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�«ï à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ [1] ¡ë« ¯à¥¤«®¦¥­ á¯¥æ¨ «ì­ë© ¯àï¬®© ¬¥-
â®¤, ­ §¢ ­­ë© ¢¯®á«¥¤áâ¢¨¨ ¬¥â®¤®¬ ¯®¤®¡« áâ¥© ¨«¨ ¬¥â®¤®¬ ®áæ¨««¨àãîé¨å äã­ªæ¨©. �
¯®á«¥¤ãîé¨¥ £®¤ë íâ®â ¬¥â®¤ ¨áá«¥¤®¢ «áï ¯à¨¬¥­¨â¥«ì­® ª à §«¨ç­ë¬ ª« áá ¬ ¤¨ää¥à¥­æ¨-
 «ì­ëå ¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (á¬., ­ ¯à., [2]{[9] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å). �¨¦¥ ãáâ ­ ¢«¨-
¢ îâáï ­¥ã«ãçè ¥¬ë¥ ¯® ¯®àï¤ªã ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¬¥â®¤  ¯®¤®¡« áâ¥© ¤«ï àï¤  ª« áá®¢
à¥£ã«ïà­ëå ¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �­¨ ®á­®¢ ­ë ¢ ¯¥à¢ãî ®ç¥à¥¤ì ­  á¯¥-
æ¨ «ì­® ãáâ ­ ¢«¨¢ ¥¬ëå ­ ¬¨  ¯¯à®ªá¨¬ â¨¢­ëå á¢®©áâ¢ å ®¯¥à â®à  ¯®¤®¡« áâ¥© ¯® íªá-
âà¥¬ «ì­ë¬ â®çª ¬ ¬­®£®ç«¥­®¢ �¥¡ëè¥¢  ¢ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ �¥¡¥£  ¨ ¢ ¯à®áâà ­áâ¢¥
­¥¯à¥àë¢­ëå äã­ªæ¨© ­  ®âà¥§ª¥ ¢¥é¥áâ¢¥­­®© ®á¨.

1. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�¡®§­ ç¨¬ ç¥à¥§ L2(�) = L2(�; [�1; 1]) ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã
­  [�1; 1] äã­ªæ¨© á ¢¥á®¬ � = �(t) ¨ á ­®à¬®©

k'kL2(�) =
�Z 1

�1
�(t)j'(t)j2dt

�1=2

; ' 2 L2(�):

� ¯à®áâà ­áâ¢¥ L2(�) ¢¢¥¤¥¬ ¯®«¨­®¬¨ «ì­ë© ®¯¥à â®à �n, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®©
äã­ªæ¨¨ f 2 L2(�)  «£¥¡à ¨ç¥áª¨© ¬­®£®ç«¥­ Qn(t) ­ ¨¬¥­ìè¥© ¢®§¬®¦­®© áâ¥¯¥­¨, ®¤­®§­ ç-
­® ®¯à¥¤¥«ï¥¬ë© ¨§ ãá«®¢¨© Z ti

ti�1

Qn(t)dt =
Z ti

ti�1

f(t)dt; n 2 N; (1.1)

£¤¥

ti = ti;n = cos
i�

n
; i = 1; n: (1.2)

�«ï ®¯¥à â®à  �n á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë ¯à¨ � = �(t) = (1 � t2)1=2; â ª®©
¢ë¡®à ¢¥á®¢®© äã­ªæ¨¨ ®¡ãá«®¢«¥­ á¢®©áâ¢ ¬¨ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥¬ëå ­¨¦¥ ¬­®£®ç«¥­®¢
�¥¡ëè¥¢  ¯¥à¢®£® ¨ ¢â®à®£® à®¤®¢

Tn(t) = cosn arccos t; Un(t) = (1� t2)�1=2 sin(n+ 1) arccos t; n = 0; 1; : : :

�¥¬¬  1.1. �«ï «î¡®© äã­ªæ¨¨ f 2 L2(�) ¢ ¯à®áâà ­áâ¢¥ L2(�) ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì­®¥

á®®â­®è¥­¨¥

lim
n!1

�n(f ; t) = f(t); �1 � t � 1; (1.3)
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¯à¨ç¥¬ ¤«ï ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë f(t) � �n(f ; t) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢ã-

áâ®à®­­¨¥ ®æ¥­ª¨:

En�1(f)L2(�) � kf ��nfkL2(�) �
�

2
En�1(f)L2(�); n 2 N; (1.4)

£¤¥ En�1(f)L2(�) | ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ L2(�) äã­ªæ¨¨ f 2 L2(�)  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®-

ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n� 1.

�«¥¤áâ¢¨¥. �¯¥à â®àë �n : L2(�)! L2(�) ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨, â®ç­¥¥,

1 � k�nkL2(�)!L2(�) �
�

2
; n 2 N: (1.5)

�®ª § â¥«ìáâ¢®. �§¢¥áâ­® (á¬., ­ ¯à., [10]), çâ® ¤«ï «î¡®© äã­ªæ¨¨ '(t) 2 C[�1; 1]; ¨¬¥î-
é¥© ¯à®¨§¢®¤­ãî '0(t) 2 L2(�); á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

En�1

�
d

dt
'(t)

�
L2(�)

�




 ddt'(t)� d

dt
Ln('; t)






L2(�)

� �

2
En�1

�
d

dt
'(t)

�
L2(�)

; n 2 N: (1.6)

�®«®¦¨¬

'(t) =
Z t

c

f(�)d�; c; t 2 [�1; 1]; (1.7)

£¤¥ c | ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ ï â®çª  ¨§ [�1; 1]. �®£¤  ¨§ (1.6) ¯à¨ '0(t) = f(t) á«¥¤ã¥â,
çâ® ¤«ï «î¡®© f 2 L2(�)

En�1(f)L2(�) �




f(t)� d

dt
Ln('; t)






L2(�)

� �

2
En�1(f)L2(�); n 2 N: (1.8)

�§¢¥áâ­®, çâ® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¬­®£®ç«¥­Qn(t) = �n(f ; t), ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬
(1.1){(1.2), ¨ ¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�n(f ; t) =
d

dt
Ln
�Z s

c
f(�)d� ; t

�
; (1.9)

£¤¥ c ¨ s | ¯à®¨§¢®«ì­ë¥ â®çª¨ ¨§ [�1; 1], Ln( ; t) | ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦ 
¤«ï äã­ªæ¨¨  2 C[�1; 1] ¯® ã§« ¬ (1.2). �®íâ®¬ã ¨§ (1.8) ¨ (1.9) ¯®«ãç ¥¬ ¢¥àå­îî ¨§ ®æ¥­®ª
(1.4). �®áª®«ìªã ¤«ï «î¡®© f 2 L2(�)

d

dt
Ln
�Z s

c
f(�)d� ; t

�
2 H n�1 =

� nX
k=1

akt
k�1

�
; ak 2 R; n 2 N;

â® ¨§ (1.6) á«¥¤ã¥â â ª¦¥ ­¨¦­ïï ¨§ ®æ¥­®ª (1.4). � ª ª ª á¨áâ¥¬  äã­ªæ¨© ftkg10 ¯®«­  ¢
¯à®áâà ­áâ¢¥ L2(�), â® ¨§ (1.4) ¢ á¢®î ®ç¥à¥¤ì á«¥¤ã¥â ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ (1.3).

