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�ãáâì � | ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® ®âà¥§ª  [0;�=2]. �¡®§­ ç¨¬ ç¥à¥§ <� á®¢®ªã¯­®áâì
¯àï¬®ã£®«ì­¨ª®¢ ­  ¯«®áª®áâ¨ ¢ ­ ¯à ¢«¥­¨ïå ¨§ �. �¢¥¤¥­­ ï á®¢®ªã¯­®áâì ï¢«ï¥âáï ¤¨ää¥-
à¥­æ¨ «ì­ë¬ ¡ §¨á®¬.

� áá¬®âà¨¬ â¥¯¥àì ®¡éãî ¯à®¡«¥¬ã ® â®¬, ª ª á¢ï§ ­ë ®¡« áâì §­ ç¥­¨© p 2 [1;+1], ¤«ï
ª®â®àëå ¡ §¨á <� ¤¨ää¥à¥­æ¨àã¥â Lp(R2), á ª®­ªà¥â­ë¬ ¢¨¤®¬ ¬­®¦¥áâ¢  �. �à¨ íâ®¬ ¯®¤
¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ª« áá  ¡ã¤¥¬ ¯®­¨¬ âì ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨­â¥£à «®¢ ¢á¥å äã­ªæ¨© ¨§
¤ ­­®£® ª« áá .

�« áá¨ç¥áª ï â¥®à¥¬  �.�¥áá¥­ , �.� àæ¨­ª¥¢¨ç  ¨ �. �¨£¬ã­¤  [1] ¢«¥ç¥â ¤¨ää¥à¥­-
æ¨àã¥¬®áâì L log+ L, ¥á«¨ � | ª®­¥ç­®¥ ¬­®¦¥áâ¢®. �®§¦¥ �. �¨£¬ã­¤ § ¬¥â¨«, çâ® ¥á«¨
� = [0;�=2], â® <� ­¥ ï¢«ï¥âáï ¤ ¦¥ ¯«®â­®áâ­ë¬, â. ¥. <� ­¥ ¤¨ää¥à¥­æ¨àã¥â L1. � à ¬ª å â¥å
¦¥ à ááã¦¤¥­¨© ¬®¦­® ¯®«ãç¨âì ¨ ¡®«¥¥ á¨«ì­ë© à¥§ã«ìâ â. �ãáâì � � [0;�=2] ¨ § ¬ëª ­¨¥

íâ®£® ¬­®¦¥áâ¢  ¨¬¥¥â ¯®«®¦¨â¥«ì­ãî ¬¥àã. �®£¤  <� â ª¦¥ ï¢«ï¥âáï ­¥¯«®â­®áâ­ë¬

([2], á. 228). � ª¨¬ ®¡à §®¬, ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â á«ãç ©, ª®£¤  § ¬ëª ­¨¥ ¬­®¦¥áâ¢  � ¨¬¥¥â
­ã«¥¢ãî ¬¥àã.

�à¨¬¥à ¡¥áª®­¥ç­®£® ¬­®¦¥áâ¢  � á å®à®è¨¬¨ á¢®©áâ¢ ¬¨ <� ¢¯¥à¢ë¥ ¡ë« ¯à¥¤«®¦¥­
¢ [3], £¤¥ à áá¬®âà¥­ á«ãç ©, ª®£¤  � ï¢«ï¥âáï « ªã­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâìî, ­ ¯à¨¬¥à,
� = f�2�kg1k=1. �á¯®«ì§ãï ®à¨£¨­ «ì­ãî £¥®¬¥âà¨ç¥áªãî ¨¤¥î, �. �âà¥¬¡¥à£ ¤®ª § «, çâ® <�

