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� ¯à®áâà ­áâ¢¥ L[0; 1] à áá¬®âà¨¬ ®¯¥à â®à

Af = A0f +
mX
k=1

gk(x)(f; vk); (1)

£¤¥ A0f = �1

xR
0

f(t)dt+ �2

1�xR
0

f(t)dt, (f; vk) =
1R
0

f(t)vk(t) dt, gk(x); vk(x) 2 C1[0; 1], x 2 [0; 1]. �à¥¤-

¯®«®¦¨¬, çâ® á¨áâ¥¬ë fg0k(x)gm1 , fvk(x)gm1 «¨­¥©­® ­¥§ ¢¨á¨¬ë ¨ � = �2
1 � �2

2 6= 0, �2 6= 0.

�¡®§­ ç¨¬ ç¥à¥§ R�f = (E��A)�1Af =
1R
0

G(x; t; �)f(t) dt (E | ¥¤¨­¨ç­ë© ®¯¥à â®à) à¥§®«ì-

¢¥­âã �à¥¤£®«ì¬  ®¯¥à â®à  A. � áâ âì¥ ¯à¨ ­¥ª®â®àëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ®¯¥à -
â®à  ¢¨¤  (1) ­ ©¤¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­  äã­ªæ¨î f(x), ®¡¥á¯¥ç¨¢ îé¨¥
à ¢­®¬¥à­ãî áå®¤¨¬®áâì ª ­¥© ­  ¢á¥¬ ®âà¥§ª¥ [0; 1] áà¥¤­¨å ¢¨¤ 

� 1
2�i

Z
j�j=r

g(�; r)R�f d�;

£¤¥ g(�; r) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

 ) g(�; r) ­¥¯à¥àë¢­  ¯® � ¢ ªàã£¥ j�j � r ¨  ­ «¨â¨ç­  ¯® � ¢ ªàã£¥ j�j < r ¯à¨ «î¡®¬
r > 0;

¡) áãé¥áâ¢ã¥â C > 0 â ª ï, çâ® jg(�; r)j � C ¯à¨ ¢á¥å r > 0 ¨ j�j � r;
¢) áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ �1; �2 â ª¨¥, çâ®

g(rei'; r) = O

�����'+ �� �

2

�����1����'+ �+
�

2

�����2�;
£¤¥ � = arg

p
� (®æ¥­ª¨ à ¢­®¬¥à­ë ¯® r);

£) g(�; r)! 1 ¯à¨ r !1 ¨ ä¨ªá¨à®¢ ­­®¬ �.

�à¨¬¥à ¬¨ â ª¨å äã­ªæ¨© ¬®£ãâ á«ã¦¨âì äã­ªæ¨¨ ¢¨¤ 

g(�; r) = g1(�; r)g2(�; r);

£¤¥

g1(�; r) =
�
1� �

r
ei(���=2)

��1�
1� �

r
ei(�+�=2)

��2

; g2(�; r) =
�
1� f(�)

Mr(f)

��3

;

Mr(f) = max
j�j=r

jf(�)j; �1; �2 > 0; �3 � 0:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò00-01-00075) ¨ ¯à®£à ¬¬ë \�¥¤ãé¨¥ ­ ãç­ë¥ èª®«ë" (¯à®¥ªâ ò00-15-96123).

38



�â¬¥â¨¬, çâ® ¤«ï á«ãç ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  n-£® ¯®àï¤ª  á à¥£ã«ïà­ë¬¨ ¯® �¨àª-
£®äã ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ ([1], á. 66) �. �â®ã­ [2] ¨áá«¥¤®¢ « áà¥¤­¨¥ ¯® �¨ááã á¯¥ªâà «ì­ëå
à §«®¦¥­¨©, ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥

� 1
2�i

Z
j�j=r

�
1� �4

r4

�l eR�f d�; l > 0;

£¤¥ eR� | à¥§®«ì¢¥­â  ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à , ¨ ¯®ª § «, çâ® ­  ª ¦¤®¬ [a; b] � (0; 1)
¨¬¥¥â ¬¥áâ® à ¢­®áã¬¬¨àã¥¬®áâì ¨å á â ª¨¬¨ ¦¥ áà¥¤­¨¬¨ ®¡ëç­ëå âà¨£®­®¬¥âà¨ç¥áª¨å à §-
«®¦¥­¨© ¢ àï¤ë �ãàì¥. � «¥¥, ¢ [3] ¯®ª § ­®, çâ® ¤ ­­ë© à¥§ã«ìâ â ¨¬¥¥â ¬¥áâ® ¯à¨ ¤®áâ â®ç­®
¡®«ìè¨å l ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ­¥ ¢ë¯®«­ïîâáï, ­® ï¤à® à¥§®«ì¢¥­âë
¯à¨ ¡®«ìè¨å j�j ¨¬¥¥â à®áâ ­¥ ¢ëè¥ ­¥ª®â®à®© áâ¥¯¥­¨ j�j. � ª®­¥æ, ¢ [4], [5] ¤ ­­ë© à¥§ã«ìâ â
¡ë« ¯¥à¥­¥á¥­ ­  á«ãç © ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢, ¤«ï ª®â®àëå ®á­®¢­ë¥ âà¥¡®¢ ­¨ï ­¥
á¢ï§ ­ë á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨,   ä®à¬ã«¨àãîâáï ¢ â¥à¬¨­ å ®£à ­¨ç¥­¨© ­  á¯¥ªâà ¨ á¨áâ¥-
¬ã á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨© â ª®£® ¦¥ ¢¨¤ , çâ® ¨ ¢ ¨§¢¥áâ­ëå ¨áá«¥¤®¢ ­¨ïå
�«ì¨­  �.�. ¯® à ¢­®áå®¤¨¬®áâ¨ á¯¥ªâà «ì­ëå à §«®¦¥­¨© (¢ [5] à áá¬ âà¨¢ ¥âáï ¨ á«ãç ©
¯®«¨­®¬¨ «ì­®£® ¯ãçª ).

