
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2006 ���������� ò 1 (524)

��� 517.518

H.�.�������

��P����P��� �������� ��P���������� �������
� ��������� ����������� P����� ��P��

1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ä®p¬ã«¨p®¢ª  ®á­®¢­ëå p¥§ã«ìâ â®¢

�ãáâì Lp(T) | ¯p®áâp ­áâ¢® ¢á¥å ¨§¬¥p¨¬ëå 2�-¯¥p¨®¤¨ç¥áª¨å äã­ªæ¨© f á ­®p¬®© kfk =n
��1

R
T

jf(x)jpdx
o1=p

< 1, 1 � p < 1, T = [��; �]; L1(T) � C(T) | á®®â¢¥âáâ¢ãîé¥¥ ¯p®áâp ­-

áâ¢® ¢á¥å ­¥¯p¥pë¢­ëå äã­ªæ¨©, kfk1 � kfk = maxfjf(x)j; x 2 Tg; !k(f ; �) | ¬®¤ã«ì £« ¤ª®áâ¨
k-£® ¯®pï¤ª  äã­ªæ¨¨ f 2 C(T), k 2 N:

!k(f ; �) = supfk4k
hf(�)k; h 2 R; jhj � �g; � > 0;

£¤¥ 4k
hf(x) =

kP
�=0

(�1)k���k
�

�
f(x+ �h), x 2 R.

�«ï äã­ªæ¨¨ f 2 Lp(T) á pï¤®¬ �ãpì¥{�¥¡¥£ 

�(f ;x) = (1=2)a0(f) +
1X
n=1

(an(f) cosnx+ bn(f) sinnx) (1)

®¡®§­ ç¨¬ (r 2 Z+) �(r)n (f) =
1P

�=n+1
�r(ja�(f)j + jb�(f)j), �(0)n (f) � �n(f), n 2 Z+; ®ç¥¢¨¤­®, ¥á«¨

�
(r)
0 (f) < 1, â® �(r)n (f) # 0 ¯p¨ n " 1. �p®¬¥ â®£®, ïá­®, çâ® ¨§ ãá«®¢¨ï �(r)0 (f) < 1 á«¥¤ã¥â ¯®
¨§¢¥áâ­®¬ã ¯p¨§­ ªã �¥©¥pèâp áá   ¡á®«îâ­ ï ¨ p ¢­®¬¥p­ ï áå®¤¨¬®áâì ¢áî¤ã ­  T r p §
¯p®¤¨ää¥p¥­æ¨p®¢ ­­®£® pï¤  (1); á«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ f �  2 Cr(T), â. ¥. f ¯®çâ¨
¢áî¤ã á®¢¯ ¤ ¥â á ­¥ª®â®p®© äã­ªæ¨¥©  2 Cr(T) ¯p¨ p < 1 ¨ f =  2 Cr(T) ¯p¨ p = 1, ¨
á¯p ¢¥¤«¨¢  ®æ¥­ª  k (r)(�) � S(r)

n (f ; �)k � �(r)n (f), n 2 Z+, £¤¥ Sn(f ;x) | ç áâ­ ï áã¬¬  pï¤ 
(1) ¯®pï¤ª  n 2 Z+, Cr(T) | ª« áá äã­ªæ¨©  2 C(T), ¨¬¥îé¨å ¯p¨ r > 0 ¯p®¨§¢®¤­ãî r-£®
¯®pï¤ª   (r) 2 C(T),   ¯p¨ r = 0  (0) �  , C0(T) = C(T). � ¤pã£®© áâ®p®­ë, ¨§¢¥áâ­®, çâ®
¥á«¨ pï¤ (1) áå®¤¨âáï  ¡á®«îâ­® ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© ¬¥pë, â® �0(f) < 1 ([1], á. 173,
â¥®p¥¬  �ã§¨­ {� ­¦ã ) ¨ â®£¤  pï¤ (1) áå®¤¨âáï  ¡á®«îâ­® (¨ p ¢­®¬¥p­®) ¢áî¤ã ­  T ª
­¥ª®â®p®© äã­ªæ¨¨  2 C(T), ¯p¨ç¥¬ k (�) � Sn(f ; �)k � �n(f)! 0 (n!1).

� áâ âì¥ ¯p¨¢®¤¨âáï p¥è¥­¨¥ á«¥¤ãîé¥© § ¤ ç¨: ­ ©â¨ â®ç­ë© ¯®pï¤®ª ã¡ë¢ ­¨ï !k( (r); �)
­  ª« áá¥ äã­ªæ¨© f 2 Lp(T) á § ¤ ­­®© ¬ ¦®p ­â®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

f�n(f)g1n=0; £¤¥ 1 � p � 1, k 2 N, r 2 Z+.

