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�¢¥¤¥¨¥

� à ¡®â¥  ¬¥à¨ª áª®£® ¬ â¥¬ â¨ª  �à®«ì¤  [1] ¯à¥¤«®¦¥ ¨ ¨áá«¥¤®¢  á¬¥è ë© ¬¥-
â®¤ à¥è¥¨ï ®¤®£® ª« áá  á« ¡®á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© I-à®¤ ,  §¢ ë© ¨¬
\c¯« ©-âà¨£®®¬¥âà¨ç¥áª¨¬ ¬¥â®¤®¬ � «�¥àª¨ ". �ãâì íâ®£® ¬¥â®¤  § ª«îç ¥âáï ¢ á«¥¤ãî-
é¥¬: ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ¨é¥âáï ¢ ¢¨¤¥ ¯®«¨®¬¨ «ì®£® á¯« © ,   ¥£® ª®íää¨æ¨¥âë
®¯à¥¤¥«ïîâáï ¯® ¬¥â®¤ã � «�¥àª¨    ®á®¢¥ âà¨£®®¬¥âà¨ç¥áª®© á¨áâ¥¬ë äãªæ¨©. � ¯®á«¥-
¤ãîé¨¥ £®¤ë ãª § ë© ¬¥â®¤ ¨áá«¥¤®¢ «áï ¢ àï¤¥ à ¡®â (¢ ç áâ®áâ¨, [2]; [3], x 19, £«. 2), ¢
ª®â®àëå à áá¬ âà¨¢ «¨áì ®¤®¬¥àë¥ á« ¡®á¨£ã«ïàë¥ ¨â¥£à «ìë¥ ãà ¢¥¨ï I-à®¤  á à §-
®áâë¬¨ «®£ à¨ä¬¨ç¥áª¨¬¨ ï¤à ¬¨ ¢ £« ¢®© ç áâ¨ ¨â¥£à «ì®£® ®¯¥à â®à  ¨ ¨â¥£à «ìë¥
ãà ¢¥¨ï �à¥¤£®«ì¬  II-à®¤ .

�¨¦¥ ¯à¥¤« £ ¥âáï â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ ¤ ®£® ¬¥â®¤  ¢ á¬ëá«¥ ([4], £«. 14; [5],
£«. 1, 2) ¤«ï ®¯¥à â®àëå ãà ¢¥¨© II-à®¤  ¨ ¯à¨¢®¤ïé¨åáï ª ¨¬ ¢ àï¤¥ äãªæ¨® «ìëå
¯à®áâà áâ¢. �áâ  ¢«¨¢ îâáï ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ¥ã«ãçè ¥¬ë¥ ®æ¥ª¨ ¯®£à¥è®áâ¨ ¨
¤®ª §ë¢ ¥âáï ®¯â¨¬ «ì®áâì ¯® ¯®àï¤ªã ¬¥â®¤ . �®ª §ë¢ ¥âáï â ª¦¥ ¯à¨¬¥¨¬®áâì ¯®«ã-
ç¥ëå ¯à¨ íâ®¬ ®¡é¨å à¥§ã«ìâ â®¢ ª à¥£ã«ïàë¬ ¨ á¨£ã«ïàë¬ ¨â¥£à «ìë¬ ¨ ¨â¥£à®{
¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬.

1. �®áâ ®¢ª  § ¤ ç¨

�ãáâì X ¨ Y | ¯®«ë¥ «¨¥©ë¥ ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢  á ®à¬ ¬¨ á®®â¢¥âáâ¢¥®
kxkX ¨ kykY (x 2 X, y 2 Y ). � áá¬®âà¨¬ «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥

Ax � Gx+ Tx = y (x 2 X; y 2 Y ); (1.1)

£¤¥ A ¨ G : X ! Y | ¥¯à¥àë¢® ®¡à â¨¬ë¥ ®¯¥à â®àë,   T : X ! Y | ¢¯®«¥ ¥¯à¥àë¢ë©
¨«¨ ¦¥ ¬ «ë© ¯® ®à¬¥ ®¯¥à â®à. �¨¦¥ ¡¥§ ®á®¡®£® ®£à ¨ç¥¨ï ®¡é®áâ¨ ¯®¤ ¯ à®© (X;Y )
¡ã¤¥¬ ¯®¨¬ âì «î¡ãî ¨§ ¯ à ¯à®áâà áâ¢ 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨©

(L2;W
1
2 ); (L2;L2); (W

1
2 ;L2); (W

1
2 ;W

1
2 ); (1.2)

§¤¥áì L2 = L2(��; �) | «¥¡¥£®¢® ¯à®áâà áâ¢® ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ëå äãªæ¨© á ®à¬®©

k'kL2
=
�
1
2�

Z �

��

j'(s)j2ds
�1=2

; ' 2 L2;

  W 1
2 =W 1

2 (��; �) | ¯à®áâà áâ¢® 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨© �®¡®«¥¢  á ®à¬®©

k'kW 1

2
= k'(s)kL2

+
d'(s)ds


L2

; ' 2W 1
2 :

�¡®§ ç¨¬ ç¥p¥§ Xn ¯®¤¯p®áâp áâ¢® 2�-¯¥p¨®¤¨ç¥áª¨å á¯« ©®¢ ¯¥p¢®© áâ¥¯¥¨ á ã§« ¬¨

sk =
2k�
2n+ 1

; k = �n; n; n 2 N; (1.3)
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 ¤¥«¥®¥ ®à¬®© ¯à®áâà áâ¢  X; ¥âàã¤® ¯®ª § âì, çâ®

Xn � X; dimXn = 2n+ 1 <1: (1.4)

�¡®§ ç¨¬ ç¥à¥§ Yn ¬®¦¥áâ¢® ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¢¨¤ 
nX

k=�n

�ke
iks = a0 +

nX
k=1

ak cos ks+ bk sinks (�k 2 C ; aj ; br 2 R; i =
p�1);

 ¤¥«¥®¥ ®à¬®© ¯à®áâà áâ¢  Y ; ®ç¥¢¨¤®,

Yn � Y; dimYn = 2n+ 1 <1: (1.5)

�¢¥¤¥¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï �n : Y ! Yn ¯® ä®à¬ã«¥

�n(f ; s) =
nX

k=�n

ck(f)eiks; f 2 Y; (1.6)

£¤¥

ck(') =
1
2�

Z �

��
'(�)e�ik�d�; k = 0;�1; : : : ; (1.7)

| ª®íää¨æ¨¥âë �ãàì¥ ¢ ª®¬¯«¥ªá®© ä®à¬¥ äãªæ¨¨ ' 2 L1(��; �).
�à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« © 

xn(s) =
nX

k=�n

�k'k(s) 2 Xn (�k 2 R; n 2 N); (1.8)

ª®â®àë© ®¯à¥¤¥«¨¬ ª ª â®ç®¥ à¥è¥¨¥ á«¥¤ãîé¥£® ª®¥ç®¬¥à®£® ãà ¢¥¨ï

Anxn � �nGxn +�nTxn = �ny (xn 2 Xn; �ny 2 Yn): (1.9)

�¥âàã¤® ¯®ª § âì, çâ® ãà ¢¥¨¥ (1.9) íª¢¨¢ «¥â® á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-
¥¨© (����)

nX
k=�n

�kcj(A'k) = cj(y); j = �n; n; (1.10)

®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ á¯« ©  (1.8), £¤¥ 'k(s) = 'k;n(s) | äã¤ ¬¥â «ìë¥ 2�-
¯¥à¨®¤¨ç¥áª¨¥ á¯« ©ë ¯¥à¢®© áâ¥¯¥¨ ¤«ï á¥âª¨ ã§«®¢ (1.3):

'k(s) =

8>>>><
>>>>:

0 ¯à¨ s � sk�1 ¨ s � sk+1;
s� sk�1
sk � sk�1

¯à¨ sk�1 � s � sk;

sk+1 � s

sk+1 � sk
¯à¨ sk � s � sk+1:

(1.11)

