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�à®¤®«¦ ¥âáï ¨áá«¥¤®¢ ­¨¥ ®¯¥à â®à®¢ ¢ ¤¨áªà¥â­®¬ ¯à®áâà ­áâ¢¥, ­ ç â®¥ ¢ [1]. � ç áâ¨ II
¯à¨­¨¬ ¥âáï áª¢®§­ ï ­ã¬¥à æ¨ï à §¤¥«®¢ ¨ ä®à¬ã«, ¯à®¤®«¦ îé ï ­ã¬¥à æ¨î ¨§ ç áâ¨ I.

�«ï ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ ­ ¤ D = (K ;K �) à áá¬ âà¨¢ ¥âáï ª®¬¯«¥ªá C(D ; �), ¯®à®¦¤¥­-
­ë© ª®¤¨ää¥à¥­æ¨à®¢ ­¨ï¬¨, áâà®¨âáï ª ­®­¨ç¥áª ï á¨áâ¥¬  ¡ §¨á®¢ ��� (�) ¯®  ­ «®£¨¨ á
��� (@) ¤«ï (ª®)£à ­¨ç­ëå @-®â®¡à ¦¥­¨©. �áâ ­ ¢«¨¢ îâáï ä®à¬ã«ë ¯¥à¥å®¤  ¬¥¦¤ã íâ¨¬¨
¤¢ã¬ï ��� . � «¥¥ ¨§ãç îâáï ãà ¢­¥­¨ï á ª®¤¨ää¥à¥­æ¨à®¢ ­¨ï¬¨, ­ å®¤ïâáï ®¡à é¥­¨ï ®¯¥-
à â®à®¢ ª®¤¨ää¥à¥­æ¨à®¢ ­¨© ¢ ��� (�). �áá«¥¤®¢ ­¨¥ ¤¨áªà¥â­ëå ®¯¥à â®à®¢ � ¯« á  ¯à®-
¢®¤¨âáï ¢ ��� (@). �®«ãç¥­ë ä®à¬ã«ë ®¡à é¥­¨ï íâ¨å ®¯¥à â®à®¢, à áá¬ âà¨¢ îâáï ­¥¯®«­ë¥
®¯¥à â®àë � ¯« á . � ©¤¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¤¨áªà¥â­ëå
£ à¬®­¨ç¥áª¨å ¯®«¥©. � § ª«îç¥­¨¥ ¤®ª § ­ë ¤¢  ¯à¥¤«®¦¥­¨ï ® ¢®ááâ ­®¢«¥­¨¨ ¨ à §«®¦¥­¨¨
(ª®)¢¥ªâ®à­ëå ¯®«¥©, ®¡®¡é îé¨¥ ¨ à áè¨àïîé¨¥ ®¡« áâì ¯à¨¬¥­¥­¨ï  ­ «®£¨ç­ëå â¥®à¥¬
ª« áá¨ç¥áª®£® ¢¥ªâ®à­®£®  ­ «¨§ .

7. � ­®­¨ç¥áª ï á¨áâ¥¬  ¡ §¨á®¢

�®¤¨ää¥à¥­æ¨à®¢ ­¨ï ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ áâ âì¥  ¢â®à  [2]
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¨ ãáâ ­ ¢«¨¢ îâ á®®â¢¥âáâ¢ãîé¨¥ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï. �á«¥¤áâ¢¨¥ ¨§®¬®àä¨§¬  �ã ­-
ª à¥ C�

p (K n) �= Cn�p(K �

n) á ä®à¬ã« ¬¨ ¯¥à¥å®¤  (4.10) ®­¨ ï¢«ïîâáï ¤¨áªà¥â­ë¬¨  ­ «®£ ¬¨
®¯¥à â®à  �®¤¦  ¢ ¯à®áâà ­áâ¢¥ D n (K n ;K

�

n).
�¥¬ á ¬ë¬ ­ ¤ D ­ àï¤ã á ¨áå®¤­ë¬ ª®¬¯«¥ªá®¬ C(D ; @) ¤«ï (ª®)£à ­¨ç­ëå ®â®¡à ¦¥­¨©

¢®§­¨ª ¥â ª®¬¯«¥ªá ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ C(D ; �) á �-®â®¡à ¦¥­¨ï¬¨ [2]. �â¨ ¤¢  ª®¬¯«¥ª-
á  ®¯à¥¤¥«¥­ë ¢ ®¤­®© ¨ â®© ¦¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ f(Cp; C�

p )gn+3. �
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ª ç¥áâ¢¥ \¬ âà¨æ ¨­æ¨¤¥­â­®áâ¥©" ¢ �-ª®¬¯«¥ªá¥ ¢ëáâã¯ îâ ¬ âà¨æë A(p), ®¯à¥¤¥«ï¥¬ë¥ á®-
®â­®è¥­¨ï¬¨

A(p) = Z
p
Ctr(p)

p�1

Z ; A(p+ 1)A(p) = 0;

Ctr(p) =
p

ZA(p) Z
p�1

; C(p)C(p+ 1) = 0:
(7.3)

�§ ­¥¢ëà®¦¤¥­­®áâ¨ ª¢ ¤à â­ëå z-¬ âà¨æ á«¥¤ã¥â

rang A(p)
�p��p�1

= rang C(p)
�p�1��p

� rp: (7.4)

� ª ª ª ¯®¤¯à®áâà ­áâ¢  (ª®)£à ­¨æ, (ª®)£®¬®«®£¨© ¨  (ª®)æ¨ª«¨ç¥áª¨å í«¥¬¥­â®¢ ¢ ª®­¥ç-
­®¬ ª®¬¯«¥ªá¥ ¯®«­®áâìî ®¯à¥¤¥«ïîâáï à ­£ ¬¨ ¬ âà¨æ ¨­æ¨¤¥­â­®áâ¥©, â® ¨§ (7.4) á«¥¤ãîâ
¨§®¬®àä¨§¬ë ¯® à ¢¥­áâ¢ã à §¬¥à­®áâ¥© ¬¥¦¤ã íâ¨¬¨ ¯®¤¯à®áâà ­áâ¢ ¬¨ @- ¨ �-ª®¬¯«¥ªá®¢.
� ç áâ­®áâ¨, ®âáãâáâ¢¨¥ @-(ª®)£®¬®«®£¨© ¢ C(D ; @) ¯à¨¢®¤¨â ª ®âáãâáâ¢¨î �-(ª®)£®¬®«®£¨© ¨
¢ ª®¬¯«¥ªá¥ C(D ; �). �â® á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ä®à¬ã«ë �p = rp + rp+1 + �p (�p | p-¥
ç¨á«® �¥ââ¨), ®¤¨­ ª®¢® ¢ë¯®«­ïîé¥©áï ¢ ®¡®¨å ª®¬¯«¥ªá å. �«¥¤®¢ â¥«ì­®, ®âáãâáâ¢¨¥ @-
(ª®)£®¬®«®£¨© ¯à¨¢®¤¨â ª ®âáãâáâ¢¨î ¨ �-(ª®)£®¬®«®£¨© (¢á¥ �p = 0). �à¨ íâ®¬ ¢á«¥¤áâ¢¨¥ (7.3)
¨ (7.4) ¬ âà¨æë A(p) ¨¬¥îâ á â®ç­®áâìî ¤® âà ­á¯®­¨à®¢ ­¨© â¥ ¦¥ á¢®©áâ¢ , áä®à¬ã«¨à®¢ ­-
­ë¥ ¢ à §¤¥«¥ 5, çâ® ¨ ¨áå®¤­ë¥ ¬ âà¨æë ¨­æ¨¤¥­â­®áâ¥© C(p).

