
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2003 ���������� ò 11 (498)

��� 514.763

������� ������ 1, �������� �������

� �������� CR-��������������� ������������
������������ ������������, ������� ������������

CR-�����������

�ãáâì M | n-¬¥à­®¥ CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨ n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢-

­®¬ ¯à®áâà ­áâ¢¥, â. ¥. M | ¢¥é¥áâ¢¥­­®¥ ¯®¤¬­®£®®¡à §¨¥ ª®¬¯«¥ªá­®£® ¯à®¥ªâ¨¢­®£® ¯à®-
áâà ­áâ¢  â ª®¥, çâ® ¤«ï «î¡®© â®çª¨ x ¢ M ¬ ªá¨¬ «ì­®¥ £®«®¬®àä­®¥ ¯®¤¯à®áâà ­áâ¢® ª -
á â¥«ì­®£® ¯à®áâà ­áâ¢  ª M ¢ x ¨¬¥¥â à §¬¥à­®áâì n � 1. �®£¤  M ­¥®¡å®¤¨¬® ¨¬¥¥â ­¥-
ç¥â­ãî à §¬¥à­®áâì ¨ áãé¥áâ¢ã¥â ¥¤¨­¨ç­®¥ ¢¥ªâ®à­®¥ ¯®«¥ �, ­®à¬ «ì­®¥ ª M á® á¢®©áâ¢®¬
JT (M) � T (M)�spanf�g. � ¤ ­­®© áâ âì¥ ¨§ãç îâáï â ª¨¥ ¯®¤¬­®£®®¡à §¨ï ¢ ¯à¥¤¯®«®¦¥­¨¨,
çâ® ¢¥ªâ®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨, ¨ ­ å®¤¨âáï ¤®áâ â®ç­®¥ ãá«®¢¨¥
¤«ï â®£®, çâ®¡ë â ª®¥ ¯®¤¬­®£®®¡à §¨¥ ¡ë«® ®âªàëâë¬ ¯®¤¬­®¦¥áâ¢®¬ ¢ £¥®¤¥§¨ç¥áª®© áä¥à¥.

0. �¢¥¤¥­¨¥

�¥é¥áâ¢¥­­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ ¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥  ªâ¨¢­® ¨§ãç -
îâáï ¢ â¥ç¥­¨¥ ¬­®£¨å «¥â. �®âï ¯®á«¥ ¯à®áâà ­áâ¢ ¯®áâ®ï­­®© ªà¨¢¨§­ë ª®¬¯«¥ªá­®¥ ¯à®¥ª-
â¨¢­®¥ ¯à®áâà ­áâ¢® ¬®¦­® áç¨â âì á ¬ë¬ ¯à®áâë¬, ¥£® £¥®¬¥âà¨ï ­ « £ ¥â áãé¥áâ¢¥­­ë¥ ®£à -
­¨ç¥­¨ï ­  £¥®¬¥âà¨î £¨¯¥à¯®¢¥àå­®áâ¥©. � ¯à¨¬¥à, ¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­-
áâ¢¥ ­¥ áãé¥áâ¢ã¥â ­¨ ®¬¡¨«¨ç¥áª¨å, ­¨ í©­èâ¥©­®¢ëå ¢¥é¥áâ¢¥­­ëå £¨¯¥à¯®¢¥àå­®áâ¥© [1].
�. � ª £¨ [2], ¤ ¢ ª« áá¨ä¨æ¨ª æ¨î ®¤­®à®¤­ëå ¢¥é¥áâ¢¥­­ëå £¨¯¥à¯®¢¥àå­®áâ¥© ¢ ª®¬¯«¥ªá-
­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ (çâ® á ¬® ¯® á¥¡¥ ¡ë«® ®ç¥­ì áãé¥áâ¢¥­­ë¬ ¤®áâ¨¦¥­¨¥¬), ¢¢¥«
æ¥«ë© àï¤ £¨¯¥à¯®¢¥àå­®áâ¥©. �â¨ £¨¯¥à¯®¢¥àå­®áâ¨ ¯à¨¢«¥ª«¨ ¢­¨¬ ­¨¥ £¥®¬¥âà®¢, ª®â®àë¥
áâ «¨ ¨áá«¥¤®¢ âì ¨å á¢®©áâ¢  ¨ ­ å®¤¨âì å à ªâ¥à¨áâ¨ª¨ à §«¨ç­ëå ¯®¤ª« áá®¢ ª« áá¨ä¨ª -
æ¨¨ �. � ª £¨ (á¬., ­ ¯à., [1], [3]{[5]). �à¨ íâ®¬ àï¤ ¯®¤ª« áá®¢ ¡ë« ®å à ªâ¥à¨§®¢ ­ á ¯®¬®-
éìî á¢®©áâ¢ ®¯¥à â®à  ¢â®à®© ®á­®¢­®© ä®à¬ë, â¥­§®à  �¨çç¨ ¨ ¤àã£¨å ¤¨ää¥à¥­æ¨ «ì­®-
£¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢. �®«¥¥ ¤¥â «ì­®¥ ®¡áã¦¤¥­¨¥ ¤ ­­®£® ¢®¯à®á  ¨ ®¡è¨à­ãî ¡¨¡«¨®-
£à ä¨î ¬®¦­® ­ ©â¨ ¢ [6].