�¥à¢ë¥ à¥§ã«ìâ âë ¢ íâ®¬ ­ ¯à ¢«¥­¨¨, ¯®-¢¨¤¨¬®¬ã, ¯®«ãç¨« �.�®à¥­æ ([2]; â ª¦¥ [1],
á. 209{210), ¤®ª § ¢è¨©, ¢ ç áâ­®áâ¨, ¤«ï á«ãç ï r = 0; k = 1 ¨ p =1 á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥
([2], c. 140, ¯.  ) â¥®à¥¬ë 2 ¢ á«ãç ¥ p = 1; c. 141, â¥®à¥¬  2� ¢ á«ãç ¥ p = 1, � = 1): ¯ãáâì
f 2 C(T) ¨ �n�1(f) = O(n��), n 2 N, £¤¥ � 2 (0; 1]; â®£¤  !1(f ; �) = O(��), � 2 (0; �], ¯à¨
0 < � < 1 ¨ !1(f ; �) = O(� ln(�e=�)), � 2 (0; �], ¯à¨ � = 1. � ([2], á. 141) ®â¬¥ç¥­®, çâ® ¤«ï

äã­ªæ¨¨ g(x;�) =
1P
n=1

n�(�+1) sinnx á �n�1(g) = O(n��), n 2 N, ¯à¨ 0 < � < 1 ¨¬¥¥â ¬¥áâ®

®æ¥­ª  �� = O(!1(g; �)), � 2 (0; �]; ªà®¬¥ â®£®, ¢ ([2], á. 142) ¯®ª § ­®, çâ® ¤«ï äã­ªæ¨¨ '(x) =
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1P
�=1

4�� cos 4�x á �n�1(') = O(n�1); n 2 N, á¯à ¢¥¤«¨¢  ®æ¥­ª  � ln(�e=�) = O(!1('; �)), � 2
(0; �]. �à¨¢¥¤¥­­ë¥ ®æ¥­ª¨ á­¨§ã ¬®¤ã«¥© ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© g(x;�) ¨ '(x) ¯®ª §ë¢ îâ,
çâ® áä®à¬ã«¨à®¢ ­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ® ¯®¢¥¤¥­¨¨ !1(f ; �) ­  ª« áá å äã­ªæ¨© f 2 C(T) á
�n�1(f) = O(n��), £¤¥ 0 < � � 1, ï¢«ïîâáï â®ç­ë¬¨ ¢ á¬ëá«¥ ¯®àï¤ª .

�¡®§­ ç¨¬ ç¥p¥§ M0 ª« áá ¢á¥å ç¨á«®¢ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© � = f�ng1n=1, ã¤®¢«¥â¢®pïî-
é¨å ãá«®¢¨î: 0 < �n # 0 ¯p¨ n " 1. �«ï § ¤ ­­ëå � 2M0 ¨ p 2 [1;1] ¯®«®¦¨¬

Ap[�] = ff 2 Lp(T); �n�1(f) � �n; n 2 Ng:
�¥®à¥¬  1. �ãáâì 1 � p � 1, k 2 N, � 2M0, â®£¤ 

1

supf!k( ;�=n); f 2 Ap[�]g �
(k)
n�k

nX
�=1

�k�1�� ; n 2 N: (2)

�¥®à¥¬  2. �ãáâì 1 � p � 1, k; r 2 N, � 2M0 ¨

1X
n=1

nr�1�n < +1; (3)

â®£¤ 

supf!k( (r);�=n); f 2 Ap[�]g �
(k;r)

1X
�=n+1

�r�1�� + n�k
nX

�=1

�k+r�1�� ; n 2 N: (4)

� ¬¥ç ­¨¥ 1. � ä®p¬ã«¨p®¢ª å â¥®p¥¬ 1 ¨ 2  ®¡®§­ ç ¥â á®®â¢¥âáâ¢ãîéãî äã­ªæ¨î
¨§ Cr(T), r 2 Z+, ¯®çâ¨ ¢áî¤ã á®¢¯ ¤ îéãî á § ¤ ­­®© f 2 Ap[�], áãé¥áâ¢®¢ ­¨¥ ª®â®p®©
®¡¥á¯¥ç¨¢ ¥âáï ãá«®¢¨¥¬ �0(f) <1 ¢ á«ãç ¥ r = 0 ¨ ãá«®¢¨¥¬ (3) ¢ á«ãç ¥ r > 0.

�«¥¤áâ¢¨¥ 1. �ãáâì 1 � p � 1, k 2 N, r 2 Z+, 0 < � � k, �n = (�=n)r+�, n 2 N, â®£¤ 
supf!k( (r); �); f 2 Ap[�]g �

(k;r;�)
f�� ¯p¨ 0 < � < k; �k ln(�e=�) ¯p¨ � = kg, � 2 (0; �].

�«¥¤áâ¢¨¥ 2. �ãáâì 1 � p � 1, k 2 N, r 2 Z+, �n = (�=n)r+k, n 2 N, â®£¤  supf!k+1( (r); �);
f 2 Ap[�]g �

(k;r)
�k, � 2 (0; �].