1. � ¤ «ì­¥©è¥¬ ¢ ¦­ãî à®«ì ¡ã¤¥â ¨£à âì ¢¨¤ ®¯¥à â®à  A�1. �®íâ®¬ã ¢ëïá­¨¬ á­ ç « 
ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ®¡à â­®£® ®¯¥à â®à ,   § â¥¬ ­ ©¤¥¬ ¤«ï ­¥£® ï¢­®¥ ¯à¥¤áâ ¢«¥­¨¥.
�¡®§­ ç¨¬ ç¥à¥§ M = (mij), i = 1; : : : ;m + 1; j = 1; : : : ;m, ¬ âà¨æã á í«¥¬¥­â ¬¨ m1j = U(gj),
j = 1; : : : ;m; mij = �ij+1 + (Lgj ; vi�1), i = 2; : : : ;m + 1; j = 1; : : : ;m: �¤¥áì U(f) = �1f(0) �
�2f(1); Lf = ��1f�1f

0(x) + �2f
0(1� x)g, �ij | á¨¬¢®« �à®­¥ª¥à .

�¥®à¥¬  1. �¯¥à â®à A�1 áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

rangM = m:

�®ª § â¥«ìáâ¢®. �ãáâì Af = 0, â. ¥.

�1

Z x

0

f(t) dt+ �2

Z 1�x

0

f(t) dt+
mX
k=1

gk(x)(f; vk) = 0: (2)

�®«®¦¨¬ ¢ (2) á­ ç «  x = 0, § â¥¬ x = 1 ¨ ¢ëçâ¥¬ ¨§ ¯¥à¢®£® á®®â­®è¥­¨ï, ¯à¥¤¢ à¨â¥«ì­®
ã¬­®¦¥­­®£® ­  �1, ¢â®à®¥, ã¬­®¦¥­­®¥ ­  �2. �®«ãç¨¬

mX
k=1

U(gk)(f; vk) = 0: (3)

� «¥¥, ¤¨ää¥à¥­æ¨àãï (2) ¯® x, ¨¬¥¥¬

�1f(x)� �2f(1� x) +
mX
k=1

g0k(x)(f; vk) = 0 (4)

(áç¨â ¥¬, çâ® f 0(1� x) =
d

d�
f(�)j�=1�x). � ¬¥­¨¬ ¢ (4) x ­  1� x

�1f(1� x)� �2f(x) +
mX
k=1

g0k(1� x)(f; vk) = 0: (5)

�§ (4) ¨ (5) ¯®«ãç¨¬

f(x) +
mX
k=1

(f; vk)Lgk(x) = 0; (6)
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®âªã¤ 

(f; vs) +
mX
k=1

(f; vk)(Lgk; vs) = 0; s = 1; : : : ;m: (7)

�¨áâ¥¬  (3), (7) ®â­®á¨â¥«ì­® (f; vk) íª¢¨¢ «¥­â­  (2).

�¥¯¥àì ¨ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® rangM = m. � áá¬®âà¨¬ á«ãç ©, ª®£¤ 
� 6= 0, £¤¥ � | ¬¨­®à ¯®àï¤ª  m, c®áâ®ïé¨© ¨§ ¯®á«¥¤­¨å m áâà®ª.

�¥®à¥¬  2. �á«¨ � 6= 0, â® ®¯¥à â®à A�1 ®¯à¥¤¥«ï¥âáï ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë¬ ¢ëà -

¦¥­¨¥¬

A�1y = Ly(x)� 1
�

mX
k=1

Lgk(x)
mX
j=1

(Ly; vj)�j;k (8)

á £à ­¨ç­ë¬ ãá«®¢¨¥¬

V (y) = �1y(0) � �2y(1)� (y; g) = 0; (9)

£¤¥ �j;k |  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï ®¯à¥¤¥«¨â¥«ï �,

�1 = �1 +
1
�
(�1w(0) + �2w(1)); �2 = �2 +

1
�
(�1w(1) + �2w(0));

g(x) =
1
�
(��1w

0(x) + �2w
0(1� x)); w(x) =

1
�

mX
j;k=1

U(gj)�k;jvk(x):

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ y = Af . �®£¤  â ª ¦¥, ª ª ¨ (6), ¯®«ãç¨¬

f(x) +
mX
k=1

(f; vk)Lgk(x) = Ly(x): (10)

�âáî¤  ¨¬¥¥¬

(f; vj) +
mX
k=1

(Lgk; vj)(f; vk) = (Ly; vj); j = 1; : : : ;m: (11)

�§ (11) ¯®«ãç¨¬

(f; vj) =
1
�

mX
k=1

(Ly; vk)�k;j ; j = 1; : : : ;m; (12)

¨ â¥¬ á ¬ë¬ ¨§ (10) á«¥¤ã¥â (8).
� «¥¥, â ª ¦¥, ª ª ¨ (3), ¨¬¥¥¬

mX
k=1

U(gk)(f; vk) = U(y):

�âáî¤  ¢ á¨«ã (12)

U(y) = (Ly;w): (13)

