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1. �¢¥¤¥­¨¥

�à®áâà ­áâ¢®¬ � è¥¢áª®£® ­ §ë¢ ¥âáï ç¥â­®¬¥à­®¥ ¯á¥¢¤®à¨¬ ­®¢® ¯à®áâà ­áâ¢® á ¬¥âà¨-
ª®© ¯®«®¢¨­­®£® ¨­¤¥ªá . �â® ¯à®áâà ­áâ¢® ¡ë«® ¢¢¥¤¥­® ¢ [1] ª ª ¯à¨¬¥à à¨¬ ­®¢  ¯à®áâà ­-
áâ¢  á ­¥ª®â®àë¬¨ ¨­â¥à¥á­ë¬¨ á¢®©áâ¢ ¬¨ ¨ ª ª £¨¯¥à¡®«¨ç¥áª¨©  ­ «®£ â ª ­ §ë¢a¥¬ëå A-
¯à®áâà ­áâ¢ í««¨¯â¨ç¥áª®£® â¨¯ , ¢¢¥¤¥­­ëå ¢ [2]. �®§¤­¥¥ ®­® ¡ë«® á¨áâ¥¬ â¨ç¥áª¨ ¨§ãç¥­® ¢
[3], £¤¥ ¢¢¥¤¥­ë ¯ à ¡®«¨ç¥áª¨¥ A-¯à®áâà ­áâ¢ , ­® ¡¥§ ¨áá«¥¤®¢ ­¨ï ¢®§¬®¦­ëå ¥áâ¥áâ¢¥­­ëå
¯à¨«®¦¥­¨©.

�.�. � è¥¢áª¨© ¨§ãç¨« ¨­¢ à¨ ­â­®¥ áª «ïà­®¥ ¯®«¥ U(x1; : : : ; xn; y1; : : : ; yn) á ­¥¢ëà®¦¤¥­-
­®© ¬ âà¨æ¥© ç áâ­ëå ¯à®¨§¢®¤­ëå ¢â®à®£® ¯®àï¤ª 

det
�

@2U

@xj@yi

�
6= 0; i; j = 1; 2; : : : ; n;

¨ ¢¢¥« ¯á¥¢¤®à¨¬ ­®¢ã ¬¥âà¨ªã ¨­¤¥ªá  n ­  2n-¬¥à­®¬ ¬­®£®®¡à §¨¨ M á «®ª «ì­ë¬¨ ¯¥-
à¥¬¥­­ë¬¨ x1; : : : ; xn, y1; : : : ; yn ¨ á®®â¢¥âáâ¢ãîéãî ¯á¥¢¤®à¨¬ ­®¢ã á¢ï§­®áâì. �­® ®¡« ¤ ¥â
á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ [1].

1. �ª «ïà­®¥ ¯®«¥ U(x1; : : : ; xn; y1; : : : ; yn), ¯®à®¦¤ îé¥¥ áâàãªâãàã ¯á¥¢¤®à¨¬ ­®¢  ¯à®-
áâà ­áâ¢  ­  M , ®¯à¥¤¥«ï¥âáï á ¯à®¨§¢®«®¬

U(xi; yj)! U(xi; yj) + U1(xi) + U2(yj):

2. �­®£®®¡à §¨¥ M á®áâ®¨â ¨§ ¤¢ãå á¥¬¥©áâ¢ n-¬¥à­ëå á«®¥¢. � ¦¤ ï â®çª  ¨§ M ¯à¨-
­ ¤«¥¦¨â ®¤­®¬ã ¨ â®«ìª® ®¤­®¬ã á«®î ¨§ ª ¦¤®£® á¥¬¥©áâ¢  á«®¥¢, á«®¨ ¨§ à §­ëå
á¥¬¥©áâ¢ ¨¬¥îâ ¯¥à¥á¥ç¥­¨¥ ­¥ ¡®«¥¥ ç¥¬ ¢ ®¤­®© â®çª¥.

3. �«®¨ ®¡®¨å á¥¬¥©áâ¢ ¨§®âà®¯­ë.
4. �«®¨ ª ¦¤®£® á¥¬¥©áâ¢  ®¡« ¤ îâ á¢®©áâ¢®¬  ¡á®«îâ­®£® ¯ à ««¥«¨§¬ : ¢¥ªâ®àë, ª á -

â¥«ì­ë¥ ª á«®ï¬ ¤ ­­®£® á¥¬¥©áâ¢ , ®áâ îâáï ª á â¥«ì­ë¬¨ ª ­¨¬ ¯®á«¥ ¯ à ««¥«ì­®£®
¯¥à¥­®á  ¢¤®«ì ¯à®¨§¢®«ì­®© £« ¤ª®© ªà¨¢®©.

�§ ¯®á«¥¤­¨å ¤¢ãå á¢®©áâ¢ á«¥¤ã¥â, çâ® ®¡  á¥¬¥©áâ¢  á«®¥¢ ï¢«ïîâáï ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¬¨
¢ M .

�ë«® ãáâ ­®¢«¥­® [4], çâ® íâ¨ ¯à®áâà ­áâ¢  ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ á¢ï§ ­ë á ­¥ª®â®àë¬¨
ª« áá ¬¨ n-ªà â­ëå ¨­â¥£à «®¢, § ¢¨áïé¨å ®â n ¯ à ¬¥âà®¢: ¥á«¨ ¬ âà¨æ  ç áâ­ëå ¯à®¨§-
¢®¤­ëå ¢â®à®£® ¯®àï¤ª  ­ âãà «ì­®£® «®£ à¨ä¬  ¯®¤¨­â¥£à «ì­®© äã­ªæ¨¨ â ª®£® ¨­â¥£à « 
­¥¢ëà®¦¤¥­ , â® íâ®â ¨­â¥£à « ­  2n-¬¥à­®¬ ¬­®£®®¡à §¨¨ ¤¢®©­®£® à áá«®¥­¨ï ¯¥à¥¬¥­­ëå ¨
¯ à ¬¥âà®¢ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯®à®¦¤ ¥â áâàãªâãàã 2n-¬¥à­®£® ¯à®áâà ­áâ¢  � è¥¢áª®£®.
�®«¥¥ â®£®, íâ  áâàãªâãà  ­¥ ¨§¬¥­ï¥âáï, ¥á«¨ ¯®¤¨­â¥£à «ì­ãî äã­ªæ¨î ã¬­®¦ âì ­  ¯à®¨§-
¢®«ì­ãî £« ¤ªãî äã­ªæ¨î, § ¢¨áïéãî â®«ìª® ®â ¯¥à¥¬¥­­ëå ¨«¨ ®â ¯ à ¬¥âà®¢.
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�à®áâà ­áâ¢® � è¥¢áª®£® ¬®¦­® à áá¬ âà¨¢ âì ª ª ¤¢®©­®¥ à áá«®¥­¨¥ á ¤¢ã¬ï á¥¬¥©áâ¢ -
¬¨ n-¬¥à­ëå âà ­á¢¥àá «ì­® £¥®¤¥§¨ç¥áª¨å á«®¥¢. �­® ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¯àï¬®£® ¯à®¨§¢¥-
¤¥­¨ï ¤¢ãå ¬­®£®®¡à §¨©: 2n-¬¥à­®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥M ­ §ë¢ ¥âáï ¤¢®©­ë¬ à áá«®¥­¨¥¬,
¥á«¨ § ¤ ­ë ¤¢  £« ¤ª¨å ®â®¡à ¦¥­¨ï

�i :M !Mi; i = 1; 2;