� ¬¥ç ­¨¥ 2. H¥p ¢¥­áâ¢  ¤«ï ®æ¥­®ª á¢¥påã ¢ ãâ¢¥p¦¤¥­¨ïå (2) ¨ (4) (á¬. ­¨¦¥ ¯p¥¤«®-
¦¥­¨ï 1 ¨ 2 ¢ ¯. 3) ¬®¦­® â ª¦¥ ¢ë¢¥áâ¨ ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨© ¨§ á®®â¢¥âáâ¢ãîé¨å ®¡p â­ëå
â¥®p¥¬ â¥®p¨¨ ¯p¨¡«¨¦¥­¨© ­¥¯p¥pë¢­ëå ¯¥p¨®¤¨ç¥áª¨å äã­ªæ¨© ([3], á. 234, â¥®p¥¬  8; á. 238,
â¥®p¥¬  11) á ¯®¬®éìî ®ç¥¢¨¤­®© ®æ¥­ª¨ En( ) � �n(f), n 2 Z+, £¤¥ En( ) | ­ ¨«ãçè¥¥ p ¢­®-
¬¥p­®¥ ¯p¨¡«¨¦¥­¨¥ äã­ªæ¨¨  2 C(T) âp¨£®­®¬¥âp¨ç¥áª¨¬¨ ¯®«¨­®¬ ¬¨ ¯®pï¤ª  � n 2 Z+.
�§ íâ®© ¦¥ ®æ¥­ª¨ á«¥¤ã¥â, çâ® ¯p¨ «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � 2M0 ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ (¢
á¬ëá«¥, ãª § ­­®¬ ¢ § ¬¥ç ­¨¨ 1) Ap[�] � E[�] � f 2 C(T) : En�1( ) � �n, n 2 Ng. �¤­ ª® ¤ -
¦¥ ¢ á«ãç ¥ p =1 èª «  ª« áá®¢ fAp[�];� 2M0g ­¥ á¢®¤¨âáï ª èª «¥ ª« áá®¢ fE[�]; � 2M0g,
¯®â®¬ã çâ® ¤«ï ¢áïª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � 2 M0, ã¤®¢«¥â¢®pïîé¥© ãá«®¢¨î

1P
n=1

n�1�n = 1
(­ ¯p., �n = (ln(en))��, n 2 N, 0 < � � 1), ¨¬¥¥¬ A1[�] 6= E[�] (¨ â¥¬ ¡®«¥¥, Ap[�] 6= E[�]
¯p¨ ¢á¥å 1 � p < 1). �¥©áâ¢¨â¥«ì­®, ¤«ï äã­ªæ¨¨ ([4], á. 292; [5], á. 73{74) f(x;�) 2 C(T),
ª®â®p ï ï¢«ï¥âáï áã¬¬®© p ¢­®¬¥p­® áå®¤ïé¥£®áï âp¨£®­®¬¥âp¨ç¥áª®£® pï¤  (¨, á«¥¤®¢ â¥«ì-

­®, ¥¥ pï¤  �ãpì¥)
1P
n=1

n�1�n sinnx, ¨¬¥¥¬ En�1(f) � kf(�) � Sn�1(f ; �)k � 2C0�n, n 2 N, £¤¥

1�n �
(k)

�n ®§­ ç ¥â áãé¥áâ¢®¢ ­¨¥ â ª¨å ¯®áâ®ï­­ëå 0 < C1 � C2, § ¢¨áïé¨å «¨èì ®â k, çâ® C1�n �

�n � C2�n, n 2 N.

26



C0 = sup
n




 nP
�=1

��1 sin �x



 � 2

p
� (­ ¯p., [6], á. 130); ®âáî¤  á«¥¤ã¥â, çâ® (2C0)�1f(x;�) 2 E[�], ­®

â. ª. sup
n
�n(f)=�n = +1, â® (2C0)�1f(x;�) =2 A1[�].

2. �á¯®¬®£ â¥«ì­ë¥ ­¥p ¢¥­áâ¢ 

�¡®§­ ç¨¬ (k 2 N, r 2 Z+, n 2 N) d(k+r)n (f) � �
(k+r)
0 (f)� �(k+r)n (f) =

nP
�=1

�k+r(ja�(f)j+ jb�(f)j);

®âáî¤  �(r)n (f)+n�kd(k+r)n (f) =
1P

�=n+1
�r4���1(f)+n�k

nP
�=1

�k+r4���1(f), £¤¥ 4���1(f) = ���1(f)�
��(f) = ja�(f)j+ jb�(f)j, � = 1; 2; : : :

�¥¬¬  1. �ãáâì 1 � p � 1, f 2 Lp(T), k 2 N ¨ �0(f) <1, â®£¤  (n 2 N)

n�k
nX

�=1

�k�1���1(f) � �n(f) + n�kd(k)n (f) � kn�k
nX

�=1

�k�1���1(f): (5)

�®ª § â¥«ìáâ¢®. �¬¥¥¬ (�0(f) <1) �n(f) # 0 (n " 1))

n�k
nX

�=1

�k�1���1(f) = n�k
nX

�=1

�k�1
nX

�=�

4���1(f) + �n(f)n
�k

nX
�=1

�k�1 =

= n�k
nX

�=1

4���1(f)
�X

�=1

�k�1 + �n(f)n�k
nX

�=1

�k�1 � n�k
nX

�=1

�k4���1(f) + �n(f) =

= �n(f) + n�kd(k)n (f) � �n(f) + kn�k
nX

�=1

����1(f)
�X

�=1

�k�1 =

= �n(f) + k n�k
nX

�=1

�k�1
nX

�=�

����1(f) = k n�k
nX

�=1

�k�1���1(f) +

+�n(f)� k�n(f)n�k
nX

�=1

�k�1 � k n�k
nX

�=1

�k�1���1(f);

â. ª. k�n(f)n�k
nP

�=1
�k�1 � k�n(f)n�kk�1nk = �n(f).