�à®¢®¤ï ¢ (Ly;w) ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, ¨§ (13) ¯à¨¤¥¬ ª (9). �¡à â­®, ¯ãáâì y(x)  ¡á®-
«îâ­® ­¥¯à¥àë¢­  ¨ ã¤®¢«¥â¢®àï¥â (9). �®«®¦¨¬ f(x) = A�1y, £¤¥ A�1y ¥áâì ¯à ¢ ï ç áâì (8).
�®«®¦¨¬

xs =
1
�

mX
k=1

(Ly; vk)�k;s; s = 1; : : : ;m: (14)
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�®£¤ 

Ly(x) = f(x) +
mX
k=1

xkLgk(x): (15)

�§ (9) ¯®«ãç¨¬

mX
k=1

U(gk)xk = U(y): (16)

�§ (14) § ª«îç ¥¬, çâ® xs ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥

mX
k=1

(�k;s + (Lgk; vs))xk = (Ly; vs); s = 1; : : : ;m: (17)

�¥¯¥àì, ¨­â¥£à¨àãï (15) ®â 0 ¤® x ¨ ¨á¯®«ì§ãï (16), ¯®«ãç¨¬

y(x) = A0f(x) +
mX
k=1

gk(x)xk: (18)

� ¤àã£®© áâ®à®­ë, ¨§ (15) ¨¬¥¥¬

(Ly; vs) = (f; vs) +
mX
k=1

(Lgk; vs)xk; s = 1; : : : ;m: (19)

�à ¢­¨¢ ï (17) ¨ (19), § ª«îç ¥¬, çâ® xs = (f; vs). �®íâ®¬ã ¨§ (18) á«¥¤ã¥â y = Af .

� ¬¥ç ­¨¥. �ãáâì rangM = m, ­® ®â«¨ç¥­ ®â ­ã«ï ¤àã£®© ¬¨­®à à ­£  m. �à¥¤¯®«®¦¨¬
¤«ï ®¯à¥¤¥«¥­­®áâ¨, çâ® íâ® ¬¨­®à e�, á®áâ ¢«¥­­ë© ¨§ m ¯¥à¢ëå áâà®ª ¬ âà¨æë M , â®£¤ 

A�1y = Ly(x)� 1e�
mX
k=1

Lgk(x)(U(y) e�1;k +
m�1X
j=1

(Ly; vj) e�j+1;k);

eV (y) = e�1y(0) � e�2y(1)� (y; eg) = 0;

£¤¥

e�1 = �

�
�1 +

1
�
(�1 ew(0) + �2 ew(1))�; e�2 = �

�
�2 +

1
�
(�1 ew(1) + �2 ew(0))�;

ew(x) = vm(x)� 1e�
mX
k=1

m�1X
j=1

(�k;m + (Lgk; vm)) e�j+1;kvj(x);

� =
1e�

mX
k=1

(�k;m + (Lgk; vm)) e�1;k; eg(x) = �

�
(��1 ew0(x) + �2 ew0(1� x)):

2. �¢¥¤¥¬ ®¯¥à â®à L1 : L1y = Ly, V (y) = 0.

�¥®à¥¬  3. �¥§®«ì¢¥­â  �à¥¤£®«ì¬  R� = (E��A)�1A ®¯¥à â®à  A ¨ à¥§®«ì¢¥­â  R1;� =
(L1 � �E)�1 ®¯¥à â®à  L1, £¤¥ E | ¥¤¨­¨ç­ë© ®¯¥à â®à, á¢ï§ ­ë á®®â­®è¥­¨¥¬

R�f = R1;�f +
1
�

mX
k;j=1

�j;k(R�f; vj)R1;�Lgk(x): (20)
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�®ª § â¥«ìáâ¢®. � ª ª ª y = Af ã¤®¢«¥â¢®àï¥â V (y) = 0, â®

R� �R1;� = (A�1 � �E)�1 � (L1 � �E)�1 = (L1 � �E)�1(L1 �A�1)(A�1 � �E)�1:

�âáî¤  ¢ á¨«ã (8) ¯®«ãç¨¬ (20).
� áá¬®âà¨¬ ¤ «¥¥ ®¯¥à â®à L0:

L0y = Ly; �1y(0)� �2y(1) = 0:

�¥¬¬  1. �á«¨ y(x) = R0;�f(x) = (L0 � �E)�1f(x), â®

z0(x)� �Bz(x) = BF (x); (21)

Pz(0) +Qz(1) = 0; (22)

£¤¥ z(x) = fy1(x); y2(x)gT , y1(x) = y(x), y2(x) = y(1 � x), F (x) = ff1(x); f2(x)gT , f1(x) = f(x),

f2(x) = f(1� x), B =
�
�1 ��2

�2 ��1

�
, P =

�
�1 ��2
0 0

�
, Q =

�
0 0
�2 ��1

�
, T | âà ­á¯®­¨à®¢ ­¨¥.

�®ª § â¥«ìáâ¢®. �¬¥¥¬

1
�
f�1y

0(x) + �2y
0(1� x)g � �y(x) = f(x): (23)

� ¬¥­¨¬ x ­  1� x

1
�
f�1y

0(1� x) + �2y
0(x)g � �y(1� x) = f(1� x): (24)

�§ (23) ¨ (24) á«¥¤ã¥â

y0(x)� �f�1y(x)� �2y(1� x)g = �1f(x)� �2f(1� x): (25)

� ª¦¥ ¬¥­ïï x ­  1� x, ¯®«ãç¨¬

y0(1� x)� �f�1y(1� x)� �2y(x)g = �1f(1� x)� �2f(x): (26)

�§ (25) ¨ (26) ¢ëâ¥ª ¥â (21). � «¥¥, �1y(0)� �2y(1) = 0 ¬®¦­® § ¯¨á âì ¤¢ã¬ï á¯®á®¡ ¬¨:

�1y1(0) � �2y2(0) = 0 ¨ �1y2(1)� �2y1(1) = 0:

�âáî¤  á«¥¤ã¥â (22).

