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�¥â®¤ à¥è¥­¨ï æ¥­âà «ì­®© ¯à¥¤¥«ì­®© ¯à®¡«¥¬ë â¥®à¨¨ ¢¥à®ïâ­®áâ¥©, ¯®¤à®¡­® ¨§«®¦¥­-
­ë© ¢ [1], «¥£ª® à á¯à®áâà ­ï¥âáï ­  áã¬¬ë § ¢¨á¨¬ëå ¢¥ªâ®à®¢. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á«ã-
ç ©­ë¥ ¢¥ªâ®àë ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ¤¨á¯¥àá¨¨. �â®â á«ãç © ¨áá«¥¤®¢ «áï ¢ [2]. �¤­ ª® ¢ [2]
¢ ä®à¬ã«¥ �®«¬®£®à®¢ , ®¡®¡é¥­­®© ­  áã¬¬ë § ¢¨á¨¬ëå ¢¥ªâ®à®¢, ­¥¢¥à­® ãª § ­ ¯à¥¤¥« ¯®-
¤¨­â¥£à «ì­®© äã­ªæ¨¨ ¯à¨ x! 0. � ª ¯®ª § ­® ¢ [3], íâ®â ¯à¥¤¥« § ¢¨á¨â ®â ¯ãâ¨ áâà¥¬«¥­¨ï
x ª ­ã«î ¨ ¢ëà ¦ ¥âáï ç¥à¥§ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à -¯ à ¬¥âà  t ­  ¥¤¨­¨ç­ë© ¢¥ª-
â®à e, ­ ¯à ¢«¥­­ë© ¯® ª á â¥«ì­®© ª ¯ãâ¨ ¢ â®çª¥ ¯®¤å®¤ : lim

x!0

�
� (t;x)2

2jxj

�
. �¥¬ ­¥ ¬¥­¥¥, ¨§

à¥§ã«ìâ â®¢ [2], [3] á«¥¤ã¥â, çâ® ¢ ®¡®¡é¥­­®© ä®à¬ã«¥ �®«¬®£®à®¢  ¯®¤¨­â¥£à «ì­ ï äã­ªæ¨ï
¨­â¥£à¨àã¥¬  ¢ ®ªà¥áâ­®áâ¨ ­ã«ì-¢¥ªâ®à , ¯®áâ ¢«ïï ®ââã¤  ­®à¬ «ì­ë© ª®¬¯®­¥­â.

� ¤ ­­®© à ¡®â¥ ¯®«ãç ¥¬ ®¡®¡é¥­­ãî ­  áã¬¬ë § ¢¨á¨¬ëå ¢¥ªâ®à®¢ ä®à¬ã«ã �®«¬®£®à®-
¢ , ¢ ª®â®à®© ¨§ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¨áª«îç¥­ ­ã«ì-¢¥ªâ®à.

1. �ãáâì f�nsg
n
s=1, n = 1;1, | á¨áâ¥¬  á¥à¨© d-¬¥à­ëå ¢¥ªâ®à®¢, ®¯à¥¤¥«¥­­ëå ¯à¨ ª -

¦¤®¬ n ­  ®¤­®¬ ¨ â®¬ ¦¥ ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ ¨ ¯à¨­¨¬ îé¨å §­ ç¥­¨ï ¢ Rd,
�ns = (�(1)ns ; : : : ; �

(d)
ns ), M�(i)ns = 0, x = (x1; : : : ; xd). � ¯¨áì �ns � x ®§­ ç ¥â, çâ® �(i)ns � xi ¤«ï

¢á¥å i = 1; d ([4], á. 30), (x; y) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥, jxj | ¬®¤ã«ì ¢¥ªâ®à  (­®à¬ ).
�¡®§­ ç¨¬: Sn(s;p) = �n(s+1)+ � � �+�np, Sn(p;p) � 0,Mns | �- «£¥¡à  ¢¥ªâ®à  �ns, t = (t1; : : : ; td).