�¥¬¬  2. �ãáâì 1 � p � 1, f 2 Lp(T), r; k 2 N ¨ �
(r)
0 (f) <1, â®£¤  (n 2 N)

1)
1P
n=1

nr�1�n�1(f) � �(r)0 (f) � r
1P
n=1

nr�1�n�1(f),

2) �n(f) � (n+ 1)�r�(r)n (f),

3)
1P

�=n+1
�r�1���1(f) � �(r)n (f),

4) �(r)n (f) � r
n
nr�n(f) +

1P
�=n+1

�r�1���1(f)
o
,

5) �(r)n (f) + n�kd(k+r)n (f) � r
1P

�=n+1
�r�1���1(f) + r(k + r)n�k

nP
�=1

�k+r�1���1(f),

6)
1P

�=n+1
�r�1���1(f) + n�k

nP
�=1

�k+r�1���1(f) � 2�(r)n (f) + n�kd(k+r)n (f).

�®ª § â¥«ìáâ¢®. �§ áå®¤¨¬®áâ¨ pï¤  �(r)0 (f) < 1 ¢ á¨«ã ®ç¥¢¨¤­®£® ­¥p ¢¥­áâ¢  �0(f) �
� �

(0)
0 (f) � �

(r)
0 (f) ¨¬¥¥¬ �0(f) < +1, ®âªã¤  �n(f) # 0 (n " 1). �ç¨âë¢ ï ¯®á«¥¤­¥¥ § ¬¥ç ­¨¥,

¯®«ãç ¥¬

1)
1P
n=1

nr�1�n�1(f) =
1P
n=1

nr�1
1P
�=n

����1(f) =
1P
�=1

����1(f)
�P

n=1
nr�1 �

1P
�=1

�r����1(f) =

= �
(r)
0 (f) � r

1P
�=1

����1(f)
�P

n=1
nr�1 = r

1P
n=1

nr�1
1P
�=n

����1(f) = r
1P
n=1

nr�1�n�1(f),
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2) �n(f) =
1P

�=n+1
����1(f) =

1P
�=n+1

��r�r����1(f) �

� (n+ 1)�r
1P

�=n+1
�r����1(f) = (n+ 1)�r�(r)n (f),

3)
1P

�=n+1
�r�1���1(f) =

1P
�=n+1

�r�1
1P
�=�

����1(f) =

=
1P

�=n+1
����1(f)

�P
�=n+1

�r�1 �
1P

�=n+1
�r����1(f) = �(r)n (f),

4) �(r)n (f) =
1P

�=n+1
�r����1(f) � r

1P
�=n+1

����1(f)
�P

�=1
�r�1 =

= r
1P

�=n+1
����1(f)

nP
�=1

�r�1 + r
1P

�=n+1
����1(f)

�P
�=n+1

�r�1 =

= r�n(f)
nP

�=1
�r�1 + r

1P
�=n+1

�r�1
1P
�=�

����1(f) � r
n
nr�n(f) +

1P
�=n+1

�r�1���1(f)
o
.

5) � á¨«ã ¯. 4) «¥¬¬ë ¨ ¯p ¢®© ®æ¥­ª¨ ¢ (5) ¨¬¥¥¬

�(r)n (f) + n�kd(k+r)n (f) � r

�
nr�n(f) +

1X
�=n+1

�r�1���1(f)
�
+

+ (k + r)n�k
nX

�=1

�k+r�1���1(f)� nr�n(f) =

= r
1X

�=n+1

�r�1���1(f) + (k + r)n�k
nX

�=1

�k+r�1���1(f) + (r � 1)nr�n(f) �

� r
1X

�=n+1

�r�1���1(f) + r(k + r)n�k
nX

�=1

�k+r�1���1(f);

â. ª. ¢ á¨«ã �n(f) # (n ")

(k+r)n�k
nX

�=1

�k+r�1���1(f) � (k+r)n�k�n�1(f)
nX

�=1

�k+r�1 � n�k�n�1(f)n
k+r = nr�n�1(f) � nr�n(f):

6) � á¨«ã ¯¯. 3) ¨ 2) «¥¬¬ë ¨ «¥¢®© ®æ¥­ª¨ ¢ (5) ¨¬¥¥¬

1X
�=n+1

�r�1���1(f) + n�k
nX

�=1

�k+r�1���1(f) �

� �(r)n (f) + nr�n(f) + n�kd(k+r)n (f) � 2�(r)n (f) + n�kd(k+r)n (f): �

�¥¬¬  3. �ãáâì k 2 N, g 2 C(T), g�(x) = (1=2)fg(x) � g(�x)g ¨ �(g;x) = (1=2)a0(g) +
1P
n=1

(an(g) cos nx+ bn(g) sinnx), £¤¥ an(g) � 0, bn(g) � 0, â®£¤  á¯p ¢¥¤«¨¢ë ®æ¥­ª¨ (n = 1; 2; : : : )

1) �n�1(g+) =
1P
�=n

a�(g) � C1(k)!k(g+;�=n) � C1(k)!k(g;�=n);

2) n�{d({)n (g+) = n�{
nP

�=1
�{a�(g) � C2(k)!k(g+;�=n) � C2(k)!k(g;�=n),

£¤¥ { = k + [1� (�1)k]=2 = fk, k ç¥â­®¥; k + 1, k ­¥ç¥â­®¥g;
3) n�{d({)n (g�) = n�{

nP
�=1

�{b�(g) � C3(k)!k(g�;�=n) � C3(k)!k(g;�=n),

£¤¥ { = k + [1 + (�1)k]=2 = fk + 1, k ç¥â­®¥; k, k ­¥ç¥â­®¥g.
�¥¬¬  3 ¢ ­¥áª®«ìª® ¨­®© ä®p¬ã«¨p®¢ª¥ ¯p¨¢¥¤¥­  ¢ ([5], ­¥p ¢¥­áâ¢  (22){(24) ­  á. 72).