�¥¬¬  2. �á«¨ ¢ (21) f2(x) = f1(1� x), â® ¨ y2(x) = y1(1� x).

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ u(x) = fu1(x); u2(x)gT = fy1(1� x); y2(1 � x)gT ; w(x) = Iu(x) =
fu2(x); u1(x)gT . �®£¤  u0(x) = �fy01(1 � x); y02(1� x)gT = ��Bz(1� x)� BF (1� x) = ��Bu(x)�
BF (1 � x); w0(x) + �IBu(x) = �IBF (1 � x): �®«®¦¨¬ W (x) = Iu(x) = fu2(x); u1(x)gT . �®£¤ 
W 0(x) + �IBu(x) = �IBF (1 � x): � «¥¥, Bu(x) = f�1u1 � �2u2; �2u1 � �1u2gT = �f�2w1 �
�1w2; �1w1 � �2w2gT . �­ ç¨â, IBu(x) = �Bw(x). �¥¯¥àì BF (1 � x) = f�1f2 � �2f1; �2f2 � �1f1g:
�®íâ®¬ã IBF (1� x) = �BF (x). � ª¨¬ ®¡à §®¬, ¯®«ãç¥­®

w0(x)� �Bw(x) = BF (x): (27)

� ©¤¥¬ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï w(x). �¬¥¥¬ Pz(0) = Pu(1) = f�1w2(1) � �2w1(1); 0gT . �âáî¤ 
IPz(0) = �Qw(1). � «¥¥, Qz(1) = Qu(0) = f0; �2w2(0) � �1w1(0)gT . �âáî¤  IQz(1) = �Pw(0):
�­ ç¨â,

Pw(0) +Qw(1) = 0: (28)

�§ (27) ¨ (28) ¯®«ãç¨¬ z(x) = w(x). �®íâ®¬ã y1(x) = w1(x) = u2(x) = y2(1� x).

�«¥¤áâ¢¨¥. �¥à¢ ï ª®¬¯®­¥­â  ¢¥ªâ®à  z(x), £¤¥ z(x) ã¤®¢«¥â¢®àï¥â (21){(22), ª®£¤  f1(x) =
f2(1� x) = f(x), ¥áâì R0;�f = (L0 � �E)�1f .
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�¥¬¬  3. �á«¨ z(x) ã¤®¢«¥â¢®àïï¥â (21){(22), â®

z(x)=(exp �Bx)��1(�)
�
P

Z x

0

(exp(��Bt))BF (t) dt�Q(exp�B)
Z 1

x

(exp(��Bt))BF (t) dt
�
; (29)

£¤¥ �(�) = P +Q exp�B.

�®ª § â¥«ìáâ¢®. �¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (21) ¨¬¥¥â ¢¨¤

z(x) = (exp�Bx)
�
c+

Z x

0

(exp(��Bt))BF (t) dt
�
; (30)

£¤¥ c| ¯à®¨§¢®«ì­ë© ¯®áâ®ï­­ë© ¢¥ªâ®à à §¬¥à­®áâ¨ 2. � å®¤¨¬ c ¨§ £à ­¨ç­®£® ãá«®¢¨ï (22),
â. e. ¨¬¥¥¬

Pc+Q(exp �B)
�
c+

Z 1

0

(exp(��Bt))BF (t) dt
�
= 0:

�âáî¤ 

c = ���1(�)Q(exp �B)
Z 1

0
(exp(��Bt))BF (t) dt:

�®¤áâ ¢¨¢ c ¢ (30), ¯®«ãç¨¬

z(x) = (exp �Bx)
�
���1(�)Q(exp �B)

Z 1

0

(exp(��Bt))BF (t) dt+

+
Z x

0

(exp(��Bt))BF (t) dt
�
= (exp�Bx)��1(�)

�
�Q(exp�B)�

�
Z 1

0

(exp(��Bt))BF (t) dt+ (P +Q exp�B)
Z x

0

(exp(��Bt))BF (t) dt
�
:

�âáî¤  «¥£ª® á«¥¤ã¥â (29).

� ©¤¥¬ â¥¯¥àì ­ã¦­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï R0;�. �®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¬ âà¨æë B ¡ã¤ãâ
�
p
�. �¡®§­ ç¨¬ ç¥à¥§ � = (
ij)21 ­¥®á®¡ãî ¬ âà¨æã à §¬¥à  2 � 2 â ªãî, çâ® ��1B� = D, £¤¥

D =

 p
� 0
0 �p�

!
. � «¥¥ ¡ã¤¥¬ ®¡®§­ ç âì ®¤­®© ¨ â®© ¦¥ ¡ãª¢®© 
 à §«¨ç­ë¥ ¯®áâ®ï­­ë¥, ­¥

§ ¢¨áïé¨¥ ®â �.