�¥£ª® ¢¨¤¥âì, çâ® ®¯¥à â®àë �n : L2(�) ! L2(�)  ¤¤¨â¨¢­ë, ®¤­®ào¤­ë ¨ ¯à®¥ªæ¨®­­ë
(�2

n = �n) ¯à¨ «î¡ëå n 2 N. �®áª®«ìªã L2(�) | ¯®«­®¥ ¯à®áâà ­áâ¢®, â® ¢ á¨«ã (1.3) ¨§ â¥®à¥¬ë
� ­ å {�â¥©­å ãá  (á¬., ­ ¯à., ¢ [11]) á«¥¤ã¥â ®£à ­¨ç¥­­®áâì ®¯¥à â®à®¢ �n ¢ á®¢®ªã¯­®áâ¨.
� ª ª ªEn�1(f)L2(�) � kfkL2(�) ¤«ï «î¡®© f 2 L2(�), â® ¨§ (1.4) ­ å®¤¨¬, çâ® kE��nkL2(�)!L2(�) �
�=2, n 2 N. �âáî¤  ¨ ¨§ à ¢¥­áâ¢  �2

n = �n á«¥¤ã¥â, çâ®

1 � k�nkL2(�)!L2(�) � 1 + �=2; n 2 N: (1.10)

�®á«¥ ­¥á«®¦­ëå, ­® £à®¬®§¤ª¨å ¢ëç¨á«¥­¨© ¢¥àå­ïï ¨§ ®æ¥­®ª (1.10) ¬®¦¥â ¡ëâì ­¥áª®«ìª®
ãâ®ç­¥­ , ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç¨¬ ¢¥àå­îî ¨§ ®æ¥­®ª (1.5).
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�¥¬¬  1.2. �«ï «î¡®© äã­ªæ¨¨ f 2 C[�1; 1] á¯à ¢¥¤«¨¢  ®æ¥­ª 

kf ��nfkC = max
�1�t�1

jf(t)��n(f ; t)j � 2 ln(ne)En�1(f)C ; n 2 N; (1.11)

£¤¥ En�1(f)C = d(f; H n�1)C | ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f 2 C[�1; 1]
 «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n � 1. �á«¨ ¦¥ äã­ªæ¨ï f(t) ã¤®¢«¥â¢®-

àï¥â ãá«®¢¨î �¨­¨{�¨¯è¨æ , â® ¬­®£®ç«¥­ë �n(f ; t) áå®¤ïâáï à ¢­®¬¥à­® á® áª®à®áâìî

kf ��nfkC = OfEn�1(f)C lnng.
�«¥¤áâ¢¨¥. �«ï «î¡ëå n 2 N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

k�nkC!C � 3 + 2 lnn: (1.12)

�®ª § â¥«ìáâ¢®. �§¢¥áâ­® (á¬., ­ ¯à., [12]), çâ® ¤«ï «î¡®© ­¥¯à¥àë¢­®-¤¨ää¥à¥­æ¨àã¥¬®©
­  [�1; 1] äã­ªæ¨¨ '(t) ¢ ¯à®áâà ­áâ¢¥ C[�1; 1] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®



 ddt'(t) � d

dt
Ln('; t)






C

� 2(1 + lnn)En�1

�
d

dt
'(t)

�
C

; n 2 N:

�âáî¤  ¨ ¨§ (1.7) ­ å®¤¨¬ ®æ¥­ªã (1.11),   ¨§ ­¥¥ ¨ ¨§ ­¥à ¢¥­áâ¢ En�1(f)C � kfkC ; k�nfkC �
kfkC + kf ��nfkC ; f 2 C; | ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï.

�à¨¢¥¤¥¬ ¤¢  à¥§ã«ìâ âa ¨§ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ �.�.� ­â®à®¢¨ç  á®£« á-
­® ([11], £«. 14, ¨ [6], £«. 1).

�ãáâì X ¨ Y | «¨­¥©­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢ ,   Xn � X ¨ Yn � X | ¨å ª®­¥ç-
­®¬¥à­ë¥ ¯®¤¯à®áâà ­áâ¢  ®¤¨­ ª®¢®© à §¬¥à­®áâ¨ n 2 N. � áá¬®âà¨¬ ®¯¥à â®à­ë¥ ãà ¢­¥­¨ï
¢¨¤ 

Kx = y; x 2 X; y 2 Y ; Knxn � PnKxn = Pny; xn 2 Xn; Pny 2 Yn;
£¤¥ K : X ! Y , Kn : Xn ! Yn ¨ Pn : Y ! Yn | «¨­¥©­ë¥ ®¯¥à â®àë.

�¥¬¬  1.3. �ãáâì "n � kK � PnKkXn!Y ! 0, n ! 1,   ®¯¥à â®à K : X ! Y ­¥¯à¥àë¢­®

®¡à â¨¬. �®£¤  ¯à¨ ¢á¥å n 2 N â ª¨å, çâ® qn = kK�1k"n < 1, ®¯¥à â®àë Kn : Xn ! Yn â ª¦¥

­¥¯à¥àë¢­® ®¡à â¨¬ë,   ®¡à â­ë¥ ®¯¥à â®àë ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨:

kK�1
n k � kK�1k(1 � qn)

�1 = O(1); K�1
n : Yn ! Xn:

�á«¨, ªà®¬¥ â®£®, �n � ky � PnykY ! 0, n ! 1, â® ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï x�n = K�1
n Pny

áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î x� = K�1y ¢ ¯à®áâà ­áâ¢¥ X ¨ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®£®

à¥è¥­¨ï ¬®¦¥â ¡ëâì ®æ¥­¥­  á®®â­®è¥­¨ï¬¨

kx� � x�nkX � kK�1k
1� qn

(ky � PnykY + qnkykY ) = O("n + �n);

kx� � x�nkX = k(E �K�1
n PnK)(x� � xn)kX = OfkPnkEn(x

�)Xg; xn 2 Xn;