� ­¥¥ ­¥p ¢¥­áâ¢  ¯¯. 1) ¨ 2) ¯p¨ k ç¥â­®¬ ¤«ï á¨¬¬¥âp¨ç¥áª¨å ¬®¤ã«¥© £« ¤ª®áâ¨ ¤pã£¨¬
á¯®á®¡®¬ ¤®ª § ­ë ¢ ([7], á. 84{85; [8]).
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�¥¬¬  4. �ãáâì ç¥â­ ï äã­ªæ¨ï f 2 C(T) ¨¬¥¥â pï¤ �ãpì¥ �(f ;x) = (1=2)a0(f) +
1P
n=1

an(f) cosnx, £¤¥ an(f) � 0 (n = 0; 1; 2; : : : ), â®£¤  �0(f) <1 ¨ ¯p¨ ç¥â­®¬ k 2 N

!k(f ;�=n) �
(k)
n�k

nX
�=1

�k�1���1(f); n 2 N: (6)

�®ª § â¥«ìáâ¢®. � á¨«ã ¨§¢¥áâ­®© â¥®p¥¬ë �í«¨ (­ ¯p., [1], á. 277) ¤«ï ¢áïª®© ç¥â­®©
­¥¯p¥pë¢­®© äã­ªæ¨¨ f á ­¥®âp¨æ â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ an(f) � 0 ¨¬¥¥¬ �0(f)�f(0)<1,
®âªã¤  á«¥¤ã¥â p ¢­®¬¥p­ ï áå®¤¨¬®áâì ¥¥ pï¤  �ãpì¥, ¨, á«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ �n(f) =
1P

�=n+1
a�(f) = f(0) � Sn(f ; 0) = kf(�) � Sn(f ; �)k, n 2 Z+. �ç¨âë¢ ï ¯®á«¥¤­¥¥ p ¢¥­áâ¢®, ¢ á¨«ã

«¥¢®© ®æ¥­ª¨ ¢ (5) ¨ ­¥p ¢¥­áâ¢ ¯¯. 1), 2) (k ç¥â­®¥) «¥¬¬ë 3 (f+ � f) ¯®«ãç ¥¬

n�k
nX

�=1

�k�1���1(f) � �n(f) + n�kd(k)n (f) � [C1(k) + C2(k)]!k(f ;�=n);

®âªã¤  á«¥¤ã¥â «¥¢ ï ®æ¥­ª  ¢ (6).
� ¤pã£®© áâ®p®­ë, â. ª. ¯p¨ «î¡ëå x 2 R ¨ h 2 R (k ç¥â­®¥)

4k
hf(x) = (�1)k=22k

1X
�=1

�
sin �

h

2

�k

a�(f) cos �
�
x+ k

h

2

�
;

â®, ¯®« £ ï jhj � �=n, ¢ á¨«ã ¨§¢¥áâ­ëå ­¥p ¢¥­áâ¢ j sin zj � 1, j cos zj � 1, j sin zj � jzj, z 2 R, ¨
¯p ¢®© ®æ¥­ª¨ ¢ (5) ¨¬¥¥¬

j4k
hf(x)j � 2k

1X
�=1

�
sin�

h

2

�k

a�(f) � 2k
1X

�=n+1

a�(f) + jhjk
nX

�=1

�ka�(f) �

� 2k�n(f) + �kn�kd(k)n (f) � k�kn�k
nX

�=1

�k�1���1(f);

®âªã¤  á«¥¤ã¥â ¯p ¢ ï ®æ¥­ª  ¢ (6).

� ¬¥ç ­¨¥ 3. � ãá«®¢¨ïå «¥¬¬ë 4 ¨§ á®®â­®è¥­¨ï (6) ¢ á¨«ã ­¥p ¢¥­áâ¢  En�1(f) �
�n�1(f), n 2 N, á«¥¤ã¥â ®æ¥­ª  n�k

nP
�=1

�k�1E��1(f) � C4(k)!k(f ;�=n), p ­¥¥ ¤®ª § ­­ ï ¤pã-

£¨¬ á¯®á®¡®¬ ¢ ([7], â¥®p¥¬  1, á. 86).

� ¬¥ç ­¨¥ 4. �«ï ¢áïª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � = f�ng 2M0 áãé¥áâ¢ã¥â äã­ªæ¨ï f0(x;�) 2
C(T) � Lp(T) (1 � p <1) â ª ï, çâ® �n�1(f0) = �n, n 2 N.