¬­®£®®¡à §¨ïM ­  ¤¢  n-¬¥à­ëå £« ¤ª¨å ¬­®£®®¡à §¨ïM1 ¨M2; á«®¨ à áá«®¥­¨ï, â. ¥. ¯®«­ë¥
¯à®®¡à §ë â®ç¥ª ¨§ M1 ¨ M2 ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨© �1 ¨ �2 á®®â¢¥âáâ¢¥­­®, ï¢«ïîâáï n-
¬¥à­ë¬¨ £« ¤ª¨¬¨ ¬­®£®®¡à §¨ï¬¨, ¨ ¢ ¯à®¨§¢®«ì­®© â®çª¥ M ª á â¥«ì­ë¥ ¯à®áâà ­áâ¢  ª
á«®ï¬ à áá«®¥­¨© �1 ¨ �2 ¨¬¥îâ «¨èì ­ã«¥¢®¥ ¯¥à¥á¥ç¥­¨¥:

Tp
�
��11 (x)

�
\ Tp

�
��12 (y)

�
= p; �1(p) = x; �2(p) = y; x 2M1; y 2M2:

�«¥¤®¢ â¥«ì­®, ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® ª M ¢ ¯à®¨§¢®«ì­®© â®çª¥ ï¢«ï¥âáï ¯àï¬®© áã¬¬®©
¤¢ãå n-¬¥à­ëå ¯®¤¯à®áâà ­áâ¢.

�ë«® ¤®ª § ­® [4], çâ® áâàãªâãà  2n-¬¥à­®£® ¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢áª®£® ¯®-
à®¦¤ ¥âáï ­  M ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥. �âáî¤  á«¥¤ã¥â, çâ® ¨­â¥£à «ë, ¯®à®¦¤ îé¨¥ ­ 
á®®â¢¥âáâ¢ãîé¥¬ ¬­®£®®¡à §¨¨ M áâàãªâãàã ¯à®áâà ­áâ¢  � è¥¢áª®£® á ­¥âà¨¢¨ «ì­ë¬ â¥­-
§®à®¬ ªà¨¢¨§­ë, ï¢«ïîâáï ¥áâ¥áâ¢¥­­ë¬¨ ®¡®¡é¥­¨ï¬¨ ª« áá¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï �ãàì¥,
¨ ®âëáª ­¨¥ á®®â¢¥âáâ¢ãîé¨å ï¤¥à ¨­â¥£à «®¢ ï¢«ï¥âáï ¨­â¥à¥á­®© § ¤ ç¥© á®¢à¥¬¥­­®© ¤¨ä-
ä¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. �§ãç¥­¨¥ ­¥ª®â®àëå ®¡®¡é¥­¨© ¨áå®¤­®© § ¤ ç¨, ª®£¤  ç¨á«® ¯¥-
à¥¬¥­­ëå ®â«¨ç­® ®â ç¨á«  ¯ à ¬¥âà®¢, ¯à¨¢®¤¨â ª ®¡é¥© § ¤ ç¥ ¨§ãç¥­¨ï ¯®¤¬­®£®®¡à §¨©
ç¥â­®© à §¬¥à­®áâ¨ ¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢áª®£®. �â® ¨áá«¥¤®¢ ­¨¥ ¡ë«® ­ ç â®
á ¨§ãç¥­¨ï â ª¨å ¯®¤¬­®£®®¡à §¨© ª®à §¬¥à­®áâ¨ ¤¢  ¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ � è¥¢-
áª®£® En

2n.
� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¨§ãç¥­¨î ¯®¤¬­®£®®¡à §¨© M ç¥â­®© à §¬¥à­®áâ¨ á® áâàãªâã-

à®© ¤¢®©­®£® à áá«®¥­¨ï ¢ En
2n ¢ á«ãç ¥, ª®£¤  à §¬¥à­®áâì M ï¢«ï¥âáï ¤®áâ â®ç­® ¡®«ì-

è®©. �á¯®«ì§ã¥âáï ¬¥â®¤ á®¢à¥¬¥­­ëå ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨å ¨áá«¥¤®¢ ­¨©, ®á­®-
¢ ­­ë© ­  â¥å­¨ª¥ ¬¥â®¤  ¢­¥è­¨å ä®à¬ � àâ ­  ([5], [6]). �®ª § ­®, çâ® ¬¥âà¨ç¥áª ï áâàãª-
âãà  ¯à®áâà ­áâ¢  En

2n ¯®à®¦¤ ¥â ­  2m-¬¥à­®¬ ¯®¤¬­®£®®¡à §¨¨ áâàãªâãàã ¯à®áâà ­áâ¢   ä-
ä¨­­®© á¢ï§­®áâ¨ á¯¥æ¨ «ì­®£® â¨¯ . � ©¤¥­ ª ­®­¨ç¥áª¨© ¨­â¥£à « íâ®© ¤¨ää¥à¥­æ¨ «ì­®-
£¥®¬¥âà¨ç¥áª®© áâàãªâãàë ¨ ­ ©¤¥­ë ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï M .

2. �¥â­®¬¥à­ë¥ ¯®¤¬­®£®®¡à §¨ï á® áâàãªâãà®© ¤¢®©­®£® à áá«®¥­¨ï
¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ En

2n

� áá¬®âà¨¬ 2m-¬¥à­®¥ ¯®¤¬­®£®®¡à §¨¥M á® áâàãªâãà®© ¤¢®©­®£® à áá«®¥­¨ï ¢ 2n-¬¥à­®¬
¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ á ¬¥âà¨ª®© ¨­¤¥ªá  n | ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ � -
è¥¢áª®£® En

2n ¢ á«ãç ¥, ª®£¤  2m > n. �â® ®§­ ç ¥â, çâ® à §¬¥à­®áâì ¯®¤¬­®£®®¡à §¨ïM ¤®áâ -
â®ç­® ¢¥«¨ª . �à¥¤¯®«®¦¨¬, çâ® ¢ ª®¡ §¨á¥ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ !1; !2; : : : ; !n,
!1; !2; : : : ; !n,  ¤ ¯â¨à®¢ ­­ëå ª áâàãªâãà¥ ¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢áª®£® En

2n,
áâàãªâãà­ë¥ ãà ¢­¥­¨ï íâ®£® ¯à®áâà ­áâ¢  ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥ [4]

dw� = w�
� ^ w

�;

dw� = �w�
� ^w�; �; �; 
 = 1; : : : ; n;

dw�
� = w�


 ^ w


�;

(1)

  ¯®¤¬­®£®®¡à §¨¥ M ®¯à¥¤¥«¥­® ãà ¢­¥­¨ï¬¨

wm+i = w2m�n+i; wm+i = wi; i = 1; : : : ; n�m: (2)

�â¬¥â¨¬, çâ® á®®â­®è¥­¨ï (2) § ¤ îâ ­ ¨¡®«¥¥ ®¡é¨© ª« áá 2m-¬¥à­ëå ¯®¤¬­®£®®¡à §¨© á®
áâàãªâãà®© ¤¢®©­®£® à áá«®¥­¨ï ¢ En

2n. �â®â ª« áá ï¢«ï¥âáï ¯àï¬ë¬ ®¡®¡é¥­¨¥¬ á®®â¢¥âáâ¢ã-
îé¨å ª« áá®¢ ¯®¤¬­®£®®¡à §¨© ª®à §¬¥à­®áâ¨ ¤¢ , ¨§ãç¥­­ëå ¢ [7], [8]. � ¬¥â¨¬ â ª¦¥, çâ®
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áâàãªâãà  ¤¢®©­®£® à áá«®¥­¨ï ®ç¥­ì ¡«¨§ª  ª áâàãªâãà¥ ¯à®áâà ­áâ¢ ¤¥ª àâ®¢®© ª®¬¯®§¨æ¨¨,
¢¢¥¤¥­­ëå �.�.�®à¤¥­®¬ ¢ [9].

