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Sn =
NnX
j=1

anj(Vnj � cnj)
P
�! 0 ¯à¨ n!1;

£¤¥ fanj ; j � 1; n � 1g| áå¥¬  á¥à¨© ¢¥é¥áâ¢¥ëå ç¨á¥«, fcnj ; j � 1; n � 1g| â ª  §ë¢ ¥¬ ï
\æ¥âà¨àãîé ï" áå¥¬  á¥à¨©, á®áâ ¢«¥ ï ¨§ á¯¥æ¨ «ì® ¯®¤®¡à ëå ãá«®¢ëå ®¦¨¤ ¨©,
fNn; n � 1g | ¯®á«¥¤®¢ â¥«ì®áâì æ¥«®ç¨á«¥ëå á«ãç ©ëå ¢¥«¨ç¨ ¨ fVnj ; j � 1; n � 1g
| áå¥¬  á¥à¨© á«ãç ©ëå í«¥¬¥â®¢, ®¯à¥¤¥«¥ëå   ¢¥à®ïâ®áâ®¬ ¯à®áâà áâ¢¥ (
;F ; P ) ¨
¯à¨¨¬ îé¨å § ç¥¨ï ¢ á¥¯ à ¡¥«ì®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X á ®à¬®© k � k. �«ãç ©ë©
í«¥¬¥â Sn  §ë¢ ¥âáï ¢§¢¥è¥®© áã¬¬®© á® ¢§¢¥è¥ë¬¨ ª®íää¨æ¨¥â ¬¨

fanj ; j � 1; n � 1g:

�à¥¤¯®« £ ¥âáï, çâ® ¡  å®¢® ¯à®áâà áâ¢® X ¨¬¥¥â ¬ àâ¨£ «ìë© â¨¯ p, â. ¥. áãé¥áâ¢ã¥â
â ª ï ¯®áâ®ï ï C, çâ® ¤«ï ¢á¥å ¬ àâ¨£ «®¢ fSn; n � 1g á® § ç¥¨ï¬¨ ¢ X ¢ë¯®«ï¥âáï
¥à ¢¥áâ¢®

sup
n�1

EkSnk
p � C

1X
n=1

EkSn � Sn�1k
p;

£¤¥ S0 � 0.
� ¬¥â¨¬, çâ® «î¡®¥ ¢¥é¥áâ¢¥®¥ á¥¯ à ¡¥«ì®¥ ¡  å®¢® ¯à®áâà áâ¢® ¨¬¥¥â ¬ àâ¨£ «ì-

ë© â¨¯ 1, â®£¤  ª ª ¯à®áâà áâ¢  Lp ¨ lp (1 � p < 1) ¨¬¥îâ ¬ àâ¨£ «ìë© â¨¯ minfp; 2g.
�®à®è® ¨§¢¥áâ®, çâ® ¥á«¨ ¡  å®¢® ¯à®áâà áâ¢® ¨¬¥¥â ¬ àâ¨£ «ìë© â¨¯ p, â® ®® ¨¬¥¥â ¨
à ¤¥¬ å¥à®¢áª¨© â¨¯ p. �¤ ª® ¯®ïâ¨¥ ¬ àâ¨£ «ì®£® â¨¯  p â®«ìª® ¯®¢¥àå®áâ® áå®¦¥ á
¯®ïâ¨¥¬ à ¤¥¬ å¥à®¢áª®£® â¨¯  p. �®«¥¥ ¯®¤à®¡®¥ ®¡áã¦¤¥¨¥ ¬®¦®  ©â¨ ¢ [1].

�á®¢®© à¥§ã«ìâ â ¤ ®© à ¡®âë | â¥®à¥¬  3. �  ï¢«ï¥âáï à áè¨à¥¨¥¬ ¨ ®¡®¡é¥¨¥¬
  á«ãç © ¡  å®¢®£® ¯à®áâà áâ¢  ¬ àâ¨£ «ì®£® â¨¯  p ¨ ¢§¢¥è¥ëå áã¬¬ ãâ¢¥à¦¤¥¨©,
¤®ª § ëå ¢ [2]{[7], ª®â®àë¥ ¡ë«¨ ãáâ ®¢«¥ë ¢ áå¥¬¥ á¥à¨© ¢¥é¥áâ¢¥®§ çëå á«ãç ©-
ëå ¢¥«¨ç¨. � ¬¥â¨¬, çâ® ���� ¤®ª §ë¢ ¥âáï ¢ ¯à¥¤¯®«®¦¥¨¨ ¢ë¯®«¨¬®áâ¨ ãá«®¢¨ï â¨¯ 
�¥§ à®, ª®â®à®¥ ¡®«¥¥ ®¡é®, ç¥¬ ãá«®¢¨¥ ¨§ [4].