�¥©áâ¢¨â¥«ì­®, ¢ ª ç¥áâ¢¥ f0 ¯®¤å®¤¨â (¢ á¨«ã â¥®p¥¬ë �í«¨, ã¯®¬ï­ãâ®© ¢ ¤®ª § â¥«ìáâ¢¥
«¥¬¬ë 4) ç¥â­ ï ­¥¯p¥pë¢­ ï äã­ªæ¨ï á an(f0) = 4�n = �n � �n+1, n 2 N. �â¬¥â¨¬, çâ®
ãª § ­­ ï äã­ªæ¨ï f0 p ­¥¥ ¯p¨¬¥­ï« áì ¢ ([9], á. 52).

�âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® á¢®©áâ¢  f�ng : 0 < �n # 0 (n " 1) ¯®«­®áâìî å p ª-
â¥p¨§ãîâ ¯®pï¤®ª ã¡ë¢ ­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�n�1(f)g1n=1 ¤«ï «î¡®© äã­ªæ¨¨ f 2 Lp(T) á
�0(f) <1, £¤¥ 1 � p � 1.

3. H¥p ¢¥­áâ¢  ¤«ï ®æ¥­®ª á¢¥påã

�à¥¤«®¦¥­¨¥ 1. �ãáâì 1 � p � 1, f 2 Lp(T), k 2 N ¨ �0(f) < 1, â®£¤  f �  2 C(T) ¨
á¯p ¢¥¤«¨¢  ®æ¥­ª 

!k( ;�=n) � C5(k)n
�k

nX
�=1

�k�1���1(f); n 2 N: (7)
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�®ª § â¥«ìáâ¢®. � á¨«ã ¨§¢¥áâ­ëå á¢®©áâ¢ ¬®¤ã«¥© £« ¤ª®áâ¨ (­ ¯p., [3], á. 223{225) ¨
¯p ¢®£® ­¥p ¢¥­áâ¢  ¢ (5) ¨¬¥¥¬

!k( ;�=n) � !k( � Sn(f);�=n) + !k(Sn(f);�=n) � 2kk � Sn(f)k+ �kn�kkS(k)
n (f)k �

� 2k
1X

�=n+1

(ja�(f)j+ jb�(f)j) + �kn�k
nX

�=1

�k(ja�(f)j+ jb�(f)j) =

= 2k�n(f) + �kn�kd(k)n (f) � k�kn�k
nX

�=1

�k�1���1(f): �

�à¥¤«®¦¥­¨¥ 2. �ãáâì 1 � p � 1, f 2 Lp(T), k; r 2 N ¨ áå®¤¨âáï pï¤

1X
n=1

nr�1�n�1(f) <1; (8)

â®£¤  f �  2 Cr(T) ¨ á¯p ¢¥¤«¨¢ë ®æ¥­ª¨

1) k (r)k � C6(r)
1P
n=1

nr�1�n�1(f);

2) !k( (r);�=n) � C7(k; r)
� 1X

�=n+1

�r�1���1(f) + n�k
nX

�=1

�k+r�1���1(f)
�
; n 2 N:

�®ª § â¥«ìáâ¢®. � á¨«ã áå®¤¨¬®áâ¨ àï¤  (8) ¨ ¯à ¢®£® ­¥à ¢¥­áâ¢  ¯. 1) «¥¬¬ë 2 ¨¬¥¥¬

�
(r)
0 (f) �

1X
n=1

nr(jan(f)j+ jbn(f)j) � r
1X
n=1

nr�1�n�1(f) <1;

®âªã¤  f �  2 Cr(T) ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

k rk � �0( 
r) � �

(r)
0 (f) � r

1X
n=1

nr�1�n�1(f):

� «¥¥, ¢ á¨«ã ­¥à ¢¥­áâ¢  ¯. 5) «¥¬¬ë 2 ¯®«ãç ¥¬ (á¬. ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 1)

!k( 
(r);�=n) � !k( 

(r) � S(r)
n (f);�=n) + !k(S

(r)
n (f);�=n) �

� 2kk (r) � S(r)
n (f)k+ �kn�kkS(k+r)

n (f)k � 2k�(r)n (f) + �kn�kd(k+r)n (f) �

� �kr(k + r)
� 1X

�=n+1

�r�1���1(f) + n�k
nX

�=1

�k+r�1���1(f)
�
: �

�à¨¢®¤¨¬ë¥ ­¨¦¥ á«¥¤áâ¢¨ï ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¨§ ¯à¥¤«®¦¥­¨ï 1 (á«ãç © r = 0) ¨
¯à¥¤«®¦¥­¨ï 2 (á«ãç © r > 0).

�«¥¤áâ¢¨¥ 3. �ãáâì 1 � p � 1, f 2 Lp(T), k 2 N, r 2 Z+, 0 < � 2 R ¨ �n�1(f) � Mn�(r+�),
n 2 N, £¤¥ M = M(f) | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, â®£¤  f �  2 Cr(T) ¨ !k( (r); �) �
C8(k; r; �;M)f�� ¯à¨ � < k; �k ln(�e=�) ¯à¨ � = k; �k ¯à¨ � > kg, � 2 (0; �].