� á«¥¤ãîé¨å ¯ à £à ä å ¯à¨¢®¤¨âáï ®¡®á®¢ ¨¥ ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1.1){(1.11) ¢ ¯ -
à å äãªæ¨® «ìëå ¯à®áâà áâ¢ (1.2). �à¨ íâ®¬ ¢áî¤ã ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ãá«®¢¨¥

�nGxn = G�nxn; xn 2 Xn; (1.12)

ª®â®à®¥ ¢® ¬®£¨å á«ãç ïå ¢ë¯®«ï¥âáï, ª ª ¡ã¤¥â ¯®ª § ® ¨¦¥, §  áç¥â ¯®¤å®¤ïé¥£® ¯®¤¡®à 
£« ¢®© ç áâ¨ G ®¯¥à â®à  A. �ã¤¥¬ ¯®«ì§®¢ âìáï â ª¦¥ ¢¥«¨ç¨®©

En(')X = inf
�k2R

'�
nX

k=�n

�k'k


X

= inf
xn2Xn

k'� xnkX

|  ¨«ãçè¨¬ ¯à¨¡«¨¦¥¨¥¬ äãªæ¨¨ ' 2 X ¢á¥¢®§¬®¦ë¬¨ á¯« © ¬¨ ¢¨¤  (1.8) ¢ ¯à®áâà -
áâ¢¥ X.
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2. �á®¢ë¥ à¥§ã«ìâ âë

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (1.1){(1.11) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï  ) T : X ! Y | ¢¯®«¥ ¥¯à¥àë¢ë©,   G : X ! Y
| ¥¯à¥àë¢® ®¡à â¨¬ë© ®¯¥à â®àë; ¡) ãà ¢¥¨¥ (1:1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 X
¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 Y .

�®£¤  ¯à¨ ¢á¥å n 2 N, å®âï ¡ë  ç¨ ï á ¥ª®â®à®£®, ���� (1:10) ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ ��k 2 R, k = �n; n. �à¨¡«¨¦¥ë¥ à¥è¥¨ï

x�n(s) =
nX

k=�n

��k'k(s) 2 Xn (1:8�)

áå®¤ïâáï ¢ ¯à®áâà áâ¢¥ X ª â®ç®¬ã à¥è¥¨î x�(s) 2 X á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ¥à -
¢¥áâ¢ ¬¨

En(x�)X � kx� � x�nkX = O fEn(x�)Xg : (2.1)

�«¥¤áâ¢¨¥. �ãáâì A | ®£à ¨ç¥ë© ®¯¥à â®à ¨§ ¯à®áâà áâ¢  X ¢ ¯à®áâà áâ¢® C2� ¥-
¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨© á ®¡ëç®© ®à¬®©. �®£¤  ¥¢ï§ª  rn(s) � y(s)�A(x�n; s)
¨áá«¥¤ã¥¬®£® ¬¥â®¤  áå®¤¨âáï à ¢®¬¥à® á® áª®à®áâìî

krn(s)kC2�
= max

s
jrn(s)j = OfEn(x�)Xg: (2.2)

�«¥¤ãï [5], [6], ¢ëïá¨¬ ®¯â¨¬ «ìë¥ á¢®©áâ¢  ¨áá«¥¤ã¥¬®£® ¬¥â®¤  ¢ ª« áá¥ Mn = fmng
¢á¥¢®§¬®¦ëå ¯àï¬ëå ¬¥â®¤®¢, ¯®§¢®«ïîé¨å ¯®áâà®¨âì ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.1)
¢ ¢¨¤¥ á¯« ©  (1.8).

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

Vn = inf
mn2Mn

kx� � xnkX � En(x�)X ;

¨ ¬¥â®¤ (1:1){(1:11) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ ª« áá¥ á¯« ©®¢ëå ¬¥â®¤®¢ Mn à¥è¥¨ï ®¯¥à -
â®à®£® ãà ¢¥¨ï (1:1).

�¥®à¥¬  3. �ãáâì E = feg | ª« áá ®¤®§ ç® à §à¥è¨¬ëå ãà ¢¥¨© ¢¨¤  (1:1), £¤¥ ª« áá
X� = fx�g ¨áª®¬ëå í«¥¬¥â®¢ ®¡à §ã¥â æ¥âà «ì®-á¨¬¬¥âà¨ç¥áª¨© ª®¬¯ ªâ ¢ ¯à®áâà -
áâ¢¥ X. �®£¤  á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

Vn(E) = inf
mn2Mn

sup
e2E

kx� � xnkX � �(X�; Xn);

¨ ¬¥â®¤ (1:1){(1:11) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ ª« áá¥ á¯« ©®¢ëå ¬¥â®¤®¢ Mn à¥è¥¨ï ª« áá  E
®¯¥à â®àëå ãà ¢¥¨© (1:1).

�«¥¤ã¥â ®â¬¥â¨âì, çâ® â¥®à¥¬ë 2 ¨ 3 ¯®§¢®«ïîâ ãáâ ®¢¨âì à®«ì ¨ ¬¥áâ® ¬¥â®¤  (1.1){
(1.11) «¨èì ¢ ª« áá¥ ®¤®â¨¯ëå,   ¨¬¥®, á¯« ©®¢ëå ¬¥â®¤®¢ Mn = fmng. �á«¨ ¦¥ ¬ë
å®â¨¬ à¥è¨âì ãª § ãî § ¤ çã ®¯â¨¬¨§ æ¨¨ ¢ ª« áá¥ ¢á¥å ¯àï¬ëå ¬¥â®¤®¢, â® ¥®¡å®¤¨¬®
§ âì  ¯¯à®ªá¨¬ â¨¢ë¥ ¨ íªáâà¥¬ «ìë¥ á¢®©áâ¢  ¢¢¥¤¥ëå ¢ x 1 ¯®¤¯à®áâà áâ¢ á¯« ©®¢
Xn. � ¯à¨¬¥à, ¨§ â¥®à¥¬ë 3 ¨ à¥§ã«ìâ â®¢ [6] á«¥¤ã¥â

�¥®à¥¬  4. �á«¨ ¯®¤¯à®áâà áâ¢  Xn íªáâà¥¬ «ìë å®âï ¡ë ¯® ¯®àï¤ªã ¤«ï ª®«¬®£®à®¢-
áª®£® ¯®¯¥à¥ç¨ª  d2n+1(X�;X) ¬®¦¥áâ¢  X� ¢ ¯à®áâà áâ¢¥ X, â® ¬¥â®¤ (1:1){(1:11) ¡ã¤¥â
®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥¢®§¬®¦ëå ¯àï¬ëå ¬¥â®¤®¢ (à £  � n) à¥è¥¨ï ª« áá 
E = feg ®¤®§ ç® à §à¥è¨¬ëå ãà ¢¥¨© (1:1), ª« áá à¥è¥¨© X� = fx�g ª®â®àëå ®¡à §ã¥â
æ¥âà «ì®-á¨¬¬¥âà¨ç¥áª¨© ª®¬¯ ªâ ¢ ¯à®áâà áâ¢¥ X.
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3. �à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë

�®ª § â¥«ìáâ¢® áä®à¬ã«¨à®¢ ëå ¢ëè¥ â¥®à¥¬ áãé¥áâ¢¥ë¬ ®¡à §®¬ ®¯¨à ¥âáï   ¢á¯®-
¬®£ â¥«ìë¥ à¥§ã«ìâ âë, ç áâì ¨§ ª®â®àëå ¨¬¥îâ,    è ¢§£«ï¤, ¨ á ¬®áâ®ïâ¥«ìë© ¨â¥à¥á.