�®¯à®á ® ¢ë¯®«¨¬®áâ¨ ���� ¯à¨ ãá«®¢¨¨ â¨¯  �¥§ à® ¡ë« ¢¯¥à¢ë¥ ¯®áâ ¢«¥ ¢ [2]. � «¥¥
â®â ¦¥ ¢®¯à®á à áá¬ âà¨¢ «áï ¢ [4], ® á ¨§¬¥¥¨¥¬ ãá«®¢¨ï â¨¯  �¥§ à®   ãá«®¢¨¥ â¨¯ 
�¥§ à®{�®£ . �à¨ç¥¬ ®¡  à¥§ã«ìâ â  ¡ë«¨ ãáâ ®¢«¥ë ¢ áå¥¬¥ á¥à¨© ¢¥é¥áâ¢¥®§ çëå
á«ãç ©ëå ¢¥«¨ç¨. �ãé¥áâ¢¥®¥ ¯à®¤¢¨¦¥¨¥ ¢ íâ®¬  ¯à ¢«¥¨¨ ¡ë«® ®áãé¥áâ¢«¥® ¢ [8],
£¤¥ à¥§ã«ìâ âë [2] ¨ [4] ¡ë«¨ ¯¥à¥¥á¥ë   á«ãç © ¡  å®¢ëå ¯à®áâà áâ¢ ¬ àâ¨£ «ì®£®
â¨¯  ¨ ¥á«ãç ©ëå ¢§¢¥è¥ëå áã¬¬. �«¥¤ãîé¨¥ à ¡®âë ã«ãçè «¨ ¯®«ãç¥ë¥ à¥§ã«ìâ âë.
� ª,  ¯à¨¬¥à, ¢ [3] ���� à áá¬ âà¨¢ «áï ¤«ï á«ãç ©ëå ¢§¢¥è¥ëå áã¬¬, ¢ [9] ¬¥ïîâáï
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ãá«®¢¨ï   ¢§¢¥è¥ë¥ ª®íää¨æ¨¥âë, [10] ®¡®¡é ¥â [3]   á«ãç © ¡  å®¢®£® ¯à®áâà áâ¢ 
¬ àâ¨£ «ì®£® â¨¯ .

� ¤ ®© áâ âì¥  ©¤¥® ã¨¢¥àá «ì®¥ ãá«®¢¨¥ â¨¯  �¥§ à®. �® ¡®«¥¥ ®¡é¥¥, ç¥¬ ãá«®¢¨¥
�¥§ à®{�®£  ¨ ¯®§¢®«ï¥â ¯®«ãç¨âì ¢á¥ ¯à¥¤ë¤ãé¨¥ à¥§ã«ìâ âë ª ª ¯à®áâë¥ á«¥¤áâ¢¨ï. �à¨
íâ®¬ ®á« ¡«ï¥âáï ãá«®¢¨¥ (4) ¨§ â¥®à¥¬ë áâ âì¨ [9]. �à®¬¥ íâ®£®,  ª« ¤ë¢ îâáï ãá«®¢¨ï  
áª®à®áâì ¢®§à áâ ¨ï ¢§¢¥è¥ëå ª®íää¨æ¨¥â®¢ fanj ; j � 1; n � 1g ¨   ¬ à£¨ «ìë¥
à á¯à¥¤¥«¥¨ï á«ãç ©ëå ¢¥«¨ç¨ fkVnjk; j � 1; n � 1g, â¥¬ á ¬ë¬ ¯®«ãç ¥âáï ¤àã£®©, ¡®«¥¥
¯®¤å®¤ïé¨© ¤«ï à¥è¥¨ï ª®ªà¥âëå § ¤ ç, § ª® ¡®«ìè¨å ç¨á¥«. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢á¥
¨áá«¥¤®¢ ¨ï ¯® íâ®© â¥¬ â¨ª¥ ¢¤®å®¢«¥ë § ¬¥ç â¥«ì®© áâ âì¥© �««   �ãâ  [2].

�á®¢®© à¥§ã«ìâ â

�à¥¦¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì ®á®¢®© à¥§ã«ìâ â, ¯à¨¢¥¤¥¬ ¤¢¥ â¥®à¥¬ë, ª®â®àë¥ ¤®ª § ë
¢ [10] ¨ [9] á®®â¢¥âáâ¢¥®.