�«¥¤áâ¢¨¥ 4. �ãáâì 1 � p � 1, f 2 Lp(T), k 2 N, r 2 Z+ ¨ �n�1(f) � Mn�(r+k), n 2 N, £¤¥
M = M(f) | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, â®£¤  f �  2 Cr(T) ¨ !k+1( (r); �) � C9(k; r;M)�k ,
� 2 (0; �].
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4. �ã­ªæ¨ï, ¨á¯®«ì§ã¥¬ ï ¤«ï ®æ¥­®ª á­¨§ã

�¥¬¬  5. �ãáâì 1 � p � 1, k; r 2 N, ¤«ï ¢áïª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � = f�ng 2 M0

áãé¥áâ¢ã¥â äã­ªæ¨ï g(x;�) 2 C(T) � Lp(T) â ª ï, çâ®
1) �0(g) <1, �n�1(g) = 2�n, n 2 N;
2) n�k

nP
�=1

�k�1�� � C10(k)!k(g;�=n);

3) g 2 Cr(T) ,
1P
n=1

nr�1�n <1, ¯à¨ íâ®¬

1X
n=1

nr�1�n � kg(r)k � 2r
1X
n=1

nr�1�n;

4) ¥á«¨ àï¤ ¢ ¯à ¢®© ç áâ¨ 3) áå®¤¨âáï, â®

1X
�=n+1

�r�1�� + n�k
nX

�=1

�k+r�1�� � C11(k; r)!k(g
(r);�=n):

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ (­ ¯à., [5], á. 73; [9], á. 52) an(g) = bn(g) = ��n = �n � �n+1,

n 2 N, g(x;�) =
1P
n=1

��n(cos nx+ sinnx). �ç¥¢¨¤­®, �0(g) = 2
1P
n=1

��n = 2�1 <1, á«¥¤®¢ â¥«ì­®,

g(x;�) 2 C(T) ¨ �n�1(g) =
1P
�=n

(ja�(g)j + jb�(g)j) = 2
1P
�=n

��� = 2�n, ®âªã¤  �n�1(g) = 2�n, n 2 N,

â. ¥. ¨¬¥¥â ¬¥áâ® ¯. 1).
� «¥¥, ¢ á¨«ã «¥¢®£® ­¥à ¢¥­áâ¢  ¢ (5) ¨ ­¥à ¢¥­áâ¢ 1), 2) (¯à¨ k ç¥â­®¬), 3) (¯à¨ k ­¥ç¥â­®¬)

¨§ «¥¬¬ë 3 ¨¬¥¥¬ (k 2 N)

2n�k
nX

�=1

�k�1�� = n�k
nX

�=1

�k�1���1(g) � �n(g) + n�kd(k)n (g) =

=
1X

�=n+1

����1(g) + n�k
nX

�=1

�k����1(g) = 2
1X

�=n+1

��� + 2n�k
nX

�=1

�k��� �

� 2C1(k)!k(g+;�=n) + 2C12(k)!k(';�=n) � 2C10(k)!k(g;�=n);

£¤¥ ' = g+ ¨ C12(k) = C2(k) ¯à¨ k ç¥â­®¬, ' = g� ¨ C12(k) = C3(k) ¯à¨ k ­¥ç¥â­®¬.
�®ª ¦¥¬ ¯. 3). �á«¨ àï¤ ¢ ¯à ¢®© ç áâ¨ 3) áå®¤¨âáï, â® ¢ á¨«ã 1) ¨ ¯à¥¤«®¦¥­¨ï 2 ¨¬¥¥¬

g 2 Cr(T) ¨

kg(r)k � r
1X
n=1

nr�1�n�1(g) = 2r
1X
n=1

nr�1�n:

� ¤àã£®© áâ®à®­ë, ¥á«¨ g 2 Cr(T), â® ¢ á¨«ã à ¢¥­áâ¢ g(r)(x;�) = (�1)r=2
1P
n=1

nr��n(cosnx +

sinnx), r ç¥â­®¥, g(r)(x;�) = (�1)(r+3)=2
1P
n=1

nr��n(cosnx� sinnx), r ­¥ç¥â­®¥, ¨ «¥¢®£® ­¥à ¢¥­-

áâ¢  ¢ ¯. 1) «¥¬¬ë 2 ¨¬¥¥¬ (r 2 N)

1 > kg(r)k � jg(r)(0;�)j =
1X
n=1

nr��n = (1=2)�(r)0 (g) � (1=2)
1X
n=1

nr�1�n�1(g) =
1X
n=1

nr�1�n:

�®ª ¦¥¬ 4). �§ áå®¤¨¬®áâ¨ àï¤  ¢ ¯à ¢®© ç áâ¨ 3) á«¥¤ã¥â g 2 Cr(T). �¡®§­ ç¨¬ '(x) =
(�1)r=2g(r)+ (x;�) ¯à¨ r ç¥â­®¬ ¨ '(x) = (�1)(r+3)=2g(r)+ (x;�) ¯à¨ r ­¥ç¥â­®¬. �®£¤ , ®ç¥¢¨¤­®,

' 2 C(T) ¨ '(x) =
1P
n=1

nr��n cosnx, £¤¥ r 2 N.
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� á¨«ã ¯. 3) «¥¬¬ë 2 ¨ ¯. 1) «¥¬¬ë 3 ¨¬¥¥¬ (r 2 N)
1X

�=n+1

�r�1�� = (1=2)
1X

�=n+1

�r�1���1(g) � (1=2)�(r)n (g) =
1X

�=n+1

�r��� �

� C1(k)!k(';�=n) = C1(k)!k(g
(r)
+ ;�=n) � C1(k)!k(g(r);�=n):

