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� ª ¨§¢¥áâ­®, § ¤ ç  ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ « 

1
2
hUx; xi � hf; xi ! min;

£¤¥ «¨­¥©­ë©, á ¬®á®¯àï¦¥­­ë©, ®£à ­¨ç¥­­ë© ®¯¥à â®à U ¤¥©áâ¢ã¥â ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­-
áâ¢¥ H, f 2H, à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à §à¥è¨¬® ãà ¢­¥­¨¥ Ux = f ¨ ®¯¥à â®à
U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­. � ¯®¬­¨¬, çâ® ®¯¥à â®à U ­ §ë¢ ¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­-

­ë¬ 1, ¥á«¨ hUx; xi � 0 ¯à¨ ¢á¥å x 2 H. � ª¨¬ ®¡à §®¬, ¯à¨ à¥è¥­¨¨ § ¤ ç¨ ¬¨­¨¬¨§ æ¨¨
äã­ªæ¨®­ «®¢ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¯à®¢¥àª¨ ãá«®¢¨© ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥-
à â®à  U . �§¢¥áâ­® ([1], c. 249), çâ® á¯¥ªâà �(U) á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  U ¯à¨­ ¤«¥¦¨â
®âà¥§ªã [mU ;MU ], £¤¥ mU = inf

x 6=0

hUx;xi
hx;xi

, MU = sup
x6=0

hUx;xi
hx;xi

, ¯à¨ç¥¬ kUk = maxf�mU ;MUg. � ª¨¬
®¡à §®¬, ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® á¯¥ªâà �(U) ­¥®-
âà¨æ â¥«ì­ë©: mU � 0. � ­¥ª®â®àëå á«ãç ïå á¯¥ªâà ®¯¥à â®à  U ã¤ ¥âáï ¢ëç¨á«¨âì, ®¤­ ª®
¢ ®¡é¥© á¨âã æ¨¨ ¯à¨å®¤¨âáï ¨á¯®«ì§®¢ âì à §«¨ç­ë¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ­¥®âà¨æ â¥«ì­®-
áâ¨ á¯¥ªâà . � ç áâ­®áâ¨, ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
áãé¥áâ¢ã¥â â ª®© á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à G : H ! H, çâ® kU � Gk � mG. �ää¥ªâ¨¢­®¥
¨á¯®«ì§®¢ ­¨¥ íâ®£® ãâ¢¥à¦¤¥­¨ï ¢®§¬®¦­®, ¥á«¨ ¢ ª ç¥áâ¢¥ ®¯¥à â®à  G ¢ë¡¨à ¥âáï ®¯¥à â®à,
­¨¦­ïï £à ­¨æ  á¯¥ªâà  ª®â®à®£® mG ¨§¢¥áâ­ , ¨«¨ ¥¥ ¬®¦­® ®æ¥­¨âì á­¨§ã.

�à¨¬¥à 1. � áá¬®âà¨¬ íªáâà¥¬ «ì­ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ « 
¢ ¯à®áâà ­áâ¢¥ L2[0; 3� ]

1
2

Z 3�

0

�
x2(t)� (Sx)(t)x(t) � (Kx)(t)x(t)� 2f(t)x(t)

�
dt �! min; (1)

£¤¥ ®¯¥à â®à ¢­ãâà¥­­¥© áã¯¥à¯®§¨æ¨¨

(Sx)(t) =

(
p(t)x(t� �); ¥á«¨ t 2 [�; 3� ];

0; ¥á«¨ t 2 [0; �);

¨ ¨­â¥£à «ì­ë© ®¯¥à â®à (Kx)(t) =
bR
a

K(t; s)x(s) ds ­¥¯à¥àë¢­® ¤¥©áâ¢ãîâ ¢ ¯à®áâà ­áâ¢¥

L2[0; 3� ], äã­ªæ¨ï p : [0; 3� ]! R ¨§¬¥à¨¬  ¨ ®£à ­¨ç¥­  ¢ áãé¥áâ¢¥­­®¬ ­  [�; 3� ], f 2 L2[0; 3� ].