¤¨ää¥à¥­æ¨àã¥â L2(log+ L)4+", " > 0. �®§¦¥ ¢ [4] ¡ë«® ¯®ª § ­®, çâ® <� ¤¨ää¥à¥­æ¨àã¥â L2.
� ª®­¥æ ¢ [5] ¡ë«® ¤®ª § ­®, çâ® <� ¤¨ää¥à¥­æ¨àã¥â Lp, p > 1. �à¥¤«®¦¥­­ë© ¢ [5] ¯®¤å®¤
®á­®¢ ­ ­  á®¢à¥¬¥­­ëå ¤®áâ¨¦¥­¨ïå  ­ «¨§  �ãàì¥ â ª¨å, ª ª ¨­â¥à¯®«ïæ¨ï ¢ ¯à®áâà ­áâ¢ å
á® á¬¥è ­­®© ­®à¬®© (â ª ­ §ë¢ ¥¬ë© \bootstrap argument"), à ­¤®¬¨§ æ¨ï, â¥®à¥¬  � à-
æ¨­ª¥¢¨ç  ® ¬ã«ìâ¨¯«¨ª â®à å �ãàì¥ ¨ ¯à. �®¯à®á ® £¥®¬¥âà¨ç¥áª®¬ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë
�.� £¥«ï, �. �â¥©­  ¨ �.�¥©¥­£¥à  [5] ï¢«ï¥âáï ¢ ¦­®© ®âªàëâ®© ¯à®¡«¥¬®©. �¥ à¥è¥­¨¥ ¯®-
§¢®«¨«® ¡ë ­ ©â¨ â®ç­ë© ª« áá ¤¨ää¥à¥­æ¨à®¢ ­¨ï. �®ª  «¨èì ¨§¢¥áâ­®, çâ® íâ®â ª« áá ­¥
è¨à¥, ç¥¬ L log2 L.

�¥§ã«ìâ âë ¨§ [5] ¡ë«¨ ®¡®¡é¥­ë ¢ [6], £¤¥ à áá¬ âà¨¢ «¨áì ¬­®¦¥áâ¢ , ¯®«ãç ¥¬ë¥ ¯ãâ¥¬
¨â¥à æ¨© « ªã­ à­ëå ­ ¯à ¢«¥­¨©. �ë«® ¯®ª § ­®, çâ® ¢ á«ãç ¥ ª®­¥ç­ëå ¨â¥à æ¨© á®®â¢¥â-
áâ¢ãîé¨© ¡ §¨á <� â ª¦¥ ¤¨ää¥à¥­æ¨àã¥â Lp, p > 1. � á«ãç ¥ ¡¥áª®­¥ç­ëå ¨â¥à æ¨© á®®â-
¢¥âáâ¢ãîé¥¥ ¬­®¦¥áâ¢® � ¯à¨®¡à¥â ¥â ¢¨¤ � ­â®à®¢  ¬­®¦¥áâ¢ , ª®â®à®¥ ¬®¦­® § ¯¨á âì ¢
ä®à¬¥

� =
� 1X

i=1

"i!i; "i 2 f0; 1g; !n > 0;
1X

i=n+1

!i < !n; n 2 N ;
1X
i=1

!i = �=2
�
:

� [6] ¤®ª § ­®, çâ® ¥á«¨ !n+1=!n = q, 0 < q < 1=2, n 2 N , â® <� ­¥ ¤¨ää¥à¥­æ¨àã¥â Lp, £¤¥

p < 1 + log 2= log q�1:

�« áá¨ç¥áª®¥ � ­â®à®¢® ¬­®¦¥áâ¢® ­  [0;�=2] ¯®«ãç ¥âáï, ¥á«¨ !n+1=!n = 1=3, n 2 N .
� ¤ ­­®© áâ âì¥ ¨§ãç ¥âáï ¯à¥¤¥«ì­ë© á«ãç © lim

n!1
!n+1=!n = 1=2. �®ª §ë¢ ¥âáï (â¥®à¥¬ 

1), çâ® á®®â¢¥âáâ¢ãîé¨© ¡ §¨á ­¥ ï¢«ï¥âáï ¯«®â­®áâ­ë¬.
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�¯à¥¤¥«¨¬ ¬ ªá¨¬ «ì­ë© ®¯¥à â®à M�f ¯® ¯à ¢¨«ã

(M� f)(x) = sup
x2I�<�

jIj�1
Z
I

jf(y)j dy;

£¤¥ f 2 Lloc(R2).
� [7] ¤®ª § ­®, çâ® ¢ á«ãç ¥ ª« áá¨ç¥áª®£® � ­â®à®¢  ¬­®¦¥áâ¢  á®®â¢¥âáâ¢ãîé¨© ¤¨ää¥-

à¥­æ¨ «ì­ë© ¡ §¨á <� ­¥ ¤¨ää¥à¥­æ¨àã¥â Lp, 1 � p � 2.
� ª®¥  «ìâ¥à­ â¨¢­®¥ ¯®¢¥¤¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå á¢®©áâ¢ ¡ §¨á®¢ <� ¯®§¢®«ï¥â ¢ëáª -