�¥¬¬  4. �¬¥¥â ¬¥áâ® ä®à¬ã« 

R0;�f =
1

�(�)
fr(�(1� x))q1(x; �; f) + r(�x)q2(x; �; f)g; (31)

£¤¥

r(�x) = 
 exp�x+ 
 exp(��x); � = �
p
�;

q1(x; �; f) =
Z x

0
r(�t)f(t) dt+

Z 1

1�x
r(�(1� t))f(t) dt;

q2(x; �; f) =
Z 1

x

r(�(1� t))f(t) dt+
Z 1�x

0

r(�t)f(t) dt;

�(�) = det(P� +Q� exp�D)

(¯à®¨§¢¥¤¥­¨¥ r(�x)r(�t) ¯®­¨¬ ¥âáï â ª : r(�x)r(�t) =
P

 exp�(�x� t)).
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�®ª § â¥«ìáâ¢®. �¬¥¥¬

P� =
�
�1
11 � �2
21 �1
12 � �2
22

0 0

�
;

Q� exp�D =
�

0 0
(�2
11 � �1
21) exp� (�2
12 � �1
22) exp(��)

�
:

�®íâ®¬ã

P� +Q� exp�D =
�

�11 �12
�21 exp� �22 exp(��)

�
;

£¤¥ �11 = �1
11 � �2
21, �12 = �1
12 � �2
22, �21 = �2
11 � �1
21, �22 = �2
12 � �1
22. �à¨ íâ®¬ 
11 =

22 = 1, 
21 = 
12 = ��12 (�1�

p
�). T®£¤  �(�) = �1 exp�+�2 exp(��), £¤¥ �1 = ��21�12; �2 = �11�22.

�ãáâì � â ª®¢®, çâ® �(�) 6= 0. �¡®§­ ç¨¬ ç¥à¥§ T = (ti;j)21 ¬ âà¨æã, ®¡à â­ãî ª P�+Q� exp�D.
�§ á®®â­®è¥­¨ï E = (P� + Q� exp�D)T , £¤¥ E | ¥¤¨­¨ç­ ï ¬ âà¨æ , ¯®«ãç¨¬ á«¥¤ãîé¨¥
á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï tij :(

�11t11 + �12t21 = 1;

�21t11 exp�+ �22t21 exp(��) = 0;

(
�11t12 + �12t22 = 0;

�21t12 exp�+ �22t22 exp(��) = 1:

�¯à¥¤¥«¨â¥«ì ®¡¥¨å á¨áâ¥¬ ®¤¨­ ¨ â®â ¦¥, à ¢­ë© �(�). �®íâ®¬ã ¯®«ãç¨¬

t11 =

 exp(��)

�(�)
; t21 =


 exp�
�(�)

; t12 =



�(�)
; t22 =




�(�)
;

¨

T =
1

�(�)

�

 exp(��) 


 exp� 


�
:

�¡®§­ ç¨¬ V = V1 � V2, £¤¥

V1 = P

Z x

0
(exp(��Bt))BF (t) dt; V2 = Q(exp �B)

Z 1

x
(exp(��Bt))BF (t) dt;

�(t) = ��1F (t); �(t) = f�1(t);�2(t)gT :
�®£¤  �i(t) = 
f(t) + 
f(1� t). � «¥¥, ¨¬¥¥¬

V1 = P�
Z x

0

(exp(��Dt))D�(t) dt:

�®

P� =
�

 

0 0

�
; (exp(��Dt))D =

�

 exp(��t) 0

0 
 exp�t

�
;

P�(exp(��Dt))D =
�

 exp(��t) 
 exp�t

0 0

�
:

�®íâ®¬ã

V1 =
Z x

0

�

 exp(��t) 
 exp�t

0 0

��
�1(t)
�2(t)

�
dt =

=
Z x

0

f(exp(��t))(
f(t) + 
f(1� t)) + (exp�t)(
f(t) + 
f(1� t)); 0gT dt =

=
�Z x

0

r(�t)f(t) dt+
Z 1

1�x

r(�(1� t))f(t) dt; 0
�T

= fq1(x; �; f); 0gT :

�­ «®£¨ç­® ¯®«ãç¨¬ V2 = f0; q2(x; �; f)gT : �¬¥¥¬ â¥¯¥àì

(exp�Bx)��1(�) = �(exp�Dx)��1��1(�) = �(exp �Dx)T:
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�®

(exp �Dx)T =
1

�(�)

�

 exp(��(1� x)) 
 exp�x

 exp�(1� x) 
 exp(��x)

�
:

�®íâ®¬ã

(exp�Dx)TV =
1

�(�)

�
(exp(��(1� x)))q1 + (exp�x)q2
(exp�(1� x))q1 + (exp(��x))q2

�
:

�­ ç¨â,

z(x) = �(exp�Dx)TV =
1

�(�)
fr(�(1 � x))q1 + r(�x)q2; r(�(1� x))q1 + r(�x)q2gT :

�âáî¤  ¯®«ãç¨¬ (31), ¨¡® ¯® á«¥¤áâ¢¨î «¥¬¬ë 2 ¯¥à¢ ï ª®¬¯®­¥­â  z(x) ¥áâì R0;�f .

�¥¬¬  5. �¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï Ly � �y = 0 ¨¬¥¥â ¢¨¤

y(x; �) = c'(x; �);

£¤¥ '(x; �) = exp�x+ ��12 (�1 �
p
�) exp�(1� x).