� ¤ ­­®© áâ âì¥ ¬ë ¯à®¤®«¦ ¥¬ ¢ëè¥ã¯®¬ï­ãâë¥ ¨áá«¥¤®¢ ­¨ï ¨ ­ å®¤¨¬ ­®¢®¥ ¤®áâ â®ç-
­®¥ ãá«®¢¨¥ â®£®, çâ® n-¬¥à­®¥ ¢¥é¥áâ¢¥­­®¥ ¯®¤¬­®£®®¡à §¨¥ ª®à §¬¥à­®áâ¨ p ¢ ª®¬¯«¥ªá­®¬
¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥, £®«®¬®àä­®¥ ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ª®â®à®£® ¨¬¥¥â ¬ ªá¨-
¬ «ì­ãî à §¬¥à­®áâì, ¥áâì ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® £¥®¤¥§¨ç¥áª®© áä¥àë. �§¢¥áâ­®, çâ® ¢¥-
é¥áâ¢¥­­ ï £¨¯¥à¯®¢¥àå­®áâì ª®¬¯«¥ªá­®£® ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  ®¡« ¤ ¥â ¯®çâ¨ ª®­-
â ªâ­®© ¬¥âà¨ç¥áª®© áâàãªâãà®©, ¨­¤ãæ¨à®¢ ­­®© ª®¬¯«¥ªá­®© áâàãªâãà®©. �®«¥¥ â®£®, ¢ x 1
¤®ª §ë¢ ¥¬, çâ® £¥®¤¥§¨ç¥áª ï £¨¯¥àáä¥à  ¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ ï¢«ï¥âáï
á á ª¨¥¢ë¬ ¬­®£®®¡à §¨¥¬, ­ å®¤¨¬ ¥¥ â¥­§®à ªà¨¢¨§­ë ¨ § ¬¥ç ¥¬, çâ® ®­ ¨¬¥¥â ¢¨¤ â¥­§®à 
ªà¨¢¨§­ë á á ª¨¥¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë [7]. �®íâ®¬ã ¥á«¨ â¥­§®à ªà¨¢¨§­ë R ¯®¤¬­®£®-

1 � ¡®â  ¢ë¯®«­¥­   ¢â®à®¬ ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ­ ãª¨ �¥à¡¨¨ (¯à®¥ªâ \�¥®¬¥-
âà¨ï, ®¡à §®¢ ­¨¥ ¨ ¢¨§ã «¨§ æ¨ï á ¯à¨«®¦¥­¨ï¬¨").
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®¡à §¨ï M ¨¬¥¥â ¢¨¤

R(X;Y )Z = �fg(Y;Z)X � g(X;Z)Y g+

+ �fg(FY;Z)FX � g(FX;Z)FY � 2g(FX; Y )FZg+

+ 
fu(Y )u(Z)X � u(X)u(Z)Y + u(X)g(Y;Z)U � u(Y )g(X;Z)Ug;

£¤¥ �, �, 
 | ¢¥é¥áâ¢¥­­®§­ ç­ë¥ äã­ªæ¨¨ ­  M , F | ª®á®á¨¬¬¥âà¨ç¥áª¨© í­¤®¬®àä¨§¬
¯à®áâà ­áâ¢  T (M), U | ª á â¥«ì­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ¨ u| 1-ä®à¬  ­ M â ª¨¥, çâ® g(U;X) =
u(X), â® ¡ã¤¥¬ £®¢®à¨âì, çâ® M ¨¬¥¥â ªà¨¢¨§­ã â¨¯  á á ª¨¥¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë.
�¥«ì áâ âì¨ | ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥© â¥®à¥¬ë.

�á­®¢­ ï â¥®à¥¬ . �ãáâì M | á¢ï§­®¥ n-¬¥à­®¥ (n > 2p� 1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥
CR-à §¬¥à­®áâ¨ n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P

n+p

2 (C ). �á«¨ ­®à¬ «ì­®¥
¢¥ªâ®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ M ¨¬¥¥â ªà¨¢¨§­ã â¨¯  á á ª¨¥¢®©

¯à®áâà ­áâ¢¥­­®© ä®à¬ë, â® M ¥áâì ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ¢ £¥®¤¥§¨ç¥áª®© áä¥à¥.

1. �¨¯¥à¯®¢¥àå­®áâ¨ ª®¬¯«¥ªá­®£® ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢ 

�ãáâì fM(c) | ¯à®áâà ­áâ¢® ¯®áâ®ï­­®© £®«®¬®àä­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë 4c, ¢¥é¥áâ¢¥­-
­ ï à §¬¥à­®áâì ª®â®à®£® à ¢­  2m, er | ¥£® á¢ï§­®áâì �¥¢¨-�¨¢¨â . �«ï ¯®£àã¦¥­­®£® ¯®¤-
¬­®£®®¡à §¨ï f : M 2m�1 ! fM , á¢ï§­®áâì �¥¢¨-�¨¢¨â  r ¨­¤ãæ¨à®¢ ­­®© ¬¥âà¨ª¨ ¨ ®¯¥à â®à
A ¢â®à®© ®á­®¢­®© ä®à¬ë ¯®£àã¦¥­¨ï å à ªâ¥à¨§ãîâáï á«¥¤ãîé¨¬¨ á®®â­®è¥­¨ï¬¨:

erXY = rXY + g(AX;Y )�; (1.1)

erX� = �AX;

£¤¥ � | «®ª «ì­®¥ ¯®«¥ ¥¤¨­¨ç­®© ­®à¬ «¨.
� ¤ «ì­¥©è¥¬ ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ ®¯ãáª âì ã¯®¬¨­ ­¨¥ ®¡ ¨¬¬¥àá¨¨ f . �ãáâì J : T fM !