� §à¥è¨¬®áâì § ¤ ç¨ (1) íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï Ux
def= (I � 1

2
(S� + S)� 1

2
(K� +

K))x = f ¨ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  U . �®«®¦¨¬ G = I � 1
2
(S� + S). �®£¤ 

(S�x)(t) =

(
p(t+ �)x(t+ �); ¥á«¨ t 2 [0; 2� ];

0; ¥á«¨ t 2 (2�; 3� ];

1�á¯®«ì§ã¥âáï â ª¦¥ â¥à¬¨­ ¯®«®¦¨â¥«ì­ë© ®¯¥à â®à.
� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(£à ­â ò01-01-00511).
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­¨¦­ïï £à ­¨æ  á¯¥ªâà  ®¯¥à â®à  G à ¢­  mG = 1� 1
2
vrai sup
t2[0;� ]

p
p2(t+ �) + p2(t+ 2�), á«¥¤®¢ -

â¥«ì­®, ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, ¥á«¨ ­®à¬  ¨­â¥£à «ì­®£® ®¯¥à â®à  1
2

3�R
0

(K(t; s)+
K(s; t))x(s) ds ­¥ ¯à¥¢®áå®¤¨â mG.

�á­®, çâ® ®¯¥à â®à �I �K ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, ¥á«¨ kKk � �. �á®¡ë© ¨­â¥à¥á ¯à¥¤-
áâ ¢«ï¥â á¨âã æ¨ï, ª®£¤  íâ® ãá«®¢¨¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬. � ¤¨¬ ¢ á¢ï§¨ á íâ¨¬ á«¥¤ãîé¥¥
®¯à¥¤¥«¥­¨¥.

� ¬®á®¯pï¦¥­­ë© ®¯¥à â®à K : H ! H ¡ã¤¥¬ ­ §ë¢ âì ¯®§¨â¨¢­ë¬, ¥á«¨ MK � �mK.
�á«®¢¨¥ ¯®§¨â¨¢­®áâ¨ ¬®¦­® § ¯¨á âì ¢¨¤¥ 1

2
(MK +mK) � 0, â. ¥. æ¥­âà á¯¥ªâp «ì­®£® ®âà¥§ª 

[mK ;MK ] ¯®§¨â¨¢­®£® ®¯¥à â®à  K ­¥®âà¨æ â¥«ì­ë©. �«ï ¯®§¨â¨¢­®£® ®¯¥à â®à  K (¨ â®«ìª®
¤«ï ­¥£®) kKk =MK .

�â¬¥â¨¬, çâ® ¢áïª¨© ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë© ®¯¥à â®à ï¢«ï¥âáï ¯®§¨â¨¢­ë¬. �àã£¨¬
¯à¨¬¥à®¬ ¯®§¨â¨¢­ëå ®¯¥à â®à®¢ á«ã¦ â ¢¯®«­¥ ­¥¯p¥pë¢­ë¥ ®¯¥à â®àë, ¨§®â®­­ë¥ ¯® ­¥ª®-
â®p®¬ã ¢®á¯p®¨§¢®¤ïé¥¬ã ª®­ãáã ¯®«®¦¨â¥«ì­ëå í«¥¬¥­â®¢ ([2], á. 401). �â âà¥¡®¢ ­¨ï ¯®«­®©
­¥¯à¥àë¢­®áâ¨ ¨§®â®­­®£® ®¯¥à â®à  ¬®¦­® ®âª § âìáï, § ¬¥­¨¢ ¥£® ãá«®¢¨¥¬ \¨§®â®­­®áâ¨"
áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï. �ãáâì ¢ ¯à®áâà ­áâ¢¥H § ¤ ­ â ª®© ¢®á¯à®¨§¢®¤ïé¨© ª®­ãá ¯®«®¦¨-
â¥«ì­ëå í«¥¬¥­â®¢ T+, çâ® ª ¦¤ë© x 2 H ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ x = x+�x�,
£¤¥ x+, x� 2 T+, hx+; x�i = 0. �¡®§­ ç¨¬ jxj = x+ + x�.