�®ª § â¥«ìáâ¢®. �á«¨ Ly = �y, â® L2y = �Ly = �2y. �®

L2y = L(Ly) =
1
�
f�1(Ly)0x(x) + �2(Ly)0x(1� x)g =

=
1
�

�
�1

�
(�1y

00(x)� �2y
00(1� x)) +

�2

�
(�1y

00(1� x)� �2y
00(x))

�
=
1
�
y00(x);

â. e. ¯®«ãç¨«¨ y00(x; �) = �2�y(x; �). �âáî¤ 

y(x; �) = c1 exp�x+ c2 exp(��x): (32)

�®¤áâ ¢¨¬ íâã ä®à¬ã«ã ¢ Ly � �y = 0. �®£¤  ¨¬¥¥¬

1
�
f�1[c1� exp�x� c2� exp(��x)] + �2[c1� exp�(1� x)� c2� exp(��(1� x))]g =

= �c1 exp�x+ �c2 exp(��x):
�âáî¤ �

1
�
�1c1�� 1

�
�2c2� exp(��)� �c1

�
exp�x+

�
� �1

�
c2�+

�2

�
c1� exp�� �c2

�
exp(��x) = 0:

�­ ç¨â,

c1

�
�1p
�
� 1

�
+ c2

�
� �2p

�
exp(��)

�
= 0;

c1
�2p
�
exp�+ c2

�
� �1p

�
� 1

�
= 0:

(33)

�¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë ®â­®á¨â¥«ì­® c1 ¨ c2 à ¢¥­ ­ã«î. �§ ¯¥à¢®£® ãà ¢­¥­¨ï (33) ­ å®¤¨¬
c2 ç¥à¥§ c1 ¨ ¯®¤áâ ¢«ï¥¬ ¢ (32). �®«ãç ¥¬ y(x; �) = c1'(x; �).

�¥¬¬  6. �¬¥¥â ¬¥áâ® ä®à¬ã« 

R1;�f = R0;�f +
(R0;�f; g)
V ('(x; �))

'(x; �): (34)
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�®ª § â¥«ìáâ¢®. �®«®¦¨¬ y = R1;�f . T®£¤  Ly � �y = f . �âáî¤  ¯® «¥¬¬¥ 5

y = R0;�f + c'(x; �): (35)

� ª ª ª V (y) = 0, â® ¯®«ãç¨¬

0 = V (R0;�f) + cV ('(x; �)) = �(R0;�f; g) + cV ('(x; �)):

� ©¤¥¬ ®âáî¤  c ¨, ¯®¤áâ ¢¨¢ ¢ (35), ¯à¨¤¥¬ ª (34).

3. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �1�2 6= 0. �â® ãá«®¢¨¥ ­ §®¢¥¬ ãá«®¢¨¥¬ à¥£ã«ïà-
­®áâ¨. �«ï ®¯à¥¤¥«¥­­®áâ¨ áç¨â ¥¬, çâ® Re� � 0. �à®â¨¢®¯®«®¦­ë© á«ãç © à áá¬ âà¨¢ ¥âáï
 ­ «®£¨ç­®. �¥à¥§ S" ®¡®§­ ç¨¬ ®¡« áâì, ¯®«ãç îéãîáï ¨§ ¢á¥© �-¯«®áª®áâ¨ ã¤ «¥­¨¥¬ ¢á¥å
­ã«¥© �(�) ¢¬¥áâ¥ á ªàã£®¢ë¬¨ ®ªà¥áâ­®áâï¬¨ ®¤­®£® ¨ â®£® ¦¥ ¤®áâ â®ç­® ¬ «®£® à ¤¨ãá 
" > 0. �®£¤  ¢ S" ®ç¥¢¨¤­ë ®æ¥­ª¨

��1(�) = O(exp(��)); r(�x) = O(exp�x): (36)

�¥¬¬  7. � S" ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

'(x; �)
V ('(x; �))

= O(j exp(��x)j+ j exp(��(1� x))j):

�®ª § â¥«ìáâ¢®. �¬¥¥¬

V ('(x; �)) = �1'(0; �) � �2'(1; �) � ('(x; �); g) =

= �1(1 + ��12 (�1 �
p
�) exp�)� �2(exp�+ ��12 (�1 �

p
�))� ('(x; �); g):

�®

�1 � �2�
�1
2 (�1 �

p
�) = �1 � �2
12 = �1
22 � �2
12 = ��22;

�1�
�1
2 (�1 �

p
�)� �2 = �1
21 � �2
11 = ��21;

('(x; �); g) = o(exp�):

�®íâ®¬ã
V ('(x; �)) = ��22 � �21 exp�+ o(exp�):

�âáî¤  ¯®«ãç¨¬ ®æ¥­ªã
V �1('(x; �)) = O(exp(��)):

�¥¯¥àì ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬.

�¯à¥¤¥«¨¬ R�
0;� ¨§ á®®â­®è¥­¨ï (R0;�f; g) = (f;R�

0;�g).

�¥¬¬  8. �á«¨ f(x) 2 C1[0; 1], â® R�
0;�f = O(1=�).

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 4 ¨¬¥¥¬

(R0;�f; g) =
1

�(�)

Z 1

0

�
r(�(1� x))

Z x

0

r(�t)f(t) dt+ r(�(1� x))
Z 1

1�x

r(�(1� t))f(t) dt+

+ r(�x)
Z 1

x

r(�(1� t))f(t) dt+ r(�x)
Z 1�x

0

r(�t)f(t) dt
�
g(x) dx: (37)

� ª ª ª Z 1

0
dx

Z x

0
dt =

Z 1

0
dt

Z 1

t
dx;

Z 1

0
dx

Z 1

1�x
dt =

Z 1

0
dt

Z 1

1�t
dx;Z 1

0
dx

Z 1

x
dt =

Z 1

0
dt

Z t

0
dx;

Z 1

0
dx

Z 1�x

0
dt =

Z 1

0
dt

Z 1�t

0
dx;
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â® ¨§ (37) ¯®«ãç¨¬

R�
0;�f =

1
�(�)

�Z 1

t

r(�(1� x))r(�t)f(x) dx +
Z 1

1�t

r(�(1� x))r(�(1 � t))f(x) dx+

+
Z t

0

r(�x)r(�(1� t))f(x) dx+
Z 1�t

0

r(�x)r(�t)f(t) dx
�
:

� ª ª ª f(x) 2 C1[0; 1], â®, ¨­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï ®æ¥­ª¨ (36), ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë.