T fM | ª®¬¯«¥ªá­ ï áâàãªâãà  á® á¢®©áâ¢ ¬¨ J2 = �I, erJ = 0, g(JX; JY ) = g(X;Y ). O¯à¥¤¥«¨¬
\áâàãªâãà­ë© ¢¥ªâ®à", â ª ­ §ë¢ ¥¬ë© ¢¥ªâ®à �®¯ä  [8]:

W = �J�:

� «¥¥ ®¯à¥¤¥«¨¬ ª®á®á¨¬¬¥âà¨ç­ë© (1; 1)-â¥­§®à ':

JX = 'X + g(X;W )�; (1.2)

£¤¥ 'X | â ­£¥­æ¨ «ì­ ï ¯à®¥ªæ¨ï JX. �¥¯¥àì ¨§ íà¬¨â®¢®áâ¨ ¬¥âà¨ª¨ g á«¥¤ã¥â

'2 = �X + g(X;W )W; 'W = 0:

� ¬¥­¨¢ '2 = �I ­  W? = fX 2 T (M) j g(X;W ) = 0g, ¯®«ãç ¥¬, çâ® à ­£ ' à ¢¥­ 2m � 2
¨ ker' = spanfWg. � ª®© ®¯¥à â®à ' ®¯à¥¤¥«ï¥â ¯®çâ¨ ª®­â ªâ­ãî ¬¥âà¨ç¥áªãî áâàãªâãàã
[7],   W? ­ §ë¢ ¥âáï £®«®¬®àä­ë¬ à á¯à¥¤¥«¥­¨¥¬. Câ ­¤ àâ­ë¬ ®¡à §®¬ ¢ë¢®¤¨¬ ãà ¢­¥­¨ï
� ãáá  ¨ �®¤ ææ¨:

R(X;Y )Z = g(AY;Z)AX � g(AX;Z)AY + cf(g(Y;Z)X � g(X;Z)Y +

+g('Y;Z)'X � g('X;Z)'Y + 2g(X;'Y )'Zg; (1.3)

(rXA)Y � (rYA)X = c(g(X;W )'Y � g(Y;W )'X + 2g(X;'Y )W ):

�á¯®«ì§ãï (1.1), (1.2), erJ = 0, ¯®«ãç ¥¬

(rX')Y = g(Y;W )AX � g(AX;Y )W: (1.4)

�ãáâì Pm(C ) | ª®¬¯«¥ªá­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®. �à¨¢¥¤¥¬ á¯¨á®ª £¨¯¥à¯®¢¥àå­®-
áâ¥© ¢ Pm(C ), ª®â®àë¥ ­ áâ®«ìª® ¢ ¦­ë ¤«ï à áá¬ âà¨¢ ¥¬®© â¥®à¨¨, çâ® ¢®è«¨ ¢ áâ ­¤ àâ-
­ë© ­ ¡®à ¯à¨¬¥à®¢. �â¨ £¨¯¥à¯®¢¥àå­®áâ¨ à §¤¥«ïîâáï ­  ¯ïâì â¨¯®¢ A{E, ¯à¨ç¥¬ â¨¯ A
à §¤¥«ï¥âáï ¥é¥ ­  ¤¢  ¯®¤â¨¯ :
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(A1) £¥®¤¥§¨ç¥áª ï áä¥à  (âàã¡ç â ï £¨¯¥à¯®¢¥àå­®áâì ¢®ªàã£ £¨¯¥à¯«®áª®áâ¨ Pm�1(C ));
(A2) âàã¡ç â ï ¯®¢¥àå­®áâì ¢®ªàã£ ¢¯®«­¥ £¥®¤¥§¨ç¥áª®£® ¯®¤¯à®áâà ­áâ¢  P k(C ), 1 � k �

m� 2;
(B) âàã¡ç â ï ¯®¢¥àå­®áâì ¢®ªàã£ ª®¬¯«¥ªá­®© ª¢ ¤à¨ª¨ Qm�1;
(C) âàã¡ç â ï ¯®¢¥àå­®áâì ¢®ªàã£ P 1(C ) � P k(C ), ¯à¨ íâ®¬ 2k + 1 = m ¨ m � 5;
(D) âàã¡ç â ï ¯®¢¥àå­®áâì ¢®ªàã£ ª®¬¯«¥ªá­®£® £à áá¬ ­®¢  ¬­®£®®¡à §¨ï G2;5, ¯à¨ íâ®¬

m = 9;
(E) âàã¡ç â ï ¯®¢¥àå­®áâì ¢®ªàã£ íà¬¨â®¢  á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  SO(10)=U(5), ¯à¨

íâ®¬ m = 15.

� ª ¡ë«® ¤®ª § ­® ¢ [2], íâ®â á¯¨á®ª á®áâ®¨â ¢ â®ç­®áâ¨ ¨§ ®¤­®à®¤­ëå ¢¥é¥áâ¢¥­­ëå £¨-
¯¥à¯®¢¥àå­®áâ¥© ¢ Pm(C ) (¥£® ç áâ® ­ §ë¢ îâ \á¯¨áª®¬ � ª £¨"). �à®¬¥ â®£®, ª ¦¤ ï £¨¯¥à-
¯®¢¥àå­®áâì �®¯ä  (â. ¥. £¨¯¥à¯®¢¥àå­®áâì, ¤«ï ª®â®à®© ¢¥ªâ®à W ï¢«ï¥âáï £« ¢­ë¬) á ¯®-
áâ®ï­­ë¬¨ £« ¢­ë¬¨ ªà¨¢¨§­ ¬¨ ¥áâì ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ®¤­®© ¨§ íâ¨å ¯®¢¥àå­®áâ¥©. �
¤®ª § â¥«ìáâ¢® íâ®£® à¥§ã«ìâ â  ¢­¥á«¨ ¢ª« ¤ ¬­®£¨¥  ¢â®àë, ¢ ®ª®­ç â¥«ì­®¬ ¢¨¤¥ ®­ ¡ë«
¯®«ãç¥­ ¢ [9].