£¤¥ E | ¥¤¨­¨ç­ë© ®¯¥à â®à,  

En(x
�)X = inffkx� � xnkX : xn 2 Xng = kx� � xnkX :

�¥¬¬  1.4. �ãáâì K = G+H : X ! Y , Kn = G+PnH : Xn ! Yn ¨ Pn : Y ! Yn | «¨­¥©­ë¥

®¯¥à â®àë, ¯à¨ç¥¬ GX = Y , GXn = Yn, P
2
n = Pn. �á«¨ ®¯¥à â®àë K;G ¨ Kn ­¥¯à¥àë¢­®

®¡à â¨¬ë, â® ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¬®¦¥â ¡ëâì ®æ¥­¥­  á®®â­®è¥­¨ï¬¨

kx��x�nkX = k(E�K�1
n PnH)(x��G�1PnGx

�)kX � (1+kK�1
n PnHkX!X)kG�1kY!XkGx��PnGx�kY :
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2. �¯¥à â®à­ë¥ ãà ¢­¥­¨ï ¢â®à®£® à®¤ 

� ¯à®áâà ­áâ¢¥ L2(�) � X à áá¬®âà¨¬ «¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

Ax � x+Bx = y(x; y 2 X); (2.1)

£¤¥ B | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ¨«¨ ¦¥ ¬ «ë© ¯® ­®à¬¥ ®¯¥à â®à ¢ L2(�). �á­®, çâ® (2.1) ï¢«ï¥âáï
 ¡áâà ªâ­ë¬  ­ «®£®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬  ¨ �®«ìâ¥àà  ¢â®à®£® à®¤ . �®íâ®-
¬ã ¯à¥¤« £ ¥¬ë¥ ­¨¦¥ à¥§ã«ìâ âë ¤ îâ â ª¦¥ ®¡®á­®¢ ­¨¥ ¬¥â®¤  ¯®¤®¡« áâ¥© ¤«ï ãª § ­­ëå
¨­â¥£à «ì­ëå ãà ¢­¥­¨©.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2.1) ¨é¥¬ ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

xn(t) =
nX

k=1

�kt
k�1; �k 2 R; n 2 N; (2.2)

ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥¤¥«ï¥¬ ¨§ ãá«®¢¨©Z ti

ti�1

A(xn; t)dt =
Z ti

ti�1

y(t)dt; i = 1; n; (2.3)

£¤¥ ã§«ë tr ®¯à¥¤¥«¥­ë ¢ (1.2). � á¨«ã (2.1) ¨ (2.2) ãá«®¢¨ï (2.3) íª¢¨¢ «¥­â­ë á«¥¤ãîé¥©
á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����):

nX
k=1

aik�k = yi; i = 1; n; (2.4)

£¤¥

aik =
tki � tki�1

k
+
Z ti

ti�1

B(tk�1; t)dt; yi =
Z ti

ti�1

y(t)dt; tr = cos
r�

n
; r = 0; n: (2.5)

�¥®à¥¬  2.1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï:
 ) B | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à ¢ ¯à®áâà ­áâ¢¥ L2(�); ¡) ãà ¢­¥­¨¥ (2:1) ¨¬¥¥â ¥¤¨­-

áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 L2(�) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 L2(�).
�®£¤  ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ���� (2:4){(2:5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

��1; �
�
2; : : : ; �

�
n 2 R. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�n(t) =
nX

k=1

��kt
k�1; n 2 N; (2:2�)

ãà ¢­¥­¨ï (2:1) áå®¤ïâáï ª ¥£® â®ç­®¬ã à¥è¥­¨î x�(t) ¢ ¯à®áâà ­áâ¢¥ L2(�), ¯à¨ íâ®¬ ¤«ï ¯®-

£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë x�(t) � x�n(t) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨:

En�1(x�)L2(�) � kx� � x�nkL2(�) = OfEn�1(x�)L2(�)g: (2.6)

�®ª § â¥«ìáâ¢®. �ãáâì L2;n(�) � Xn ¥áâì n-¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å
¬­®£®ç«¥­®¢ ¢¨¤  (2.2), ­ ¤¥«¥­­®¥ ­®à¬®© ¯à®áâà ­áâ¢  L2(�) � X. �®£¤  ���� (2.4){(2.5)
íª¢¨¢ «¥­â­  «¨­¥©­®¬ã ®¯¥à â®à­®¬ã ãà ¢­¥­¨î ¢¨¤ 

Anxn � xn +�nBxn = �ny; xn;�ny 2 Xn; (2.7)

£¤¥ ®¯¥à â®à �n : L2(�)! L2;n(�) ®¯à¥¤¥«¥­ ¨ ¨áá«¥¤®¢ ­ ¢ ¯. 1.
�®ª ¦¥¬ ¡«¨§®áâì ãà ¢­¥­¨© (2.1) ¨ (2.7) ¢ á¬ëá«¥ «¥¬¬ 1.3 ¨ 1.4 ¨§ ¯. 1. � á¨«ã «¥¬¬ë 1.1

¤«ï ¨å ¯à ¢ëå ç áâ¥© ¨¬¥¥¬

�n � ky ��nykL2(�) �
�

2
En�1(y)L2(�) ! 0; n!1: (2.8)
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�«ï «î¡®£® xn 2 Xn; xn 6= 0; ¨§ (2.1) ¨ (2.7) ¢ ¯à®áâà ­áâ¢¥ L2(�) ­ å®¤¨¬

kAxn �Anxnk = kBxn ��nBxnk = kxnk � kBzn ��nBznk �
� kxnk sup

z2S(0;1)

kBz ��nBzk � "0nkxnk; (2.9)

£¤¥

"0n = sup
'2BS(0;1)

k'��n'k; zn =
xn
kxnk ; S(0; 1) = fx 2 X : kxk � 1g: (2.10)

� á¨«ã «¥¬¬ë 1.1 ®¯¥à â®àë �n á¨«ì­® áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ L2(�). � ª ª ª ¢ á¨«ã ãá«®-
¢¨ï  ) â¥®à¥¬ë BS(0; 1) | ª®¬¯ ªâ­®¥ ¬­®¦¥áâ¢® ¢ ¯®«­®¬ ¯à®áâà ­áâ¢¥ L2(�), â®, ¡« £®¤ àï
â¥®à¥¬¥ �.�.�¥«ìä ­¤  (á¬., ­ ¯à., [11], á. 274{276), ¨¬¥¥¬

lim
n!1

"0n = lim
n!1

sup
'2BS(0;1)

k'��n'k = 0: (2.11)