�®§¬®¦­ë âà¨ á«ãç ï: 1) 2(n�m) < m, 2) 2(n�m) = m, 3) 2(n�m) > m. � ¤ ­­®© à ¡®â¥
à áá¬ âà¨¢ ¥âáï ¯¥à¢ë© á«ãç ©. �¥âà¨ç¥áª ï ä®à¬  ®¡ê¥¬«îé¥£® ¯à®áâà ­áâ¢  � è¥¢áª®£®
En
2n, ®¯à¥¤¥«ï¥¬ ï ¨­¢ à¨ ­â­®© § ¬ª­ãâ®© ­¥¢ëà®¦¤¥­­®© ¡¨«¨­¥©­®© ä®à¬®© d' = !� ^ !�,

¯®à®¦¤ ¥â ­  M ¡¨«¨­¥©­ãî ä®à¬ã

d'� = wi ^ wi + wa ^ wa + w2m�n+i ^ w2m�n+i + w2m�n+i ^ w
i

(a = n�m+ 1; : : : ; 2m � n). �®¤áâ ­®¢ª  á®®â­®è¥­¨© (2) ¢ (1) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© á¨áâ¥¬¥
®¡é¨å áâàãªâãà­ëå ãà ¢­¥­¨© ¯®¤¬­®£®®¡à §¨ï M :

dwi = wi
k ^ w

k + wi
a ^w

a + wi
2m�n+k ^ w

2m�n+k + wi
m+k ^w2m�n+k;

dwa = wa
b ^ w

b + wa
i ^ w

i + wa
2m�n+k ^ w

2m�n+k + wa
m+k ^ w2m�n+k;

dw2m�n+i = w2m�n+i
2m�n+k ^ w

2m�n+k + w2m�n+i
k ^ wk + w2m�n+i

a ^ wa + w2m�n+i
m+k ^w2m�n+k;

dwi = �wk
i ^wk �wa

i ^ wa � w2m�n+k
i ^ w2m�n+k � wm+k

i ^ wk;

dwa = �wb
a ^ wb � wk

a ^ wk � w2m�n+k
a ^ w2m�n+k � wm+k

a ^wk;

dw2m�n+i = �w2m�n+k
2m�n+i ^ w2m�n+k � wk

2m�n+i ^ wk � wa
2m�n+i ^ wa � wm+k

2m�n+i ^ w
k;

dwi
k = wi

p ^ w
p
k + wi

a ^w
a
k + wi

2m�n+p ^ w
2m�n+p
k +wi

m+p ^ w
m+p
k ;

dwa
b = wa

c ^ w
c
b +wa

k ^ w
k
b + wa

2m�n+k ^ w
2m�n+k
b + wa

m+k ^ w
m+k
b ;

dw2m�n+i
2m�n+k=w

2m�n+i
2m�n+p^w

2m�n+p
2m�n+k+w

2m�n+i
p ^w

p
2m�n+k+w

2m�m+i
a ^wa

2m�n+k+w
2m�n+i
m+p ^w

m+p
2m�n+k;

dwa
i = wa

k ^ w
k
i + wa

b ^ w
b
i + wa

2m�n+k ^ w
2m�n+k
i +wa

m+k ^ w
m+k
i ;

dwi
a = wi

k ^ w
k
a + wi

b ^ w
b
a + wi

2m�n+k ^ w
2m�n+k
a + wi

m+k ^ w
m+k
a ;

dwi
2m�n+k = wi

p ^ w
p
2m�n+k + wi

a ^ w
a
2m�n+k + wi

2m�n+p ^w
2m�n+p
2m�n+k + wi

m+p ^ w
m+p
2m�n+k;

dw2m�n+i
k = w2m�n+i

p ^ wp
k + w2m�n+i

a ^ wa
k + w2m�n+i

2m�n+p ^ w
2m�n+p
k + w2m�n+i

m+p ^ wm+p
k ;

dwa
2m�n+k = wa

p ^ w
p
2m�n+k + wa

b ^ w
b
2m�n+k + wa

2m�n+p ^ w
2m�n+p
2m�n+k + wa

m+p ^w
m+p
2m�n+k;

dw2m�n+i
a = w2m�n+i

k ^ wk
a + w2m�n+i

b ^wb
a + w2m�n+i

2m�n+k ^ w
2m�n+k
a + w2m�n+i

m+k ^ wm+k
a ;

(3)

£¤¥ ¢â®à¨ç­ë¥ ä®à¬ë wi
k, w

i
a, w

i
2m�n+k, w

i
m+k, w

a
b , w

a
i , w

a
2m�n+k, w

a
m+k, w

2m�n+i
2m�n+k, w

2m�n+i
k , w2m�n+i

a ,
w2m�n+i
m+k ¨ wm+k

i , wm+k
a , wm+k

2m�n+i § ¤ ­ë ­  ¬­®£®®¡à §¨¨ ª á â¥«ì­ëå à¥¯¥à®¢ ¢â®à®£® ¯®àï¤ª 
T (2)M ,  áá®æ¨¨à®¢ ­­ëå ª ¬­®£®®¡à §¨îM ¨  ¤ ¯â¨à®¢ ­­ëå ª ¥£® áâàãªâãà¥. �«¥¤®¢ â¥«ì­®,
ãç¨âë¢ ï â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ¬­®£®®¡à §¨¥ M ¨¬¥¥â áâàãªâãàã ¤¢®©­®£® à áá«®¥­¨ï, â. ¥.
á«¥¤ãîé ï á¨áâ¥¬  «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

wi = 0; wa = 0; w2m�n+i = 0; i = 1; : : : ; n�m; a = n�m+ 1; : : : ; 2m� n;

wi = 0; wa = 0; w2m�n+i = 0; i = 1; : : : ; n�m; a = n�m+ 1; : : : ; 2m� n;

¢¯®«­¥ ¨­â¥£à¨àã¥¬ , ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ â®¦¤¥áâ¢

wi
m+k ^ w2m�n+k = 0; wa

m+k ^ w2m�n+k = 0; w2m�n+k
m+k ^ w2m�n+k = 0;

wm+k
i ^ wk = 0; wm+k

a ^ wk = 0; wm+k
2m�n+i ^ w

k = 0:
(4)

�âáî¤  á«¥¤ã¥â, çâ® ¢â®à¨ç­ë¥ ä®à¬ë wi
m+k, w

a
m+k, w

m+k
2m�n+i ¨ w

m+k
i , wm+k

a , wm+k
2m�n+i ï¢«ïîâáï

«¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¡ §¨á­ëå «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ w2m�n+i ¨ wi á®®â¢¥â-
áâ¢¥­­® (i = 1; : : : ; n � m). � ¤àã£®© áâ®à®­ë, ¢­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ á®®â­®è¥­¨© (2),
ª®â®àë¥ ï¢«ïîâáï â®¦¤¥áâ¢ ¬¨ ­  M , ¯à¨¢®¤¨â ª â®¦¤¥áâ¢ ¬

�
wm+i
m+k + w2m�n+k

2m�n+i

�
^ w2m�n+k +

�
wm+k
2m�n+i + wm+i

k

�
^wk + wm+i

a ^ wa+

+wm+i
2m�n+k ^ w

2m�n+k + wk
2m�n+i ^ wk + wa

2m�n+i ^ wa = 0;
�
wm+i
m+k + wk

i

�
^ wi +

�
w2m�n+i
m+k +wk

m+i

�
^ w2m�n+i + wi

m+k ^ wi+

+wa
m+k ^ wa + wk

a ^ w
a + wk

2m�n+i ^ w
2m�n+i = 0:

(5)
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�§ á¤¥« ­­®£® ¢ëè¥ § ¬¥ç ­¨ï á«¥¤ã¥â, çâ® á¨áâ¥¬  (5) à ¢­®á¨«ì­  á¨áâ¥¬¥ á«¥¤ãîé¨å â®-
¦¤¥áâ¢: �

wm+i
m+k +w2m�n+k

2m�n+i

�
^ w2m�n+k + wk

2m�n+i ^wk + wa
2m�n+i ^ wa = 0;�

wm+k
2m�n+i + wm+i

k

�
^ wk + wm+i

a ^wa + wm+i
2m�n+k ^ w

2m�n+k = 0;�
wm+i
m+k + wk

i

�
^ wi + wk

a ^ w
a + wk

2m�n+i ^ w
2m�n+i = 0;�

w2m�n+i
m+k + wk

m+i

�
^ w2m�n+i + wi

m+k ^wi + wa
m+k ^ wa = 0:

(50)

�¥£ª® ¯®ª § âì, çâ® wk
2m�n+i = 0. �¥©áâ¢¨â¥«ì­®, ¨§ ¯¥à¢®£® â®¦¤¥áâ¢  íâ®© á¨áâ¥¬ë á«¥¤ã¥â,

çâ® ¢â®à¨ç­ ï ä®à¬  wk
2m�n+i ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¡ §¨á­ëå «¨­¥©­ëå ¤¨ää¥à¥­-

æ¨ «ì­ëå ä®à¬ wi, wa, w2m�n+i, i = 1; : : : ; n�m; a = n�m+1; : : : ; 2m�n. �® ª ª «¥£ª® ¢¨¤¥âì
¨§ âà¥âì¥£® â®¦¤¥áâ¢ , â  ¦¥ á ¬ ï ä®à¬  à §« £ ¥âáï â®«ìª® ¯® ¡ §¨á­ë¬ «¨­¥©­ë¬ ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ä®à¬ ¬ wi, wa, w2m�n+i (i = 1; : : : ; n�m; a = n�m+1; : : : ; 2m�n), á«¥¤®¢ â¥«ì­®,
®­  ®¡à é ¥âáï ¢ ­ã«ì.

�à ¢­¨¢ ï á®®â­®è¥­¨ï (50) ¨ (4), «¥£ª® ¤®ª § âì, çâ®

wa
m+k = 0 ; wi

m+k = 0; wm+i
a = 0; wm+i

2m�n+k = 0:

�¥©áâ¢¨â¥«ì­®, ¨§ â®¦¤¥áâ¢ (4) á«¥¤ã¥â, çâ® ¢ ¯®á«¥¤­¥¬ ¨§ â®¦¤¥áâ¢ (50) ¢á¥ ¢â®à¨ç­ë¥ ä®à¬ë
ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¡ §¨á­ëå «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ w2m�n+i.
�â® ®§­ ç ¥â, ¢ ç áâ­®áâ¨, çâ® ¨¬¥îâ ¬¥áâ® â®¦¤¥áâ¢ �

w2m�n+i
m+k + wk

m+i

�
^ w2m�n+i = 0; wi

m+k ^ wi = 0; wa
m+k ^ wa = 0:

�«¥¤®¢ â¥«ì­®, wi
m+k = 0, wa

m+k = 0 ¨ w2m�n+i
m+k ^ w2m�n+i = 0. �á¯®«ì§ãï «¥¬¬ã � àâ ­  [5],

¯®«ãç ¥¬ à §«®¦¥­¨¥

w2m�n+i
m+k = C

2m�n+i 2m�n+p
m+k w2m�n+p; C

2m�n+i 2m�n+p
m+k = C

2m�n+p 2m�n+i
m+k :

� ª «¥£ª® ¢¨¤¥âì ¨§ ãá«®¢¨© (4), ¢â®à¨ç­ë¥ ä®à¬ë wm+i
a , wm+i

2m�n+k, w
m+i
k ï¢«ïîâáï «¨­¥©­ë¬¨

ª®¬¡¨­ æ¨ï¬¨ «¨èì ¡ §¨á­ëå «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ wi. �«¥¤®¢ â¥«ì­®, ¨¬¥îâ
¬¥áâ® â®¦¤¥áâ¢ �

wm+k
2m�n+i + wm+i

k

�
^ wk = 0; wm+i

a ^ wa = 0; wm+i
2m�n+k ^ w

2m�n+k = 0:

�¥¯¥àì, ®ç¥¢¨¤­®, wm+i
a = 0, wm+i

2m�n+k = 0 ¨

wm+i
k = Cm+i

kp wp; Cm+i
kp = Cm+i

pk :

� á¨«ã ãá«®¢¨© (4), ¢¥«¨ç¨­ë C2m�n+i 2m�n+p
m+k ¨ Cm+i

kp ï¢«ïîâáï á¨¬¬¥âà¨ç­ë¬¨ ®â­®á¨â¥«ì­®
¨­¤¥ªá®¢ k, p ¨ i, p á®®â¢¥âáâ¢¥­­®:

C
2m�n+i 2m�n+p
m+k = C2m�n+i 2m�n+k

m+p ; Cm+i
kp = C

m+p
ik :

�®¦¤¥áâ¢  (50) ¯à¨¢®¤ïâáï ª ¢¨¤ã
�
wm+i
m+k + w2m�n+k

2m�n+i

�
^ w2m�n+k + wa

2m�n+i ^ wa = 0;�
wm+i
m+k + wk

i

�
^ wi + wk

a ^ w
a = 0:

(500)

�á«¨M ¨¬¥¥â áâàãªâãàã ¤¢®©­®£® à áá«®¥­¨ï, â® ­¥âàã¤­® ¯®ª § âì ¯àï¬ë¬ ¢ëç¨á«¥­¨¥¬, çâ®
ä®à¬  wi ^ wi + wa ^ wa + w2m�n+i ^ w2m�n+i ï¢«ï¥âáï § ¬ª­ãâ®©: ¥¥ ¢­¥è­¨© ¤¨ää¥à¥­æ¨ «
â®¦¤¥áâ¢¥­­® à ¢¥­ ­ã«î ª ª  «£¥¡à ¨ç¥áª®¥ á«¥¤áâ¢¨¥ áâàãªâãà­ëå ãà ¢­¥­¨© (3) ¨ ãá«®¢¨©
(4). �â® ®§­ ç ¥â, çâ® ¡¨«¨­¥©­ ï ä®à¬  w2m�n+i ^w

i â ª¦¥ ¤®«¦­  ¡ëâì § ¬ª­ãâ®©, á®®â¢¥â-
áâ¢ãîé¥¥ ãá«®¢¨¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥�

w2m�n+k
2m�n+i �wk

i

�
^ w2m�n+k ^ w

i + wa
2m�n+i ^ wa ^ w

i � wi
a ^w2m�n+i ^ w

a = 0:

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® íâ® â®¦¤¥áâ¢® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®¦¤¥áâ¢ (500).
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�á¯®«ì§ãï â®¦¤¥áâ¢  (500), «¥£ª® ¯®ª § âì, çâ® áâàãªâãà­ë¥ ãà ¢­¥­¨ï ä®à¬ wi, w2m�n+i

¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥

dwi = �wm+k
m+i ^ w

k; dw2m�n+i = wm+i
m+k ^ w2m�n+k

¨ â¥¬ á ¬ë¬ ¢ á¨áâ¥¬¥ (3) ä®à¬ë wi
a ^ w

a ¨ wa
2m�n+i ^ wa ®¡à é îâáï ¢ ­ã«ì. �á¯®«ì§ãï íâ®

§ ¬¥ç ­¨¥ ¨ ¯à¨¬¥­ïï «¥¬¬ã � àâ ­  [5] ª â®¦¤¥áâ¢ ¬ (500), ¯®«ãç ¥¬ à §«®¦¥­¨ï

wm+i
m+k +w2m�n+k

2m�n+i = C
2m�n+k 2m�n+p
2m�n+i w2m�n+p; C

2m�n+k 2m�n+p
2m�n+i = C

2m�n+p 2m�n+k
2m�n+i ;

wa
2m�n+i = Cab

2m�n+iwb; Cab
2m�n+iwb = Cba

2m�n+i;

wm+i
m+k + wk

i = Ck
ipw

p; Ck
ip = Ck

pi;

wi
a = C i

abw
b; C i

ab = C i
ba:

(6)

� íâ¨å à §«®¦¥­¨ïå ¢â®à¨ç­ëå ä®à¬ ¯® ¡ §¨á­ë¬ «¨­¥©­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ä®à¬ ¬ ­¥ª®-
â®àë¥ ª®íää¨æ¨¥­âë ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨ ¨ ¨å ®¡à é¥­¨¥ ¢ ­ã«ì ¨¬¥¥â ¨­¢ à¨ ­â­ë© £¥®-
¬¥âà¨ç¥áª¨© á¬ëá«. �â®¡ë ­ ©â¨ ¥£®, ­¥®¡å®¤¨¬® ­ ©â¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®-
àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥­âë à §«®¦¥­¨© (6). �­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨e á®®â­®è¥­¨©
(6), ¯à¨¬¥­¥­¨¥ áâàãªâãà­ëå ãà ¢­¥­¨© (3), ãá«®¢¨© (4) ¨ ¨å á«¥¤áâ¢¨© ¯à¨¢®¤ïâ ª â®¦¤¥áâ¢ ¬

�
rC

2m�n+k 2m�n+p
2m�n+i � C2m�n+t 2m�n+r

2m�n+i C
2m�n+k 2m�n+p
2m�n+t

�
w2m�n+r ^w2m�n+p+

+Cab
2m�n+iw

2m�n+k
b ^ wa = 0;

rCab
2m�n+i ^wb � Cab

2m�n+iw
2m�n+k
b ^ w2m�n+k � Cab

2m�n+iC
k
bcw

c ^ wk = 0;�
rCk

ip � Ct
irC

k
ipw

r
�
^ wp + Ck

abw
b
i ^ w

a = 0;

C i
abw

b
k ^ !

k +rC i
ab ^w

b +C i
abw

b
k ^ w

k + C i
abC

bc
2m�n+kwc ^ w

2m�n+k = 0:

�âáî¤  ¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å á®®â­®è¥­¨©:

Cm+i
kp Cp

ab = 0;

Cab
2m�n+iC

2m�n+i 2m�n+k
m+p = 0; (7)

C i
abC

bc
2m�n+k = 0;

ª®â®àë¥ ï¢«ïîâáï ®á­®¢®© ¤«ï ¤ «ì­¥©è¥© ª« áá¨ä¨ª æ¨¨ ¤®¯ãáâ¨¬ëå ¤¨ää¥à¥­æ¨ «ì­®-£¥®-
¬¥âà¨ç¥áª¨å áâàãªâãà. �à®¬¥ â®£®, ¨§ ¯®á«¥¤­¨å â®¦¤¥áâ¢ á«¥¤ã¥â, çâ® ¢¥«¨ç¨­ë C i

ab, C
ab
2m�n+i

ï¢«ïîâáï ¨­¢ à¨ ­â ¬¨. �âàãªâãà­ë¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï M ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢
¢¨¤¥

d!i = !i
k ^ !

k;

d!a = !a
b ^ !

b + !a
i ^ !

i + Cab
2m�n+i!b ^ !

2m�n+i;

d!2m�n+i = !2m�n+i
2m�n+k ^ !

2m�n+k + !2m�n+i
k ^ !k + !2m�n+i

a ^ !a;

d!i = �!k
i ^ !k � !a

i ^ !a � !2m�n+k
i ^ !2m�n+k;

d!a = �!b
a ^ !b � C i

ab!
b ^ !i � !2m�n+i

a ^ !2m�n+i;

d!2m�n+i = �!2m�n+k
2m�n+i ^ !2m�n+k;

d!i
k = !i

p ^ !
p
k � C i

ab!
a
k ^ !

c;

d!a
b = !a

c ^ !
c
b +C i

bc!
a
i ^ !

c � Cac
2m�n+i!

2m�n+i
b ^ !c;

d!2m�n+i
2m�n+k = !2m�n+i

2m�n+p ^ !
2m�n+p
2m�n+k + Cab

2m�n+k!
2m�n+i
a ^ !b;

d!2m�n+i
k = !2m�n+i

p ^ !
p
k + !2m�n+i

a ^ !a
k + !2m�n+i

2m�n+p ^ !
2m�n+p
k ;

d!2m�n+i
a = !2m�n+i

b ^ !b
a + !2m�n+i

2m�n+k ^ !
2m�n+k
a + Ck

ab!
2m�n+i
k ^ !b;

d!a
i = !a

b ^ !
b
i + !a

k ^ !
k
i � Cab

2m�n+k!
2m�n+k
i ^ !b:

(8)
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�¥£ª® ¢¨¤¥âì ¨§ íâ¨å áâàãªâãà­ëå ãà ¢­¥­¨©, çâ® ª ¦¤ ï ¨§ á«¥¤ãîé¨å á¨áâ¥¬ «¨­¥©­ëå
¤¨ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

!i = 0; i = 1; : : : ; n�m;

!2m�n=i = 0; i = 1; : : : ; n�m;

¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¨, á«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«ï¥â ¯®¤¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ 2m�(n�m) =
3m � n ¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ En

2n. �®«¥¥ â®£®, ¯¥à¥á¥ç¥­¨¥ íâ¨å ¯®¤¬­®£®®¡à §¨©
ï¢«ï¥âáï ¯®¤¬­®£®®¡à §¨¥¬ N � En

2n à §¬¥à­®áâ¨ 2m� 2(n�m) = 2(2m� n) á® áâàãªâãà­ë¬¨
ãà ¢­¥­¨ï¬¨

d!a = !a
b ^ !

b + Cab
2m�n+i!b ^ !

2m�n+i;

d!2m�n+i = !2m�n+i
2m�n+k ^ !

2m�n+k + !2m�n+i
a ^ !a;

d!i = �!k
i ^ !k � !a

i ^ !a;

d!a = �!b
a ^ !b � C i

ab!
b ^ !i;

d!i
k = !i

p ^ !
p
k � C i

ab!
a
k ^ !

b;

d!a
b = !a

c ^ !
c
b +C i

ab!
a
i ^ !

b � Cac
2m�n+i!

2m�n+i
b ^ !c;

d!2m�n+i
2m�n+k = !2m�n+i

2m�n+p ^ !
2m�n+p
2m�n+k + Cab

2m�n+k!
2m�n+i
a ^ !b;

d!2m�n+i
k = !2m�n+i

p ^ !p
k + !2m�n+i

a ^ !a
k + !2m�n+i

2m�n+p ^ !
2m�n+p
k ;

d!2m�n+i
a = !2m�n+i

b ^ !b
a + !2m�n+i

2m�n+k ^ !
2m�n+k
a + Ck

ab!
2m�n+i
k ^ !b;

d!a
i = !a

b ^ !
b
i + !a

k ^ !
k
i � Cab

2m�n+kw
2m�n+k
i ^ !b:

(9)

�§ãç¥­¨¥ á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å á®®â­®è¥­¨© (7) ¯à¨¢®¤¨â ª à áá¬®âà¥­¨î ç áâ­ëå á«ã-
ç ¥¢. � áá¬®âà¨¬ ®¤¨­ ¨§ ­¨å.