�¥¬¬  1. �ãáâì X = Y = L2. �®£¤  ¤«ï «î¡®£® á¯« ©  xn 2 Xn á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

k�nxnkL2
�
�
2
�

�2

kxnkL2
; �n : Xn ! Yn; n 2 N: (3.1)

�®ª § â¥«ìáâ¢®. � ¯®¬®éìî «¥¬¬ë 5.2 ([3], £«. 1) ¨ à ¢¥áâ¢  � àá¥¢ «ï ¤«ï «î¡®£® xn 2
Xn  å®¤¨¬ (3.1):

k�nxnkL2
=
� nX

k=�n

jck(xn)j2
�1=2

�
�
2
�

�2� 1X
k=�1

jck(xn)j2
�1=2

=
�
2
�

�2

kxnkL2
:

�¥¬¬  2. �ãáâì X = Y =W 1
2 . �®£¤  ¤«ï «î¡®£® á¯« ©  xn 2 Xn á¯à ¢¥¤«¨¢  ®æ¥ª 

k�nxnkW 1

2
�
�
2
�

�2

kxnkW 1

2
; �n : Xn ! Yn; n 2 N:

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ®¯¥à â®àë �ãàì¥ ¨ ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¯¥à¥áâ ®-
¢®çë, â® ¤«ï «î¡®£® xn 2 Xn ¢ ¯à®áâà áâ¢¥ W 1

2 ¨¬¥¥¬

k�(xn; s)kW 1

2
= k�n(xn(�); s)kL2

+
 dds�n(xn(�); s)


L2

= k�n(xn; s)kL2
+

+ k�n

�
d

d�
xn(�); s

�
kL2

= k�nxnkL2
+ k�nynkL2

; yn(�) =
d

d�
xn(�): (3.2)

�à¨¬¥ïï ª ¯¥à¢®¬ã á« £ ¥¬®¬ã ¢ ¯à ¢®© ç áâ¨ (3.2) ¥à ¢¥áâ¢® (3.1),   ª® ¢â®à®¬ã { «¥¬¬ã
5.1 ([3], £«. 1), ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

k�nxnkW 1

2
�
�
2
�

�2

kxnkL2
+
� nX
k=�n

jck(yn)j2
�1=2

�
�
2
�

�2

kxnkL2
+

+
2
�

� 1X
k=�1

jck(yn)j2
�1=2

=
�
2
�

�2

kxn(s)kL2
+
2
�
kyn(s)kL2

�

�
�
2
�

�2�
kxn(s)kL2

+
 ddsxn(s)


L2

�
=
�
2
�

�2

kxnkW 1

2
; xn 2 Xn:

�¥¬¬  3. �á«¨ ®¯¥à â®à G : X ! Y ¥¯à¥àë¢® ®¡à â¨¬, â® ¯à¨ ¢á¥å n 2 N ®¯¥à â®àë

Gn = �nG : Xn ! Yn â ª¦¥ ¥¯à¥àë¢® ®¡à â¨¬ë,   ®¡à âë¥ ®¯¥à â®àë G�1
n : Yn ! Xn

®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨:

kG�1
n kYn!Xn

�
�
�

2

�2

kG�1kY!X ; n 2 N: (3.3)

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® xn 2 Xn á ¯®¬®éìî «¥¬¬ 1 ¨ 2 ¨ ãá«®¢¨ï (1.12)  å®¤¨¬

kGnxnkY = k�nGxnkY = kG�nxnkY � 1
kG�1kY!X

k�nxnkX �
�
2
�

�2

kG�1k�1Y!XkxnkX : (3.4)

�§ (3.4), ª ª ¨§¢¥áâ® ( ¯à., [4], á. 208{211), c«¥¤ã¥â, çâ® ®¯¥à â®àë Gn : Xn ! Yn ¨¬¥îâ «¥¢ë¥
®¡à âë¥ G�1

nl ¨

kG�1
nl kYn!Xn

� (2=�)2kG�1kY!X : (3.5)

�§ á®®â®è¥¨© (3.5) ¨ (1.4), (1.5) á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.
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�¥¬¬  4. � ãá«®¢¨ïå «¥¬¬ë 3 ¤«ï «î¡®£® y 2 Y

lim
n!1

G�1
n �ny = G�1y (3.6)

¢ ¯à®áâà áâ¢¥ X, ¯à¨ç¥¬ ¤«ï «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

kG�1y �G�1
n �nykX = k(E �G�1

n �nG)G�1ykX � �2

2
�(G)En(G�1y)X ; (3.7)

£¤¥ �(G) = kGkX!Y kG�1kY!X | ç¨á«® ®¡ãá«®¢«¥®áâ¨ ®¯¥à â®à  G.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã 1 � �(G) < 1,   á¨áâ¥¬  äãªæ¨© (1.11) ¯®«  ¢ «î¡®¬ ¨§
¯à®áâà áâ¢ L2 ¨ W 1

2 , â® (3.6) á«¥¤ã¥â ¨§ (3.7). �®íâ®¬ã ¤®ª ¦¥¬ (3.7), ¯à¨¬¥ïï ¯à¨ íâ®¬
â¥®à¥¬ã 6 ([5], £«. 1) ª ãà ¢¥¨ï¬

Gx = y (x 2 X; y 2 Y ); (3.8)

Gnxn � �nGxn = �ny (xn 2 Xn; �ny 2 Yn): (3.9)

�®£¤  á ¯®¬®éìî «¥¬¬ë 3 ¤«ï à¥è¥¨© ãà ¢¥¨© (3.8) ¨ (3.9)  å®¤¨¬

kG�1y �G�1
n �nykX = k(E �G�1

n �nG)G
�1ykX � kE �G�1

n �nGkX!XkG�1y � xnkX ; (3.10)

£¤¥ xn | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ Xn. �§ (3.10) §  áç¥â ¯®¤å®¤ïé¥£® ¢ë¡®à  í«¥¬¥â  xn 2 Xn

 å®¤¨¬

kG�1y �G�1
n �nykX � En(G

�1y)Xf1 + kG�1
n kYn!Xn

k�nkY!YnkGkX!Y g: (3.11)

�®áª®«ìªã ( ¯à., [7], á. 21) ¤«ï «î¡ëå n 2 N

k�nkW 1

2
!W 1

2
= 1; k�nkL2!L2

= 1; (3.12)

â® ¨§ (3.11), (3.12) ¨ (3.3) á«¥¤ãîâ á®®â®è¥¨ï (3.7).

�¥¬¬  5. �«ï «î¡®£® á¯« ©  xn 2 Xn � L2 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

kxnkC2�
�
q
3(2n+ 1)kxnkL2

= O(
p
n)kxnkL2

: (3.13)

�®ª § â¥«ìáâ¢®. � á¨«ã (1.8), (1.11) ¨ ¥à ¢¥áâ¢  �ãïª®¢áª®£® à ¢®¬¥à® ®â®á¨â¥«ì®
s 2 R ¨¬¥¥¬

jxn(s)j �
� nX

k=�n

j�kj2
�1=2� nX

k=�n

j'k(s)j2
�1=2

�
� nX

k=�n

j�kj2
�1=2� nX

k=�n

'k(s)
�1=2

=

=
� nX
k=�n

jxn(sk)j2
�1=2

=
p
2n+ 1

�
1

2n+ 1

nX
k=�n

jxn(sk)j2
�1=2

; xn 2 Xn:

�âáî¤  ¨ ¨§ «¥¬¬ë 3.2 ([7], £«. 4)  å®¤¨¬ ®æ¥ª¨ (3.13).