�®¤¯à®áâà ­áâ¢  �-(ª®)£à ­¨æ B(�) ¨ �- (ª®)æ¨ª«¨ç¥áª¨å í«¥¬¥­â®¢X(�) ¢ C(D ; �) ®¯à¥¤¥«ï-
îâáï â ª ¦¥, ª ª ¨ á®®â¢¥âáâ¢ãîé¨¥ @-¯®¤¯à®áâà ­áâ¢  ¢ C(D ; @), ¯à¥¤áâ ¢«¥­­ë¥ ä®à¬ã« ¬¨
(3.1). � á¯¨áë¢ ï íâ¨ ®¯à¥¤¥«¥­¨ï, ¯®«ãç ¥¬ ¢ ª ç¥áâ¢¥  ­ «®£  ¯à¥¤«®¦¥­¨ï 1 ¤«ï C(D ; @)

�à¥¤«®¦¥­¨¥ 6. � ª®¬¯«¥ªá¥ C(D ; �) ¤«ï ¯à®áâà ­áâ¢ Cp(K n) ¨ C�

p (K n) ¨¬¥îâ ¬¥áâ®

à §«®¦¥­¨ï
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(�); C�

p = B(rp+1)
p (�)�X(rp)

p (�);

Bp(�) ? Bp(�); Xp(�) ? Xp(�); �p = rp + rp+1:
(7.5)

� ª®¬¯«¥ªá¥ C(D ; �) ¬®¦­® ¯®áâà®¨âì ª ­®­¨ç¥áªãî á¨áâ¥¬ã ¡ §¨á®¢  ­ «®£¨ç­® â®¬ã, ª ª
íâ® ¡ë«® á¤¥« ­® ¢ ª®¬¯«¥ªá¥ C(D ; @). �à ¢­¨¢ ï á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï ¤¥©áâ¢¨ï @-
¨ �-®¯¥à â®à®¢ (2.2) ¨ (7.1), à §«®¦¥­¨ï (3.1), (3.6) ¨ (7.5), (7.6), § ª«îç ¥¬, çâ® ¯à®æ¥¤ãà  ¯®-
áâà®¥­¨ï ��� (�) á â®ç­®áâìî ¤® âà ­á¯®­¨à®¢ ­¨© ¨ ¯¥à¥®¡®§­ ç¥­¨© á®¢¯ ¤ ¥â á ¯à®æ¥¤ãà®©
¯®áâà®¥­¨ï ��� (@). �®íâ®¬ã, ®¯ãáª ï ¯à®¬¥¦ãâ®ç­ë¥ § ¯¨á¨ ä®à¬ã«, ¯à¨¢¥¤¥¬ â®«ìª® á¢®¤ªã
®á­®¢­ëå ä®à¬ã«, à á¯®« £ ï ¨å ­¨¦¥ ¢ â¥ªáâ¥ ¯ à ««¥«ì­® ¤«ï ¯à®áâà ­áâ¢ Cp ¨ C�

p ,

��� (�) ¢ Cp(K n): ��� (�) ¢ C�

p (K n):

p
e!

p
est =

p
eP (p) = (

p
y(rp+1)

p
a(rp)); e

p
! e

p
st = Q(p)e

p
=

0
@ap

(rp+1)

y
p

(rp)

1
A ;

p

�
p
y =

p+1
a ;

p

�
p
a = 0; �

p
a
p
= 0; �

p
y
p

= a
p�1

;

P (p)
�p��p

= ( Py(p)
�p�rp+1

Pa(p)
�p�rp

); Q(p)
�p��p

=

0
B@
Qa(p)
rp+1��p

Qy(p)
rp��p

1
CA ; (7.6)
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(7.7)

á § ¬¥­®© (¢ ä®à¬ã« å ¯¥à¥å®¤  ª ��� (@)) ®¡®§­ ç¥­¨© b ­  a, x ­  y, ­® á á®åà ­¥­¨¥¬ ®¡®-
§­ ç¥­¨ï ¤«ï ¬ âà¨æ ¯¥à¥å®¤  P (p), Q(p). �à¨ ®¤­®¢à¥¬¥­­®¬ ¨á¯®«ì§®¢ ­¨¨ ä®à¬ã« ¯¥à¥å®¤ 
®â ��� ª ��� (@) ¨ ��� (�) ¤«ï à §«¨ç¥­¨ï ¬®¦­® ¯à®áâ ¢¨âì èâà¨å¨ ¢ ¯®á«¥¤­¥¬ á«ãç ¥.
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� ¯¨è¥¬ ¬ âà¨æë �-¨­æ¨¤¥­â­®áâ¥© A(p) á à §¡¨¥­¨¥¬ ­  ¡«®ª¨ ¢ ��� á®£« á­® (4.1) ¨ ¢
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�®à¬ã«ë ¤¥©áâ¢¨ï �-®â®¡à ¦¥­¨© ¨¬¥îâ ¢¨¤ (7.1) á § ¬¥­ ¬¨ e ¨ A(p) ­  est ¨ Ast(p).
�â®ç­ïï ¢¨¤ ¬ âà¨æ Py(p) ¨ Qy(p), á ãç¥â®¬ ãá«®¢¨© ­  ¨å à ­£¨ ¨ ãá«®¢¨ï hy

p

;
p
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Qy(p)Py(p) = 0 ¯®«ãç ¥¬ ®ª®­ç â¥«ì­ë© ¢¨¤ ¬ âà¨æ ¯à¥®¡à §®¢ ­¨© P (p) ¨ Q(p) ®â ��� ª
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1
CA ; (7.9)

P�1(p) = S�1
st (p)Q(p); Q�1(p) = P (p)S�1

st (p):

� âà¨æë �-¨­æ¨¤¥­â­®áâ¥© A(p) § ¢¨áïâ ®â áâàãªâãàë ­¥¢ëà®¦¤¥­­ëå z-¬ âà¨æ á®£« á­®
ä®à¬ã«¥ (7.3). � priori ¤àã£¨å ãá«®¢¨© ¤«ï z-¬ âà¨æ ­¥â. �¤­ ª® ¢ ¯à¨«®¦¥­¨ïå íâ¨ ¬ âà¨æë ¢
��� ®ª §ë¢ îâáï ®¡ëç­® ¤¨ £®­ «ì­ë¬¨ ¨«¨ ¡«®ç­®-¤¨ £®­ «ì­ë¬¨ á¨¬¬¥âà¨ç­ë¬¨ ¬ âà¨-
æ ¬¨. �«ï ãâ®ç­¥­¨ï íâ®£® ®¡áâ®ïâ¥«ìáâ¢  § ¯¨è¥¬ z-¬ âà¨æë ¢ ��� á à §¡¨¥­¨¥¬ ­  ¡«®ª¨
¬ âà¨æ, à §¬¥àë ª®â®àëå á®£« á®¢ë¢ îâáï á à §¡¨¥­¨¥¬ ­  ¡«®ª¨ ¬ âà¨æ A(p) ¯® ä®à¬ã«¥ (7.8)
¨ á®®â¢¥âáâ¢ãîé¨¬ à §¡¨¥­¨¥¬ ­  ¡«®ª¨ ¬ âà¨æ ¡ §¨á­ëå í«¥¬¥­â®¢,  ­ «®£¨ç­ëå à §¡¨¥­¨î
(4.1),

p

Z =
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=
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@Zp 11 Z

p
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Z
p
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p
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1
A :

�
rp+1 � rp+1 rp+1 � rp
rprp+1 rp � rp

�
:

�á«¨ Z12 = Z12 = 0, Z21 = Z21 = 0, â® rangZ11 = rangZ11 = rp+1, rangZ22 = rangZ22 = rp,

A2
1(p) = Z

p
22B(p)

p�1

Z 11 � B0(p) ¨ rangB0(p) = rp.

�â ª, ¢ ª®¬¯«¥ªá¥ C(D ) ­ à ¢­¥ á ��� ®¯à¥¤¥«ïîâáï ¤¢¥ ª ­®­¨ç¥áª¨¥ á¨áâ¥¬ë ¡ §¨á®¢:
��� (@) ¨ ��� (�), ¢ ª®â®àëå á®®â¢¥âáâ¢ãîé¨¥ ¬ âà¨æë ¨­æ¨¤¥­â­®áâ¥© ¨¬¥îâ ¯à®áâ¥©è¨©
ª¢ §¨¤¨ £®­ «ì­ë© ¢¨¤. �à¨ íâ®¬ ��� (@) ï¢«ï¥âáï ¡®«¥¥ £¥®¬¥âà¨ç­®©, ­¥ § ¢¨áïé¥© ®â z-
®â®¡à ¦¥­¨©. �® ãáâ ­®¢«¥­­ë¬ ä®à¬ã« ¬ ¯¥à¥å®¤®¢ ®â ��� ª ��� (@) ¨ ��� (�) ¬®¦­® ¯®-
áâà®¨âì ä®à¬ã«ë ¯¥à¥å®¤  ®â ��� (@) ª ��� (�) ¨ ®¡à â­®.