§ âì ¯à¥¤¯®«®¦¥­¨¥: «¨¡® ¡ §¨á <� ¤¨ää¥à¥­æ¨àã¥â L2, «¨¡® ­¥ ï¢«ï¥âáï ¯«®â­®áâ­ë¬.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ®á­®¢ ­® ­  ¨§ãç¥­¨¨  à¨ä¬¥â¨ç¥áª®© áâàãªâãàë ¬­®¦¥áâ¢ � ­-
â®à®¢®£® â¨¯ . � ¨¬¥­­®, ¢ë¡¨à ¥âáï ­¥ª®â®à ï à¥£ã«ïà­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¯à ¢«¥­¨©,
¤«ï ª®â®à®© ¨á¯®«ì§ã¥âáï ª®­áâàãªæ¨ï �¥§¨ª®¢¨ç . �¥á¬®âàï ­  â®, çâ® ¨á¯®«ì§ãîâáï ®â­®á¨-
â¥«ì­® í«¥¬¥­â à­ë¥ à ááã¦¤¥­¨ï, ¯®«ãç¥­­ë© à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¯à¨¬¥­¥­ ¢ ¤®áâ â®ç­®
­¥âà¨¢¨ «ì­ëå ¢®¯à®á å, ­ ¯à¨¬¥à, ¢ â¥®à¨¨ ¬ã«ìâ¨¯«¨ª â®à­ëå ®¯¥à â®à®¢ �ãàì¥ (â¥®à¥¬ 
2). �â¬¥â¨¬, çâ® ¢®¯à®á ®¡  à¨ä¬¥â¨ç¥áª®© ¯à¨à®¤¥ íää¥ªâ®¢, ­ ¡«î¤ ¥¬ëå ¢ â¥®à¨¨ ¬ã«ì-
â¨¯«¨ª â®à®¢, ¤®áâ â®ç­® ç áâ® ®¡áã¦¤ ¥âáï ¢ à §«¨ç­ëå à ¡®â å. � ç áâ­®áâ¨, ¨­â¥à¥á­ë¥
à ááã¦¤¥­¨ï ¬®¦­® ­ ©â¨ ¢ ([8] ¨ [9], á. 162).

�¥®à¥¬  1. �á«¨

lim
n!1

!n+1
!n

=
1
2
; (1)

â® <� ­¥ ï¢«ï¥âáï ¯«®â­®áâ­ë¬.

�ãáâì bR | ¯à®¨§¢®«ì­ë© ¯àï¬®ã£®«ì­¨ª ­  ¯«®áª®áâ¨. �à®¤«¨¬ ¯ àã ¥£® áâ®à®­ ¢ ®¡¥
áâ®à®­ë,   â ª¦¥ ¯à®¢¥¤¥¬ ¤¢  ®âà¥§ª  ¯ à ««¥«ì­ëå ¯ à¥ ¤àã£¨å áâ®à®­ ¯àï¬®ã£®«ì­¨ª  bR,
â ª¨¬ ®¡à §®¬, çâ®¡ë ¯®«ãç¨«®áì âà¨ ¯àï¬®ã£®«ì­¨ª  ®¤¨­ ª®¢®© ¬¥àë. �¡®§­ ç¨¬ ç¥à¥§ R
áà¥¤­¨© ¯àï¬®ã£®«ì­¨ª,   ç¥à¥§ eR | ®¡ê¥¤¨­¥­¨¥ ¤¢ãå ®áâ ¢è¨åáï. � íâ¨å â¥à¬¨­ å áä®à¬ã-
«¨àã¥¬ ®á­®¢­ãî «¥¬¬ã, ¨§ ª®â®à®© â¥®à¥¬  1 ¯®«ãç ¥âáï áâ ­¤ àâ­ë¬¨ à ááã¦¤¥­¨ï¬¨ (á¬.
[2], á. 370).

�¥¬¬  1. �ãáâì � = f�ng
1
n=1; �n # 0 ¨

lim
n!1

�n+1

�n

= 1: (2)

�®£¤  ¤«ï ­¥ª®â®à®£® q > 0 ¨ «î¡®£® � > 0 ¬®¦­® ­ ©â¨ ¬­®¦¥áâ¢® E ¨ ¯àï¬®ã£®«ì­¨ª¨

fRkg
m
k=1 á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

(i) ­ ¯à ¢«¥­¨¥ Rs 2 �, s = 1; : : : ;m,

(ii) jEj � �
mP
k=1

jRkj,

(iii) j eRk \Ej � qj eRkj, jRi \Rj j = ;, i 6= j.