�¥¬¬  6. �«ï «î¡®£® á¯« ©  xn 2 Xn �W 1
2 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

 ddsxn(s)

L2

�
p
3
�
(2n+ 1)kxn(s)kL2

= O(n)kxnkL2
: (3.14)
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�®ª § â¥«ìáâ¢®. � á¨«ã (1.8), (1.11) á ãç¥â®¬ ¯¥à¨®¤¨ç®áâ¨ ¨¬¥¥¬
 ddsxn(s)


2

L2

=
1
2�

Z �

��

���� ddsxn(s)
����
2

ds =
nX

k=�n

1
2�

Z sk

sk�1

���� ddsxn(s)
����
2

ds =

=
nX

k=�n

1
2�

Z sk

sk�1

����xn(sk)� xn(sk�1)
sk � sk�1

����
2

ds =
nX

k=�n

1
2�
jxn(sk)� xn(sk�1)j2

sk � sk�1
=

=
2n+ 1
4�2

nX
k=�n

jxn(sk)� xn(sk�1)j2 � 2n+ 1
�2

nX
k=�n

jxn(sk)j2 =

=
�
2n+ 1
�

�2 1
2n+ 1

nX
k=�n

jxn(sk)j2;
 ddsxn(s)


L2

� 2n+ 1
�

�
1

2n+ 1

nX
k=�n

jxn(sk)j2
�1=2

:

�âáî¤  ¨ ¨§ «¥¬¬ë 3.2 ([7], £«. 4)  å®¤¨¬ ®æ¥ª¨ (3.14)

kx0n(s)kL2
� 2n+ 1

�

p
3kxn(s)kL2

= O(n)kxnkL2
:

4. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®áª®«ìªã ®¯¥à â®à G : X ! Y (¯® ¯à¥¤¯®«®¦¥¨î) ¨ ®¯¥-
à â®àë Gn : Xn ! Yn ¯à¨ «î¡ëå n 2 N (¯® ¤®ª § ®¬ã ¢ «¥¬¬¥ 3) ¥¯à¥àë¢® ®¡à â¨¬ë, â®
ãà ¢¥¨ï (1.1) ¨ (1.9) íª¢¨¢ «¥âë ãà ¢¥¨ï¬ á®®â¢¥âáâ¢¥®

Kx � x+G�1Tx = G�1y (x;G�1y 2 X); (4.1)

Knxn � xn +G�1
n �nTxn = G�1

n �ny (xn; G�1
n �ny 2 Xn): (4.2)

�®ª ¦¥¬, çâ® ãà ¢¥¨ï (4.1) ¨ (4.2) ¡«¨§ª¨ ¢ á¬ëá«¥ £«. 1 ¨§ [5]. �«ï ¨å ¯à ¢ëå ç áâ¥© ¢ á¨«ã
«¥¬¬ë 4 ¨¬¥¥¬

�n � kG�1y �G�1
n �nykX = k(E �G�1

n �nG)G
�1ykX � �2

2
�(G)En(G

�1y)X ; n 2 N: (4.3)

�§ (4.1){(4.3) ¤«ï «î¡®£® xn 2 Xn  å®¤¨¬

kKxn �KnxnkX = kG�1Txn �G�1
n �nTxnkX =

= k(E �G�1
n �nG)G�1TxnkX � �2

2
�(G)En(G�1Txn)X : (4.4)

�§ (4.4) ¤«ï «î¡®£® xn 2 Xn, xn 6= 0, ¯®«ãç ¥¬

kKxn �KnxnkX � �2

2
�(G)kxnkX En(G

�1Tzn)X ; zn =
xn
kxnk :

�®íâ®¬ã

"n � kK �KnkXn!X � �2

2
�(G) sup

z2S
En(G�1Tz)X � �2

2
�(G)"0n; (4.5)

£¤¥ S = S(0; 1) | è à à ¤¨ãá  ¥¤¨¨æ  á æ¥âà®¬ ¢ ã«¥¢®© â®çª¥ ¯à®áâà áâ¢  X. �®áª®«ìªã
U � G�1TS | ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ X, â® ¢ á¨«ã â¥®à¥¬ë �.�. �¥«ìä ¤  ( ¯à., [4], á. 322{
323)

"0n = En(G�1TS) = sup
'2U

En(')X ! 0; n!1: (4.6)
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�®íâ®¬ã ¢ á¨«ã (4.5) ¨ (4.6) ¨¬¥¥¬ "n ! 0, n ! 1, çâ®  àï¤ã á (3.6), (4.3) ¨ á ãá«®¢¨ï¬¨
â¥®à¥¬ë ¯®§¢®«ï¥â ¯à¨¬¥¨âì ª ãà ¢¥¨ï¬ (4.1) ¨ (4.2) â¥®à¥¬ã 7 ([5], £«. 1). �®£¤  ¯à¨ ¢á¥å
n 2 N â ª¨å, çâ®

qn � "nkK�1kX!X < 1; K�1 = A�1G; (4.7)

®¯¥à â®àë Kn � G�1
n An : Xn ! Xn (  á«¥¤®¢ â¥«ì®, ¨ ®¯¥à â®àë An = GnKn : Xn ! Yn)

¥¯à¥àë¢® ®¡à â¨¬ë ¨

kK�1
n kXn!Xn

� kK�1kX!X

1� qn
� 2kK�1kX!X (n � n0); (4.8)

¯à¨ç¥¬ ¤«ï «î¡®£® y 2 Y
kx� � x�nkX = kK�1G�1y �K�1

n G�1
n �nykX = kA�1y �A�1n �nykX = O("n + �n)! 0; n!1:

(4.9)

�§ (4.7){(4.9) ¢¨¤®, çâ® ®¯¥à â®àë A�1n �n : Y ! Xn áå®¤ïâáï á¨«ì®, ¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë
�  å {�â¥©å ãá  ( ¯à., [4], á. 271{272) ®¨ (  á«¥¤®¢ â¥«ì®, ¨ ®¯¥à â®àë A�1n : Yn ! Xn)
®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨

kA�1n �nkY!X = O(1); kA�1n kYn!Xn
= O(1): (4.10)

�à®¬¥ â®£®, ¢ á¨«ã (4.8) ¨ (3.3) ¨¬¥¥¬

kA�1n kYn!Xn
= kK�1

n G�1
n kYn!Xn

� kK�1
n kXn!Xn

kG�1
n kYn!Xn

�

� kK�1kX!X

1� qn
kG�1kY!X

�
�

2

�2

� �2

2
�(G)kA�1kY!X (n � n0): (4.11)

�®íâ®¬ã, ¯à¨¬¥ïï ª ãà ¢¥¨ï¬ (1.1) ¨ (1.9) â¥®à¥¬ã 6 ([5], £«. 1),  å®¤¨¬

kx� � x�nkX = kA�1y �A�1n �nykX = k(E �A�1n �nA)x�kX � kE �A�1n �nAkX!XEn(x�)X :
(4.12)

�§ á®®â®è¥¨© (4.10){(4.12) ¨ (3.12) á«¥¤ãîâ ®æ¥ª¨ (2.1).
�á«¨ A : X ! C2� | ®£à ¨ç¥ë© ®¯¥à â®à, â® ¨§ (1.1)  å®¤¨¬

krnkC2�
= kA(x� � x�n)kC2�

� kAkX!C2�
kx� � x�nkX ;

®âªã¤  ¨ ¨§ (2.1) á«¥¤ã¥â ®æ¥ª  (2.2). �¥®à¥¬  1 ¨ ¥¥ á«¥¤áâ¢¨¥ ¤®ª § ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®áª®«ìªã kx��xnkX � En(x�)X ¤«ï «î¡®£® x� 2 X ¨ «î¡ëå
xn 2 Xn, â®

En(x
�)X � Vn � kx� � x�nkX ; (4.13)

£¤¥ x�n | ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1.1), ¯®áâà®¥®¥ ¯® ¬¥â®¤ã �à®«ì¤  ¯® ä®à¬ã«¥
(1:8�). �§ (4.13) ¨ (2.1) ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

En(x
�)X � Vn � kx� � x�nkX = OfEn(x

�)Xg: (4.14)

�âáî¤  ¨ ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [5], [6] á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. � ãá«®¢¨ïå íâ®© â¥®à¥¬ë ¨§ (4.14) ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

�(X�;Xn) � Vn(E) � sup
x�2X�

kx� � x�nkX = Of�(X�;Xn)g; (4.15)

£¤¥, ª ª ¨ ¢ëè¥, �(X�; Xn) | à ááâ®ï¨¥ ®â ¬®¦¥áâ¢  X� ¤® ¯®¤¯à®áâà áâ¢  Xn ¢ ¬¥âà¨ª¥
¯à®áâà áâ¢  X. �§ (4.15) ¨ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [5], [6] ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨¥ â¥®à¥-
¬ë 3.
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5. � áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤ 

�¥®à¥¬  1 ¨ ãáâ ®¢«¥ë¥ ¤«ï ¥¥ ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¨ ¨§¢¥áâë¥ à¥§ã«ìâ âë â¥®à¨¨
¯à¨¡«¨¦¥¨© á¯« © ¬¨ [8]{[10] ¯®§¢®«ïîâ ãáâ ®¢¨âì áª®à®áâì áå®¤¨¬®áâ¨ ¨áá«¥¤ã¥¬®£® ¬¥-
â®¤  ¢ § ¢¨á¨¬®áâ¨ ®â áâàãªâãàëå á¢®©áâ¢ í«¥¬¥â®¢ ãà ¢¥¨ï (1.1). �à¨¢¥¤¥¬ ¥ª®â®àë¥
à¥§ã«ìâ âë â ª®£® å à ªâ¥à .