� á«¥¤ãîé¥¬ à §¤¥«¥ ��� (�) ¡ã¤¥â ¨á¯®«ì§®¢ ­  ¤«ï ®¡à é¥­¨ï �-®â®¡à ¦¥­¨©.

8. �¡à é¥­¨¥ �-®¯¥à â®à®¢

�áá«¥¤®¢ ­¨¥ �-®¯¥à â®à®¢ ª®¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à¨­æ¨¯¨ «ì­® ­¨ç¥¬ ­¥ ®â«¨ç ¥âáï ®â
¨áá«¥¤®¢ ­¨ï @-®¯¥à â®à®¢ ¤¨ää¥à¥­æ¨à®¢ ­¨ï. �âáãâáâ¢¨¥ �-(ª®)£®¬®«®£¨© ¯à¨¢®¤¨â ª  ­ -
«®£¨ç­ë¬ ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨ ¨ �-ãà ¢­¥­¨©. � ª ¨ ¢ á«ãç ¥ @-ãà ¢­¥­¨©, ¨á¯®«ì§ã¥âáï
á®®â¢¥âáâ¢ãîé ï ��� (�), ¨ ¯®«ãç¥­­ë¥ ¢ ­¥© ®¡é¨¥ à¥è¥­¨ï �-ãà ¢­¥­¨© ¬®£ãâ ¡ëâì ¯¥à¥¢¥-
¤¥­ë ¯à¥®¡à §®¢ ­¨ï¬¨ (ª®)¡ §¨á®¢ ¢ ��� ¨ § â¥¬ ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¨ ¢ ��� (@). �®íâ®¬ã
¤ «¥¥ ®£à ­¨ç¨¬áï â®«ìª® ä®à¬ã«¨à®¢ª ¬¨ ¨ § ¯¨áï¬¨ ®á­®¢­ëå á®®â­®è¥­¨© ¡¥§ ¯®ïá­¥­¨©.
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�¯à¥¤¥«¥­¨¥ 2. �-ãà ¢­¥­¨ï¬¨ ¢ ª®¬¯«¥ªá¥ C(K n ; �) ¡ã¤¥¬ ­ §ë¢ âì ãà ¢­¥­¨ï ¢¨¤ 

�v = f; (8.1)

£¤¥ f | § ¤ ­­®¥ (ª®)¢¥ªâ®à­®¥ ¯®«¥, v | ¨áª®¬ë© (ª®)¢¥ªâ®à.

�à¥¤«®¦¥­¨¥ 7. �«ï ãà ¢­¥­¨ï (8:1) ãá«®¢¨¥ �f = 0 ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç-

­ë¬ ãá«®¢¨¥¬ á®¢¬¥áâ­®áâ¨. �à®¨§¢®« ¢ ®¡é¥¬ à¥è¥­¨¨ ®¯à¥¤¥«ï¥âáï § ¬¥­®© v ! v0 = v+�u,
£¤¥ u | ¯à®¨§¢®«ì­ë© (ª®)¢¥ªâ®à á®®â¢¥âáâ¢ãîé¥© à §¬¥à­®áâ¨.

�¡é¨¥ à¥è¥­¨ï �-ãà ¢­¥­¨©.
1) � ª®¬¯«¥ªá¥ C(K n ; �)

p
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v =
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f ;
p+1
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p+1

f = 0;
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p
v0 =
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¢ ª®®à¤¨­ â å

A(p+ 1)
�p+1��p
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V
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=
p+1

F
�p+1�1

; rangA(p+ 1) = rp+1;

®¡é¥¥ à¥è¥­¨¥ ¢ ��� (�)

8<
:

p

V (rp+1)
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y ;
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V (rp)
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C(rp) �
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C(rp)
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U (rp)
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(8.2)

¢ ¬ âà¨ç­®© § ¯¨á¨
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F + [1�A+
st(p+ 1)Ast(p+ 1)]
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C;
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st(p+ 1)
�p��p+1

=

0
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0
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0
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1
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¨«¨

p

V = N(p+ 1)
p

E;

N(p+ 1) � (A+
st(p+ 1) j [1�A+

st(p+ 1)Ast(p+ 1)]);
p

E �

0
@

p+1

F
p

C

1
A ;

£¤¥ N(p+ 1) | ¬ âà¨æ  ®¡à é¥­¨ï ®¯¥à â®à 
p

�.
2) � ª®¬¯«¥ªá¥ C�(K n ; �)

�
p
w
p
= f

p�1
; �

p�1
f
p�1

= 0; w
p
! w

p

0 = w
p
+ �

p+1
u
p+1

;

¢ ª®®à¤¨­ â å
1��p

W
p

�p��p�1

A(p) =
1��p�1

F
p�1

; rangA(p) = rp;

®¡é¥¥ à¥è¥­¨¥ ¢ ��� (�)

8<
:
W
p

a
(rp+1)

= C
p
(rp+1) � C

p

a
(rp+1)

+ U
p+1

y

(rp+1)
;

W
p

y

(rp)
= F

p�1

a
(rp)

; F
p�1

y

(rp�1)
= 0;

(8.3)
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¢ ¬ âà¨ç­®© § ¯¨á¨

W
p
= F

p�1
A+
st(p) + C

p
[1�Ast(p)A

+
st(p)];

A+
st(p)

�p�1��p

=

0
@ 0

rp�rp+1
1

rp�rp

0
rp�1�rp+1

0
rp�1�rp

1
A

¨«¨

W
p
= E

p
M(p);

M(p) �
�

A+
st(p)

1�Ast(p)A
+
st(p)

�
; E

p
� ( F

p�1
j C
p
);

£¤¥ M(p) | ¬ âà¨æ  ®¡à é¥­¨ï ®¯¥à â®à  �
p
.

9. �¡à é¥­¨¥ ®¯¥à â®à®¢ � ¯« á 

�¯¥à â®àë � ¯« á  ¢ D ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ [2] á«¥¤ãîé¨¬ ®¡à §®¬:

p

� = (�1)p[
p+1

@ �
p

� �
p�1

� �
p

@] =
p+1

@ �
p

�0 +
p�1

� 0 �
p

@;
p

�0 � (�1)p
p

�;

�
p
= (�1)p[ �

p+1
� @

p
� @

p�1
� �
p
] = �

p+1

0 � @
p
+ @

p�1
� �
p

0; �
p

0 � (�1)p+1�
p

(9.1)

á ä®à¬ã« ¬¨ ¤¥©áâ¢¨ï

p

�
p
e =

p
eD(p);

p

�
p

V = D(p)
p

V ;
p
v =

p
e
p

V 2 Cp(K );

�
p
e
p
= D(p)e

p
; �

p
W
p
=W

p
D(p); w

p
=W

p
e
p
2 C�

p (K );
(9.2)

£¤¥
D(p) = (�1)p[C(p+ 1)A(p+ 1)�A(p)C(p)]:

�à¨¢¥¤¥¬ ï¢­ë¥ ¢ëà ¦¥­¨ï �-®¯¥à â®à®¢ ¢ D = (K ;K �) ¯à¨ p = 0; 1; 2; 3 á ­¥ª®â®àë¬¨
ã¯à®é¥­¨ï¬¨ ¢ ®¡®§­ ç¥­¨ïå ¯® áà ¢­¥­¨î á ®¡®§­ ç¥­¨ï¬¨ ¢ [2]

8>>>>>>>><
>>>>>>>>:

0

� = div �Grad� Cn � sm; �
0
= Div� � grad� � cn� � Sm� =

3

��;

1

� = �rot � Rot + Grad � div; �
1
= �Rot� � rot� + grad� � Div� =

2

��;

2

� = grad � Div�Rot � rot; �
2
= Grad� � div� � rot� � Rot� =

1

��;

3

� = �cn � Sm+Div � grad; �
3
= �Cn� � sm� + div� �Grad� =

0

��:

(9.3)

�¤¥áì ¨­¤¥ªáë ­ ¤ ¨ ¯®¤ á¨¬¢®« ¬¨ �-®¯¥à â®à®¢ ãª §ë¢ îâ ¬¥áâ  ¨å ¤¥©áâ¢¨© ­  p-í«¥¬¥­â å
¢ K 3 ¨ K

�

3 .
� ¬¥ç ¥¬, çâ® ®¯¥à â®àë � ¯« á , ®¯à¥¤¥«¥­­ë¥ ä®à¬ã« ¬¨ (9.1), á®áâ®ïâ ¨§ ¤¢ãå á« £ ¥-

¬ëå-¯®«®¢¨­®ª («¥¢®© ¨ ¯à ¢®©). �ë¤¥«¨¬ ï¢­® íâ¨ á« £ ¥¬ë¥

p

�L � (�1)p
p+1

@ �
p

�;
p

�R � (�1)p�1
p�1

� �
p

@;

�
p
L � (�1)p �

p+1
� @

p
; �

p
R � (�1)p�1 @

p�1
� �
p
;

(9.4)

­ §ë¢ ï ¨å ¤ «¥¥ ­¥¯®«­ë¬¨ ¨«¨ ®¤­®áâ®à®­­¨¬¨ («¥¢ë¬¨ ¨ ¯à ¢ë¬¨) ®¯¥à â®à ¬¨ � ¯« á ,
  ¨áå®¤­ë¥ ®¯¥à â®àë � ¯« á  (9.1) | ¯®«­ë¬¨, ª®â®àë¥ ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ áã¬¬

p

� =
p

�L +
p

�R; �
p
= �

p
L +�

p
R: (9.5)

68



�¥¯®«­ë¥ ®¯¥à â®àë � ¯« á  (9.4) ¤¥©áâ¢ãîâ â ª ¦¥, ª ª ¨ ¯®«­ë¥, ¯® ä®à¬ã« ¬ (9.2) á ¬ -
âà¨æ ¬¨

DL(p) = (�1)pC(p+ 1)A(p + 1); DR(p) = (�1)p�1A(p)C(p): (9.6)

�â¬¥â¨¬ á®®â­®è¥­¨ï ¬¥¦¤ã �-, �L-, �R-®¯¥à â®à ¬¨8>>>>>>><
>>>>>>>:

p

@
p

� =
p

@
p

�R =
p�1

� L

p

@;
p

�
p+1

@ =
p

�L

p+1

@ =
p+1

@
p+1

� R;
p

�
p

� =
p

�
p

�L =
p+1

� R

p

�;
p

�
p�1

� =
p

�R

p�1

� =
p�1

�
p�1

� L;

@
p
�
p
= @

p
�
p
L = �

p+1
R@
p
; �

p
@
p�1

= �
p
R @
p�1

= @
p�1

�
p�1

L;

�
p
�
p
= �

p
�
p
R = �

p�1
L�
p
; �

p
�

p+1
= �

p
L �
p+1

= �
p+1

�
p+1

R;

(9.7)

p

�L

p

�R = 0;
p

�R

p

�L = 0;
p

�k =
p

�k
L +

p

�k
R;

�
p
L�
p
R = 0; �

p
R�

p
L = 0; �

p

k = �
p

k
L +�

p

k
R

(9.8)

¨ â®¦¤¥áâ¢ 
p

@
p

�L = 0;
p

�L

p�1

� = 0; �
p
�
p
L = 0; �

p
L @
p�1

= 0;

p

�
p

�R = 0;
p

�R

p+1

@ = 0; @
p
�
p
R = 0; �

p
R �
p+1

= 0;
(9.9)

ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ â¥ªáâ¥ á«¥¤ãîé¥£® à §¤¥« .
�¯¥à â®àë � ¯« á  ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ [2] á ãç¥â®¬ ¨å ä¨§¨ç¥áª®£® á¬ëá« . �¬¥­­®, ­¥-

¯®«­ë¥ ®¯¥à â®àë � ¯« á  ¨§¬¥àïîâ ®âª«®­¥­¨¥ §­ ç¥­¨© á®®â¢¥âáâ¢ãîé¨å p-(ª®)¢¥ªâ®à­ëå
¯®«¥© ­  p-í«¥¬¥­â å ®â ¨å áà¥¤­¨å §­ ç¥­¨© ¢ ®ªà¥áâ­®áâïå íâ¨å í«¥¬¥­â®¢ (¯® ª®¨­æ¨¤¥­â-
­ë¬ (p+1)-í«¥¬¥­â ¬ ¤«ï «¥¢ëå ®¯¥à â®à®¢ ¨ ¯® ¨­æ¨¤¥­â­ë¬ (p�1)-í«¥¬¥­â ¬ ¤«ï ¯à ¢ëå) á
ãç¥â®¬ á¢®©áâ¢ áà¥¤ë. �®«­ë¥ ®¯¥à â®àë � ¯« á  ¨§¬¥àïîâ à §­®áâì ®â¬¥ç¥­­ëå áà¥¤­¨å §­ -
ç¥­¨© á ¨áª«îç¥­¨¥¬ §­ ç¥­¨© (ª®)¢¥ªâ®à­ëå ¯®«¥© ­  á ¬¨å p-í«¥¬¥­â å, â. ¥. ¨§¬¥àïîâ ®âª«®-
­¥­¨¥ ®â à ¢­®¢¥á¨ï á®®â¢¥âáâ¢ãîé¨å à áá¬ âà¨¢ ¥¬ë¬ ¯®«ï¬ ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ á ãç¥â®¬
á¢®©áâ¢ áà¥¤ë (¢ �-®¯¥à â®àë ¢å®¤ïâ z-®â®¡à ¦¥­¨ï, ®¯à¥¤¥«ïîé¨¥ ¢ ¯à¨«®¦¥­¨ïå ä¨§¨ç¥áª¨¥
å à ªâ¥à¨áâ¨ª¨ áà¥¤ë).

�¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ­¨î  ­ «®£®¢ ãà ¢­¥­¨© � ¯« á  ¨ �ã áá®­  ¢ D .

�¯à¥¤¥«¥­¨¥ 3. �-ãà ¢­¥­¨¥¬ ¢ D = (K ; K � ) ¡ã¤¥¬ ­ §ë¢ âì ãà ¢­¥­¨¥ ¢¨¤ 

�v = f; (9.10)

£¤¥ f | § ¤ ­­®¥ (ª®)¢¥ªâ®à­®¥ ¯®«¥, v | ¨áª®¬ë© (ª®)¢¥ªâ®à,   �-®¯¥à â®à ¬®¦¥â ¡ëâì ª ª
¯®«­ë¬, â ª ¨ ­¥¯®«­ë¬ ®¯¥à â®à®¬ � ¯« á .

�áá«¥¤®¢ ­¨¥ ãà ¢­¥­¨© (9.10) ¯à®¢¥¤¥¬ ¢ ��� (@). �«ï íâ®£® ¢ íâ®© á¨áâ¥¬¥ ¡ §¨á®¢ ãáâ -
­®¢¨¬ ï¢­ë© ¢¨¤ ¬ âà¨æ ¤¥©áâ¢¨ï D(p) ®¯¥à â®à®¢ � ¯« á . �à¨ ¯¥à¥å®¤¥ ®â ��� ª ��� (@)
z-¬ âà¨æë ¨ ¬ âà¨æ  A(p) ¯à¥®¡à §ãîâáï á®£« á­® ¨å ®¯à¥¤¥«¥­¨ï¬ (7.1) ¨ (7.2) ¯® ä®à¬ã« ¬

p

Zst = Q�1
tr (p)

p

ZP (p) = S�1
tr (p)Ptr(p)

p

ZP (p);

Z
p
st = P�1(p)Z

p
Qtr(p) = S�1(p)Q(p)Z

p
Qtr(p);

Ast(p) = P�1(p)A(p)P (p� 1) = S�1(p)Q(p)A(p)P (p � 1);

(9.11)