�¥®à¥¬  1. �á«¨ hKx; xi � 0 ¯à¨ ¢á¥å x 2 T+, â® ®¯¥à â®à K ¯®§¨â¨¢¥­.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â x 2 H, çâ® �hKx; xi >
MKhx; xi. �§ ¯à¥¤áâ ¢«¥­¨ï x = x+ � x� á«¥¤ã¥â, çâ® hKjxj; jxji = hKx+; x+i + 2hKx+; x�i +
hKx�; x�i � �hKx+; x+i + 2hKx+; x�i � hKx�; x�i = �hKx; xi > MKhx; xi = MKhjxj; jxji. �¥-
à ¢¥­áâ¢® hKjxj; jxji > MKhjxj; jxji ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î MK . �«¥¤®¢ â¥«ì­®, �hKx; xi �
MKhx; xi ¯à¨ ¢á¥å x 2 H, ­® â®£¤  mK � �MK .

�à¨¢¥¤¥¬ ¯à¨¬¥àë ¯®§¨â¨¢­ëå ®¯¥à â®à®¢.
� âp¨ç­ë© ®¯¥à â®à ( p w

w q ) : R2 ! R2 ¯®§¨â¨¢¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  p+ q � 0.

� âp¨ç­ë© ®¯¥à â®à
�

p w u
w q v
u v r

�
: R3 ! R3 ¯®§¨â¨¢¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï

å®âï ¡ë ®¤­® ¨§ ãá«®¢¨©:
a1 � 0, a3 � 0; a1 � 0, a3 � 0, a1a2 � a3; a1 � 0, a3 � 0, a12 + a2 � 0; a1 � 0, a3 � 0, a1a2 � a3,
a1

2+ a2 � 0, £¤¥ a1 = p+ q+ r, a2 = pq+ rp+ rq� u2� v2�w2, a3 = pqr+2uvw� pv2� qu2� rw2.

�¯¥à â®à (Kx)(t) = p(t)
bR
a

p(s)x(s) ds, K : L2[a; b]! L2[a; b], ¢á¥£¤  ¯®§¨â¨¢¥­.

�¯¥à â®à (Kx)(t) =
bR
a

(p(t)p(s) + q(t)q(s))x(s) ds, K : L2[a; b]! L2[a; b], ¢á¥£¤  ¯®§¨â¨¢¥­.

�¯¥à â®à (Kx)(t) =
bR
a

(p(t)q(s) + p(s)q(t))x(s) ds, K : L2[a; b] ! L2[a; b], ¯®§¨â¨¢¥­ â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤ 
bR
a

p(s)q(s) ds � 0.

�¯¥à â®à (Kx)(t) =
bR
a

(p(t)p(s) + q(t)q(s) + r(t)r(s))x(s) ds, K : L2[a; b] ! L2[a; b], ¯®§¨â¨¢¥­

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®§¨â¨¢¥­ ¬ âà¨ç­ë© ®¯¥à â®à0
BBBBBBB@

bR
a

p2(s) ds
bR
a

p(s)q(s) ds
bR
a

p(s)r(s) ds

bR
a

p(s)q(s) ds
bR
a

q2(s) ds
bR
a

q(s)r(s) ds

bR
a

p(s)r(s) ds
bR
a

q(s)r(s) ds
bR
a

r2(s) ds

1
CCCCCCCA
:
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�¯¥à â®à (Kx)(t) =
bR
a

(p(t)q(s) + p(s)q(t) + r(t)r(s))x(s) ds, K : L2[a; b] ! L2[a; b], ¯®§¨â¨¢¥­

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï å®âï ¡ë ®¤­® ¨§ ãá«®¢¨©:
a1 � 0, a3 � 0; a1 � 0, a3 � 0, a1a2 � a3; a1 � 0, a3 � 0, a12 + a2 � 0; a1 � 0, a3 � 0, a1a2 � a3,