�á¯®«ì§ãï ãá«®¢¨ï (7), ¯à¥¤¯®«®¦¨¬, çâ® ¯® ªà ©­¥© ¬¥à¥ ¤«ï ®¤­®£® §­ ç¥­¨ï ¨­¤¥ªá  i
(= 1; : : : ; n�m) ¬ âà¨æë

�
C2m�n+i 2m�n+p
m+k

�
¨
�
Cm+i
kp

�
ï¢«ïîâáï ­¥¢ëà®¦¤¥­­ë¬¨. T®£¤ 

C i
ab = 0; Cab

2m�n+i = 0; â. ¥. wi
a = 0; wa

2m�n+i = 0:

�¥£ª® § ¬¥â¨âì ¨§ (8), çâ® â¥­§®à �¨çç¨ íâ®© ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª®© áâàãªâãàë
à ¢¥­ ­ã«î:

d
�
!i
i + !a

a + !2m�n+i
2m�n+i

�
= 0:

H®, ¢®®¡é¥ £®¢®àï, â¥­§®à à¨¬ ­®¢®© ªà¨¢¨§­ë ­¥âà¨¢¨ «¥­: ­¥­ã«¥¢ë¬¨ ª®¬¯®­¥­â ¬¨ ï¢«ï-
îâáï ¢¥«¨ç¨­ë C2m�n+i 2m�n+p

m+k Cm+k
tq .

�¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© !i
k = 0, !a

b = 0, !2m�n+i
2m�n+k = 0, !2m�n+i

a = 0, !a
i = 0

¢¯®«­¥ ¨­â¥£à¨àã¥¬ . �¥¯¥àì «¥£ª® ¬®¦­® ¤®ª § âì, çâ® á¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ !i,
!a, !2m�n+i, !i, !a, !

2m�n+i
k ¨ äã­ªæ¨© C2m�n+i 2m�n+p

m+k ¨ Cm+i
kp , ã¤®¢«¥â¢®àïîé¨å áâàãªâãà­ë¬

ãà ¢­¥­¨ï¬ (8), § ¬ª­ãâ  ¨, á«¥¤®¢ â¥«ì­®, ¢ á¨«ã â¥®à¥¬ë � àâ ­ {� ¯â¥¢  [5] ¨¬¥¥â ¬¥áâ®
á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  1. �¥âà¨ç¥áª ï á¢ï§­®áâì ¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢áª®£® En
2n ¯®-

à®¦¤ ¥â ­  2m-¬¥à­®¬ ¯®¤¬­®£®®¡à §¨¨ M , § ¤ ­­®¬ ãà ¢­¥­¨ï¬¨ (2), ¤¨ää¥à¥­æ¨ «ì­®-

£¥®¬¥âà¨ç¥áªãî áâàãªâãàã  ää¨­­®© á¢ï§­®áâ¨, ®¯à¥¤¥«ï¥¬®© «¨­¥©­ë¬¨ ¤¨ää¥à¥­æ¨ «ì-

­ë¬¨ ä®à¬ ¬¨ !i, !a, !2m�n+i, !i, !a, !2m�n+i, !
2m�n+i
k , ã¤®¢«¥â¢®àïîé¨¬¨ áâàãªâãà­ë¬

ãà ¢­¥­¨ï¬ (8). �á«¨ ¯® ªà ©­¥© ¬¥à¥ ¤«ï ®¤­®£® §­ ç¥­¨ï ¨­¤¥ªá  i (= 1; : : : ; n �m) ¬ âà¨-
æë

�
C
2m�n+i 2m�n+p
m+k

�
¨
�
Cm+i
kp

�
­¥¢ëà®¦¤¥­ë, â® áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï M
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¯à¨¢®¤ïâáï ª ¢¨¤ã

d!i = 0;
d!a = 0;
d!2m�n+i = !2m�n+i

k ^ !k;

d!i = �!2m�n+k
i ^ !2m�n+k;

d!a = 0;
d!2m�n+i = 0;
d!2m�n+i

k = C2m�n+i 2m�n+t
m+p Cm+p

kr !2m�n+t ^ !
r:

(80)

� ¬¥â¨¬, çâ® íâ  ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª ï áâàãªâãà  ï¢«ï¥âáï  ­ «®£®¬ áâàãªâã-
àë, ¨§ãç¥­­®© ¢ [7].

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ­  ¯®¤¬­®£®®¡à §¨¨ N � En
2n ¢¥«¨ç¨­ë C

2m�n+i 2m�n+p
m+k ¨ Cm+i

kp

áâ ­®¢ïâáï ¯®áâ®ï­­ë¬¨.

3. � ­®­¨ç¥áª¨© ¨­â¥£à «

�á¯®«ì§ãï áâàãªâãà­ë¥ ãà ¢­¥­¨ï (80), ¯à¥¤áâ ¢¨¬ ®á­®¢­ë¥ £« ¢­ë¥ ¨ ¢â®à¨ç­ë¥ ä®à¬ë
¢ ¢¨¤¥ «¨­¥©­ëå ª®¬¡¨­ æ¨© ¤¨ää¥à¥­æ¨ «®¢ ¯¥à¥¬¥­­ëå:

!i = dxi;

!a = dxa;

!2m�n+i = dx2m�n+i �
1
2
C2m�n+i
m+p Cm+p

k dxk;

!i = dyi �
1
2
C2m�n+k
m+p Cm+p

i dy2m�n+k;

!a = dya;

!2m�n+i = dy2m�n+i;

!2m�n+i
k =

1
2

�
� C2m�n+i

m+p C
m+p
kp dxp +C2m�n+i 2m�n+t

m+p C
m+p
k dy2m�n+t

�
;

â ª çâ® íâ¨ ä®à¬ë ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ (80) ¨ ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥
¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

dC2m�n+i
m+k = �C

2m�n+i 2m�n+p
m+k dy2m�n+p;

dCm+i
k = �Cm+i

kp dxp:
(10)

� áá¬®âà¨¬ ¯®«ã¡ §®¢ãî ä®à¬ã


 = �!1 ^ � � � ^ !n�m ^ !n�m+1 ^ � � � ^ !2m�n ^ !2m�n+1 ^ � � � ^ !m

­  ¤¢®©­®¬ à áá«®¥­¨¨¨M . �«ï â®£® çâ®¡ë à¥è¨âì ®¡à â­ãî § ¤ çã ¨ ­ ©â¨ ª ­®­¨ç¥áª¨©m-
ªà â­ë© ¨­â¥£à «, § ¢¨áïé¨© ®â m ¯ à ¬¥âà®¢, ¤«ï ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª®© áâàãª-
âãàë (80), (10), ¯®à®¦¤ îé¥© íâã áâàãªâãàã ­  2m-¬¥à­®¬ ¬­®£®®¡à §¨¨ ¯¥à¥¬¥­­ëå ¨­â¥£à¨-
à®¢ ­¨ï ¨ ¯ à ¬¥âà®¢, ­¥®¡å®¤¨¬® à¥è¨âì á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d ln� = �i!
i + �a!

a + �2m�n+i!
2m�n+i + �i!i + �a!a + �2m�n+i!2m�n+i;

d(�i!i + �a!a + �2m�n+i!2m�n+i) =
= !i ^ !i + !a ^ !a + !2m�n+i ^ !2m�n+i + !2m�n+i ^ !

i:

(11)
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�¢¥¤¥¬ ä®à¬ «ì­ë¥ à §«®¦¥­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «®¢ ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨© (11)

d�i = �ik!
k + �ia!

a + �i2m�n+k!
2m�n+k + �ik!k + �ia!a + �i 2m�n+k!2m�n+k;

d�a = �ak!
k + �ab!

b + �a2m�n+k!
2m�n+k + �ak!k + �ab!b + �a 2m�n+k!2m�n+k;

d�2m�n+i = �2m�n+i
k !k + �2m�n+i

a !a + �2m�n+i
2m�n+k!