�¡®¡é¨¬ á¯¥æ¨ «ì­ë¥ äã­ªæ¨¨, ¢¢¥¤¥­­ë¥ ¢ [1],

f(t;Mns) =
M(exp i(t; Sn(s;n)=Mns))
M(exp i(t; Sn(s;n)))

; 'ns =M(ei(t;�ns)f(t;Mns)); s = 1; n:

�®«ãç¨¬, çâ® å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï (å. ä.) áã¬¬ë Sn =
nP

s=1
�ns

'n(t) =
nY

s=1

'ns(t):

�á«®¢¨¥ (A). �à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ t

lim
n!1

nX
s=1

j'ns(t)� 1j2 = 0: (A)

�¢¥¤¥¬ á¨¬¬¥âà¨ç­ãî ¬ âà¨æãBn = kbn(i;j)k, i; j = 1; d, £¤¥ bn(i;j) =
P

0�js�pj�mn

M(�(i)ns�
(j)
np ; j�nsj �

"; j�npj � "), mn ®¯à¥¤¥«ï¥âáï ¢ â¥®à¥¬¥ 1, " > 0. �¥à¥§ h(n) ®¡®§­ ç¨¬ ¬¥¤«¥­­® ¬¥­ïîéãîáï
äã­ªæ¨î ([5], c. 36).

� ¯®¬­¨¬, çâ® á¨áâ¥¬  á¥à¨© f�nsg ­ §ë¢ ¥âáï mn-§ ¢¨á¨¬®©, ¥á«¨ (�n1; : : : ; �np) ¨
(�n(p+k); : : : ; �nn) ­¥§ ¢¨á¨¬ë ¯à¨ k � mn.
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�¥®à¥¬  1. �ãáâì á¨áâ¥¬  á¥à¨© ¢¥ªâ®à®¢ f�nsg mn = m0n
1=8��-§ ¢¨á¨¬ ï, £¤¥ m0 | «î-

¡®¥ ¯®áâ®ï­­®¥ ç¨á«®, 0 < � � 1=8, ªà®¬¥ â®£®, ­ ©¤ãâáï ¯®áâ®ï­­ë¥ H1, H2 ¨ n0 â ª¨¥, çâ®
¯à¨ n � n0

max
s;i

M�(i)
2

ns �
H1h(n)

n
; max

s;r;q;i;j;k
M j�(i)ns�

(j)
nr �

(k)
nq j �

H2h(n)
n3=2

; (1)

£¤¥ 0 � jr � qj � m0n
1=4��, 0 < js� qj � m0n

1=4��. �®£¤ , ¥á«¨ ¯à¨ n!1

Kn(x) =
nX

s=1

M(�2ns; �ns � x) á«.
�! K(x) <1; lim

"!0
lim
n!1

Bn = B;

â® áã¬¬  Sn ¡ã¤¥â ¨¬¥âì ¡¥§£à ­¨ç­® ¤¥«¨¬®¥ ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥, «®£ à¨ä¬ å.ä. ª®-

â®à®£®

 (t) =
Z
Rd

| (ei(t;x) � 1� i(t; x))
1
jxj2

dK(x)�
(t; Bt�)

2
; (2)

£¤¥ t� | ¢¥ªâ®à-áâ®«¡¥æ,   ¨§ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¨áª«îç¥­ ­ã«ì-¢¥ªâ®à.

�®ª § â¥«ìáâ¢®. �¤¥« ¥¬ à §¡¨¥­¨¥ áã¬¬ë Sn =
nP

s=1
�ns ¯® ¬¥â®¤ã �¥à­èâ¥©­ 

uni =
ik+(i�1)mX

s=(i�1)k+(i�1)m+1

�ns; vni =
ik+imX

s=ik+(i�1)m+1

�ns; i = 1; �: (3)

�®§ì¬¥¬ ¢ à §¡¨¥­¨¨ (3) k = [m0n
1=4��], m = [m0n

1=8��], 0 < � � 1=8. �®«®¦¨¬ Sn1 =
�P

i=1
uni,

Sn2 =
�P

i=1
vni. �®áª®«ìªã

MS2
n2 =

�X
i=1

Mv2ni �
H1�m

2h(n)d2

n
! 0;

�mX
i=1

M�02ni �
H1�mh(n)d

n
! 0; (4)

£¤¥ �0ni | ¢¥ªâ®àë, ¢®è¥¤è¨¥ ¢ Sn2, â® áã¬¬  Sn ¡ã¤¥â ¨¬¥âì â® ¦¥ ¯à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥,
çâ® ¨ Sn1 ([1], á. 44).