�§ á®®â­®è¥­¨© (2.9){(2.11) ¯®«ãç ¥¬

"n � kA�AnkXn!X = kB ��nBkXn!X � kB ��nBkX!X � "0n ! 0; n!1: (2.12)

� ãá«®¢¨ïå â¥®à¥¬ë «¨­¥©­ë© ®¯¥à â®à A = E +B : X ! X ­¥¯à¥àë¢­® ®¡à â¨¬. �âáî¤  ¨ ¨§
(2.8){(2.12) á«¥¤ã¥â, çâ® ¤«ï ãà ¢­¥­¨© (2.1) ¨ (2.7) ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 1.3, á®£« á­®
ª®â®à®© ¯à¨ ¢á¥å n 2 N â ª¨å, çâ® qn = "0nkA�1k < 1, ���� (2.4){(2.5) ®¤­®§­ ç­® à §à¥è¨¬  ¨

kx� � x�nkL2(�) = Of"0n +En�1(y)L2(�)g ! 0; n!1: (2.13)

�à®¬¥ ®æ¥­ª¨ (2.13), ¯®£à¥è­®áâì ¬¥â®¤  (2.1){(2.5), (2:2�) á®£« á­® «¥¬¬ ¬ 1.1, 1.3 ¨ 1.4 ¬®¦¥â
¡ëâì ®æ¥­¥­  â ª¦¥ ­¥à ¢¥­áâ¢ ¬¨

En�1(x�)L2(�) � kx� � x�nkL2(�) � kE �A�1
n �nAkL2(�)!L2(�)En�1(x�)L2(�); (2.14)

En�1(x
�)L2(�) � kx� � x�nkL2(�) �

�

2
kE �A�1

n �nBkL2(�)!L2(�)En�1(x
�)L2(�); (2.15)

£¤¥

kA�1
n k � kA�1k(1� qn)

�1; qn = kA�1k"0n < 1; (2.16)

En�1(x�)L2(�) � En�1(y)L2(�) +En�1(Bx�)L2(�) ! 0; n!1: (2.17)

�®íâ®¬ã ®æ¥­ª¨ (2.6) ¤®ª § ­ë,   ¢ á¨«ã á®®â­®è¥­¨© (2.13)-(2.17) ¤®ª § ­  â¥®à¥¬  2.1.

�¥®à¥¬  2.2. �ãáâì ®¯¥à â®à B : L2(�)! L2(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

q =
�

2
kBk < 1: (2.18)

�®£¤  ª ª â®ç­®¥ ãà ¢­¥­¨¥ (2:1), â ª ¨  ¯¯à®ªá¨¬¨àãîé ï ¥£® ���� (2:4){(2:5) ¯à¨ «î¡ëå

n 2 N ®¤­®§­ ç­® à §à¥è¨¬ë. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (2:2�) áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ L2(�);
¯à¨ç¥¬ ¤«ï «î¡ëå n = 1; 2; : : : á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

En�1(x�)L2(�) � kx� � x�nkL2(�) �
�

2(1� q)
En�1(x�)L2(�): (2.19)

�®ª § â¥«ìáâ¢®. �«ï ®¯¥à â®à®¢ B : L2(�)! L2(�) ¨ Bn = �nB : Xn ! Xn ¢ á¨«ã (2.18) ¨
(1.5) ¨¬¥¥¬

kBk � 2
�
; kBnk � q < 1; n 2 N: (2.20)

41



�®íâ®¬ã (á¬., ­ ¯à., ¢ [11]) ®¯¥à â®àë A : L2(�) ! L2(�) ¨ An : Xn ! Xn, ®¯à¥¤¥«¥­­ë¥ ¢ (2.1)
¨ á®®â¢¥âáâ¢¥­­® ¢ (2.7), ­¥¯à¥àë¢­® ®¡à â¨¬ë ¨

kA�1k � �

� � 2
; kA�1

n k � 1
1� q

; n 2 N: (2.21)

� á¨«ã (2.21) ¯¥à¢ ï ç áâì ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë áâ ­®¢¨âáï ®ç¥¢¨¤­®©. �«ï ¤®ª § â¥«ìáâ¢ 
¢â®à®© ¥£® ç áâ¨ á ®æ¥­ª ¬¨ (2.19) ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï ¯®á«¥¤®¢ â¥«ì­® á®®â­®è¥­¨ï¬¨
(2.15), (2.21), (1.5), (2.18) ¨ (2.20).

�¥®à¥¬ë 2.1 ¨ 2.2 ¯®§¢®«ïîâ ¢ë¢¥áâ¨ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¬¥â®¤  (2.1){(2.5), (2:2�) ¢ ¯à®-
áâà ­áâ¢¥ C = C[�1; 1],   ®ââã¤  | ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¥£® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �à¨¢¥¤¥¬
®¤¨­ ¨§ â ª¨å à¥§ã«ìâ â®¢.

�¥®à¥¬  2.3. �ãáâì y 2 C,   B : L2(�) ! C | ®£à ­¨ç¥­­ë© ®¯¥à â®à. �®£¤  ¢ ãá«®¢¨ïå

«î¡®© ¨§ â¥®à¥¬ 2:1 ¨ 2:2 ¤«ï ¯®£à¥è­®áâ¨ ¬¥â®¤  (2:1){(2:5), (2:2�) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kx� � x�nkC = max
�1�t�1

jx�(t)� x�n(t)j = OfEn�1(x�)C lnng: (2.22)

�á«¨, ªà®¬¥ â®£®,

k�nBkL2(�)!C = O(1); n!1; (2.23)

â® á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥­ª¨

kx� � x�nkC � kx� ��nx
�kC ; n!1: (2.24)

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë à¥è¥­¨ï ãà ¢­¥­¨© (2.1) ¨ (2.7) ã¤®¢«¥â¢®àïîâ á®-
®â¢¥âáâ¢¥­­® ãá«®¢¨ï¬

x�(t) � y(t)�B(x�; t) 2 C[�1; 1]; (2.25)

x�n(t) � �n(y; t)� (�nB)(x
�
n; t) 2 H n�1 � C[�1; 1]; (2.26)

¯®íâ®¬ã á®®â­®è¥­¨ï kx��x�nkC , En�1(x�)C ¨¬¥îâ á¬ëá«. �§ (2.25), (2.26) ¯®«ãç ¥¬ â®¦¤¥áâ¢®

x� � x�n � (x� ��nx
�)��nB(x� � x�n): (2.27)