a1
2 + a2 � 0, £¤¥ a1 =

bR
a

(2p(s)q(s) + r2(s)) ds; a2 =
� bR
a

p(s)q(s) ds
�2

+
bR
a

p(s)q(s) ds
bR
a

r2(s) ds�

�2
bR
a

p(s)r(s) ds
bR
a

q(s)r(s) ds�
bR
a

p2(s) ds
bR
a

p(s)q(s) ds;

a3 =
bR
a

p2(s) ds
bR
a

q2(s) ds
bR
a

r2(s) ds+ 2
bR
a

p(s)q(s) ds
bR
a

p(s)r(s) ds
bR
a

q(s)r(s) ds�

�
� bR
a

p(s)q(s) ds
�2 bR

a

r2(s) ds�
� bR
a

p(s)r(s) ds
�2 bR

a

q2(s) ds�
� bR
a

q(s)r(s) ds
�2 bR

a

p2(s) ds:

�¥®à¥¬  2. �¯¥à â®à S�K ¯®§¨â¨¢¥­, ¥á«¨ MK � 1
2
(MS+mS) ¨«¨ ¥á«¨ 1

2
(mK+MK) � mS.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® ¨§ á®¢¯ ¤¥­¨ï ¬­®¦¥áâ¢ �(U ��I) = �(U)� � á«¥¤ã¥â, çâ®
MU��I =MU � �, mU��I =mU � �. � ª ª ª MS�K = sup

kxk=1

h(S �K)x; xi � sup
kxk=1

h(S �MKI)x; xi =
MS �MK , MS�K = sup

kxk=1

h(S � K)x; xi � sup
kxk=1

h(mSI � K)x; xi = mS �mK , mS�K = inf
kxk=1

h(S �
K)x; xi � inf

kxk=1
h(S �MKI)x; xi = mS �MK , â® MS�K +mS�K � MS �MK +mS �MK � 0, ¥á«¨

¢ë¯®«­¥­® ¯¥à¢®¥ ãá«®¢¨¥ ¨ MS�K +mS�K � mS �mK +mS �MK � 0, ¥á«¨ ¢ë¯®«­¥­® ¢â®à®¥
ãá«®¢¨¥.

�«¥¤áâ¢¨¥ 1. �ã¬¬  ¯®§¨â¨¢­®£® ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®£® ®¯¥à â®à®¢ | ¯®§¨â¨¢-
­ë© ®¯¥à â®à.

�«¥¤áâ¢¨¥ 2. �ãáâì MK � mS. �®£¤  ®¯¥à â®à S �K ¯®§¨â¨¢¥­.

�«¥¤áâ¢¨¥ 3. �ãáâì ®¯¥à â®à K ¯®§¨â¨¢¥­ ¨ kKk � 1
2
(mS +MS). �®£¤  ®¯¥à â®à S � K

¯®§¨â¨¢¥­.

�¥®à¥¬  3. �á«¨ ®¯¥à â®à K ¯®§¨â¨¢­ë©, â® ®¯¥à â®à U = �I �K ¯®«®¦¨â¥«ì­® ®¯à¥-

¤¥«¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  kKk � �.

�®ª § â¥«ìáâ¢®. �ãáâì ®¯¥à â®à K ¯®§¨â¨¢­ë© ¨ ®¯¥à â®à U = �I � K ¯®«®¦¨â¥«ì-
­® ®¯à¥¤¥«¥­. �®£¤  �(K) � (�1; �]. � á¨«ã ¯®§¨â¨¢­®áâ¨ ®¯¥à â®à  K mK � ��, ¯®íâ®¬ã
kKk � �.