�¥¯¥àì ¯ãáâì M | £¥®¤¥§¨ç¥áª ï £¨¯¥àáä¥à  ¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥fM(c) = Pm(C ). � ª ª ª £¥®¤¥§¨ç¥áª¨¥ áä¥àë (â¨¯ A1) ¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥
¨¬¥îâ ¤¢¥ à §«¨ç­ë¥ £« ¢­ë¥ ªà¨¢¨§­ë [1]: 1

r
cot u ªà â­®áâ¨ 2m� 2 ¨ 2

r
cot 2u ªà â­®áâ¨ 1, â®

¬®¦¥¬ § ¯¨á âì AX = �X + �g(W;X)W , ¨, ¨á¯®«ì§ãï (1.4), ¯®«ãç¨¬

(rX')Y = �fg(Y;W )X � g(X;Y )Wg;

â. ¥. M ¥áâì á á ª¨¥¢® ¬­®£®®¡à §¨¥ [7]. �®«¥¥ â®£®, ¨á¯®«ì§ãï ãà ¢­¥­¨¥ � ãáá  (1.3), ¯®«ãç ¥¬

R(X;Y )Z = (c+ �2)fg(Y;Z)X � g(X;Z)Y g+

+ cfg('Y;Z)'X � g('X;Z)'Y � 2g('X; Y )'Zg+

+ ��fg(Y;W )g(u(Z;W )X � g(X;W )g(Z;W )Y +

+ g(X;W )g(Y;Z)W � g(Y;W )g(X;Z)Wg;

â. ¥. R ¥áâì â¥­§®à ªà¨¢¨§­ë á á ª¨¥¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë.

2. CR-¯®¤¬­®£®®¡à §¨ï ª®¬¯«¥ªá­®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë,
¨¬¥îé¨¥ ¬ ªá¨¬ «ì­ãî CR-à §¬¥à­®áâì

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® M | (n + p)-¬¥à­®¥ ª¥«¥à®¢® ¬­®£®®¡à §¨¥ á ª¥-
«¥à®¢®© áâàãªâãà®© (J; g) ¨ M | n{¬¥à­®¥ ¢¥é¥áâ¢¥­­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢ M , ¯®£àã¦¥­-
­®¥ á ¯®¬®éìî ¨¬¬¥àá¨¨ {. �®£¤  ª á â¥«ì­®¥ à áá«®¥­¨¥ T (M) ®â®¦¤¥áâ¢«ï¥âáï á ¯®¤à á-
á«®¥­¨¥¬ ¢ T (M) ¨ à¨¬ ­®¢  ¬¥âà¨ª  g ­  M ¨­¤ãæ¨àã¥âáï à¨¬ ­®¢®© ¬¥âà¨ª®© g ­  M :
g(X;Y ) = g({X; {Y ), £¤¥ X;Y 2 T (M). �¨ää¥à¥­æ¨ « ¨¬¬¥àá¨¨ ®¡®§­ ç¨¬ â ª¦¥ ç¥à¥§ {. �®à-
¬ «ì­®¥ à áá«®¥­¨¥ T?(M) ¥áâì ¯®¤à áá«®¥­¨¥ à áá«®¥­¨ï T (M), á®áâ®ïé¥¥ ¨§ ¢á¥å ¢¥ªâ®à®¢
X 2 T (M), ®àâ®£®­ «ì­ëå T (M) ¢ à¨¬ ­®¢®© ¬¥âà¨ª¥ g.

�®¤¯à®áâà ­áâ¢® Hx(M) = JTx(M)\Tx(M) ¥áâì ¬ ªá¨¬ «ì­®¥ J-¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­-
áâ¢® ª á â¥«ì­®£® ¯à®áâà ­áâ¢  Tx(M) ¢ x 2 M , ­ §ë¢ ¥¬®¥ £®«®¬®àä­ë¬ ª á â¥«ì­ë¬ ¯à®-
áâà ­áâ¢®¬ ¢ x. �á«¨ à §¬¥à­®áâì ¯®¤¯à®áâà ­áâ¢  Hx(M) ­¥ § ¢¨á¨â ®â x 2 M , â® M ­ -
§ë¢ ¥âáï ¯®¤¬­®£®®¡à §¨¥¬ �®è¨{�¨¬ ­ , ¨«¨ CR-¯®¤¬­®£®®¡à §¨¥¬, ¨ ª®¬¯«¥ªá­ ï à §¬¥à-
­®áâì Hx(M) ­ §ë¢ ¥âáï CR-à §¬¥à­®áâìî ¯®¤¬­®£®®¡à §¨ï M [6], [10]. �§¢¥áâ­®, çâ® ¢¥é¥-
áâ¢¥­­ ï £¨¯¥à¯®¢¥àå­®áâì ï¢«ï¥âáï ®¤­¨¬ ¨§ â¨¯¨ç­ëå ¯à¨¬¥à®¢ CR-¯®¤¬­®£®®¡à §¨©, CR-
à §¬¥à­®áâì ª®â®àëå à ¢­  n�1

2
, £¤¥ n| à §¬¥à­®áâì £¨¯¥à¯®¢¥àå­®áâ¨. � ¬¥â¨¬, çâ® ¢ á«ãç ¥

¬ ªá¨¬ «ì­®© CR-à §¬¥à­®áâ¨ ¢ëè¥¯à¨¢¥¤¥­­®¥ ®¯à¥¤¥«¥­¨¥ CR-¯®¤¬­®£®®¡à §¨ï á®¢¯ ¤ ¥â
á ®¯à¥¤¥«¥­¨¥¬ CR-¯®¤¬­®£®®¡à §¨ï, ¤ ­­®£® ¢ [11]. �®¤à®¡­®¥ ¨§«®¦¥­¨¥ á ¯à¨¬¥à ¬¨ CR-
¯®¤¬­®£®®¡à §¨© ¬ ªá¨¬ «ì­®© CR-à §¬¥à­®áâ¨ á¬. ¢ [12].