�§ (2.27) ­ å®¤¨¬ ­¥à ¢¥­áâ¢ 

kx� � x�nkC � kx� ��nx
�kC + k�nBkL2(�)!Ckx� � x�nkL2(�); (2.28)

kx� � x�nkC � kx� ��nx
�kC � k�nBkL2(�)!Ckx� � x�nkL2(�): (2.29)

�§ ­¥à ¢¥­áâ¢ (2.23), (2.28), (2.29) á ãç¥â®¬ â¥®à¥¬ 2.1, 2.2 ¨ «¥¬¬ë 1.2 ­ å®¤¨¬ ®æ¥­ª¨ (2.24).
�à®¬¥ â®£®, ¨§ (2.28) ¨ (1.11), (1.12) á ãç¥â®¬ â¥®à¥¬ 2.1 ¨ 2.2 ­ å®¤¨¬

kx� � x�nkC � 2k�nkC!CEn�1(x�)C + k�nkC!CkBkL2(�)!COfEn�1(x�)L2(�)g =
= k�nkC!COfEn�1(x

�)C +En�1(x
�)L2(�)g = Ofk�nkC!CEn�1(x

�)Cg = OfEn�1(x
�)C lnng: �

�§ â¥®à¥¬ë 2.3 ¨ ¯àï¬ëå â¥®à¥¬ â¥®à¨¨ ­ ¨«ãçè¨å à ¢­®¬¥à­ëå ¯à¨¡«¨¦¥­¨¥© (á¬., ­ ¯à.,
[13], [14]) ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �ãáâì ãà ¢­¥­¨¥ (2.1) â ª®¢®, çâ® ¥£® à¥è¥­¨¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

x�(t) 2W rH!; r + 1 2 N; (2.30)

£¤¥ ! = !(�) | ¯à®¨§¢®«ì­ë© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ á è £®¬ � 2 (0; 2],   ¯à¨ r = 0 | ¤®-
¯®«­¨â¥«ì­®¬ã ãá«®¢¨î �¨­¨{�¨¯è¨æ . �®£¤  ¬¥â®¤ (2.1){(2.5), (2:2�) áå®¤¨âáï à ¢­®¬¥à­® á®
áª®à®áâìî

kx� � x�nkC = O

�
lnn
nr

!(
1
n
)
�
; r + 1 2 N: (2.31)
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�«¥¤ã¥â ®â¬¥â¨âì, çâ® à¥§ã«ìâ â,  ­ «®£¨ç­ë© â®«ìª® çâ® ¯à¨¢¥¤¥­­®¬ã, ¬®¦­® ¯®«ãç¨âì
â ª¦¥ á ¬®áâ®ïâ¥«ì­®, â.¥. ­¥§ ¢¨á¨¬® ®â â¥®à¥¬ 2.1 ¨ 2.2, ­® á ¨á¯®«ì§®¢ ­¨¥¬ «¥¬¬ë 1.2.
� ¯à¨¬¥à, á«¥¤ãï ([6], £«. 4), «¥£ª® ¤®ª § âì á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  2.4. �ãáâì äã­ªæ¨¨ y(t) ¨ B(x; t) à ¢­®¬¥à­® ®â­®á¨â¥«ì­® x 2 C ã¤®¢«¥â¢®-

àïîâ ãá«®¢¨î �¨­¨{�¨¯è¨æ . �®£¤  ¨áá«¥¤ã¥¬ë© ¬¥â®¤ áå®¤¨âáï à ¢­®¬¥à­® á® áª®à®áâìî

(2:22); ¥á«¨ ¦¥ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2:30), â® ¨ á® áª®à®áâìî (2:31).

� ¢¥àè ï íâ®â ¯ã­ªâ, ¯à¨¢¥¤¥¬ ¤¢  § ¬¥ç ­¨ï.
10: �¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ëè¥ ¤«ï ®¡é¥£® ®¯¥à â®à­®£® ãà ¢­¥­¨ï ¢â®à®£® à®¤  (2.1), ¢

á«ãç ¥ ãà ¢­¥­¨© �à¥¤£®«ì¬  ¨ �®«ìâ¥àà  ¢â®à®£® à®¤  ã¯à®é îâáï ¨ ­¥áª®«ìª® ãá¨«¨¢ îâáï.
20: �ãáâì ®¯¥à â®à B ¨§ (2.1) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

B(x; t) =
Z �(t)

�1

h(t; �)x(�)d� � '(t); x 2 L2(�); (2.32)

£¤¥ �(t) = +1 (á«ãç © ãà ¢­¥­¨ï �à¥¤£®«ì¬ ) ¨«¨ �(t) = t (á«ãç © ãà ¢­¥­¨ï �®«ìâ¥àà ),  
ï¤à® h(t; �) â ª®¢®, çâ® äã­ªæ¨ï '(t) ­  á¥£¬¥­â¥ [�1; 1] ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨­¨{�¨¯è¨æ .
�®£¤  ¤«ï ®¯¥à â®à®¢ �n ¨ B ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2.23).

3. �¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (���) ¯¥à¢®£® à®¤ 

� áá¬®âà¨¬ ��� á ï¤à®¬ �®è¨ ¢¨¤  [15], [16]

Kx � 1
�

Z 1

�1

x(�)d�

(� � t)
p
1� � 2

+
1
2�

Z 1

�1

h(t; �)x(�)d�p
1� � 2

= y(t); �1 < t < 1; (3.1)

£¤¥ h(t; �) ¨ y(t) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨,   x(t) | ¨áª®¬ ï äã­ªæ¨ï.
�®£« á­® â¥®à¨¨ ��� (á¬., ­ ¯à., [15], [16]) ¡ã¤¥¬ ¨áª âì â ª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3.1),

ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Z 1

�1

x(�)d�p
1� � 2

= 0: (3.2)

�®íâ®¬ã ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ��� (3.1) ¨é¥¬ ¢ ¢¨¤¥ ¯®«¨­®¬ 

xn(t) =
nX

k=1

�kTk(t); n 2 N; (3.3)

ª®íää¨æ¨¥­âë ª®â®à®£® ¡ã¤¥¬ ®¯à¥¤¥«ïâì á®£« á­® ¬¥â®¤ã ¯®¤®¡« áâ¥© ¨§ ãá«®¢¨©Z ti

ti�1

(Kxn)(t)dt =
Z ti

ti�1

y(t)dt; i = 1; n; tk = cos
k�

n
: (3.4)

�á«®¢¨ï (3.4) íª¢¨¢ «¥­â­ë ���� ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ �1; �2; : : : ; �n ¯®«¨­®¬ 
(3.3)

nX
k=1

bik�k = yi; i = 1; n; (3.5)