�à¨¬¥à 2. � áá¬®âà¨¬ íªáâà¥¬ «ì­ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ « 
¢ ¯à®áâà ­áâ¢¥ L2[a; b]

1
2

Z b

a

�
x2(t)� (Kx)(t)x(t) � 2f(t)x(t)

�
dt �! min; (2)

£¤¥ ¨­â¥£à «ì­ë© ®¯¥à â®à (Kx)(t) =
bR
a

K(t; s)x(s) ds ­¥¯à¥àë¢­® ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥

L2[a; b], f 2 L2[a; b]. � §à¥è¨¬®áâì § ¤ ç¨ (2) íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï Ux
def=

(I � 1
2
(K� +K))x = f ¨ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  U . �«ï ¯®§¨â¨¢­®áâ¨ ®¯¥à -

â®à  1
2
(K�+K) ¢ á¨«ã â¥®à¥¬ 2, 3 ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì å®âï ¡ë ®¤­® ¨§ ¤¢ãå ãá«®¢¨©:

K(t; s)+K(s; t) � 0 ¯à¨ ¯®çâ¨ ¢á¥å (t; s) 2 [a; b]�[a; b] ¨«¨
� bR
a

bR
a

(K(t; s)�2K(s; s)+K(s; t))2 ds dt
� 1

2 �

2
bR
a

K(s; s) ds. �à¨ ¢ë¯®«­¥­¨¨ íâ¨å ãá«®¢¨© ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ­®à¬  ¨­â¥£à «ì­®£® ®¯¥à â®à  1
2

bR
a

(K(t; s)+K(s; t))x(s) ds ­¥ ¯à¥¢®áå®¤¨â ¥¤¨­¨æë.
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�«¥¤áâ¢¨¥ 4. �á«¨ ®¯¥à â®à V ®¡à â¨¬, â® ®¯¥à â®à V �V �K�K ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  kKV �1k � 1.

�à¨¬¥à 3. � áá¬®âà¨¬ íªáâà¥¬ «ì­ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ « 
¢ ¯à®áâà ­áâ¢¥ L2[a; b]

1
2

bZ
a

�
x2(t)� (Sx)2(t)� (Kx)2(t)� 2f(t)x(t)

�
dt �! min; (3)

£¤¥ ®¯¥à â®à ¢­ãâà¥­­¥© áã¯¥à¯®§¨æ¨¨

(Sx)(t) =

(
p(t)x[h(t)]; ¥á«¨ h(t) 2 [a; b];

0; ¥á«¨ h(t) =2 [a; b];

¨ ¨­â¥£à «ì­ë© ®¯¥à â®à (Kx)(t) =
bR
a

K(t; s)x(s) ds ­¥¯à¥àë¢­® ¤¥©áâ¢ãîâ ¢ ¯à®áâà ­áâ¢¥

L2[a; b], f 2 L2[a; b]. � §à¥è¨¬®áâì § ¤ ç¨ (3) íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (Ux) def=
(I � S�S � K�K)x = f ¨ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  U . � ª ª ª (S�Sx)(t) =
�(t)x(t), £¤¥

�(t) =

8><
>:
d

dt

Z
h�1([a;t])

p2(s) ds; ¥á«¨ [a; t] 2 h([a; b]);

0; ¥á«¨ [a; t] =2 h([a; b]);

â®, ¯®« £ ï (V x)(t) =
p
1� �(t)x(t), ¢ á¨«ã á«¥¤áâ¢¨ï 4 ¯®«ãç ¥¬, çâ® ®¯¥à â®à U ¯®«®¦¨â¥«ì-

­® ®¯à¥¤¥«¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(t) � 1 ­  [a; b], ¨ ­®à¬  ¨­â¥£à «ì­®£® ®¯¥à â®à 
bR
a

K(t;s)p
1��(s)

x(s) ds ­¥ ¯à¥¢®áå®¤¨â ¥¤¨­¨æë.

�¨â¥à âãà 
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