�ãáâì M | CR-¯®¤¬­®£®®¡à §¨¥ ¬ ªá¨¬ «ì­®© CR-à §¬¥à­®áâ¨. �â® §­ ç¨â, çâ® ¢ ª ¦¤®©
â®çª¥ x 2M ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® Tx(M) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î dimR(JTx(M)\Tx(M)) =
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n�1 . �âáî¤  á«¥¤ã¥â, çâ®M ­¥ç¥â­®¬¥à­® ¨ áãé¥áâ¢ã¥â ¥¤¨­¨ç­®¥ ¢¥ªâ®à­®¥ ¯®«¥ �, ­®à¬ «ì-
­®¥ ªM ¨ â ª®¥, çâ® JTx(M) � Tx(M)� spanf�xg ¤«ï «î¡®© x 2M . �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£®
ª á â¥«ì­®£® ¢¥ªâ®à­®£® ¯®«ï X, ¢ë¡à ¢ «®ª «ì­ë© ®àâ®à¥¯¥à �; �1; : : : ; �p�1 ­®à¬ «ì­®£® ¯à®-
áâà ­áâ¢  ª M , ¨¬¥¥¬ á«¥¤ãîé¥¥ à §«®¦¥­¨¥ ­  ª á â¥«ì­ãî ¨ ­®à¬ «ì­ãî á®áâ ¢«ïîéãî:

J{X = { FX + u(X)�; (2.1)

J� = �{ U + P�; (2.2)

J�a = �{ Ua + P�a (a = 1; : : : ; p� 1): (2.3)

�¤¥áì F ¨ P ï¢«ïîâáï ª®á®á¨¬¬¥âà¨ç­ë¬¨ í­¤®¬®àä¨§¬ ¬¨ ¯à®áâà ­áâ¢ T (M) ¨ T?(M) á®-
®â¢¥âáâ¢¥­­®; U , Ua, a = 1; : : : ; p � 1, | ª á â¥«ì­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ¨ u | 1-ä®à¬  ­  M .
�á¯®«ì§ãï (2.1){(2.3), ¨§ íà¬¨â®¢®áâ¨ J ¯®«ãç ¥¬

g(U;X) = u(X); Ua = 0 (a = 1; : : : ; p� 1);

F 2X = �X + u(X)U;

u(FX) = 0; FU = 0; P � = 0:

�«¥¤®¢ â¥«ì­®, á®®â­®è¥­¨ï (2.2) ¨ (2.3) ¬®¦¥¬ § ¯¨á âì ¢ ¢¨¤¥

J� = �{U; J�a = P�a (a = 1; : : : ; p� 1): (2.4)

�®¤¯à®áâà ­áâ¢® f� 2 T?; � ? �g ï¢«ï¥âáï J-¨­¢ à¨ ­â­ë¬, ¯®íâ®¬ã ¬ë ¬®¦¥¬ ¢§ïâì ®à-
â®à¥¯¥à ¯à®áâà ­áâ¢  T?(M) ¢¨¤  �; �1; : : : ; �q; �1� ; : : : ; �q� , £¤¥ �a� = J�a ¨ q = p�1

2
. �¡®§­ ç¨¬

ç¥à¥§ r ¨ r à¨¬ ­®¢ë á¢ï§­®áâ¨ ¬­®£®®¡à §¨© M ¨ M á®®â¢¥âáâ¢¥­­®,   ç¥à¥§ D | ­®à¬ «ì-
­ãî á¢ï§­®áâì, ¨­¤ãæ¨à®¢ ­­ãî á¢ï§­®áâìî r ¢ ­®à¬ «ì­®¬ à áá«®¥­¨¨ ¬­®£®®¡à §¨ï M . �­¨
á¢ï§ ­ë ¨§¢¥áâ­ë¬ ãà ¢­¥­¨¥¬ � ãáá 

r{X {Y = {rXY + h(X;Y ); (2.5)

£¤¥ ç¥à¥§ h ®¡®§­ ç¥­  ¢â®à ï ®á­®¢­ ï ä®à¬ , ¨ ãà ¢­¥­¨ï¬¨ �¥©­£ àâ¥­ 

r{X� = �{AX +DX� � {AX +
qX

a=1

fsa(X)�a + sa�(X)�a�g;

r{X�a = �{AaX +DX�a = �{AaX � sa(X)� +
qX

b=1

fsab(X)�b + sab�(X)�b�g;

r{X�a� = �{Aa�X +DX�a� = �{Aa�X � sa�(X)� +
qX

b=1

fsa�b(X)�b + sa�b�(X)�b�g;

£¤¥ A, Aa, Aa� ï¢«ïîâáï ®¯¥à â®à ¬¨ ¢â®à®© ®á­®¢­®© ä®à¬ë ¤«ï ­®à¬ «¥© �, �a, �a� á®®â¢¥â-
áâ¢¥­­®, ¨ ç¥à¥§ s ®¡®§­ ç¥­ë ª®íää¨æ¨¥­âë ­®à¬ «ì­®© á¢ï§­®áâ¨ D. � ª ª ª ®¡ê¥¬«îé¥¥
¬­®£®®¡à §¨¥ ª¥«¥à®¢®, ¨¬¥¥¬