£¤¥ ¬ âà¨æë S(p), P (p), Q(p) ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (4.7), (4.10). � âà¨æë ¢ (9.11) ¯à¥¤áâ ¢¨¬
¢ ¡«®ç­®¬ ¢¨¤¥ á®£« á­® á®®â¢¥âáâ¢ãîé¨¬ à §¡¨¥­¨ï¬ (3.2) ¬ âà¨æ ¡ §¨á­ëå í«¥¬¥­â®¢

p

Zst =

0
@

p

Zbb
p

Zbx

p

Zxb
p

Zxx

1
A ; Z

p
st =

0
@Zp xx Z

p
xb

Z
p
bx Z

p
bb

1
A ; Ast(p) =

�
Ab
x(p) Ab

b(p)
Ax
x(p) Ax

b (p)

�
;
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£¤¥

Ab
x(p) = Z

p
xb

p�1

Z bb; Ab
b(p) = Z

p
xb

p�1

Z bx;

Ax
x(p) = Z

p
bb

p�1

Z bb; Ax
b (p) = Z

p
bb

p�1

Z bx:

�«¥¬¥­âë z-¬ âà¨æ ¢ ��� (@) ç¥à¥§ í«¥¬¥­âë íâ¨å ¬ âà¨æ ¢ ��� ¢ëà ¦ îâáï ä®à¬ã« ¬¨
¯à¥®¡à §®¢ ­¨© (9.11), ­ ¯à¨¬¥à,

p

Zxx = B�1
tr (p)

p

Z22; Z
p
xx = B�1(p+ 1)Z

p
11 ¨ â.¤.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

L(p) � (�1)p�1Ax
x(p) = (�1)p�1Z

p
bb

p�1

Z bb;

K(p) � (�1)p+1Ax
b (p+ 1) + (� 1)pAb

x(p) = KL(p+ 1)KR(p):
(9.12)

�®£¤  á®®â¢¥âáâ¢ãîé¨¥ D-¬ âà¨æë ®¯¥à â®à®¢ � ¯« á  § ¯¨èãâáï ¢ ��� (@) ¢ ¢¨¤¥

D(p)
�p��p

= DL(p) +DR(p) =
�
L(p+ 1) �K(p)

0 L(p)

�
:
�
rp+1 � rp+1 rp+1 � rp
rp � rp+1 rp � rp

�
;

DL(p) =
�
L(p+ 1) �KL(p+ 1)

0 0

�
; DR(p) =

�
0 �KR(p)
0 L(p)

�
:

(9.13)

�§ áª § ­­®£® ¢ëè¥ ¢ à §¤¥« å 7, 8 ® á¢®©áâ¢ å ¬ âà¨æ A(p) ¨ z-¬ âà¨æ å á«¥¤ã¥â, çâ® à ­£
L(p)
rp�rp

= rp. �«¥¤®¢ â¥«ì­®, ª¢ ¤à â­ë¥ L-¬ âà¨æë ï¢«ïîâáï ­¥¢ëà®¦¤¥­­ë¬¨ ¨ áãé¥áâ¢ãîâ

L�1(p). �âáî¤  ¨ ¨§ (9.13) ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 8. D-¬ âà¨æë ¯®«­ëå ®¯¥à â®à®¢ � ¯« á  ï¢«ïîâáï ­¥¢ëà®¦¤¥­­ë¬¨ ¨

D�1(p) =
�
L�1(p+ 1) L�1(p+ 1)K(p)L�1(p)

0 L�1(p)

�
: (9.14)

�á¯®«ì§ãï ¯®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï (9.13) ¤«ïD-¬ âà¨æ ®¯¥à â®à®¢ � ¯« á  ¢ ��� (@), ¬®¦-
­® § ¯¨á âì ï¢­ë¥ à¥è¥­¨ï ¤«ï ¢á¥å �-ãà ¢­¥­¨© (9.10) á â®ç­ë¬ ãª § ­¨¥¬ ¯à®¨§¢®«  ¢ à¥-
è¥­¨ïå. �«ï ¯®«­ëå ®¯¥à â®à®¢ � ¯« á 

p

�
p
v =

p

f � D(p)
p

V =
p

F ; �
p
w
p
= f

p

�W
p
D(p) = F

p
:

�¥è¥­¨ï íâ¨å ãà ¢­¥­¨© ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®
p

V = D�1(p)
p

F ; W
p
= F

p
D�1(p); (9.15)

£¤¥ ¬ âà¨æ  ®¡à é¥­¨ï ¯®«­®£® �-®¯¥à â®à  ¤ ­  ä®à¬ã«®© (9.14).
� ¯¨è¥¬ à¥è¥­¨ï ãà ¢­¥­¨© (9.7) á ­¥¯®«­ë¬¨ ®¯¥à â®à ¬¨ � ¯« á  ¢ ¤¢ãå ª®¬¯«¥ªá å.
� ª®¬¯«¥ªá¥ C(K )

1)
p

�L

p
v =

p

f �

�
L(p+ 1) �KL(p+ 1)

0 0

�0@
p

V b
p

V x

1
A =

0
@

p

F b
p

F x

1
A;

®¡é¥¥ à¥è¥­¨¥ á ¯à®¨§¢®«®¬
p

V x =
p

Cx 2 Xp � Cp(K ) ¨ ãá«®¢¨¥¬
p

F x = 0 ­  f

p

V =

0
@L�1(p+ 1)[KL(p+ 1)

p

Cx +
p

F b]
p

Cx

1
A ; (9.16)
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2)
p

�R

p
v =

p

f �

�
0 �KR(p)
0 L(p)

�0@
p

V x
p

V b

1
A =

0
@

p

F b
p

F x

1
A;

p

V =

0
@

p

Cx

L�1(p)
p

F x

1
A ;

p

F b = �KR(p)L�1(p)
p

F x: (9.17)

� ª®¬¯«¥ªá¥ C�(K )

1) �
p
Lw
p
= f

p

� (W
p

xW
p

b)
�
L(p+ 1) �KL(p+ 1)

0 0

�
= (F

p

x F
p

b),

W
p
= (F

p

xL�1(p+ 1) j C
p

b); F
p

b = �F
p

xL�1(p+ 1)KL(p+ 1); (9.18)

2) �
p
Rw
p
= f

p

� (W
p

xxW
p

b)
�
0 �KR(p)
0 L(p)

�
= (F

p

x F
p

b),

W
p
= (C

p

x j [F
p

b +C
p

xKR(p)]L
�1(p)); F

p

x = 0: (9.19)

�¯à¥¤¥«¥­¨¥ 4. �áïª®¥ ­¥­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (9.10) á f = 0 ¤¨áªà¥â­®£®  ­ «®£ 
ãà ¢­¥­¨ï � ¯« á  ¡ã¤¥¬ ­ §ë¢ âì £ à¬®­¨ç¥áª¨¬ ¯®«¥¬ ¤«ï á®®â¢¥âáâ¢ãîé¥£® ®¯¥à â®à  ¢
D .

�§ ¯®«ãç¥­­ëå à¥è¥­¨© (9.15){(9.19) ãà ¢­¥­¨ï (9.10) á ¯®«­ë¬¨ ¨ ­¥¯®«­ë¬¨ ®¯¥à â®à ¬¨
� ¯« á  á«¥¤ãîâ âà¨ ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥ 9. �«ï �-ãà ¢­¥­¨© á ¯®«­ë¬¨ ®¯¥à â®à ¬¨ � ¯« á  à¥è¥­¨ï ®¯à¥¤¥«ï-

îâáï ®¤­®§­ ç­®. �¥ áãé¥áâ¢ã¥â ¤¨áªà¥â­ëå £ à¬®­¨ç¥áª¨å ¯®«¥© ¤«ï ¯®«­ëå ®¯¥à â®à®¢

� ¯« á .

�à¥¤«®¦¥­¨¥ 10. �¥è¥­¨¥ �-ãà ¢­¥­¨© á ­¥¯®«­ë¬¨ ®¯¥à â®à ¬¨ � ¯« á  ®¯à¥¤¥«ïîâ-

áï á ãª § ­¨¥¬ ¬¥áâ  ¨å § ¤ ­¨ï ¨ á ¢ë¤¥«¥­­ë¬¨ ãá«®¢¨ï¬¨ ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨© f .