�¥®à¥¬  1 ([10]). I. �ãáâì fVnj ; j � 1; n � 1g | áå¥¬  á¥à¨© á«ãç ©ëå í«¥¬¥â®¢ ¢

¢¥é¥áâ¢¥®¬ á¥¯ à ¡¥«ì®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ ¬ àâ¨£ «ì®£® â¨¯  p (1 � p � 2),
fNn; n � 1g | ¯®á«¥¤®¢ â¥«ì®áâì æ¥«®ç¨á«¥ëå á«ãç ©ëå ¢¥«¨ç¨ ¨ kn (!1) | ¥ª®â®-

à ï ¥á«ãç © ï ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥«, ¤«ï ª®â®àëå

PfNn > kng = o(1) ¯à¨ n!1: (1)

�ãáâì áå¥¬  á¥à¨© ¢¥é¥áâ¢¥ëå ç¨á¥« fanj ; j � 1; n � 1g ¨ ¯®á«¥¤®¢ â¥«ì®áâì ff(n); n �
1g, ®¯à¥¤¥«¥ ï ª ª f(n) = 1= max

1�j�kn
janj j, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

knf
�p(n) = o(1) ¯à¨ n!1: (2)

II. �ãáâì fg(m); m � 0g | â ª ï ¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¥®âà¨æ â¥«ìëå

ç¨á¥«, çâ® ¢ë¯®«ï¥âáï

kn�1X
m=1

gp(m+ 1)� gp(m)
m

= O(fp(n)=kn) ¯à¨ n!1; (3)

  â ª¦¥ à ¢®¬¥à®¥ ãá«®¢¨¥ â¨¯  �¥§ à®

lim
m!1

sup
n�1

1
kn

knX
j=1

mPfkVnjk > g(m)g = 0: (4)

�®£¤  ¨¬¥¥â ¬¥áâ® ����

NnX
j=1

anj(Vnj �E(V 0nj j Fn;j�1))
P
�! 0 ¯à¨ n!1; (5)

£¤¥ V 0nj = VnjI(kVnjk � g(kn)), Fnj = �(Vni; 1 � i � j), j � 1, n � 1, ¨ Fn0 = f;;
g, n � 1.

�¥®à¥¬  2 ([9]). �ãáâì ¢ë¯®«ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1 §  ¨áª«îç¥¨¥¬ (3), ª®â®à®¥
§ ¬¥¥®  

g(kn)�1X
m=1

mp�1

h(m)
= O(fp(n)=kn) ¯à¨ n!1; (6)

£¤¥ h(m) = minfn � 0 : g(n) � mg | ®¡à â ï ¯®á«¥¤®¢ â¥«ì®áâì ª g(m). �®£¤  ¨¬¥¥â ¬¥áâ®

(5).

�¥¯¥àì áä®à¬ã«¨àã¥¬ à¥§ã«ìâ â, ¨§ ª®â®à®£® ®¡¥ â¥®à¥¬ë ¬®£ãâ ¡ëâì ¯®«ãç¥ë ª ª ¯à®áâë¥
á«¥¤áâ¢¨ï.
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�¥®à¥¬  3. �ãáâì ¢ë¯®«ï¥âáï ç áâì I â¥®à¥¬ë 1. �ãáâì f�(m); m � 1g, f�(m); m � 1g
¨ feg(m); m � 0g | ¥ã¡ë¢ îé¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«®¦¨â¥«ìëå ç¨á¥« ¨ fmn; n � 1g
| ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥«, ¤«ï ª®â®àëå

�(mn) = eg(n); �(mn) � kn (7)

¨

mn�1X
m=1

�p(m+ 1)� �p(m)
�(m)

= O(fp(n)=kn) ¯à¨ n!1: (8)

�à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«ï¥âáï à ¢®¬¥à®¥ ãá«®¢¨¥ â¨¯  �¥§ à®

lim
m!1

sup
n�1

1
kn

knX
j=1

�(m)PfkVnjk > �(m)g = 0: (9)

�®£¤  ¨¬¥¥â ¬¥áâ® ���� (5), £¤¥ V 0nj = VnjI(kVnjk � eg(n)).
�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© (1), (6), (7) ¨ (9) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® " > 0 ¨ n � 1

P

�
NnX
j=1

anjVnj �
NnX
j=1

anjV
0
nj

 > "

�
� PfNn > kng+ P

� kn[
j=1

[Vnj 6= V 0nj ]
�
�

� o(1) +
1
kn

knX
j=1

knPfkVnjk > eg(n)g � o(1) +
1
kn

knX
j=1

�(mn)PfkVnjk > �(mn)g = o(1):

�®íâ®¬ã
NnP
j=1

anjVnj �
NnP
j=1

anjV
0
nj

P
�! 0 ¨ ¤®áâ â®ç® ¤®ª § âì, çâ®

NnP
j=1

anjV
0
nj �

NnP
j=1

anjcnj
P
�! 0, £¤¥

cnj = E(V 0nj j Fn;j�1).