Aa�X = FAaX � sa(X)U; (2.6)

sa�(X) = u(AaX) = g(AaX;U) = g(AaU;X); (2.7)

sa�b� = sab; sa�b = �sab�;

h(X;Y ) = g(AX;Y )� +
qX

a=1

fg(AaX;Y )�a + g(Aa�X;Y )�a�g (2.8)

¤«ï ¢á¥å X;Y 2 T (M).
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� «¥¥ ª®¢ à¨ ­â­® ¯à®¤¨ää¥à¥­æ¨àã¥¬ á®®â­®è¥­¨ï (2.1) ¨ (2.2), ¨á¯®«ì§ãï â®, çâ® ¯®çâ¨
ª®¬¯«¥ªá­ ï áâàãªâãà  J ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® à¨¬ ­®¢®© á¢ï§­®áâ¨ r ­  M , ¨, áà ¢­¨¢
â ­£¥­æ¨ «ì­ë¥ ¨ ­®à¬ «ì­ë¥ á®áâ ¢«ïîé¨¥, á ãç¥â®¬ (2.4) ¯®«ãç¨¬

(rY F )X = u(X)AY � g(AY;X)U;

(rY u)(X) = g(FAY;X);

rXU = FAX:

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¢¥ªâ®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ®â­®á¨â¥«ì­® ­®à¬ «ì­®© á¢ï§­®áâ¨
D, â®

DX� =
qX

a=1

fsa(X)�a + sa�(X)�a�g = 0;

®âªã¤  á«¥¤ã¥â sa = sa� = 0 (a = 1; : : : ; q). �¥¯¥àì, ¨á¯®«ì§ãï á®®â­®è¥­¨ï (2.6) ¨ (2.7), ¯®«ãç ¥¬

Aa� = FAa (a = 1; : : : ; q); (2.9)

AaU = 0 (a = 1; : : : ; q): (2.10)

� ª ª ª ¢â®à ï ®á­®¢­ ï ä®à¬  h(X;Y ) á¨¬¬¥âà¨ç­  ®â­®á¨â¥«ì­® X;Y , ¨§ (2.8) ¨ (2.9)
á«¥¤ã¥â, çâ® FAa� , a = 1; : : : ; q, á¨¬¬¥âà¨ç­ë, ®âªã¤ 

FAa +AaF = 0 (a = 1; : : : ; q): (2.11)

� ª®­¥æ, ¥á«¨ ®¡ê¥¬«îé¥¥ ¬­®£®®¡à §¨¥ M ï¢«ï¥âáï ª®¬¯«¥ªá­®© ¯à®áâà ­áâ¢¥­­®© ä®à-
¬®©, â. ¥. ª¥«¥à®¢ë¬ ¬­®£®®¡à §¨¥¬ ¯®áâ®ï­­®© £®«®¬®àä­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë 4k, â®

R(X;Y )Z = kfg(Y ;Z)X � g(X;Z)Y + g(JY ;Z)JX � g(JX;Z)JY � 2g(JX; Y )JZg

¤«ï X , Y , Z, ª á â¥«ì­ëå ª M , £¤¥ R | â¥­§®à ªà¨¢¨§­ë à¨¬ ­®¢  ¬­®£®®¡à §¨ï M . �®íâ®¬ã
ãà ¢­¥­¨ï � ãáá  ¨ �®¤ ææ¨, § ¯¨á ­­ë¥ ¤«ï ¥¤¨­¨ç­®£® ¢¥ªâ®à  �, ¨¬¥îâ ¢¨¤

R(X;Y )Z = kfg(Y;Z)X � g(X;Z)Y + g(FY;Z)FX � g(FX;Z)FY + (2.12)

�2g(FX; Y )FZg+ g(AY;Z)AX � g(AX;Z)AY +

+
qX

a=1

fg(AaY;Z)AaX � g(AaX;Z)AaY +

+g(FAaY;Z)FAaX � g(FAaX;Z)FAaY g;

(rYA)X � (rXA)Y = kfu(Y )FX � u(X)FY + 2g(FX; Y )Ug

á®®â¢¥âáâ¢¥­­® ¤«ï ¢á¥å X, Y , Z, ª á â¥«ì­ëå ª M , £¤¥ ç¥à¥§ R ®¡®§­ ç¥­ â¥­§®à ªà¨¢¨§­ë
à¨¬ ­®¢  ¬­®£®®¡à §¨ï M ([13]).

3. �¯¥à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë CR-¯®¤¬­®£®®¡à §¨ï
¬ ªá¨¬ «ì­®© CR-à §¬¥à­®áâ¨

� ­ ç «¥ íâ®£® ¯ à £à ä  ­ ¯®¬­¨¬ ­¥ª®â®àë¥ à¥§ã«ìâ âë. �ãáâì M | n-¬¥à­®¥ (n � 3)
CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨ n�1

2
¢ (n + p)-¬¥à­®¬ ª¥«¥à®¢®¬ ¬­®£®®¡à §¨¨ M ¯®áâ®-

ï­­®© £®«®¬®àä­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë 4k. �à¥¤¯®«®¦¨¬, çâ® ®á­ é îé¥¥ ¢¥ªâ®à­®¥ ¯®«¥ �
¯®¤¬­®£®®¡à §¨ï M ¯ à ««¥«ì­® ®â­®á¨â¥«ì­® ­®à¬ «ì­®© á¢ï§­®áâ¨ D. �®£¤ , ¥á«¨ ®¯¥à â®à
¢â®à®© ®á­®¢­®© ä®à¬ë A ®â­®á¨â¥«ì­® � ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥, â® k = 0
([14], «¥¬¬  3.3). �®«¥¥ â®£®, ¥á«¨ k 6= 0 ¨ ®¯¥à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë A ¨¬¥¥â ¢ â®ç­®áâ¨
¤¢  à §«¨ç­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨ï, â® U ¥áâì á®¡áâ¢¥­­ë© ¢¥ªâ®à ®¯¥à â®à  A ([14], «¥¬¬ 
3.4). � «¥¥, ¯ãáâì M | ª®¬¯«¥ªá­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P