�¥®à¥¬  5. �ãáâì X = L2,   Y = L2 ¨«¨ W
1
2 . �á«¨ í«¥¬¥âë ãà ¢¥¨ï (1:1) â ª®¢ë, çâ®

¥£® à¥è¥¨¥ x� 2 W r
2 (r 2 N), â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ (1:1){(1:11) áå®¤¨âáï ¢ áà¥¤¥¬

á® áª®à®áâìî

kx� � x�nkL2
= fO(n�r) ¯à¨ r = 1 ¨ 2; O(n�2) ¯à¨ r � 3g: (5.1)

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë ¬¥â®¤ (1.1){(1.11) áå®¤¨âáï à ¢®¬¥à® á® áª®à®áâìî

kx� � x�nkC2�
= fO(n�r+1=2) ¯à¨ r = 1 ¨ 2; O(n�3=2) ¯à¨ r � 3g: (5.2)

�«¥¤áâ¢¨¥ 2. � ãá«®¢¨ïå â¥®à¥¬ë ¬¥â®¤ (1.1){(1.11) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ W 1
2 á® áª®à®-

áâìî

kx� � x�nkW 1

2
= O(1=n) ¯à¨ r � 2: (5.3)

�®ª § â¥«ìáâ¢®. �¥®à¥¬  5 ¨ á«¥¤áâ¢¨¥ 1 á ®æ¥ª®© (5.2) ¤®ª §ë¢ îâáï ¯® áå¥¬¥ ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë 19.4 ([3], £«. 2) á ¨á¯®«ì§®¢ ¨¥¬ ¯à¨ íâ®¬ «¥¬¬ë 5; ¯®íâ®¬ã ¤®ª ¦¥¬ «¨èì
á«¥¤áâ¢¨¥ 2.

� á¨«ã (5.1) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

x�(s)� x�n(s) =
1X
k=1

x�2kn(s)� x�2k�1n(s); (5.4)

£¤¥ àï¤ áå®¤¨âáï ¯® ªà ©¥© ¬¥à¥ ¢ áà¥¤¥¬. �§ (5.1), (5.4) ¨ «¥¬¬ë 6  å®¤¨¬
 dds [x�(s)� x�n(s)]


L2

�
1X
k=1

 dds [x�2kn(s)� x�2k�1n(s)]

L2

�

�
1X
k=1

O(2kn)kx�2kn � x�2k�1nkL2
�

1X
k=1

O(2kn)fkx� � x�2knkL2
+ kx� � x�2k�1nkL2

g =

=
1X
k=1

O(2kn)
�
O

�
1

(2kn)2

�
+O

�
1

(2k�1n)2

��
= O

�
1
n

� 1X
k=1

1
2k

= O

�
1
n

�
:

�âáî¤  ¨ ¨§ (5.1) á«¥¤ã¥â ®æ¥ª  (5.3).

�¥®à¥¬  6. �ãáâì X =W 1
2 ,   Y = L2 ¨«¨ W

1
2 . �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¨¬¥¥¬ d

ds
x�(s) 2

H�
2 (0 < � � 1), â® ¬¥â®¤ (1:1){(1:11) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ W 1

2 á® áª®à®áâìî

kx� � x�nkW 1

2
= O(n��); 0 < � � 1: (5.5)

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë 6 ¬¥â®¤ (1.1){(1.11) áå®¤¨âáï à ¢®¬¥à® ¨ ¢ ¯à®áâà áâ¢¥
��¥«ì¤¥à  H� (0 < � � 1=2) á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ¥à ¢¥áâ¢ ¬¨

kx� � x�nkC2�
� kx� � x�nkH�

= O(n��); 0 < � � 1: (5.6)

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 1 ¢ à áá¬ âà¨¢ ¥¬®¬ ç áâ®¬ á«ãç ¥ ¯®«ãç ¥¬

kx� � x�nkW 1

2
= O(En(x

�)W 1

2
) = Ofkx� � Pnx

�kW 1

2
g =

= O

�
kx� � Pnx

�kL2
+
 dds [x

�(s)� Pn(x
�; s)]


L2

�
; (5.7)
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£¤¥

Pn(x
�; s) =

nX
k=�n

x�(sk)'k(s): (5.8)

�á¯®«ì§ãï  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  á¯« ©  (5.8), ¨§ (5.7) ¯®«ãç ¥¬ ®æ¥ªã (5.5). �¥à -
¢¥áâ¢  (5.6) á«¥¤ãîâ ¨§ ®æ¥ª¨ (5.5) ¨ ¨§ â®£® ä ªâ , çâ® ¯à®áâà áâ¢®W 1

2 ¥¯à¥àë¢® ¢«®¦¥®
¢ ¯à®áâà áâ¢® H� ¯à¨ «î¡ëå � 2 (0; 1=2],   ¯®á«¥¤¥¥ (¯à¨ «î¡ëå � 2 (0; 1]) | ¢ ¯à®áâà áâ¢®
C2�.

6. �à¨«®¦¥¨ï ª ¨â¥£à «ìë¬ ¨ ¨â¥£à®¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

�à¨¢¥¤¥¬ ¯à¨¬¥àë ª®ªà¥âëå ãà ¢¥¨©, ª ª®â®àë¬ ¬®£ãâ ¡ëâì ¯à¨¬¥¥ë ãáâ ®¢«¥ë¥
¢ëè¥ à¥§ã«ìâ âë, ¯à¨ç¥¬ íâ¨ ãà ¢¥¨ï ¢áâà¥ç îâáï ¢ ¬®£®ç¨á«¥ëå ¯à¨ª« ¤ëå § ¤ ç å
(á¬.,  ¯à., [3], [5], [7], [11]{[14] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å).

6.1. �« ¡®á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ I-à®¤ . �ãáâì X = L2, Y =W 1
2 ,  

Ax � 1
2�

Z �

��

ln
���� sin � � s

2

����x(�)d� + 1
2�

Z �

��

h(s; �)x(�)d� = y(s); (6.1)

£¤¥ y(s) 2 W 1
2 ¨ h(s; �) 2 W 1

2 
 L2. � ª®© ¢ë¡®à ®á®¢ëå ¯à®áâà áâ¢ ¯®§¢®«ï¥â [7] áç¨â âì
§ ¤ çã à¥è¥¨ï ¥ª®àà¥ªâ®£® ãà ¢¥¨ï (6.1) ª®àà¥ªâ® ¯®áâ ¢«¥®©.

�¤¥áì ®¯¥à â®àë G ¨ T : X ! Y ®¯à¥¤¥«ï¥¬ ¯® ä®à¬ã« ¬

G(x; s) =
1
2�

Z �

��
ln
���� sin � � s

2

����x(�)d�; T (x; s) =
1
2�

Z �

��
h(s; �)x(�)d�; (6.2)

¯à¨ç¥¬ T : X ! Y ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬,   G : X ! Y , ª ª ¯®ª § ® ¢ ([7], x 2, £«. 1),
¥¯à¥àë¢® ®¡à â¨¬ë¬ ®¯¥à â®à®¬ á ®æ¥ª ¬¨

kGkX!Y � 1; kG�1kY!X = 2: (6.3)

�®ª ¦¥¬, çâ® ¤«ï ®¯¥à â®à  G : X ! Y ¨§ (6.2) ãá«®¢¨¥ (1.12) ¢ë¯®«ï¥âáï. �¥©áâ¢¨â¥«ì®,
¯®« £ ï

x(s) =
1X

k=�1

ck(x)eiks; x 2 L2;

¨ á«¥¤ãï ([7], x 2, £«. 1), ¤«ï «î¡®© äãªæ¨¨ x 2 L2 ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

�n(x; s) =
nX

k=�n

ck(x)e
iks; G(x; s) =

1X
k=�1

�kck(x)e
iks;

�n(Gx; s) =
nX

k=�n

�kck(x)eiks;

G(�nx; s) =
1X

k=�1

�kck(�nx)eiks =
nX

k=�n

�kck(x)eiks;

£¤¥

�k = f� ln 2 ¯à¨ k = 0; � 1
2jkj

¯à¨ jkj = 1; 2; : : : g;
ck(�nx) = fck(x) ¯à¨ jkj � n; 0 ¯à¨ jkj > ng:

�âáî¤  ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ â®¦¤¥áâ¢® �n(Gx; s) = G(�nx; s), x 2 L2, çâ®  àï¤ã á (6.3) ¯®ª -
§ë¢ ¥â, çâ® ¤«ï ®¯¥à â®à®¢ G ¨ T : X ! Y ¢á¥ âà¥¡®¢ ¨ï ¨§ x 1 ¢ë¯®«¥ë.