�à¥¤«®¦¥­¨¥ 11. � à¬®­¨ç¥áª¨¥ ¯®«ï ¢ D áãé¥áâ¢ãîâ â®«ìª® ¤«ï ­¥¯®«­ëå ®¯¥à â®à®¢
� ¯« á . �å ¢ëà ¦¥­¨ï ¯®«ãç îâáï ¨§ ®¡é¨å à¥è¥­¨© (9:13){(9:16) ¯à¨ f = 0 á â®ç­ë¬

ãª § ­¨¥¬ ¬¥áâ  ¨å § ¤ ­¨ï ¢ (C(K ); C�(K )).

�á­®, çâ® ¢á¥ ¯®«ãç¥­­ë¥ à¥è¥­¨ï�-ãà ¢­¥­¨© ¬®¦­® ¯¥à¥¢¥áâ¨ ¨§ ��� (@) ¢ ��� á®£« á­®
ä®à¬ã« ¬ ¯à¥®¡à §®¢ ­¨© ¯à¨ § ¬¥­ å ¡ §¨á®¢, ¨á¯®«ì§ãï ¨§¢¥áâ­ë¥ ¬ âà¨æë ¯à¥®¡à §®¢ ­¨©
D (p) ¨ Q(p).

�à ¢­¨¬ ¯®«ãç¥­­ë¥ ¢ë¢®¤ë á ¨§¢¥áâ­ë¬¨ à¥§ã«ìâ â ¬¨ ¨§ ª« áá¨ç¥áª®£®  ­ «¨§ . �«ï
ª« áá¨ç¥áª®£® áª «ïà­®£® ®¯¥à â®à  � ¯« á  �áª = div � grad ¤¨áªà¥â­ë¬¨  ­ «®£ ¬¨ ¯à¨

z = 1 ï¢«ïîâáï ­¥¯®«­ë¥ ®¯¥à â®àë
0

�L,
3

�R ¨ �
0
L, �

3
R,   ¤«ï ¢¥ªâ®à­®£® ®¯¥à â®à  � ¯« á 

�¢¥ªâ = �rot � rot+ grad �div | ¯®«­ë¥ ®¯¥à â®àë
1

�,
2

� ¨ �
1
, �

2
(z = 1). �«ï â ª¨å ®¯¥à â®à®¢ ¢

ª« áá¨ç¥áª®¬  ­ «¨§¥ ­¥ áãé¥áâ¢ã¥â à §¢¥à­ãâ®© â¥®à¨¨, ª ª ¤«ï �áª. � â¥å ¦¥ ¯à¨«®¦¥­¨ïå, ¢
ª®â®àëå ¢áâà¥ç ¥âáï ®¯¥à â®à �¢¥ªâ, ­ ¯à¨¬¥à, ¢ í«¥ªâà®¤¨­ ¬¨ª¥, ä ªâ¨ç¥áª¨ ®áâ ¥âáï â®«ìª®

«¥¢ ï ç áâì �rot � rot | ­¥¯à¥àë¢­ë©  ­ «®£ ­¥¯®«­ëå ®¯¥à â®à®¢ � ¯« á 
1

�L,
2

�R ¨ �
1
L,

�
2
R (z = 1). �¤¨­áâ¢¥­­ë© ­¥¯à¥àë¢­ë©  ­ «®£ ¯®«­®£® ®¯¥à â®à  � ¯« á  | íâ® ®¯¥à â®à

� ¬¨«ìâ®­  ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï á z 6= 1. � ¢ íâ®¬
á«ãç ¥  ­ «®£®¬ ¯à¥¤«®¦¥­¨ï 9 ï¢«ï¥âáï ¨§¢¥áâ­ë© ä ªâ, çâ® ¤«ï ®¯¥à â®à  � ¬¨«ìâ®­  ­¥
áãé¥áâ¢ã¥â ®â«¨ç­®£® ®â ­ã«ï á®¡áâ¢¥­­®£® ¢¥ªâ®à  á ­ã«¥¢ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬.
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10. �®ááâ ­®¢«¥­¨¥ ¨ à §«®¦¥­¨¥ (ª®)¢¥ªâ®à­ëå ¯®«¥©

�®áâà®¨¬ ¤¨áªà¥â­ë¥  ­ «®£¨ ª« áá¨ç¥áª¨å â¥®à¥¬ ® ¢®ááâ ­®¢«¥­¨¨ ¨ à §«®¦¥­¨¨ áª -
«ïà­ëå ¨ ¢¥ªâ®à­ëå ¯®«¥©,   ¨¬¥­­®, ® ¢®ááâ ­®¢«¥­¨¨ áª «ïà­®£® ¯®«ï ¯® § ¤ ­­®¬ã ¥£®
£à ¤¨¥­âã, ¢¥ªâ®à­®£® ¯®«ï ¯® § ¤ ­­ë¬ ¥£® ¤¨¢¥à£¥­æ¨¨ ¨ à®â®àã, ® à §«®¦¥­¨¨ ¢¥ªâ®à­®£®
¯®«ï ­  áã¬¬ã á®«¥­®¨¤ «ì­®£® ¨ ¯®â¥­æ¨ «ì­®£® á« £ ¥¬ëå.

�ç¥¢¨¤­®,  ­ «®£ ¬¨ â¥®à¥¬ë ® ¢®ááâ ­®¢«¥­¨¨ áª «ïà­®£® ¯®«ï ¯® ¥£® £à ¤¨¥­âã ï¢«ï-
îâáï à áá¬®âà¥­­ë¥ ¢ à §¤¥« å 6, 8 @- ¨ �-ãà ¢­¥­¨ï. �¥¬ á ¬ë¬  ­ «®£ ãª § ­­®© â¥®à¥¬ë
à á¯à®áâà ­ï¥âáï ­  ¢á¥ áâàãªâãà­ë¥ ç áâ¨ ¯®«­®© ¤¨ £à ¬¬ë ª®¬¯«¥ªá  C(K ;K �).

�­ «®£¨ â¥®à¥¬ë ® ¢®ááâ ­®¢«¥­¨¨ ¢¥ªâ®à­®£® ¯®«ï ¯® ¥£® ¤¨¢¥à£¥­æ¨¨ ¨ à®â®àã ¢ ª®¬¯«¥ªá¥
C(K ; K �) ¬®£ãâ ¡ëâì áä®à¬ã«¨à®¢ ­ë á«¥¤ãîé¨¬ ®¡à §®¬:

1) ¤«ï ¢¥ªâ®à­ëå ¯®«¥© ¢ C(K )

p

@
p
v =

p�1

f ;
p

�
p
v =

p+1

f ; (10.1)

2) ¤«ï ª®¢¥ªâ®à­ëå ¯®«¥© ¢ C(K �)

@
p
w
p
= f

p+1
; �

p
w
p
= f

p�1
; (10.2)

£¤¥ ¯à ¢ë¥ ç áâ¨ f | § ¤ ­­ë¥ ¯®«ï,   ¯®«ï v ¨ w ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î.
�á­®, çâ® à¥è¥­¨¥ á¨áâ¥¬ (10.1) ¨ (10.2) á¢®¤¨âáï ª á®¢¬¥áâ­®¬ã ¨áá«¥¤®¢ ­¨î á®®â¢¥âáâ¢ã-

îé¨å @- ¨ �-ãà ¢­¥­¨©. �®¤à®¡­ë©  ­ «¨§ ¯®ª §ë¢ ¥â, çâ® íâ¨ á¨áâ¥¬ë á®¢¬¥áâ­ë ¨ ¨¬¥îâ
¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï. �â® ¨áá«¥¤®¢ ­¨¥ ¨ ï¢­ë© ¢¨¤ à¥è¥­¨© á¨áâ¥¬ (10.1) ¨ (10.2) §¤¥áì
®¯ãáª îâáï, ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ®­¨ ¬®£ãâ ¡ëâì ¢®ááâ ­®¢«¥­ë ¯® áå¥¬¥ ¨áá«¥¤®¢ ­¨© ¨§ à §-
¤¥«®¢ 6 ¨ 8.

