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Abstract—We consider Hardy-type inequalities in domains of the Euclidean space for the case
when the weight depends on the distance function to the domain boundary and has power and
logarithmic singularities. We prove several new inequalities with sharp constants.
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1. Introduction. Let Ω be a domain in the Euclidean space Rn, and let Ω �= Rn. Then
the distance function δ = δ(x,Ω) = dist(x, ∂Ω), x ∈ Ω, is well defined. Let C1

0(Ω) be the family of
continuously differentiable functions f : Ω → R with compact supports in Ω. For such functions we
will consider Hardy-type inequalities in the case when the weight depends on δ and has power and
logarithmic singularities. One can find the basic results on Hardy-type inequalities in [1–4], the papers
present a development of the theory, new applications, and, in particular, connections with some
isoperimetric problems. In the latter ten years several authors pay attention to explicit estimates of
Hardy constants [15–24). For instance, the paper [17] presents the following Hardy-type inequality
with the sharp constant pp: ∫

Ω

|f |p
δn

dx ≤ pp

∫
Ω

|∇f |p
δn−p

(
ln

δ0

δ

)p

dx.

The goal of this paper is to obtain more general inequalities of this type. We also study some Hardy
constants for domains Ω = Ω0 × (a, b)j , provided that the corresponding constants for the domain
Ω0 ⊂ Rn−j , j ≥ 1, are known. To construct new weights, we use iterated logarithms [1], in proofs of
new inequalities for multidimensional domains the methods from [15] and [17] are used. Notice that a
basic part of our results is a collection of new one-dimensional “L1-inequalities”, special cases of which
are used in the proofs of multidimensional cases. To get Lp-versions of inequalities, we use the following
generalization of a result from [17].

Lemma 1. Assume that Ω is a domain in the Euclidean space Rn, n ≥ 1, w1 = w1(x) > 0, w2 =
w2(x) ≥ 0 on Ω, and the function w1[w2/w1]l is locally integrable in Ω for any l ∈ [1, p]. If
J : C1

0 (Ω) → R is a functional and for any function f ∈ C1
0 (Ω) the following inequality:

J(f) +
∫

Ω
|f |w1dx ≤ c

∫
Ω
|∇f |w2dx, c = const > 0,

is valid, then for any p ∈ (1,∞), l ∈ [1, p ] and f ∈ C1
0 (Ω),

lJ(|f |p) +
∫

Ω
|f |pw1dx ≤ (cp)l

∫
Ω
|f |p−l|∇f |lw1−l

1 wl
2dx.

*E-mail: favhadiev@ksu.ru.
**E-mail: NasibullinRamil@gmail.com.

***E-mail: Shafigullin.ik@gmail.com.

76



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