�¥¬¬  9. �á«¨ f(x) 2 C[0; 1], â® ¢ S"

kR0;�fkC[0;1] = o(1):

�®ª § â¥«ìáâ¢®. � ¤ ¥¬ "1 > 0. �ãáâì p(x) | ¬­®£®ç«¥­ â ª®©, çâ® kf(x)�p(x)kC[0;1] � "1.
�®£¤  ¨¬¥¥¬

R0;�f = R0;�(f � p) +R0;�p:

� ª ¦¥, ª ª ¢ «¥¬¬¥ 8, ¯®«ãç¨¬ R0;�p = O

�
1
�

�
. � «¥¥, ¯® «¥¬¬¥ 4 ¢ á¨«ã (36) «¥£ª® ¯®«ãç¨¬

®æ¥­ªã
kR0;�(f � p)kC[0;1] = O

�kf � pkC[0;1]
�
: �

�¥¬¬  10. �á«¨ fi(x) 2 C[0; 1] (i = 1; 2), â® ¢ S"

(R1;�f1; f2) = o(1):

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 6 ¨¬¥¥¬

(R1;�f1; f2) = (R0;�f1; f2) +
(R0;�f1; g)
V ('(x; �))

('(x; �); f2):

�âáî¤  ¯® «¥¬¬ ¬ 7 ¨ 9 ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

�¥¬¬  11. �á«¨ f(x) 2 L1[0; 1], â® ¯à¨ � 2 S" á¯à ¢¥¤«¨¢  ®æ¥­ª 

kR0;�fk = O

�
1

Re�
kfk

�
:

�®ª § â¥«ìáâ¢®. �¬¥¥¬Z x

0
r(�t)f(t) dt = O

�Z x

0
jf(t)jj exp�tj dt

�
= O

�
1

Re�
(j exp�xj � 1)kfk

�
;Z 1

1�x
r(�(1� t))f(t) dt = O

�Z 1

1�x
jf(t)jj exp�(1� t)j dt

�
= O

�
1

Re�
(j exp�xj � 1)kfk

�
:

�­ ç¨â, íâã ¦¥ ®æ¥­ªã ¨¬¥¥â ¨ q1(x; �; f) . �­ «®£¨ç­®,

q2(x; �; f) = O

�
1

Re�
(exp�(1� x)� 1)kfk

�
:

�®íâ®¬ã ¯® «¥¬¬¥ 4

R0;�f = O

�
1

Re�
f2� j exp(��x)j � j exp(��(1� x))jgkfk

�
= O

�
1

Re�
kfk

�
: �

�¥¬¬  12. �á«¨ f(x) 2 C[0; 1], â® ¢ S" á¯à ¢¥¤«¨¢  ®æ¥­ª 

kR1;�fk = O

�
1

Re�
kfk

�
:
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�®ª § â¥«ìáâ¢®. �§ (34), ãç¨âë¢ ï «¥¬¬ë 7 ¨ 11, ¨¬¥¥¬

kR1;�fk = O(kR0;�fk) +O((R0;�f; g)) = O

�
1

Re�
kfk

�
: �

�¥¬¬  13. �á«¨ f(x) 2 C[0; 1] ¨ � 2 S", â®

kR�fk = O

�
1

Re�
kfk

�
:

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ y = R�f , â®£¤  ¯® â¥®à¥¬¥ 3

R�f = R1;�f +
1
�

mX
k;j=1

�jk(y; vj)R1;�Lgk: (38)

�âáî¤ 

(y; vs) = (R1;�f; vs) +
1
�

mX
k;j=1

�jk(y; vj)(R1;�Lgk; vs); s = 1; : : : ;m: (39)

�® «¥¬¬¥ 10 (R1;�Lgk; vs) = o(1). �®íâ®¬ã ¨§ (39) ¯®«ãç¨¬ ®æ¥­ª¨

(y; vs) = O(kR1;�fk) = O

�
1

Re�
kfk

�
:

� ¯®¬®éìî íâ¨å ®æ¥­®ª ¨§ (38) á ãç¥â®¬ «¥¬¬ë 12 á«¥¤ã¥â âà¥¡ã¥¬®¥.

�¥¬¬  14. �à¥¤¯®«®¦¨¬, çâ® g(�; r) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ a){£),   p(�) ¤®¯ãáª ¥â

®æ¥­ªã p(�) = O
�

1
Re�

�
, â®£¤ 

I =
Z
j�j=r

jg(�; r)j jp(�)j jd�j = O(1):

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬
p
� = �0e

i�: �®á«¥ § ¬¥­ë � = rei', ��
2
� � � ' � � � �,

'+ � = � ¯®«ãç¨¬

I = r

Z �

��

jg(rei(���); r)p(rei(���))jd� =

=
Z 0

��
O

��
�+

�

2

��2 1
cos�

�
d�+

Z �

0
O

��
�� �

2

��1 1
cos�

�
d� = I1 + I2:

�æ¥­¨¬ I2 (®æ¥­ª  I1  ­ «®£¨ç­ ). �ãáâì t = �� �
2
; â®£¤ 

I2 =
Z �=2

��=2

O

�
jtj�1 1

sin t

�
dt;

­® j sin tj � 2
�
jtj, ¯®íâ®¬ã I2 =

�=2R
��=2

O(jtj�1�1) dt = O(1).