6.2. �¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ I-à®¤ . �ãáâì X = Y = L2,  

Ax � 1
2�

Z �

��
ctg

� � s

2
x(�)d� +

1
2�

Z �

��
h(s; �)x(�)d� = y(s); (6.4)
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£¤¥ y 2 L2(��; �), h 2 L2(��; �)2, ¯à¨ç¥¬ á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£®
§ ç¥¨ï ¯® �®è¨{�¥¡¥£ã [15].

O¯¥à â®àë G ¨ T : X ! X ®¯à¥¤¥«¨¬ ä®à¬ã« ¬¨

G(x; s) =
1
2�

Z �

��

�
1 + ctg

� � s

2

�
x(�)d�; T (x; s) =

1
2�

Z �

��
[�1 + h(s; �)]x(�)d�: (6.5)

�®£¤  ®¯¥à â®à T : X ! X, ª ª å®à®è® ¨§¢¥áâ®, ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬; ªà®¬¥ â®£®,
á ãç¥â®¬ á¢®©áâ¢ á¨£ã«ïà®£® ¨â¥£à «ì®£® ®¯¥à â®à  á ï¤à®¬ �¨«ì¡¥àâ  ¢ ¯à®áâà áâ¢¥
L2(��; �) ( ¯à., [15]) «¥£ª® ¯®ª § âì, çâ® ®¯¥à â®àG : X ! X ï¢«ï¥âáï ¥¯à¥àë¢® ®¡à â¨¬ë¬,
¯à¨ç¥¬

kGkX!X = 1; kG�1kX!X = 1: (6.6)

� á ¬®¬ ¤¥«¥, à¥è ï ãà ¢¥¨¥ Gx = y (x; y 2 X) ¨ ¯à¥¤áâ ¢«ïï í«¥¬¥âë x ¨ y 2 X ¢ ¢¨¤¥
àï¤®¢

x(s) =
1X

k=�1

ck(x)eiks; y(s) =
1X

k=�1

ck(y)eiks; (6.7)

§ ¯¨è¥¬ ¥£® ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥

G(x; s) = c0(x) + i
1X

k=�1

sgn k ck(x)e
iks =

1X
k=�1

ck(y)e
iks; (6.8)

£¤¥
sgn k = f+1 ¯à¨ k > 0; 0 ¯à¨ k = 0; �1 ¯à¨ k < 0g:

�¥¯¥àì á ¯®¬®éìî à ¢¥áâ¢  � àá¥¢ «ï ¤«ï «î¡ëå x 2 X  å®¤¨¬

kGxkX =
�
jc0(x)j2 +

1X
k=�1
k 6=0

jck(x)j2
�1=2

=
� 1X
k=�1

jck(x)j2
�1=2

= kxkX ;

®âªã¤  ¨ á«¥¤ã¥â ¯¥à¢®¥ ¨§ á®®â®è¥¨© (6.6). �à®¬¥ â®£®, ¨§ (6.8)  å®¤¨¬ c0(x) = c0(y), ck(x) =
�i sgn k ck(y), k 6= 0; ¯®íâ®¬ã ¢ á¨«ã (6.7) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

x(s) = G�1(y; s) = c0(y)� i
1X

k=�1

sgn k ck(y)eiks; x 2 X;

  â®£¤  ¢ á¨«ã à ¢¥áâ¢  � àá¥¢ «ï ¤«ï «î¡®£® y 2 X ¨¬¥¥¬

kG�1ykX =
�
jc0(y)j2 +

1X
k=�1
k 6=0

jck(y)j2
�1=2

=
� 1X
k=�1

jck(y)j2
�1=2

= kykX ;

®âªã¤  á«¥¤ã¥â ¢â®à®¥ ¨§ á®®â®è¥¨© (6.6).
� ¬¥â¨¬ â ª¦¥, çâ® ¤«ï ®¯¥à â®à  G : X ! X ¨§ (6.5) ãá«®¢¨¥ (1.12) ¢ë¯®«ï¥âáï. �¥©áâ¢¨-

â¥«ì®, ¢ á¨«ã (6.7) ¨ (6.8) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

�n(x; s) =
nX

k=�n

ck(x)e
iks; �n(Gx; s) = c0(x) + i

nX
k=�n

sgn k ck(x)e
iks;

G(�nx; s) = c0(�nx) + i
1X

k=�1

sgn k ck(�nx)eiks =

= c0(x) + i
nX

k=�n

sgn k ck(x)eiks = �n(Gx; s);
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§¤¥áì ¨á¯®«ì§®¢ ë â ª¦¥ ¯à¨¢¥¤¥ë¥ ¢ëè¥ á®®â®è¥¨ï ¤«ï ck(�nx), k = 0;�1; : : :
� ¬¥â¨¬, çâ® à¥§ã«ìâ â íâ®£® ¯ãªâ  «¥£ª® ¯¥à¥®á¨âáï   ¯®«®¥ ãà ¢¥¨¥ ¢¨¤  Ax �

ax + bGx + Bx = y, £¤¥ a = const, b = const, a2 + b2 6= 0, B | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¢
¯à®áâà áâ¢¥ L2.

6.3. �â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  II-à®¤  á á®áâ ¢ë¬ ï¤à®¬. �ãáâì X = Y = L2,  

Ax � x(s) +
1
2�

Z �

��

g(s� �)x(�)d� +
1
2�

Z �

��

h(s; �)x(�)d� = y(s); (6.9)

£¤¥ y(s) 2 L2(��; �), g(t) 2 L1(��; �), h(s; �) 2 L2(��; �)2.
�¤¥áì ¢ ª ç¥áâ¢¥ ®¯¥à â®à®¢ G ¨ T : X ! X ¡¥à¥¬

G(x; s) = x(s) +
1
2�

Z �

��

g(s� �)x(�)d�; T (x; s) =
1
2�

Z �

��

h(s; �)x(�)d�: (6.10)

�§¢¥áâ®, çâ® ®¯¥à â®à T ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬,   ®¯¥à â®à G, ª ª ¯®ª § ® ¢ ([7], x 6,
£«. 2), ¥¯à¥àë¢® ®¡à â¨¬ë¬, ¯à¨ç¥¬

kGkX!X � max
k=0;�1;:::

j1 + ck(g)j � 1 + kgkL1(��;�);

kG�1kX!X � max
k=0;�1;:::

j1 + ck(g)j�1 (ck(g) 6= �1):

�à®¬¥ â®£®, ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [7] á«¥¤ã¥â, çâ® ¤«ï ®¯¥à â®à  G : X ! X ¨§ (6.10)
¨¬¥¥¬ �nGx = G�nx, x 2 X, â. ¥. §¤¥áì ãá«®¢¨¥ (1.12) â ª¦¥ ¢ë¯®«¥®.