�§ ¯®á«¥¤­¨å âà¥å á¢®©áâ¢ á«¥¤ã¥â, çâ® ¤«ï ­¥ª®â®à®£® q > 0 ¬®¦­® ­ ©â¨ ¯®á«¥¤®¢ â¥«ì-
­®áâì ¬­®¦¥áâ¢ fEng

1
n=1, ¤«ï ª®â®à®©

lim
n!1

jf(M��En)(x) > qgj

jEnj
=1: (3)

�á¯®«ì§ãï (3) ¨ ªà¨â¥à¨© �ã§¥¬ ­ {�¥««¥à  [10], ãáâ ­ ¢«¨¢ ¥¬, çâ® ¡ §¨á <� ­¥ ï¢«ï¥âáï
¯«®â­®áâ­ë¬.

�¥¬¬  1 ï¢«ï¥âáï ¬®¤¨ä¨ª æ¨¥© «¥¬¬ë�.�¥ää¥à¬ ­  ¨§ [11]. �­  ¡ë«  ¯®«ãç¥­  �.M. �â®-
ª®«®á®¬ [12] ¯à¨ ãá«®¢¨¨, çâ®

�n # 0; lim sup
n!1

�n+1=�n = 1
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¨ f��1n g
1
n=1 ï¢«ï¥âáï ¢ë¯ãª«®©. �á«®¢¨ï «¥¬¬ë 1 ¯®§¢®«ïîâ ¤®ª § âì ¥¥, ¨á¯®«ì§ãï â¥ ¦¥

à ááã¦¤¥­¨ï.
� ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬® ¤®ª § âì, çâ® ¯à¨ ãá«®¢¨¨ (1) ¬®¦­® ¢ë¡à âì ¯®á«¥¤®¢ â¥«ì-

­®áâì â®ç¥ª ¨§ �, ®¡« ¤ îé¨å á¢®©áâ¢®¬ (2).

�¥¬¬  2. �ãáâì lim
n!1

!n+1=!n = 1=2. �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª f�ng

¨§ � â ª ï, çâ® �n # 0 ¨

lim
n!1

�n+1

�n

= 1:

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�n = !n+1=!n; e�n = inf(�i; i � n); Kn = �n \ [
n+1; 
n]; n 2 N;

£¤¥ 
n # 0, lim
n+1=
n = 1, 
n =2 �. � ¬¥â¨¬, çâ® â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì f
ng1n=1 áãé¥áâ¢ã¥â,
â. ª. � ­¨£¤¥ ­¥ ¯«®â­®. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì K1 6= ;. �ãáâì �1 = infK1

¨ �2; : : : ;�n ã¦¥ ¢ë¡à ­ë. � ¯ãáâì �n ¯à¨­ ¤«¥¦¨â ­¥ª®â®à®¬ã Ks, s 2 N . �ë¡¥à¥¬ �n+1

á«¥¤ãîé¨¬ ®¡à §®¬:
(a) eá«¨ �n = supKs, â® �n+1 = infKs;
(b) ¥á«¨ �n = infKs, â® �n+1 = sup[1i=s+1Ki.
�ç¥¢¨¤­®, �n # 0, �n 2 �. � «¥¥ à áá¬®âà¨¬ ¤¢  á«ãç ï.
1) �n ¨ �n+1 ¯à¨­ ¤«¥¦aâ ®¤­®¬ã ¬­®¦¥áâ¢ã, ­ ¯à¨¬¥à, Kp ¨«¨ ¤¢ã¬ á®á¥¤­¨¬ Kp, Kp+1.

�®£¤ 

1 �
�n+1

�n

>

p+1

p

;

¨ (2) á«¥¤ã¥â ¨§ íâ®© ®æ¥­ª¨.
2) � ¯à®â¨¢­®¬ á«ãç ¥, ¨á¯®«ì§ãï £¥®¬¥âà¨ç¥áªãî áâàãªâãàã ¬­®¦¥áâ¢  �, ®â¬¥â¨¬, çâ®

�n ¨ �n+1 ï¢«ïîâáï ª®­æ ¬¨ ¨­â¥à¢ «  I, ¯à¨­ ¤«¥¦ é¥£® ¤®¯®«­¥­¨î ¬­®¦¥áâ¢  �. �®£¤ 
áãé¥áâ¢ãîâ q = q(n), n 2 N , ¨ � � 0 â ª¨¥, çâ®

�n = � + !q; �n+1 = � +
1X

i=q+1

!i:

�«¥¤®¢ â¥«ì­®,

1 �
�n+1

�n

�

1P
i=q+1

!i

!q
=

1X
i=q+1

i�1Y
j=q

�j =
1X

i=q+1

e�i�qq =
1X
s=1

e�sq = e�q
1� e�q :

�áâ «®áì § ¬¥â¨âì, çâ® q = q(n)!1 ¯à¨ n!1. �¥¬¬  2 ¨ â¥®à¥¬  1 ¤®ª § ­ë.