2m�n+k + �2m�n+i k!k+
+�2m�n+i b!b + �2m�n+i 2m�n+k!2m�n+k;

d�i = �ik!
k + �ia!

a + �i 2m�n+k!
2m�n+k + �ki !k + �ai!a + �2m�n+k

i !2m�n+k;

d�a = �ai!
i + �ab!

b + �a 2m�n+i!
2m�n+i + �ia!i + �ba!b + �2m�n+i

a !2m�n+i;

d�2m�n+i = �2m�n+i k!
k + �2m�n+i a!

a + �2m�n+i 2m�n+k!
2m�n+k + �k2m�n+i!k+

+�a2m�n+i!a + �2m�n+k
2m�n+i !2m�n+k:

(12)

�¥¯¥àì ¯®¤áâ ¢¨¬ ¢ëà ¦¥­¨ï ¡ §¨á­ëå ä®à¬ ¢ íâ¨ à §«®¦¥­¨ï ¨ ¢ à¥§ã«ìâ â ¢­¥è­¥£® ¤¨ää¥-
à¥­æ¨à®¢ ­¨ï ¯¥à¢®£® ¨§ ãà ¢­¥­¨© (11) ¨ ¢® ¢â®à®¥ ¨§ ãà ¢­¥­¨© (11). � à¥§ã«ìâ â¥ ¯®«ãç¨¬
á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å á®®â­®è¥­¨©

�ia = �ia = 0; �i2m�n+k = �i2m�n+k = 0; �a2m�n+i = �a2m�n+i = 0; �ik = �ik = �ik;

�ik = �ki; �ia = �ai; �ab = �ba; �a 2m�n+i = �2m�n+i a; �i 2m�n+k = �2m�n+k i;

�2m�n+i 2m�n+k = �2m�n+k 2m�n+i; �ai = �ai = 0; �ab = �ab = �ab ;

�2m�n+i
a = �2m�n+i

a = 0; �2m�n+i
2m�n+k = �2m�n+i

2m�n+k = �2m�n+i
2m�n+k;

�2m�n+i
k = �

1
2
�tC2m�n+t

m+p C
m+p
tk � �ik; �ia = �ai; �ik = �ki; �ab = �ba;

�a 2m�n+i = �2m�n+i a; �2m�n+i 2m�n+k = �2m�n+k 2m�n+i; �i 2m�n+k = �2m�n+k i;

�2m�n+i
k =

1
2
�2m�n+tC

2m�n+t 2m�n+i
m+p Cm+p

k � �ik:

�®¤áâ ­®¢ª  íâ¨å á®®â­®è¥­¨© ¢ á¨áâ¥¬ã à §«®¦¥­¨© (12) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© á¨áâ¥¬¥
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

@�i

@xk
= �ik;

@�i

@xa
= 0;

@�i

@x2m�n+k
= 0;

@�i

@yk
= �ik;

@�i

@ya
= �ia;

@�i

@y2m�n+k

= �i 2m�n+k �
1
2
�itC2m�n+k

m+p Cm+p
t ;

@�a

@xk
= 0;

@�a

@xb
= �ab ;

@�a

@x2m�n+k
= 0;

@�a

@yk
= �ka;

@�a

@yb
= �ab;

@�a

@y2m�n+k

= �a 2m�n+k �
1
2
�iaC2m�n+k

m+p C
m+p
i ;

@�2m�n+i

@xk
= �

�
�ik +

1
2
C2m�n+i
m+p

�
�rCm+p

kr + Cm+p
k

��
;
@�2m�n+i

@xa
= 0;

@�2m�n+i

@x2m�n+k
= �2m�n+i

2m�n+k;

@�2m�n+i

@yk
= �k 2m�n+i;

@�2m�n+i

@ya
= �a 2m�n+i;

@�2m�n+i

@y2m�n+k

= �2m�n+i 2m�n+k �
1
2
�2m�n+tC2m�n+k

m+p Cm+p
t ;

@�i

@xk
= �ik �

1
2
�i 2m�n+tC

2m�n+t
m+p C

m+p
k ;

@�i

@xa
= �ia;

@�i

@x2m�n+k
= �i 2m�n+k;

@�i

@yk
= �ki ;

@�i

@ya
= 0;

@�i

@y2m�n+k

= �

�
�2m�n+k
2m�n+i +

1
2
C2m�n+k
m+p Cm+p

i

�
+
1
2
�2m�n+tC

2m�n+k 2m�n+t
m+p Cm+p

i ;
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@�a

@xi
�ia �

1
2
�a 2m�n+kC

2m�n+k
m+p Cm+p

i ;
@�a

@xb
= �ab;

@�a

@x2m�n+k
= �a 2m�n+k;

@�a

@yk
= 0;

@�a

@yb
= �ba;

@�a

@y2m�n+k

= 0;

@�2m�n+i

@xk
= �k 2m�n+i +

1
2
�2m�n+i 2m�n+tC

2m�n+t
m+p Cm+p

k ;
@�2m�n+i

@xa
= �a 2m�n+i;

@�2m�n+i

@x2m�n+k
= �2m�n+i 2m�n+k;

@�2m�n+i

@yk
= 0;

@�2m�n+i

@ya
= 0;

@�2m�n+i

@y2m�n+k

= �2m�n+k
2m�n+i :

�¥è¥­¨¥ íâ®© á¨áâ¥¬ë ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�i = xi +  i(y);

�a = xa +  a(y);

�2m�n+i = x2m�n+i � xi �
1
2
C2m�n+t
m+p Cm+p

k xk �
1
2
C2m�n+t
m+p Cm+p

k  k(y) +  2m�n+i(y);

�i = yi � y2m�n+i �
1
2
C2m�n+k
m+p Cm+p

i y2m�n+k �
1
2
C2m�n+k
m+p Cm+p

i '2m�n+k(x) + 'i(x);

�a = ya + 'a(x);

�2m�n+i = y2m�n+i + '2m�n+i(x);

£¤¥  i(y),  a(y),  2m�n+i(y), 'i(x), 'a(x), '2m�n+i(x) áãâì £« ¤ª¨¥ äã­ªæ¨¨ ®â á®®â¢¥âáâ¢ãîé¨å
¯¥à¥¬¥­­ëå. �®¤áâ ­®¢ª  íâ¨å ¢ëà ¦¥­¨© ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (11) ¯à¨¢®¤¨â ª ä®à¬ã«¥

d ln� = d
�
xiyi+xaya+x2m�n+iy2m�n+i�x

iy2m�n+i�Cm+pC
m+p

�
+d'(x)+d (y);

£¤¥ '(x) = ' (x1; : : : ; xm) ¨  (y) =  (y1; : : : ; ym) áãâì ­¥ª®â®àë¥ £« ¤ª¨¥ äã­ªæ¨¨. �«¥¤®¢ â¥«ì-
­®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. � ¢¨áïé¨© ®â m ¯ à ¬¥âà®¢ m-ªà â­ë© ¨­â¥£à «, ¯®à®¦¤ îé¨© ¤¨ää¥à¥­-

æ¨ «ì­®-£¥®¬¥âà¨ç¥áªãî áâàãªâãàã (80) ­  2m-¬¥à­®¬ ¬­®£®®¡à §¨¨ M ¯¥à¥¬¥­­ëå ¨­â¥£à¨-

à®¢ ­¨ï ¨ ¯ à ¬¥âà®¢, ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­ ª ¨­â¥£à «ã ®â ä®à¬ë


 = P (x)Q(y) exp
�
xiyi+x

aya+x
2m�n+iy2m�n+i�x

iy2m�n+i�Cm+pC
m+p

�
dx1 ^ � � � ^ dxm;

£¤¥ P (x) = P (x1; : : : ; xm) ¨ Q(y) = Q (y1; : : : ; ym) ï¢«ïîâáï íªá¯®­¥­â ¬¨ äã­ªæ¨© '(x) =
' (x1; : : : ; xm) ¨  (y) =  (y1; : : : ; ym) á®®â¢¥âáâ¢¥­­®,   ¢â®àë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨©
Cm+p ¨ Cm+p ¯® ¯ à ¬¥âà ¬ y2m�n+1; : : : ; ym ¨ ¯¥à¥¬¥­­ë¬ x1; : : : ; xn�m ®¡à §ãîâ á®®â¢¥â-

áâ¢¥­­® ¬ âà¨æë
�
C2m�n+i 2m�n+k
m+p

�
¨
�
C

m+p
ik

�
.