6.4. �¥à¨®¤¨ç¥áª ï ªà ¥¢ ï § ¤ ç  ¤«ï ®¯¥à â®à®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï. �ãáâì X =
W 1

2 , Y = L2,  

Ax � x0(s) +B(x; s) = y(s); x(��) = x(+�); (6.11)

£¤¥ y 2 L2,   B : W 1
2 ! L2 | ¢¯®«¥ ¥¯à¥àë¢ë© (¢ ç áâ®áâ¨, ¨â¥£à®¤¨ää¥à¥æ¨ «ìë©)

®¯¥à â®à.
� íâ®¬ á«ãç ¥ ®¯¥à â®àë G ¨ T : X ! Y ®¯à¥¤¥«ï¥¬ ä®à¬ã« ¬¨

G(x; s) = x0(s) + x(s); T (x; s) = B(x; s)� x(s): (6.12)

�®£¤  ®¯¥à â®à T : W 1
2 ! L2 ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬,   G : W 1

2 ! L2 ¥¯à¥àë¢® ®¡à -
â¨¬ë¬, ¯à¨ç¥¬ kGkX!Y � 1, kG�1kY!X �

p
2. �à®¬¥ â®£®, §¤¥áì á®®â®è¥¨¥ (1.12) áâ ®¢¨âáï

®ç¥¢¨¤ë¬ ¢¢¨¤ã ®â¬¥ç¥®© ¢ëè¥ ¯¥à¥áâ ®¢®ç®áâ¨ ®¯¥à â®à®¢ �ãàì¥ �n ¨ ®¡®¡é¥®£® ¤¨ä-
ä¥à¥æ¨à®¢ ¨ï. �®íâ®¬ã ¤«ï ®¯¥à â®à®¢ G ¨ T : X ! Y , ®¯à¥¤¥«¥ëå ¢ (6.12), ¢ë¯®«¥ë
¢á¥ âà¥¡®¢ ¨ï ¨§ x 1.

6.5. �¡ëª®¢¥®¥ ¨â¥£à®¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥. �ãáâì X = Y =W 1
2 ,  

Ax � x(s) +
Z �

��
h0(s; �)x(�)d� +

Z �

��
h1(s; �)x

0(�)d� = y(s); (6.13)

£¤¥ y(s) 2 W 1
2 ¨ hi(s; �) 2 W 1

2 
 L2 (i = 1; 2). � ª®© ¢ë¡®à ®á®¢ëå ¯à®áâà áâ¢ ¯®§¢®«ï¥â
[16] à¥è¥¨¥ ¥ª®àà¥ªâ®£® ãà ¢¥¨ï (6.13) áç¨â âì ª®àà¥ªâ® ¯®áâ ¢«¥®© § ¤ ç¥©. �¤¥áì
¯®« £ ¥¬ Gx = x (G : W 1

2 ! W 1
2 ), A = G + T . �®£¤  ®¯¥à â®à T : W 1

2 ! W 1
2 ï¢«ï¥âáï ¢¯®«¥

¥¯à¥àë¢ë¬,   ®¯¥à â®à G = E : W 1
2 !W 1

2 ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãª § ë¬ ¢ x 1 âà¥¡®¢ ¨ï¬.
6.6. �¨£ã«ïà®¥ ¨â¥£à®¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ I-à®¤ . �ãáâì X =W 1

2 , Y = L2,

Ax � 1
2�

Z �

��

x0(�) ctg
� � s

2
d� +B(x; s) = y(s); x(��) = x(�); (6.14)

£¤¥ y 2 L2,   B : W 1
2 ! L2 | ¢¯®«¥ ¥¯à¥àë¢ë© (¢ ç áâ®áâ¨, ¨â¥£à®¤¨ää¥à¥æ¨ «ìë©)

®¯¥à â®à, ¯à¨ç¥¬ á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{
�¥¡¥£ã [15].
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�¤¥áì ®¯¥à â®àë G ¨ T : X ! Y ®¯à¥¤¥«ï¥¬ ä®à¬ã« ¬¨

G(x; s) = �x(s) + 1
2�

Z �

��

x0(�) ctg
� � s

2
d� � �x(s) + J(x0; s); T (x; s) = x(s) +B(x; s):

(6.15)

�®£¤  ®¯¥à â®à T : X ! Y ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬,   ®¯¥à â®à G : X ! Y ¥¯à¥àë¢®
®¡à â¨¬ë¬, ¯à¨ç¥¬ ([7], x 6, £«. 3) kGkX!Y � 1, kG�1kY!X � p

2. �à®¬¥ â®£®, ¢ á¨«ã (6.15) ¤«ï
«î¡®© äãªæ¨¨ x 2W 1

2 ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

G�nx = ��nx+ JD�nx = ��nx+ J�nDx = ��nx+�nJDx = �n(�x+ JDx) = �nGx;

£¤¥

D('; t) =
d

dt
'(t); J(D'; s) =

1
2�

Z �

��
ctg

� � s

2
'0(�)d�; ' 2W 1

2 :

� ª¨¬ ®¡à §®¬, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ãá«®¢¨¥ (1.12) â ª¦¥ ¢ë¯®«ï¥âáï.
� ¬¥â¨¬, çâ® à¥§ã«ìâ â íâ®£® ¯ãªâ  «¥£ª® ¯¥à¥®á¨âáï   ¯®«®¥ ãà ¢¥¨¥ ¢¨¤  Ax �

�1x
0 + �1Jx

0 + Bx = y, £¤¥ �1 = const, �1 = const, �21 + �21 6= 0,   B | ¢¯®«¥ ¥¯à¥àë¢ë©
®¯¥à â®à ¨§ W 1

2 ¢ L2.
� ª á«¥¤ã¥â ¨§ áª § ®£® ¢ëè¥, ª ãà ¢¥¨ï¬ ¨§ ¯à¨¬¥à®¢ 1{6 ¬®£ãâ ¡ëâì ¯à¨¬¥¥-

ë ¯®«ãç¥ë¥ ¢ ¯à¥¤ë¤ãé¨å ¯ à £à ä å à¥§ã«ìâ âë ¯® á¯« ©-âà¨£®®¬¥âà¨ç¥áª®¬ã ¬¥â®-
¤ã � «�¥àª¨ . �®«¥¥ â®£®, ¥ª®â®àë¥ ¨§ ãª § ëå à¥§ã«ìâ â®¢ ¯à¨¬¥¨â¥«ì® ª ª®ªà¥âë¬
ãà ¢¥¨ï¬ (6.1), (6.4), (6.9), (6.11), (6.13) ¨ (6.14) ¥áª®«ìª® ã¯à®é îâáï ¨ ãá¨«¨¢ îâáï.

7. �¥ª®â®àë¥ § ¬¥ç ¨ï ¨ ¤®¯®«¥¨ï

7.1. � ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¯®£à¥è®áâì ¬¥â®¤  (1.1){(1.11) ¬®¦¥â ¡ëâì
®æ¥¥  á ¯®¬®éìî á®®â®è¥¨© (2.1) ¨ (4.9). �à®¬¥ â®£®, ¨§ â®¦¤¥áâ¢  x� � G�1y �G�1Tx� ¨
¥à ¢¥áâ¢  (2.1)  å®¤¨¬ ®æ¥ªã

kx� � x�nkX = OfEn(G�1y)X +En(G�1Tx�)Xg; (7.1)

¢ àï¤¥ á«ãç ¥¢ ¡®«¥¥ ã¤®¡ãî, ç¥¬ (2.1) ¨ (4.9).

7.2. �à¨ r = 2 ¨§ â¥®à¥¬ë 5 ¯®«ãç ¥¬ ®æ¥ªã

kx� � x�nkL2
= O(n�2); x� 2W 2

2 ; (7.2)

ª®â®à ï ¥ ¬®¦¥â ¡ëâì ã«ãçè¥  ¨ ¯à¨ ª ª®¬ ã«ãçè¥¨¨ ¤¨ää¥à¥æ¨ «ìëå á¢®©áâ¢ ¨áª®¬®©
äãªæ¨¨ x�(s), á«¥¤®¢ â¥«ì®, ¨áá«¥¤ã¥¬ë© ¬¥â®¤ ï¢«ï¥âáï  áëé ¥¬ë¬ [17]. �®íâ®¬ã ¯à¨
 «¨ç¨¨ ã x�(s) ¡®«¥¥ å®à®è¨å ¤¨ää¥à¥æ¨ «ìëå á¢®©áâ¢ ¤«ï ¯®«ãç¥¨ï ¡®«¥¥ á¨«ìëå, ç¥¬
(7.2) ¨ (7.1), ®æ¥®ª, ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¯à¨¡«¨¦¥¨ï á¯« © ¬¨ ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥¥©.