�ã¤¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã ¤«ï áã¬¬ë ¢¥ªâ®à®¢, ¢®è¥¤è¨å ¢ Sn1, ®¡®§­ ç¨¢ ¨å ¢ ¯®àï¤ª¥
¢®§à áâ ­¨ï ¨­¤¥ªá®¢ ç¥à¥§ �nj , j = 1; l, l = �k, ¨ ¯®«®¦¨¢ Sn(j;p) = �n(j+1)+ � � �+ �np. �« £®¤ àï
mn-§ ¢¨á¨¬®áâ¨, ¢ äã­ªæ¨ïå fnj(t;Mnj) ¤«ï á¨áâ¥¬ë f�njg ¬®¦­® á¤¥« âì á®ªà é¥­¨ï. �®«ãç¨¬

fnj(t;Mnj) =
M(exp i(t; Sn(j;p)=Mnj))
M(exp i(t; Sn(j;p)))

;

£¤¥ p = p(j) | ¨­¤¥ªá ¯®á«¥¤­¥£® ¢¥ªâ®à  �np â®© ç áâ¨ uni, ¢ ª®â®àãî ¢®è¥« ¢¥ªâ®à �nj . �á¯®«ì-

§ãï à §«®¦¥­¨ï ei(t;Sn(j;p)) = 1 + i(t; Sn(j;p)) �
(t;Sn(j;p))

2

2
�n1, j�n1j � 1, ei(t;Sn(j;p)) = 1 + i(t; Sn(j;p))�n2,

j�n2j � 1, ¨ ãá«®¢¨ï (1), á®¢¥àè¥­­® â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.2 ¢ ([1], á. 57),
­ ©¤¥¬, çâ® á¨áâ¥¬  f�njg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (A).

�¡à §ã¥¬ ¤«ï á¨áâ¥¬ë f�njg ¢¥ªâ®à-äã­ªæ¨¨ ¢¥ªâ®à- à£ã¬¥­â  anj(t) = M(�njfnj(t;Mnj)),

al(t) =
lP

j=1
anj(t) ¨ 'nj =M(ei(t;�nj )f(t;Mnj)), j = 1; l. �ç¥¢¨¤­®,

lX
j=1

('nj(t)� 1) =
lX

j=1

Z
Rd

(ei(t;x) � 1� i(t; x))fnj(t;Mnj) dPf�nj � xg+ i(t; al(t)): (5)
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�§ (1), (4) ¨ à §«®¦¥­¨ï ei(t;x) = 1+ i(t; x)� (t;x)2

2
�, j�j � 1, ­ ©¤¥¬, çâ® ¯à¨ «î¡®¬ ä¨ªá¨à®-

¢ ­­®¬ t

Jl �
nX

s=1

Z
Rd

(ei(t;x) � 1� i(t; x)) dPf�ns � xg ! 0;

£¤¥ Jl | ¯¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ (5). �® á¢®©áâ¢ ¬ ¨­â¥£à «  �â¨«âì¥á  ¯à¨ «î¡®¬ " > 0
nX

s=1

Z
jxj�"

(ei(t;x) � 1� i(t; x)) dPf�ns � xg =
Z
jxj�"

(ei(t;x) � 1� i(t; x))
1
jxj2

dKn:

�âáî¤  ¨ ¨§ â¥®à¥¬ë �¥««¨ á«¥¤ã¥â, çâ®

lim
n!1

nX
s=1

Z
Rd

| (ei(t;x) � 1� i(t; x)) dPf�ns � xg =
Z
Rd

| (ei(t;x) � 1� i(t; x))
1
jxj2

dK(x);

£¤¥ ¨§ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¨áª«îç¥­ ­ã«ì-¢¥ªâ®à.

�ãáâì ¬ âà¨æ  Cn = kcn(i;j)k, £¤¥ cn(i;j) =
nP

s=1
M(�(i)ns�

(j)
ns ; j�nsj � ") ¨ C = lim

"!0
lim
n!1

Cn. �§
à §«®¦¥­¨ï

ei(t;x) = 1 + i(t; x) �
(t; x)2

2
+ i

(t; x)3

6
�; j�j � 1;

¨ à ¢¥­áâ¢ 

lim
"!0

lim
n!1

nX
s=1

�
�
(t; �ns)2

2
; j�nsj � "

�
= lim

"!0
lim
n!1

�
�
(t; Cnt

�)
2

�

¯®«ãç¨¬

lim
"!0

lim
n!1

nX
s=1

Z
jxj�"

(ei(t;x) � 1� i(t; x)) dPf�ns � xg = �
(t; Ct�)

2
:

�«¥¤®¢ â¥«ì­®,

lim
n!1

Jl =
Z
Rd

| (ei(t;x) � 1� i(t; x))
1
jxj2

dK(x)�
(t; Ct�)

2
: (6)

�ãáâì ¬ âà¨æ  An = k�n(i;j)k, £¤¥ �n(i;j) =
P

0<js�pj�mn

M�(i)ns�
(j)
np , T

2 =
� dP
i=1

ti
�2
. �§ á®®â­®è¥­¨©

lX
j=1

M j�nj(t; Sn(j;p))2j �
H2�k

3h(n)T 2d2

n3=2
! 0;

lX
j=1

M j�nj(t; Sn(j;p))j j1 �M(exp i(t; Sn(j;p)))j �
H2

1�k
4h2(n)T 3d3

2n2
! 0;

  â ª¦¥ ¨§ (4) á«¥¤ã¥â, çâ® an(t)� i
lP

j=1
M(�nj(t; Sn(j;p)))! 0, (t; an(t))� i (t;Ant

�)

2
! 0, â. ¥.

lim
n!1

(t; an(t)) = i
(t; At�)

2
; (7)

£¤¥ A = lim
n!1

An.

�à¨ ¢ëç¨á«¥­¨¨ ¬ âà¨æë An ¬®¦­® ®£à ­¨ç¨âìáï "-®ªà¥áâ­®áâìî ­ã«ì-¢¥ªâ®à , â. ª.
nX

s=1

M(j�ns(t; Sn(s;p))j; j�nsj > ") �
1
"

nX
s=1

M j�2ns(t; Sn(s;p))j �
H2nk

2Th(n)d
"n3=2

! 0:

�®áª®«ìªã lim
"!0

lim
n!1

(An + Cn) = lim
"!0

lim
n!1

Bn, â® ¨§ (5), (6), (7) ¨ «¥¬¬ë ¨§ [2] ( ­ «®£¨ç­®©

«¥¬¬¥ 1.3 ¨§ [1]) á«¥¤ã¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.
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2. � íâ®¬ ¯ã­ªâ¥ ¯à¥¤¯®« £ ¥âáï, çâ® á¨áâ¥¬  ¢¥ªâ®à®¢ f�nsg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à ¢­®-
¬¥à­® á¨«ì­®£® ¯¥à¥¬¥è¨¢ ­¨ï (à. á. ¯.) [5].

�¥®à¥¬  2. �ãáâì á¨áâ¥¬  á¥à¨© ¢¥ªâ®à®¢ f�nsg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à. á. ¯., ª®íää¨-

æ¨¥­â ª®â®à®£® �(�) = O(��3�"1), "1 > 0, ªà®¬¥ â®£®, ­ ©¤ãâáï ¯®áâ®ï­­ë¥ H1, H2 ¨ n0 â ª¨¥,
çâ® ¯à¨ n � n0

max
s;i

M�(i)
2

ns �
H1

n
; max

s;r;q;i;j;k
M j�(i)ns�

(j)
nr �

(k)
nq j �

H2h(n)
n3=2

;

£¤¥ 0 � jr� qj � kn = [n1=4��=2], 0 < js� qj � kn, 0 < � � "1
2(7+3"1)

. �®£¤ , ¥á«¨ Kn(x)
á«.
�! K(x) <1

¯à¨ n ! 1, lim
"!0

lim
n!1

Bn ! B, â® áã¬¬  Sn ¡ã¤¥â ¨¬¥âì ¡¥§£à ­¨ç­® ¤¥«¨¬®¥ ¯à¥¤¥«ì­®¥

à á¯à¥¤¥«¥­¨¥, «®£ à¨ä¬ å. ä. ª®â®à®£® ¢ëà ¦ ¥âáï ¯® ä®à¬ã«¥ (2).
�¤¥áì ¬ âà¨æ  Bn = kbn(i;j)k, bn(i;j) =

P
0�js�pj�kn

M(�(i)ns�
(j)
np ; j�nsj � "; j�npj � ").

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. �à¨ íâ®¬ ¢ à §¡¨¥­¨¨ (3)
­ã¦­® ¢§ïâì k = kn, m = [n1=4��].

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ 1 ¨ 2 ¬ âà¨æ  B ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ .

�«ãç © ­¥®£à ­¨ç¥­­ëå ¤¨á¯¥àá¨© à áá¬®âà¥­ ¢ [3].
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