�à¥¤«®¦¥­¨¥ 12. � ¤¨áªà¥â­®¬ ¯à®áâà ­áâ¢¥ ¨¬¥îâ ¬¥áâ®  ­ «®£¨ ª« áá¨ç¥áª¨å â¥®-
à¥¬ ¢¥ªâ®à­®£®  ­ «¨§  ® ¢®ááâ ­®¢«¥­¨¨ áª «ïà­®£® ¨ ¢¥ªâ®à­®£® ¯®«¥©, íâ¨ â¥®à¥¬ë ®¯à¥-

¤¥«¥­ë ¢® ¢á¥å áâàãªâãà­ëå ç áâïå ¯®«­®© ¤¨ £à ¬¬ë ª®¬¯«¥ªá  C(K ; K � ).

�, ­ ª®­¥æ, ¯à¨¢¥¤¥¬  ­ «®£¨ â¥®à¥¬ë ® à §«®¦¥­¨¨ ¢¥ªâ®à­®£® ¯®«ï, ¯à¥¤áâ ¢«ïîé¨¥
®á­®¢­ë¥ à¥§ã«ìâ âë ¤ ­­®£® ¨áá«¥¤®¢ ­¨ï.

� ãç¥â®¬ áâàãªâãàë ¯®«­®© ¤¨ £à ¬¬ë ®¯¥à â®à®¢ ¢ ¤¨áªà¥â­®¬ ¯à®áâà ­áâ¢¥ [2]  ­ «®£
â¥®à¥¬ë ® à §«®¦¥­¨¨ áä®à¬ã«¨àã¥¬ ¢ ª ¦¤®© áâàãªâãà­®© ç áâ¨ ¤¨ £à ¬¬ë (¢ª«îç ï ¨
®¯¥à â®àë § ¬ëª ­¨ï [2]), à á¯®« £ ï ¯ à ««¥«ì­® á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë

1) ¢ C(K ) 1�) ¢ C(K �)

p
v = (�1)p

p+1

@
p+1
v1 + (�1)p�1

p�1

�
p�1
v1 ; w

p
= (�1)p �

p+1
w1
p+1

+ (�1)p+1 @
p�1

w1
p�1

: (10.3)

�­ ª®¢ë¥ ¬­®¦¨â¥«¨ ¢ íâ¨å ãà ¢­¥­¨ïå ¢ë¡à ­ë â ª, çâ®¡ë ¢ ¯®á«¥¤ãîé¥¬ ¯®«ãç¨âì ¥¤¨­®-
®¡à §­®¥ ­ ¯¨á ­¨¥ ®¡é¨å ä®à¬ã«.

� ãà ¢­¥­¨ïå (10.3) ¯®«ï v ¨ w ¢ «¥¢ëå ç áâïå áç¨â îâáï § ¤ ­­ë¬¨,   ¯®«ï v1 ¨ w1 ¢ ¯à ¢ëå
ç áâïå ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î. � ¦¤ ï ¨§ «¨­¥©­ëå á¨áâ¥¬ (10.3) á®¤¥à¦¨â �p ãà ¢­¥­¨© ¨
(�p+1 + �p�1) ­¥¨§¢¥áâ­ëå. � ª ª ª �4 = ��1 = 1 ¨ �(K ) = �3 � �2 + �1 � �0 = 0, â® ç¨á«®
ãà ¢­¥­¨© ¢ íâ¨å á¨áâ¥¬ å ¬¥­ìè¥ ç¨á«  ­¥¨§¢¥áâ­ëå.

�â®¡ë ¯®«ãç¨âì ¢ëà ¦¥­¨ï ¤«ï ¯®«¥© ¢ ¯à ¢ëå ç áâïå ç¥à¥§ § ¤ ­­ë¥ ¯®«ï ¢ «¥¢ëå ç áâïå,
¯à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ ãà ¢­¥­¨© (10.3) ¯®®ç¥à¥¤­® á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®àë @ ¨ �. �
®¡®§­ ç¥­¨ï¬¨ ¨§ (9.4) ¯®«ãç¨¬ á®®â¢¥âáâ¢¥­­® á¨áâ¥¬ë ãà ¢­¥­¨© ­  ¨áª®¬ë¥ ¯®«ï

p�1

� L

p�1
v1 =

p

@
p
v; �

p�1
Lw1
p�1

= �
p
w
p
;

p+1

� R

p+1
v1 =

p

�
p
v; �

p+1
Rw1
p+1

= @
p
w
p
:

(10.4)
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� ¦¤ ï ¨§ íâ¨å á¨áâ¥¬ á®¢¬¥áâ­  ¢á«¥¤áâ¢¨¥ â®¦¤¥áâ¢ (9.8) ¨ ®âáãâáâ¢¨ï (ª®)£®¬®«®£¨© ¢ K .
�¢­ë© ¢¨¤ à¥è¥­¨© íâ¨å á¨áâ¥¬ ¯®«ãç ¥¬, ¨á¯®«ì§ãï ä®à¬ã«ë (9.16){(9.19).

�®«ï v1 ¨ w1 ¢ ¯à ¢ëå ç áâïå ¬®£ãâ ¡ëâì ¢ á¢®î ®ç¥à¥¤ì à §«®¦¥­ë â®ç­® â ª ¦¥, ª ª ¨ ¯®«ï
v ¨ w. �®áà¥¤áâ¢®¬ â ª¨å à §«®¦¥­¨© à §«®¦¥­¨ï ¨áå®¤­ëå ¯®«¥© ¬®£ãâ ¡ëâì ¯à®¤®«¦¥­ë.

�®« £ ï, çâ® à §«®¦¥­¨ï (10.3) á ®¯à¥¤¥«ïîé¨¬¨ ãà ¢­¥­¨ï¬¨ (10.4) ¯à¥¤áâ ¢«ïîâ ¯¥à¢ë©
íâ ¯ à §«®¦¥­¨ï, ¯¥à¥©¤¥¬ ª á«¥¤ãîé¥¬ã íâ ¯ã. �«ï íâ®£® § ¯¨è¥¬ à §«®¦¥­¨ï, ¢®§¬®¦­®áâì
ª®â®àëå ¤®ª § ­ ,

p+1
v1 =

p

�
p
u1L +

p+2

@
p+2
w1 ; w1

p+1
= @

p
u
p
1L + �

p+2
v1
p+2

;

p�1
v1 =

p

@
p
u1R +

p�2

�
p�2
w1 ; w1

p�1
= �

p
u
p
1R + @

p�2
v1
p�2

:

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¤«ï v1 ¨ w1 ¢ (10.3) ¨ (10.4), ¯®«ãç¨¬ à §«®¦¥­¨ï ¤«ï ¨áå®¤­ëå

¯®«¥©
p
v =

p

�L

p
u1L +

p

�R

p
u1R, w

p
= �

p
Lu
p
1L +�

p
Ru
p
1R á ®¯à¥¤¥«ïîé¨¬¨ ãà ¢­¥­¨ï¬¨

p�1

� L

p

@
p
u1R =

p

@
p
v; �

p�1
L�
p
u
p
1R = �

p
w
p
;

p+1

� R

p

�
p
u1L =

p

�
p
v; �

p+1
R@
p
u
p
1L = @

p
w
p
:

�  âà¥âì¥¬ íâ ¯¥ § ¯¨è¥¬ à §«®¦¥­¨ï ¤«ï ¯®«¥© u1L ¨ u1R, ª®â®àë¥ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

p
u1L = (�1)p

p+1

@
p+1
v2 +

p�1

�
p�1
v2L;

p
u1L = (�1)p �

p+1
w2
p+1

+ @
p�1

w2L
p�1

;

p
u1R = (�1)p�1

p�1

�
p�1
v2 +

p+1

@
p+1
v2R; u

p
1R = (�1)p�1 @

p�1
w2
p�1

+ �
p+1

w2R
p+1

:

� «¥¥, ¤¥©áâ¢ãï â ª ¦¥, ª ª ¨ ­  ¢â®à®¬ íâ ¯¥, ¯®«ãç¨¬ à §«®¦¥­¨ï ¤«ï ¨áå®¤­ëå ¯®«¥©

p
v = (�1)p

p

�L

p+1

@
p+1
v2 + (�1)p�1

p

�R

p�1

�
p�1
v2 ; w

p
= (�1)p�

p
L �
p+1

w2
p+1

+ (�1)p�1�
p
R @
p�1

w2
p�1

á ®¯à¥¤¥«ïîé¨¬¨ ãà ¢­¥­¨ï¬¨

p�1

�L

p�1

�L

p�1
v2 =

p

@
p
v; �L

p�1
�L
p�1

w2
p�1

= �
p
w
p
;

p+1

�R

p+1

�R

p+1
v2 =

p

�
p
v; �R

p+1
�R
p+1

w2
p+2

= @
p
w
p
:

�ç¥¢¨¤­®, íâ®â ¯à®æ¥áá ¯®á«¥¤®¢ â¥«ì­ëå à §«®¦¥­¨© ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­ ­¥®£à ­¨ç¥­­®.
� ¯¨è¥¬ ®¡é¨¥ ä®à¬ã«ë ¤«ï à §«®¦¥­¨ï

1) ­  ç¥â­®¬ íâ ¯¥ n = 2K, K = 1; 2; : : :

p
v =

p

�K
L

p
uKL +

p

�K
R

p
uKR; w

p
= �

p

K
L u

p
KL +�

p

K
Ru

p
KR; (10.5)

p�1

� K
L

p

@
p
uKR =

p

@
p
v; �

p�1

K
L �
p
u
p
KR = �

p
w
p
;

p+1

� K
R

p

�
p
uKL =

p

�
p
v; �

p+1

K
R@

p
u
p
KL = @

p
w
p

(10.6)

á ãà ¢­¥­¨ï¬¨, á¢ï§ë¢ îé¨¬¨ íâ¨ à §«®¦¥­¨ï á à §«®¦¥­¨ï¬¨ ­  ¯à¥¤ë¤ãé¥¬ ­¥ç¥â­®¬ íâ ¯¥
(n = 2K � 1),

p+1
vk =

p

�
p
uKL +

p+2

@
p+2
wK ; wK

p+1
= @

p
u
p
KL + �

p+2
vK
p+2

;

p�1
vK =

p

@
p
uKR +

p�2

�
p�2
wK ; wK

p�1
= �

p
u
p
KR + @

p�2
vK
p�2

;
(10.7)
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2) ­  ­¥ç¥â­®¬ íâ ¯¥ n = 2K � 1, K = 1; 2; : : :

p
v = (�1)p

p

�K�1
L

p+1

@
p+1
vK + (�1)p�1

p

�K�1
R

p�1

�
p�1
vK ;

w
p
= (�1)p�

p

K�1
L �

p+1
wK
p+1

+ (�1)p�1�
p

K�1
R @

p�1
wK
p�1

;
(10.8)

p�1

� K
L

p�1
vK =

p

@
p
v; �

p�1

K
LwK
p�1

= �
p
w
p
;

p+1

� K
R

p+1
vK =

p

�
p
v; �

p+1

K
RwK
p+1

= @
p
w
p
; (10.9)

p
u(K�1)L = (�1)p

p+1

@
p+1
vK +

p�1

�
p�1
vKL; u

p
(K�1)L = (�1)p �

p+1
wK
p+1

+ @
p�1

wKL
p�1

;

p
u(K�1)R = (�1)p�1

p�1

�
p�1
vK +

p+1

@
p+1
vKR; u

p
(K�1)R = (�1)p�1 @

p�1
wK
p�1

+ �
p+1

wKR
p+1

:

(10.10)

�â¬¥â¨¬, çâ® ¢ ãà ¢­¥­¨ïå (10.7) ¨ (10.10), á¢ï§ë¢ îé¨å íâ ¯ë à §«®¦¥­¨©, ¢â®àë¥ á« £ ¥¬ë¥
­¥ ¢å®¤ïâ ¢ à §«®¦¥­¨ï (10.5) ¨ (10.8) | ®­¨ ®¯à¥¤¥«ïîâ ¯à®¨§¢®« ¢ ®¯à¥¤¥«¥­¨ïå.

�à ¢­¥­¨ï (10.6), (10.7) ¨ (10.9), (10.10), ®¯à¥¤¥«ïîé¨¥ ¨ á¢ï§ë¢ îé¨¥ à §«®¦¥­¨ï, á®¢¬¥áâ-
­ë ¢á«¥¤áâ¢¨¥ â®¦¤¥áâ¢ (9.9) ¨ ®âáãâáâ¢¨ï (ª®)£®¬®«®£¨©. �à¨ ­¥®¡å®¤¨¬®áâ¨ ¬®¦­® § ¯¨á âì
¨å ï¢­ë¥ à¥è¥­¨ï á ¨á¯®«ì§®¢ ­¨¥¬ à¥§ã«ìâ â®¢ à §¤¥«  9.

�à¥¤«®¦¥­¨¥ 13. �áïª®¥ (ª®)¢¥ªâ®à­®¥ ¯®«¥ ¢ D ¬®¦¥â ¡ëâì à §«®¦¥­®

(1) ¯® (ª®)¢¥ªâ®à­ë¬ ¯®«ï¬ ­  á¬¥¦­ëå (ª®)¨­æ¨¤¥­â­ëå í«¥¬¥­â å ¯®áà¥¤áâ¢®¬ á¢¥¤�¥­¨ï
¨å ª à áá¬ âà¨¢ ¥¬ë¬ p-í«¥¬¥­â ¬ á ¯®¬®éìî @-, �- ¨ �L-, �R-®¯¥à â®à®¢;

(2) ¯® ¤¢ã¬ (ª®)¢¥ªâ®à­ë¬ ¯®«ï¬, ®¯à¥¤¥«¥­­ë¬ ­  à áá¬ âà¨¢ ¥¬ëå p-í«¥¬¥­â å á ¯à¨-

¬¥­¥­¨¥¬ �L- ¨ �R-®¯¥à â®à®¢.

� ¬¥ç ­¨¥ 4. �á¥ ¯®«ãç¥­­ë¥ ä®à¬ã«ë ¤«ï à §«®¦¥­¨© ¢¥à­ë â®«ìª® ¯à¨ p = 0; 1; 2; 3.
�«ãç ¨ p = �2;�1; 4; 5 âà¥¡ãîâ á¯¥æ¨ «ì­®£® ¨áá«¥¤®¢ ­¨ï, â. ª. ®¯¥à â®àë § ¬ëª ­¨ï ­¥ ï¢«ï-
îâáï (ª®)£à ­¨ç­ë¬¨. �â® ¨áá«¥¤®¢ ­¨¥ á¢®¤¨âáï ª à¥è¥­¨î ¯à®áâ¥©è¨å «¨­¥©­ëå ãà ¢­¥­¨©
¨ «¥£ª® ¢ë¯®«­¨¬®.

� ª«îç¥­¨¥

�®áâà®¥­­ë¥ à §«®¦¥­¨ï (ª®)¢¥ªâ®à­ëå ¯®«¥© ¯à¨¬¥­ïîâáï ¢ ¨áá«¥¤®¢ ­¨ïå ä¨§¨ç¥áª¨å
¯à®æ¥áá®¢ ¢ ¤¨áªà¥â­®¬ ¯à®áâà ­áâ¢¥-¢à¥¬¥­¨. �â® á¢ï§ ­® á â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® @- ¨ �-
®¯¥à â®àë ¨¬¥îâ á¬ëá« ¯à®áâà ­áâ¢¥­­ëå ¨ ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©,
  �-®¯¥à â®àë � ¯« á  | ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯® ¢à¥¬¥­¨ ¢ ª ¦¤®© áâàãªâãà­®© ç áâ¨ D .
�®«ãç¥­­ë¥ ä®à¬ã«ë ¬®¦­® ¨á¯®«ì§®¢ âì ¤«ï á®£« á®¢ ­­®£® ®¯¨á ­¨ï ä¨§¨ç¥áª¨å ï¢«¥­¨©,
®¤­®¢à¥¬¥­­® ¯à®¨áå®¤ïé¨å ¢ à §«¨ç­ëå áâàãªâãà­ëå ç áâïå ¤¨áªà¥â­®£® ¯à®áâà ­áâ¢ .
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