£¤¥

bik =
Tk(ti)� Tk(ti�1)

k
+

1
2�

Z ti

ti�1

dt

Z 1

�1

h(t; �)Tk(�)d�p
1� � 2

; yi =
Z ti

ti�1

y(t)dt:

43



�¥®à¥¬  3.1. �ãáâì ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:  ) § ¤ ç  (3:1){(3:2) ¨¬¥¥â ¥¤¨­áâ¢¥­-

­®¥ à¥è¥­¨¥ x�(t) 2 L2(1=�) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y(t) 2 L2(�), £¤¥ � = �(t) = (1 � t2)1=2; ¡)
ï¤à® h(t; �) â ª®¢®, çâ®

�2 �
Z +1

�1

Z +1

�1

s
1� t2

1� � 2
jh(t; �)j2dt d� <1: (3.6)

�®£¤  ¤«ï ¢á¥å n, å®âï ¡ë ¤®áâ â®ç­® ¡®«ìè¨å, ���� (3:5) â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ ��1; �
�
2; : : : ; �

�
n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�n(t) =
nX
k=1

��kTk(t) (3:3�)

áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î x�(t) ¢ ¯à®áâà ­áâ¢¥ L2(1=�) á® áª®à®áâìî

En(x
�)L2(1=�) � kx� � x�nkL2(1=�) = OfEn(x

�)L2(1=�)g: (3.7)

�®ª § â¥«ìáâ¢®. �ãáâì Y = L2(�) á ¯à¨¢¥¤¥­­®© ¢ëè¥ ­®à¬®©,  

X = L0
2(

1
�
) =

�
x(t) 2 L2( 1� ) :

Z 1

�1

x(�)d�p
1� � 2

= 0
�
; kxkX =

�Z 1

�1

jx(t)j2dtp
1� t2

�1=2

:

�®£¤  § ¤ ç  (3.1){(3.2) íª¢¨¢ «¥­â­  «¨­¥©­®¬ã ®¯¥à â®à­®¬ã ãà ¢­¥­¨î ¢¨¤ 

Kx � Sx+ Tx = y; x 2 X; y 2 Y; (3.8)

£¤¥

Sx =
1
�

Z 1

�1

x(�)d�

(� � t)
p
1� � 2

; Tx =
1
2�

Z 1

�1

h(t; �)x(�)d�p
1� � 2

:

�§¢¥áâ­® (á¬., ­ ¯à., [7], £«. 2), çâ® ®¯¥à â®à S : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kSk = 1; S : X ! Y ; kS�1k = 1; S�1 : Y ! X; (3.9)

  ¢ á¨«ã (3.6) ®¯¥à â®à T : X ! Y ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬. �âáî¤  ¨ ¨§ ãá«®¢¨© â¥®à¥¬ë
á«¥¤ã¥â, çâ® ®¯¥à â®à K : X ! Y â ª¦¥ ­¥¯à¥àë¢­® ®¡à â¨¬.

�¡®§­ ç¨¬ ç¥à¥§ Hm ¬­®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ m. �¢¥-
¤¥¬ n-¬¥à­ë¥ ¯®¤¯à®áâà ­áâ¢  ¯à®áâà ­áâ¢ X ¨ Y á®®â¢¥âáâ¢¥­­® Xn = H n \X ¨ Yn = H n�1 \Y .
�ãáâì �n : Y ! Yn | ¨áá«¥¤®¢ ­­ë© ¢ëè¥ ®¯¥à â®à ¬¥â®¤  ¯®¤®¡« áâ¥© ¯® á¨áâ¥¬¥ ã§«®¢ (1.2).
� ª ª ª �2

n = �n, â®, ª ª «¥£ª® ¯®ª § âì, �nSxn = Sxn ¤«ï «î¡ëå ¯®«¨­®¬®¢ xn 2 Xn. �®£¤ 
���� (3.5) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

Knxn � Sxn +�nTxn = �ny; xn 2 Xn; �ny 2 Yn: (3.10)

� á¨«ã «¥¬¬ë 1.1 ¯à ¢ë¥ ç áâ¨ ãà ¢­¥­¨© (3.8) ¨ (3.10) ¡«¨§ª¨ ¢ â®¬ á¬ëá«¥, çâ®

�n � ky ��nykL2(�) �
�

2
En�1(y)L2(�) ! 0; n!1: (3.11)

� ¯®¬®éìî â®© ¦¥ «¥¬¬ë ¨ ¯®«­®© ­¥¯à¥àë¢­®áâ¨ ¨­â¥£à «ì­®£® ®¯¥à â®à  T : X ! Y ¤®ª -
§ë¢ ¥âáï, çâ® ®¯¥à â®àë K : X ! Y ¨ Kn : Xn ! Yn ¨§ (3.8) ¨ á®®â¢¥âáâ¢¥­­® (3.10) ¡«¨§ª¨ ¢
â®¬ á¬ëá«¥, çâ®

"n � kK �KnkXn!Y � "0n = sup
'2TS(0;1)

k'��n'kL2(�) ! 0; n!1; (3.12)

£¤¥ S(0; 1) | ¥¤¨­¨ç­ë© è à ¯à®áâà ­áâ¢  L2(1=�). � á¨«ã (3.11), (3.12) ¨§ «¥¬¬ 1.1, 1.3 ¨ 1.4
¯®«ãç ¥¬ ®æ¥­ª¨ (3.7).

� ¯®¬®éìî â¥®à¥¬ë 3.1, «¥¬¬ 1.1, 1.3, 1.4 ¨ ¯®  ­ «®£¨¨ á â¥®à¥¬®© 2.2 ¤®ª §ë¢ ¥âáï
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�¥®à¥¬  3.2. �ãáâì q = �=4 < 1, £¤¥ ¯®áâ®ï­­ ï � ®¯à¥¤¥«¥­  ¢ (3:6). �®£¤  ª ª â®ç­®¥

��� (3:1){(3:2), â ª ¨  ¯¯à®ªá¨¬¨àãîé ï ¥£® ���� (3:5) ¯à¨ «î¡ëå n 2 N ®¤­®§­ ç­® à §à¥-

è¨¬ë. �«ï ¯®£à¥è­®áâ¨ ¬¥â®¤  (3:1){(3:5), (3:3�) á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨

En(x
�)L2(1=�) � kx� � x�nkL2(1=�) �

�

2(1 � q)
En(x

�)L2(1=�); n 2 N;

£¤¥

En(x
�)L2(1=�) = En�1(Sx

�)L2(�) � En�1(y)L2(�) +En�1(Tx
�)L2(�):

