j t+��0. � ¢¨á¨¬®áâì ®â ¢à¥¬¥¨
¯¥à¥¬¥ëå (x; �x; p; �p) ¥ï¢® ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨ (33){(34) ¨ (35){(37).
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