�¥®à¥¬  4 (ä®à¬ã«  ®áâ â®ç­®£® ç«¥­ ). �ãáâì f(x); g0(x) 2 C[0; 1]. Eá«¨ ­  ®ªàã¦­®áâ¨

j�j = r ­¥â å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥« ®¯¥à â®à  A; â®

f(x) +
1
2�i

Z
j�j=r

g(�; r)R�f(x) d� = f(x)(1� g(�0; r)) + g(�0; r)[f(x)� f0(x)] +

+
1
2�i

Z
j�j=r

g(�; r)
�� �0

R�g0 d�+
1
2�i

Z
j�j=r

g(�; r)R�[f(x)� f0(x)] d�;
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£¤¥ �0 { ¯à®¨§¢®«ì­®¥ ª®¬¯«¥ªá­®¥ ç¨á«® (j�0j < r); ­¥ ï¢«ïîé¥¥áï å à ªâ¥à¨áâ¨ç¥áª¨¬ §­ ç¥-

­¨¥¬ ®¯¥à â®à  A; ¨ f0 = R�0g0:

�®ª § â¥«ìáâ¢®. �¬¥¥¬

f0 � �Af0 + (�� �0)Af0 = Ag0:

�âáî¤  f0 + (�� �0)R�f0 = R�g0: �®íâ®¬ã

1
2�i

Z
j�j=r

g(�; r)R�f d� =
1
2�i

Z
j�j=r

g(�; r)R�f0 d�+
1
2�i

Z
j�j=r

g(�; r)R�(f � f0) d� =

= �g(�0; r)f0(x) + 1
2�i

Z
j�j=r

g(�; r)
�� �

R�g0 d�+
1
2�i

Z
j�j=r

g(�; r)R�(f � f0) d�:

�âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�¥¬¬  15. �ãáâì y0(x) 2 C[0; 1] ¨ ã¤®¢«¥â¢®àï¥â £à ­¨ç­®¬ã ãá«®¢¨î (9), â®£¤  áãé¥-

áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fyk(x)g1k=1 � C1[0; 1]; ª®â®à ï ã¤®¢«¥â¢®àï¥â (9) ¨ áå®¤¨âáï ª

y0(x) ¢ ¬¥âà¨ª¥ C[0; 1].

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì fpk(x)g1k=1  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢,
áå®¤ïéãîáï ª y0(x) ¢ C[0; 1]: �ç¥¢¨¤­®, V (pk(x)) = �k ! 0 ¯à¨ k ! 1: �ë¡¥à¥¬ n0 ­ áâ®«ìª®
¡®«ìè¨¬, çâ®¡ë ���� Z 1

0
xn0g(x) dx

���� � j�2j
2
:

�áª®¬ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¢®§ì¬¥¬ ¢ ¢¨¤¥ yk(x) = pk(x)�
kxn0 ; £¤¥ 
k | ­¥ª®â®àë¥ ª®­áâ ­-
âë, ®¯à¥¤¥«ï¥¬ë¥ ¨§ ãá«®¢¨ï V (yk) = 0; ¨«¨, ¯®¤à®¡­¥¥,

V (pk)� 
kV (x
n0) = �k � 
k

�
� �2 �

Z 1

0

xn0g(x) dx
�
= 0:

�ëà ¦¥­¨¥, áâ®ïé¥¥ ¢ ªàã£«ëå áª®¡ª å, ¯® ¬®¤ã«î ­¥ ¬¥­ìè¥ j�2j

2
: �®íâ®¬ã 
k ! 0 ¯à¨ k !1.

�«¥¤®¢ â¥«ì­®, yk(x) áå®¤¨âáï ª y0(x):

�«¥¤áâ¢¨¥. � ¬ëª ­¨¥ D0 ®¡« áâ¨ §­ ç¥­¨© ®¯¥à â®à  A ¢ ¬¥âà¨ª¥ C[0; 1] á®¢¯ ¤ ¥â á
¬­®¦¥áâ¢®¬ ­¥¯à¥àë¢­ëå ­  [0; 1] äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å (9).

�¥®à¥¬  5. �«ï â®£® çâ®¡ë ¢ë¯®«­ï«®áì á®®â­®è¥­¨¥

lim
r!1


r(f) = lim
r!1





f(x) + 1
2�i

Z
j�j=r

g(�; r)R�f(x) d�




 = 0;

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë f(x) 2 D0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ®ç¥¢¨¤­ .

�®áâ â®ç­®áâì. �ãáâì f(x) 2 D0: �«ï " > 0 ¢®§ì¬¥¬ f0(x) ¨§ ®¡« áâ¨ §­ ç¥­¨© ®¯¥à â®à 
A â ª, çâ®¡ë kf �f0k < ". �® «¥¬¬¥ 15 â ª®© ¢ë¡®à ¢®§¬®¦¥­. �á¯®«ì§ãï ä®à¬ã«ã ®áâ â®ç­®£®
ç«¥­ , ¯®«ãç¨¬


r(f) = O(1� g(�; r)) + "O(1) +O

�
1
r

Z
j�j=r

jg(�; r)jO
�

1
Re�

�
jd�j

�
+

+ "O

�Z
j�j=r

jg(�; r)jO
�

1
Re�

�
jd�j

�
:

� ãç¥â®¬ «¥¬¬ë 14 ¯®«ãç¨¬ âà¥¡ã¥¬®¥.
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