� «¥¥, ¢ á¨«ã ¯. 2) ­ áâ®ïé¥© «¥¬¬ë ¨ ¨§¢¥áâ­®£® ­¥à ¢¥­áâ¢  !k+r(g; �) � �r!k(g(r); �) (¯à¨
ãá«®¢¨¨ g 2 Cr(T); ­ ¯à., [3], á. 225) ¯®«ãç ¥¬

C�110 (k + r)n�k
nX

�=1

�k+r�1�� � nr!k+r(g;�=n) � �r!k(g(r);�=n):

�¡ê¥¤¨­ïï ¯®«ãç¥­­ë¥ ®æ¥­ª¨, ¨¬¥¥¬
1X

�=n+1

�r�1�� + n�k
nX

�=1

�k+r�1�� � [C1(k) + �r C10(k + r)]!k(g
(r);�=n): �

�«¥¤áâ¢¨¥ 5. �®« £ ï ¢ «¥¬¬¥ 5 �n = (�=n)r+�, n 2 N, £¤¥ r 2 Z+, 0 < � � k, k 2 N,
¯®«ãç ¥¬, çâ® á®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï g(x;�) 2 Cr(T), �n�1(g) = 2�n, n 2 N, ¨ ¯à¨ íâ®¬
¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ (r 2 Z+): !k(g(r); �) � C13(k; r; �)f�� ¯à¨ � < k; �k ln(�e=�) ¯à¨ � = kg,
!k+1(g(r); �) � C14(k; r)�k ¯à¨ � = k, � 2 (0; �].

5. �®ª § â¥«ìáâ¢  ®á­®¢­ëå ãâ¢¥à¦¤¥­¨©

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �æ¥­ª  á¢¥àåã ¢ (2) á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (7): ¥á«¨ ¯à®-
¨§¢®«ì­ ï äã­ªæ¨ï f 2 Ap[�], â® ¨¬¥¥¬ f 2 Lp(T) ¨ �n�1(f) � �n, n 2 N, ®âªã¤  ¢ á¨«ã
¯à¥¤«®¦¥­¨ï 1 (�0(f) � �1 <1) f �  2 C(T) ¨

!k( ;�=n) � C5(k)n�k
nX

�=1

�k�1���1(f) � C5(k)n�k
nX

�=1

�k�1�� :

�æ¥­ªã á­¨§ã ¢ (2) ¤®áâ ¢«ï¥â äã­ªæ¨ï (1=2)g(x;�) 2 Ap[�], à áá¬®âà¥­­ ï ¢ «¥¬¬¥ 5: ¢ á¨«ã
¯. 2) íâ®© «¥¬¬ë ¨¬¥¥¬

n�k
nX

�=1

�k�1�� � C10(k)!k(g;�=n) � 2C10(k) supf!k( ;�=n); f 2 Ap[�]g:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �á«®¢¨¥ áå®¤¨¬®áâ¨ àï¤  (3) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¤«ï
â®£®, çâ®¡ë ¢áïª ï äã­ªæ¨ï f 2 Ap[�] ¯®çâ¨ ¢áî¤ã á®¢¯ ¤ «  á ­¥ª®â®à®© äã­ªæ¨¥©  2 Cr(T)
¯à¨ p < 1 ¨ ¯à¨­ ¤«¥¦ «  ª« ááã Cr(T) ¯à¨ p = 1. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ ¯¥à¢®© ç áâ¨
ãâ¢¥à¦¤¥­¨ï ¢ ¯à¥¤«®¦¥­¨¨ 2; ­¥®¡å®¤¨¬®áâì ¨¬¥¥â ¬¥áâ® ¢ á¨«ã ¯. 3) «¥¬¬ë 5.

�æ¥­ª  á¢¥àåã ¢ (4) á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  ¯. 2) ¯à¥¤«®¦¥­¨ï 2: ¤«ï ª ¦¤®© äã­ªæ¨¨ f 2
Ap[�] ¨¬¥¥¬

1P
n=1

nr�1�n�1(f) �
1P
n=1

nr�1�n <1, ®âªã¤  ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2 f �  2 Cr(T) ¨

!k( (r);�=n) � C7(k; r)
� 1X

�=n+1

�r�1�� + n�k
nX

�=1

�k+r�1��

�
:

�æ¥­ªã á­¨§ã ¢ (4) ¤®áâ ¢«ï¥â äã­ªæ¨ï (1=2)g(x;�) 2 Ap[�], à áá¬®âà¥­­ ï ¢ «¥¬¬¥ 5: ¢ á¨«ã
¯. 4) íâ®© «¥¬¬ë ¨¬¥¥¬

1X
�=n+1

�r�1�� + n�k
nX

�=1

�k+r�1�� � C11(k; r)!k(g
(r);�=n) �

� 2C11(k; r) supf!k( (r);�=n); f 2 Ap[�]g:
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�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨© 1 ¨ 2. �æ¥­ª¨ á¢¥àåã ¢ëâ¥ª îâ á®®â¢¥âáâ¢¥­­® ¨§ á«¥¤áâ¢¨©
3 ¨ 4; ¯® ¯®¢®¤ã ®æ¥­®ª á­¨§ã á¬. á«¥¤áâ¢¨¥ 5.
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