�«ï n � 1 ¨ m � 1 ®¡®§ ç¨¬ Bn
m =

n
k

mP
j=1

anjV
0
nj �

mP
j=1

anjcnjk > "
o
¨ Dn =

Skn
m=1B

n
m. �®£¤ 

¯® (1)

PfBn
Nn
g � PfBn

Nn
; Nn � kng+ PfNn > kng � PfDng+ o(1)

¨ ®áâ «®áì ¤®ª § âì, çâ® PfDng = o(1).
�â¬¥â¨¬, çâ® ¯® ¥à ¢¥áâ¢ã � àª®¢ 

PfDng = P

�
max

1�m�kn


mX
j=1

anj(V
0
nj � cnj)

 > "

�
� CE max

1�m�kn


mX
j=1

anj(V
0
nj � cnj)


p

:

� ª ª ª à áá¬ âà¨¢ ¥¬®¥ ¡  å®¢® ¯à®áâà áâ¢® ¨¬¥¥â ¬ àâ¨£ «ìë© â¨¯ p, â®

PfDng � C
knX
j=1

E(janj j kV 0nj�cnjk)
p � C2p�1f�p(n)

knX
j=1

E(kV 0njk
p+Ekcnjkp) � C2pf�p(n)

knX
j=1

EkV 0njk
p

(¢® ¢â®à®© ®æ¥ª¥ ¯à¨¬¥ï¥¬ ¥à ¢¥áâ¢® �¥á¥  ¤«ï ãá«®¢ëå ®¦¨¤ ¨© ( ¯à., [11], c. 209)
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¤«ï ¢ë¯ãª«®© äãªæ¨¨ j � jp). �®«¥¥ â®£®,

knX
j=1

EkV 0njk
p =

knX
j=1

mnX
m=1

EkVnjk
pI(�(m� 1) < kVnjk � �(m)) �

�
knX
j=1

mnX
m=1

�p(m)(PfkVnjk > m� 1g � PfkVnjk > mg) =

=
knX
j=1

[�p(1)PfkVnjk > 0g � �p(mn)PfkVnjk > �(mn)g+

+
mn�1X
m=1

(�p(m+ 1)� �p(m))PfkVnjk > �(m)g] �

� �p(1)kn + kn

mn�1X
m=1

�p(m+ 1)� �p(m)
�(m)

bnm;

£¤¥ bnm = 1
kn

knP
j=1

�(m)PfkVnjk > �(m)g. �®£¤  ¯® à ¢®¬¥à®¬ã ãá«®¢¨î â¨¯  �¥§ à® (9) ¯®«ãç¨¬

sup
n�1

bnm = o(1) ¯à¨ m ! 1. � «¥¥, ¯® (2), (8) ¨ «¥¬¬¥ �¥¯«¨æ  (á¬.,  ¯à., [12], á. 250) ¨¬¥¥¬

PfDng = o(1), ç¥¬ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.

�«¥¤áâ¢¨¥ 1. �á«¨ eg(n) = g(kn), �(m) = g(m), �(m) = m ¢ â¥®à¥¬¥ 3, â® á¯à ¢¥¤«¨¢®
ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 1.

�à¨ eg(n) = g(kn), �(m) = m ¨ �(m) = h(m) ¢ â¥®à¥¬¥ 3 ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ãá«®¢¨¥ (3) § ¬¥¥®   (6), £¤¥ h(m) = minfn �
0 : g(n) � mg | ®¡à â ï ª g(m) ¯®á«¥¤®¢ â¥«ì®áâì,   ãá«®¢¨¥ (4) § ¬¥¥®  

lim
m!1

sup
n�1

1
kn

knX
j=1

h(m)PfkVnjk > mg = 0: (10)

�®£¤  ¨¬¥¥â ¬¥áâ® (5).

� ¬¥â¨¬, çâ® ¬®¦® ®á« ¡¨âì ãá«®¢¨¥ (4) â¥®à¥¬ë 2, § ¬¥¨¢ ¥£®   ãá«®¢¨¥ (10). �®ª § -
â¥«ìáâ¢® â®£®, çâ® (10) á« ¡¥¥ ãá«®¢¨ï (4), ¯à¨¢®¤¨âáï ¢ [9].
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