n+p

2 (C ) ¯®áâ®ï­­®© £®«®¬®àä-
­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë 4k, £¤¥ k > 0 ¨ n > 3. �®£¤  ¥á«¨ ®¯¥à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë A
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¨¬¥¥â ¢ â®ç­®áâ¨ ¤¢  à §«¨ç­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨ï, â® íâ¨ §­ ç¥­¨ï ¯®áâ®ï­­ë ([14], «¥¬-
¬  4.1). �á«¨ ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®«®¦¨âì, çâ® n > 2p � 1, p � 2, â® ªà â­®áâì á®¡áâ¢¥­­®£®
§­ ç¥­¨ï, á®®â¢¥âáâ¢ãîé¥£® á®¡áâ¢¥­­®¬ã ¢¥ªâ®àã U ®¯¥à â®à  A, à ¢­ï¥âáï ¥¤¨­¨æ¥.

�ãáâì ®¡ê¥¬«îé¥¥ ¬­®£®®¡à §¨¥ M ¥áâì ª®¬¯«¥ªá­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P
n+p

2 (C ),
­ ¤¥«¥­­®¥ ¬¥âà¨ª®© �ã¡¨­¨{�âã¤¨ ¯®áâ®ï­­®© £®«®¬®àä­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë 4. �ãáâì
�(x; �; r), �1 < r <1, | £¥®¤¥§¨ç¥áª ï ¢ P

n+p

2 (C ), ¯ à ¬¥âà¨§®¢ ­­ ï ¤«¨­®© ¤ã£¨ r, ¯à¨ç¥¬
�(x; �; 0) = x 2 P

n+p

2 (C ) ¨ d

dr
�(x; �; 0) = �. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ �r ¨§ M ¢ P

n+p

2 (C ):

�r(x) = �(x; �; r):

�®¦­® ­ ©â¨ r = r0 â ª®¥, çâ® (�r0)�X = 0 ¤«ï ¢á¥å X 2 T (M) [14]. �«¥¤®¢ â¥«ì­®, ®â®¡à -
¦¥­¨¥ �r0 ¯®áâ®ï­­®, â. ¥. �r0(M) = y 2 P

n+p

2 (C ). � ª ª ª r0 ¥áâì ¤«¨­  ¤ã£¨ £¥®¤¥§¨ç¥áª®©,
á®¥¤¨­ïîé¥© x ¨ y, â® «î¡ ï â®çª  x 2 M «¥¦¨â ­  £¥®¤¥§¨ç¥áª®© £¨¯¥àáä¥à¥ á æ¥­âà®¬ y ¨
à ¤¨ãá®¬ r0. �âáî¤  á«¥¤ã¥â

�¥®à¥¬  A ([14]). �ãáâì M | n-¬¥à­®¥ (n > 2p � 1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥ CR-

à §¬¥à­®áâ¨ n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P

n+p

2 (C ). �á«¨ ®¯¥à â®à ¢â®à®©

®á­®¢­®© ä®à¬ë A ®â­®á¨â¥«ì­® ®á­ é îé¥£® ­®à¬ «ì­®£® ¢¥ªâ®à­®£® ¯®«ï � ¨¬¥¥â ¢ â®ç-
­®áâ¨ ¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï ¨ � ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨, â® áãé¥áâ¢ã¥â

£¥®¤¥§¨ç¥áª ï áä¥à  S ¢ P
n+p

2 (C ), ­  ª®â®à®© «¥¦¨â M .

�¥¬¬  1. �ãáâì M | á¢ï§­®¥ n-¬¥à­®¥ (n > 3) CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨ n�1

2

¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P
n+p

2 (C ). �á«¨ ®á­ é îé¥¥ ­®à¬ «ì­®¥ ¢¥ªâ®à­®¥

¯®«¥ � ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ â¥­§®à ªà¨¢¨§­ë R ¬­®£®®¡à §¨ï M ¨¬¥¥â ¢¨¤

R(X;Y )Z = �fg(Y;Z)X � g(X;Z)Y g+

+ �fg(FY;Z)FX � g(FX;Z)FY � 2g(FX; Y )FZg+

+ 
fu(Y )u(Z)X � u(X)u(Z)Y + u(X)g(Y;Z)U � u(Y )g(X;Z)Ug; (3.1)

£¤¥ �, �, 
 | ¢¥é¥áâ¢¥­­®§­ ç­ë¥ äã­ªæ¨¨ ­  M (â. ¥. M ¨¬¥¥â ªà¨¢¨§­ã â¨¯  á á ª¨¥¢®©

¯à®áâà ­áâ¢¥­­®© ä®à¬ë), â® ®¯¥à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë A ®â­®á¨â¥«ì­® � ¨¬¥¥â ¢

â®ç­®áâ¨ ¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï ¨ U ¥áâì á®¡áâ¢¥­­ë© ¢¥ªâ®à ®¯¥à â®à  A.