7.3. �§ «¥¬¬ 1 ¨ 2 á ãç¥â®¬ á®®â®è¥¨© (1.4) ¨ (1.5) ¯®«ãç ¥¬ á«¥¤ãîé¨© ¨â¥à¥áë©
à¥§ã«ìâ â:

®¯¥à â®àë �ãàì¥ �n ¨§ (1:6), à áá¬ âà¨¢ ¥¬ë¥ ª ª ®¯¥à â®àë ¨§ Xn � X ¢ Yn � Y , £¤¥
X = Y = L2 ¨ W

1
2 , ¥¯à¥àë¢® ®¡à â¨¬ë ¯à¨ «î¡ëå n 2 N, ¯à¨ç¥¬ ®¡à âë¥ ®¯¥à â®àë ��1n

®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨

k��1n kYn!Xn
� (�=2)2; n 2 N: (7.3)

7.4. �à¨ X = L2 §  Xn ¬®¦® ¯à¨ïâì â ª¦¥ ¯®¤¯à®áâà áâ¢® X0
n = fxng 2�-¯¥à¨®¤¨ç¥áª¨å

á¯« ©®¢ ã«¥¢®£® ¯®àï¤ª  ¢¨¤ 

xn(s) =
nX

k=�n

�k k(s); �k 2 R; n 2 N;
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£¤¥  k(s) | å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ «®¢ (sk; sk+1). � íâ®¬ á«ãç ¥ ¢¬¥áâ® En(')L2
�

E1
n(')L2

¯®«ì§ã¥¬áï ¢¥«¨ç¨®© E0
n(')L2

= �(';X0
n)L2

, ' 2 L2,   ¢¬¥áâ® «¥¬¬ 1, 2 ¨ ®æ¥ª¨ (7.3)
| á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥¨¥¬:

¤«ï «î¡®£® xn 2 X0
n á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

k�nxnkL2
� 2
�
kxnkL2

; k��1n kYn!X0
n
� �

2
; n 2 N;

£¤¥ ¯®¤¯à®áâà áâ¢® Yn ®¯à¥¤¥«¥® ¢ ¯. 1.

� à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢ëç¨á«¨â¥«ì ï áå¥¬  ¨áá«¥¤ã¥¬®£® ¬¥â®¤  ¥áª®«ìª® ã¯à®é -
¥âáï, ®¤ ª® ¬¥â®¤ áâ ®¢¨âáï  áëé ¥¬ë¬ ã¦¥ ¯à¨ r = 1 (x� 2W r

2 ).

7.5. �¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ëè¥, ¡¥§ áãé¥áâ¢¥ëå ¨§¬¥¥¨© ¯¥à¥®áïâáï â ª¦¥   á«ã-
ç © ¯à®áâà áâ¢ X = W p

2 , Y = W q
2 (p + 1; q + 1 2 N; p; q 6= 0 ¨ 1), £¤¥ ®à¬ë ®¯¥à¥¤¥«ïîâáï

á®£« á® ä®à¬ã«¥
kxkW r

2
= kxkL2

+ kx(r)kL2
(x 2W r

2 ; r = p ¨ q):

� íâ®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥ Xn �W p
2 ¡¥à¥¬ ¯®¤¯à®áâà áâ¢® ¢á¥å 2�-¯¥à¨®¤¨ç¥áª¨å á¯« ©®¢ áâ¥-

¯¥¨m 2 N ¨ ¤¥ä¥ªâ  1 ¯® á¥âª¥ ã§«®¢ (1.3), ¯à¨ç¥¬ ¯ à ¬¥âàëm ¨ p á®£« áãîâáï ¥à ¢¥áâ¢®¬
m � p. �¤ ª® ¢¢¨¤ã £à®¬®§¤ª®áâ¨ ä®à¬ã«¨à®¢®ª   ª®ªà¥âëå à¥§ã«ìâ â å ®áâ  ¢«¨¢ âìáï
¥ ¡ã¤¥¬.

7.6. � ¯à¨¢¥¤¥ëå ¢ëè¥ â¥®à¥¬ å áãé¥áâ¢¥ë¬ ®¡à §®¬ ¨á¯®«ì§®¢ ® âà¥¡®¢ ¨¥ ¯®«®©
¥¯à¥àë¢®áâ¨ ®¯¥à â®à  T : X ! Y . � àï¤¥ á«ãç ¥¢ íâ® âà¥¡®¢ ¨¥ ¬®¦¥â ¡ëâì ®á« ¡«¥®.
�«ï ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ «¨èì ®¤¨ à¥§ã«ìâ â ¯à¨

kGkX!Y = kG�1kY!X = 1: (7.4)

�ë¯®«¥¨ï à ¢¥áâ¢ (7.4) ®ç¥ì ç áâ® ¬®¦® ¤®¡¨âìáï §  áç¥â ¯®¤å®¤ïé¥© ®à¬¨à®¢ª¨ ®á®¢-
ëå ¯à®áâà áâ¢ X ¨ Y .

�¥®à¥¬  7. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï (7:4) ¨

q � (�=2)2kTkX!Y < 1: (7.5)

�®£¤  ª ª ãà ¢¥¨¥ (1:1), â ª ¨  ¯¯à®ªá¨¬¨àãîé ï ¥£® ���� (1:10), ¯à¨ «î¡ëå n 2 N ®¤®-
§ ç® à §à¥è¨¬ë. �à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:8�) áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(s) ¢ ¯à®-

áâà áâ¢¥ X, ¯à¨ç¥¬ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ®æ¥ª¨:

En(x�)X � kx� � x�nkX � 4(1 � q)�1En(x�)X ; n 2 N: (7.6)

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ®¡®§ ç¥¨ï¬¨, ¨á¯®«ì§®¢ ë¬¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥-
®à¥¬ë 1. �®áª®«ìªã A = GK = G(E +G�1T ) ¨ ¢ á¨«ã (7.4) ¨ (7.5)

kG�1TkX!X = kTkX!Y � q < 1;

â® ®¯¥à â®àë A : X ! Y ¨ K : X ! X ®¡à â¨¬ë ®¤®¢à¥¬¥® ¨

kA�1kY!X = kK�1kX!X � 1
1� kTkX!Y

; kAkX!Y = kKkX!X � 1 + kTkX!X : (7.7)

� á¨«ã «¥¬¬ë 3 ®¯¥à â®à An = GnKn = Gn(E + G�1
n �nT ) ¤«ï «î¡ëå n 2 N,   ¢ á¨«ã (3.3),

(7.4), (3.12) ¨ (7.5)

kG�1
n �nTkXn!Yn �

�
�=2

�2kTkX!Y = q < 1; n 2 N:

�®íâ®¬ã ®¯¥à â®àë An : Xn ! Yn ¨ Kn : Xn ! Xn ¤«ï «î¡ëå n 2 N ®¡à â¨¬ë ®¤®¢à¥¬¥® ¨

kA�1n kYn!Xn
� kG�1

n kYn!Xn
kK�1

n kXn!Xn
� �

�=2
�2 1
1� q

: (7.8)
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� á¨«ã (7.7) ¨ (7.8) ¤«ï «î¡ëå n 2 N ¨¬¥¥â á¬ëá« ¢¥«¨ç¨  kx��x�nkX = kA�1y�A�1n �nykX ,
¤«ï ª®â®à®© á ãç¥â®¬ á®®â®è¥¨© (7.4), (7.5), (7.7), (7.8) ¨ (3.12) ¨§ â¥®à¥¬ë 6 ([5], £«. 1)  å®¤¨¬
®æ¥ª¨ (7.6)

En(x
�)X � kx� � x�nkX � f1 + kA�1n kYn!Xn

k�nkY!YnkAkX!Y gEn(x
�)X �

�
�
1 +

�
�

2

�2 1 + kTkX!Y

1� q

�
En(x

�)X � 4
1� q

En(x
�)X ; n 2 N:

�¨â¥à âãà 
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