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ®£à ­¨ç¥­¨¥ ä®à¬ë 
 ­  ¯®¤¬­®£®®¡à §¨¨ N � En
2n (9) ¬®¦¥â ¡ëâì

¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥


0 = P
�
xn�m+1; : : : ; xm

�
Q (y1; : : : ; y2m�n) exp

�
xaya

�
dxn�m+1 ^ � � � ^ dxn;

  íâ® ®§­ ç ¥â, çâ® ¯®¤¬­®£®®¡à §¨¥N � En
2n á® áâàãªâãà­ë¬¨ ãà ¢­¥­¨ï¬¨ (9) ¨¬¥¥â áâàãªâãàã

¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢áª®£® E2m�n
2(2m�n).

4. � à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï

� ©¤¥¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï M . � áá¬®âà¨¬ ãà ¢­¥­¨ï ¨­ä¨­¨-
â¥§¨¬ «ì­®£® ¯¥à¥¬¥é¥­¨ï ¯®¤¢¨¦­®£® à¥¯¥à  (P , ei, ea, e2m�n+i, em+i, ei, ea, e2m�n+i, em+i) ¢
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¯à®áâà ­áâ¢¥  ää¨­­®© á¢ï§­®áâ¨ M

dei = !i
ke

k + !i
ae

a + !i
2m�n+ie

2m�n+k + !i
m+ke

m+k;

dea = !a
i e

i + !a
b e

b + !a
2m�n+ke

2m�n+k + !a
m+ke

m+k;

de2m�n+i = !2m�n+i
k ek + !2m�n+i

a ea + !2m�n+i
2m�n+ke

2m�n+k + !2m�n+i
m+k em+k;

dem+i = !m+i
k ek + !m+i

a ea + !m+i
2m�n+ke

2m�n+k + !m+i
m+ke

m+k;

dei = �!k
i ek � !a

i ea � !2m�n+k
i e2m�n+k � !m+k

i em+k;

dea = �!i
aei � !b

aeb � !2m�n+i
a e2m�n+i � !m+k

a em+k;

de2m�n+i = �!k
2m�n+iek � !a

2m�n+iea � !2m�n+k
2m�n+i e2m�n+k � !m+k

2m�n+iem+k;

dem+i = �!k
m+iek � !a

m+iea � !2m�n+k
m+i e2m�n+k � !m+k

m+i em+k:

�®¤áâ ­®¢ª  ¢ëà ¦¥­¨© ¢â®à¨ç­ëå ä®à¬ ¢ íâ¨ ãà ¢­¥­¨ï ¨ à¥è¥­¨¥ ¯®«ãç¥­­®© á¨áâ¥¬ë ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯à¨¢®¤ïâ ª ¢ëà ¦¥­¨ï¬ ¡ §¨á­ëå ¢¥ªâ®à®¢

ei =
�
ei
�
0
;

ea =
�
ea
�
0
;

e2m�n+i =
1
2
C2m�n+i
m+p Cm+p

k ek + C2m�n+i
m+p em+p +

�
e2m�n+i

�
0
;

em+i = Cm+i
k ek +

�
em+i

�
0
;

ei =
1
2
C2m�n+k
m+p Cm+p

i

�
e2m�n+k

�
0
� Cm+k

i

�
em+k

�
0
+
�
ei
�
0
;

ea =
�
ea
�
0
;

e2m�n+i =
�
e2m�n+i

�
0
;

em+i = �C2m�n+k
m+i e2m�n+k +

�
em+i

�
0
:

�®¤áâ ­®¢ª  íâ¨å á®®â­®è¥­¨© ¢ ãà ¢­¥­¨¥

dP = �wiei � waea � w2m�n+ie2m�n+i � w2m�n+iem+i � wie
i � wae

a � w2m�n+ie
2m�n+i � wiem+i

¨ ¥£® ¯®á«¥¤ãîé¥¥ ¨­â¥£à¨à®¢ ­¨¥ ¯à¨¢®¤ïâ ª à ¢¥­áâ¢ã

P = �xiei � xaea �
�
x2m�n+i � C2m�n+i

�
e2m�n+i �

�
y2m�n+i � Cm+i

�
em+i �

� yie
i � yae

a � y2m�n+ie
2m�n+i �

�
xi + Cm+i

�
em+i

¨ â¥¬ á ¬ë¬ ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �à ¢­¥­¨ï ¯®¤¬­®£®®¡à §¨ï � ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥

X i = xi; Xa = xa;

X2m�n+i = x2m�n+i � C2m�n+i
�
y2m�n+1; : : : ; ym

�
;

Xm+i = y2m�n+i �Cm+i
�
x1; : : : ; xn�m

�
;

Yi = yi; Ya = ya;

Y2m�n+i = y2m�n+i; Ym+i = xi + Cm+i

�
y2m�n+1; : : : ; ym

�
;

i = 1; : : : ; n�m; a = n�m+ 1; : : : ; 2m� n;
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£¤¥ ¢¥«¨ç¨­ë C2m�n+i, Cm+i, Cm+i áãâì £« ¤ª¨¥ äã­ªæ¨¨, § ¤ ­­ë¥ á«¥¤ãîé¨¬¨ ¤¨ää¥à¥­æ¨-

 «ì­ë¬¨ ãà ¢­¥­¨ï¬¨:

dC2m�n+i = C2m�n+i
m+k dy2m�n+k;

dCm+i = Cm+i
k dxk;

dCm+i = C2m�n+k
m+i dy2m�n+k

¨, ªà®¬¥ â®£®, ¬ âà¨æë ¯à®¨§¢®¤­ëå ¢â®à®£® ¯®àï¤ª  äã­ªæ¨© Cm+i ¨ Cm+i á®®â¢¥âáâ¢¥­­®

¯® ¯¥à¥¬¥­­ë¬ x1; x2; : : : ; xn�m ¨ ¯ à ¬¥âà ¬ y2m�n+1; y2m�n+2; : : : ; ym ï¢«ïîâáï ­¥¢ëà®¦¤¥­-

­ë¬¨ ¯® ªà ©­¥© ¬¥à¥ ¤«ï ®¤­®£® §­ ç¥­¨ï ¨­¤¥ªá  i = 1; : : : ; n�m.

�§ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢­¥­¨© ¯®¤¬­®£®®¡à §¨ïM ­¥¯®áà¥¤áâ¢¥­­® ¢¨¤­®, çâ® íâ® ¯®¤¬­®-
£®®¡à §¨¥ à á¯®«®¦¥­® ¢ 2(3n � 4m)-¬¥à­®© ¯«®áª®áâ¨ ¯á¥¢¤®¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  � è¥¢-
áª®£® En

2n.
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