� ¬¥ç ­¨¥. �á«¨ !n = 2�n"n, £¤¥ "n # 0, lim
n!1

"n+1="n = 1, â® ¯® â¥®à¥¬¥ 1 á®®â¢¥âáâ¢ãîé¨©

¡ §¨á <� ï¢«ï¥âáï ­¥¯«®â­®áâ­ë¬, ®¤­ ª® ­¥âàã¤­® ¯®ª § âì, çâ® mes� = 0.
�ª ¦¥¬ ¯à¨¬¥­¥­¨¥ ¯®«ãç¥­­®£® à¥§ã«ìâ â  ¢ â¥®à¨¨ ¬ã«ìâ¨¯«¨ª â®à®¢. �¯à¥¤¥«¨¬ ¢ â¥à-

¬¨­ å ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¬ã«ìâ¨¯«¨ª â®à­ë© ®¯¥à â®à\TEf(x) = �E(x) bf(x), f 2 L2\Lp(R2),
p > 1, £¤¥ E | ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢®. �®¢®àïâ, çâ® ¬­®¦¥áâ¢® E ï¢«ï¥âáï Lp-¬ã«ìâ¨¯«¨ª â®-
à®¬, ¥á«¨ á®®â¢¥âáâ¢ãîé¨© ¬ã«ìâ¨¯«¨ª â®à­ë© ®¯¥à â®à ®£à ­¨ç¥­ ¢ Lp.

�®à®è® ¨§¢¥áâ­®, çâ® ¬­®£®ã£®«ì­¨ª á ª®­¥ç­ë¬ ç¨á«®¬ áâ®à®­ ï¢«ï¥âáï Lp-¬ã«ìâ¨¯«¨-
ª â®à®¬ ¤«ï 1 < p < 1. � ¤àã£®© áâ®à®­ë, ¢ [11] ¤®ª § ­®, çâ® ¥¤¨­¨ç­ë© ªàã£ ï¢«ï¥âáï
¬ã«ìâ¨¯«¨ª â®à®¬ â®«ìª® ¢ âà¨¢¨ «ì­®¬ á«ãç ¥ p = 2. �®íâ®¬ã ¢®§­¨ª ¨­â¥à¥á ª à áá¬®âà¥­¨î
¬­®¦¥áâ¢, ¯à®¬¥¦ãâ®ç­ëå ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¬¥¦¤ã ®¡ëç­ë¬ ¬­®£®ã£®«ì­¨ª®¬ ¨ ªàã£®¬ ([2],
á. 369; [12]).

�ãáâì �� | ¯¥à¨®¤¨ç¥áª®¥ ¯à®¤®«¦¥­¨¥ � ­  [0; 2�],   � = f(cos �; sin�) : � 2 ��g. �ãáâì P�
®¡à §®¢ ­ ¯¥à¥á¥ç¥­¨¥¬ ¯®«ã¯«®áª®áâ¥©, á®¤¥à¦ é¨å ¥¤¨­¨ç­ë© è à, £à ­¨æë ª®â®àëå ª á -
îâáï ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ ¢ â®çª å �. �ç¥¢¨¤­®, P� ï¢«ï¥âáï ¢ë¯ãª«ë¬ ¬­®£®ã£®«ì­¨ª®¬,
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áâ®à®­ë ª®â®à®£® ¨¬¥îâ ­®à¬ «¨ ¢ ­ ¯à ¢«¥­¨¨ ¬­®¦¥áâ¢  � ­â®à®¢®£® â¨¯ . �âáî¤  áâ ­-
¤ àâ­®© â¥å­¨ª®© ([2], á. 362; [11]) ¯®«ãç ¥âáï

�¥®à¥¬  2. �á«¨

lim
n!1

!n+1
!n

=
1
2
;

â® TP� ®£à ­¨ç¥­ â®«ìª® ¢ L2(R2).

� § ª«îç¥­¨e  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�. �â®ª®«®áã §  ¯«®¤®â¢®à­ë¥ ®¡áã¦¤¥­¨ï
¨ ¯®«¥§­ë¥ á®¢¥âë,   â ª¦¥ �.�¥£à¥­ã §  ¨­â¥à¥á, ¯à®ï¢«¥­­ë© ª à ¡®â¥.
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