�®«ì§ãïáì á¯®á®¡®¬, ¯à¥¤«®¦¥­­ë¬ ¢ ([7], £«. II), «¥¬¬ ¬¨ 1.1, 1.2 ¨ â¥®à¨¥© ­ ¨«ãçè¨å
¯®«¨­®¬¨ «ì­ëå ¯à¨¡«¨¦¥­¨© [13], [14], ¤®ª §ë¢ ¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  3.3. �ãáâì äã­ªæ¨¨ y(t) ¨ h(t; �) â ª®¢ë, çâ® äã­ªæ¨ï ex(�) � x�(cos �) 2
W r

2 [0; �], r 2 N. �®£¤  ¢ ãá«®¢¨ïå «î¡®© ¨§ â¥®à¥¬ 3:1 ¨ 3:2 ¬¥â®¤ (3:1){(3:5), (3:3�) áå®¤¨âáï
¢ áà¥¤­¥¬ ¨ à ¢­®¬¥à­® á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥­­®

kx� � x�nkL2(1=�) = O

�
1
nr

�
; kx� � x�nkC[�1;1] = O

�
1

nr�1=2

�
;

¥á«¨ ¦¥ ex(�) 2W r[0; �], r 2 N, â® ¨ á® áª®à®áâìî

kx� � x�nkC[�1;1] = O

�
lnn
nr

�
:

4. �à ¢­¥­¨¥ â¥®à¨¨ ªàë« 

� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ â¥®à¨¨ ªàë«  (á¬., ­ ¯à.,
[15], [16])

K� � �(t)
B(t)

� 1
�

Z 1

�1

�0(�)d�
� � t

= f(t); �1 < t < 1; (4.1)

¯à¨ ªà ¥¢ëå ãá«®¢¨ïå

�(�1) = �(1) = 0; (4.2)

§¤¥áì f(t) 2 L2(�) ¨ B(t) 2 C | ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ­  [�1; 1],   �(t) | ¨áª®¬ ï äã­ªæ¨ï,
¯à¨ç¥¬ B(t) ­¨£¤¥, §  ¢®§¬®¦­ë¬ ¨áª«îç¥­¨¥¬ ª®­æ®¢, ¢ ­ã«ì ­¥ ®¡à é ¥âáï.

�®ç­®¥ à¥è¥­¨¥ § ¤ ç¨ (4.1){(4.2) ¡ã¤¥¬ ¨áª âì ¢ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ äã­ªæ¨©

X =
�

W 1
2(�) =

�
�(t) =

p
1� t2
(t) : �0(t) 2 L2(�); 
(t) 2 C[�1; 1]

	
; � = �(t) =

p
1� t2;

á ­®à¬®© k�kX = k�0(t)kL2(�). �¥ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¨é¥¬ ¢ ¢¨¤¥

�n(t) =
p
1� t2
n(t); 
n(t) =

nX
k=1

�kUk�1(t): (4.3)

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �1; �2; : : : ; �n ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ����

nX
k=1

cik�k = fi; i = 1; n; (4.4)

£¤¥

cik = Tk(ti)� Tk(ti�1) +
Z ti

ti�1

sink arccos t
B(t)

dt; fi =
Z ti

ti�1

f(t)dt; tk = cos
k�

n
: (4.5)
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�¥®à¥¬  4.1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï:
 ) ªà ¥¢ ï § ¤ ç  (4:1){(4:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��(t) 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f(t) 2 Y � L2(�); ¡) äã­ªæ¨ï b(t) = 1=B(t) 2 C[�1; 1].
�®£¤  ¯à¨ ¢á¥å n, å®âï ¡ë ¤®áâ â®ç­® ¡®«ìè¨å, ���� (4:4){(4:5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ �1; �2; : : : ; �n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (4:3) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ��(t) ¢ ¯à®-
áâà ­áâ¢¥ X á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ­¥à ¢¥­áâ¢ ¬¨

En�1(G�
�)L2(�) � k�� � �nkX = OfEn�1(G�

�)L2(�)g = OfEn�1(f)L2
(�) +En�1 (�

�=B)L2(�)
g;

£¤¥

G(��; t) � 1
�

Z +1

�1

d��(�)
� � t

� ��(t)
B(t)

� f(t):

�®ª § â¥«ìáâ¢® ¢ë¢®¤¨âáï ¨§ â¥®à¥¬ë 3.1 ¨ ¥e á«¥¤áâ¢¨ï ([7], £«. 3) ¨ ¨§ ãáâ ­®¢«¥­­®©
¢ëè¥ «¥¬¬ë 1.1 ¨ ¥e á«¥¤áâ¢¨ï.

5. �à ¢­¥­¨¥ â¥®à¨¨ áâàã©

� àï¤¥ ¯à¨ª« ¤­ëå § ¤ ç, ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¢ â¥®à¨¨ áâàã© ¨ â¥¯«®¯à®¢®¤­®áâ¨ (á¬., ­ ¯à.,
¢ [17]{[19]), ¢áâà¥ç îâáï á¨­£ã«ïà­ë¥ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤ 

Kx � x0(t) + a(t)x(t) +
b(t)
�

Z 1

�1

x(�)d�p
1� � 2(� � t)

= y(t); �1 � t � 1; (5.1)

£¤¥ a(t); b(t) 2 C[�1; 1] ¨ y(t) 2 L2(�) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨,   x(t) | ¨áª®¬ ï äã­ªæ¨ï. �à¥¡ã-
¥âáï ­ ©â¨ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï, ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î

x(t0) = 0; �1 � t0 � 1: (5.2)

� ¤ ç  (5.1){(5.2) ¢ ®¡é¥¬ á«ãç ¥ â®ç­® ­¥ à¥è ¥âáï. �®íâ®¬ã ­¥®¡å®¤¨¬ë ¬¥â®¤ë ¥¥ ¯à¨-
¡«¨¦¥­­®£® à¥è¥­¨ï [17], [18], [6], [7]. �¨¦¥, á«¥¤ãï ([7], £«. 3, x 5), § ¤ çã (5.1){(5.2) à¥è ¥¬
¬¥â®¤®¬ ¯®¤®¡« áâ¥©. �à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¨é¥âáï ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

xn(t) =
nX

k=1

�k[Tk(t)� Tk(t0)]; (5.3)

ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©Z ti

ti�1

(Kxn)(t)dt =
Z ti

ti�1

y(t)dt; i = 1; n; tk = cos
k�

n
: (5.4)

�¥âàã¤­® ¯®ª § âì, çâ® ãá«®¢¨ï (5.4) íª¢¨¢ «¥­â­ë á«¥¤ãîé¥© ����:

nX
k=1

dik�k = yi; i = 1; n; (5.5)

£¤¥

dik = Tk(ti)� Tk(ti�1) +
Z ti

ti�1

a(t)[Tk(t)� Tk(t0)]dt+
Z ti

ti�1

b(t)Uk�1(t)dt; yi =
Z ti

ti�1

y(t)dt: (5.6)

�¥®à¥¬  5.1. �á«¨ § ¤ ç  (5:1){(5:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 W 1
2 (�) ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ y 2 L2(�), £¤¥ �(t) = (1 � t)1=2, â® ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ����

(5:5){(5:6) â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �1; �2; : : : ; �n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (5:3)
áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ W 1

2 (�) á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ­¥à ¢¥­áâ¢ ¬¨

En�1(x
�0)L2(�) � kx� � xnkW 1

2
(�) = OfEn�1(x

�0)L2(�)g: (5.7)
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�®ª § â¥«ìáâ¢®. �ãáâì Y = L2(�), Yn = H n�1 \ Y ¨ X =
�

W 1
2(�) = fx 2 W 1

2 (�); x(t
0) = 0g,

Xn = H n \X á ®¡ëç­ë¬¨ ­®à¬ ¬¨. �®£¤  § ¤ ç  (5.1){(5.2) ¨ ���� (5.5){(5.6) íª¢¨¢ «¥­â­ë
®¯¥à â®à­ë¬ ãà ¢­¥­¨ï¬ á®®â¢¥âáâ¢¥­­®

Kx � Gx+ Tx = y; x 2 X; y 2 Y; (5.8)

Knxn � Gxn +�nTxn = �ny; xn 2 Xn; �ny 2 Yn; (5.9)

£¤¥ �n : Y ! Yn | ®¯¥à â®à ¬¥â®¤  ¯®¤®¡« áâ¥© ¯® á¨áâ¥¬¥ ã§«®¢ (1.2),  

G(x; t) = x0(t); T (x; t) = a(t)x(t) + b(t)S(x; t); x 2 X; (5.10)

¯à¨ç¥¬

S(x; t) =
1
�

Z +1

�1

x(�)d�

(� � t)
p
1� � 2

; x 2
�

W 1
2(�):

�§¢¥áâ­® (á¬., ­ ¯à., [7], £«. 3, xx 2, 5), çâ® ®¯¥à â®à T : X ! Y ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬,
  G : X ! Y | ­¥¯à¥àë¢­® ®¡à â¨¬ë¬, ¯à¨ç¥¬

kGkX!Y = 1; kG�1kY!X = 1: (5.11)

�®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à K : X ! Y â ª¦¥ ­¥¯à¥àë¢­® ®¡à â¨¬.
�« £®¤ àï «¥¬¬¥ 1.1 ãà ¢­¥­¨ï (5.8) ¨ (5.9) ¡«¨§ª¨ ¢ â®¬ á¬ëá«¥, çâ®

�n � ky ��nykL2(�) �
�

2
En�1(y)L2(�) ! 0; n!1; (5.12)

"n � kK �KnkXn!Y = kT ��nTkXn!Y � "0n; (5.13)

£¤¥, ª ª ¨ ¢ ¯¯. 2, 3, ¤®ª §ë¢ ¥âáï, çâ®

"0n = sup
'2TS(0;1)

k'��n'kL2(�) ! 0; n!1; (5.14)

¯à¨ç¥¬ S(0; 1) | ¥¤¨­¨ç­ ï áä¥à  ¯à®áâà ­áâ¢  X á æ¥­âà®¬ ¢ ­ã«¥¢®© â®çª¥. �§ á®®â­®è¥­¨©
(5.10){(5.14) ¨ «¥¬¬ 1.1, 1.3, 1.4 á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 5.1, ¢ â®¬ ç¨á«¥ ®æ¥­ª¨ (5.7).

�¥®à¥¬ã 5.1 ­¥áª®«ìª® ¤®¯®«­ï¥â

�¥®à¥¬  5.2. �ãáâì

q = (�=2)
�q

�=2kakC + kbkC
�
< 1: (5.15)

�®£¤  ª ª § ¤ ç  (5:1){(5:2), â ª ¨ ���� (5:5){(5:6) ¯à¨ «î¡ëå n 2 N ®¤­®§­ ç­® à §à¥è¨¬ë,

  ¯®£à¥è­®áâì ¬¥â®¤  ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

En�1(x
�0)L2(�) � kx� � xnkW 1

2
(�) � �

2(1� q)
En�1(x

�0)L2(�); n 2 N;

£¤¥ En�1(x�
0

)L2(�) � En�1(y)L2(�) +En�1(Tx�)L2(�).

�®ª § â¥«ìáâ¢®. �§ (5.8), (5.10) ¤«ï «î¡®© x 2 X ­ å®¤¨¬

kTxkY � kaxkY + kbSxkY � kakCkxkY + kbkCkSxkY ; (5.16)

£¤¥ kSkX!Y � 1 (á¬. [7], á. 206). �®íâ®¬ã

kTxkY � kakCkxkY + kbkCkxkX ; x 2 X: (5.17)

�§ â®¦¤¥áâ¢  x(t) =
tR
t0
x0(�)d� , x 2 X, «¥£ª® ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

kxkY �
q
�=2kxkX ; x 2 X: (5.18)
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�§ (5.15){(5.18) á«¥¤ã¥â

kTkX!Y �
r
�

2
kakC + kbkC < 2

�
: (5.19)

� á¨«ã (5.8), (5.11) ¨ (5.19) ®¯¥à â®à K : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kK�1kY!X � �

� � 2
<1: (5.20)

�§ (5.9), (5.15), (5.19) ¨ «¥¬¬ë 1.1 ­ å®¤¨¬

k�nTkXn!Yn � q < 1; n 2 N: (5.21)

�§ (5.9), (5.21) ¨ (5.11) «¥£ª® ¯®«ãç ¥¬, çâ® ®¯¥à â®àë Kn : Xn ! Yn ­¥¯à¥àë¢­® ®¡à â¨¬ë ¯à¨
«î¡ëå n 2 N ¨

kK�1
n kYn!Xn

� 1
1� q

<1; n 2 N: (5.22)

� á¨«ã (5.20) ¨ (5.22) ¯¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª § ­ ; ¢â®à ï ç áâì â¥®à¥¬ë «¥£ª® ¢ë¢®¤¨âáï
¨§ «¥¬¬ 1.4, 1.1 ¨ á®®â­®è¥­¨© (5.10), (5.11), (5.22).
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