�®ª § â¥«ìáâ¢®. �­ ç «¥ ¯®¤áç¨â ¥¬ R(X;Y )Z ¤¢ã¬ï á¯®á®¡ ¬¨: ¨á¯®«ì§ãï ãá«®¢¨¥ (3.1)
¨ ãà ¢­¥­¨¥ � ãáá  (2.12). �®«®¦¨¢ Z = U ¨ ¨á¯®«ì§ãï (2.10), ¯®«ãç ¥¬

(�+ 
 � 1)(u(Y )X � u(X)Y ) = g(AY;U)AX � g(AX;U)AY (3.2)

¤«ï «î¡ëå X;Y 2 T (M). � ª ª ª ®¯¥à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë A ®â­®á¨â¥«ì­® � ¨¬¥¥â ¯®
ªà ©­¥© ¬¥à¥ ¤¢  à §«¨ç­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨ï, ­ ¯à¨¬¥à �1 ¨ �2, â®, ¨á¯®«ì§ãï á®®â­®è¥-
­¨¥ (3.2), ¯®«ãç ¥¬

�1(x)�2(x) = �(x) + 
(x)� 1; x 2M:

�®áª®«ìªã M á¢ï§­®, â® ®¯¥à â®à A ¨¬¥¥â ¢ â®ç­®áâ¨ ¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï, ª®â®àë¥ ¯®-
áâ®ï­­ë,   U | á®¡áâ¢¥­­ë© ¢¥ªâ®à ®¯¥à â®à  A.

� ¬¥ç ­¨¥. � ¯à¥¤¯®«®¦¥­¨ïå «¥¬¬ë 1, ¥á«¨ n > 2p� 1, p � 2, â® ªà â­®áâì á®¡áâ¢¥­­®£®
§­ ç¥­¨ï �, á®®â¢¥âáâ¢ãîé¥£® á®¡áâ¢¥­­®¬ã ¢¥ªâ®àã U ®¯¥à â®à  ¢â®à®© ®á­®¢­®© ä®à¬ë A,
à ¢­  ¥¤¨­¨æ¥ ¨

AX = �X + (�� �)u(X)U: (3.3)

�§ «¥¬¬ë 1 ¨ â¥®à¥¬ë A ¯®«ãç ¥âáï
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�¥®à¥¬  1. �ãáâì M | á¢ï§­®¥ n-¬¥à­®¥ (n > 2p � 1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥ CR-

à §¬¥à­®áâ¨ n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P

n+p

2 (C ). �á«¨ ®á­ é îé¥¥ ­®à-

¬ «ì­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ M ¨¬¥¥â ªà¨¢¨§­ã â¨¯ 

á á ª¨¥¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë, â® áãé¥áâ¢ã¥â £¥®¤¥§¨ç¥áª ï áä¥à  S ¢ ¯à®áâà ­áâ¢¥

P
n+p

2 (C ), ­  ª®â®à®© «¥¦¨â ¬­®£®®¡à §¨¥ M .

�¥¬¬  2. �ãáâì M | n-¬¥à­®¥ (n > 2p� 1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨
n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P

n+p

2 (C ). �á«¨ ®á­ é îé¥¥ ¢¥ªâ®à­®¥ ¯®«¥ �
¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ M ¨¬¥¥â ªà¨¢¨§­ã â¨¯  á á ª¨¢®© ¯à®áâà ­áâ¢¥­­®©

ä®à¬ë, â® Aa = Aa� = 0, a = 1; : : : ; q, £¤¥ Aa, Aa� | ®¯¥à â®àë ¢â®à®© ®á­®¢­®© ä®à¬ë

®â­®á¨â¥«ì­® ­®à¬ «¥© �a, �a� á®®â¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¨á¯®«ì§ã¥¬ à¥§ã«ìâ âë [15]. �¯à¥¤¥«¨¬ á¨¬-
¬¥âà¨ç¥áªãî ¡¨«¨­¥©­ãî ä®à¬ã

k : T0(M)� T0(M)! spanf�1; : : : ; �q; �1� ; : : : ; �q�g;

k(X;Y ) = h(X;Y )� g(AX;Y )� =
qX

a=1

fg(AaX;Y )�a + g(Aa�X;Y )�a�g;

£¤¥ T0(M) = fX 2 T (M) j g(X;U) = 0g. � ¬¥â¨¬, çâ® ­  T0(M) ®¯¥à â®à F ï¢«ï¥âáï ¯®çâ¨
ª®¬¯«¥ªá­®© áâàãªâãà®©, â. ¥. F 2 = �I ­  T0(M).

� ª ª ª ¯®¤à áá«®¥­¨¥ T?

1 (M) = f� 2 T?(M) j g(�; �) = 0g ­®à¬ «ì­®£® à áá«®¥­¨ï T?(M)
ï¢«ï¥âáï J-¨­¢ à¨ ­â­ë¬, ¨á¯®«ì§ãï á®®â­®è¥­¨ï (2.1), (2.4) ¨ ãà ¢­¥­¨¥ (2.5), ¯®«ãç¨¬

Jk(X;Y ) = k(X;FY ); (3.4)

®âªã¤  á«¥¤ã¥â, çâ® ¡¨«¨­¥©­ ï ä®à¬  k ï¢«ï¥âáï ¯®çâ¨ ª®¬¯«¥ªá­®©. �¨áªà¨¬¨­ ­â � ä®à¬ë
k ­  ¯«®áª®áâ¨ spanfX;Y g ¨¬¥¥â ¢¨¤

�XY =
g(k(X;X); k(Y; Y ))� kk(X;Y )k2

g(X;X)g(Y; Y )� g(X;Y )2
:

�®£¤  ¢ á¨«ã (3.4) ¤«ï ¥¤¨­¨ç­®£® ¢¥ªâ®à­®£® ¯®«ï X, ¯à¨­ ¤«¥¦ é¥£® T0(M), ¨¬¥¥¬

�XFX = �2kk(X;Y )k2:

� ¬¥â¨¬, çâ® �XFX ¢ â®ç­®áâ¨ á®®â¢¥âáâ¢ã¥â £®«®¬®àä­®© à §­®áâ¨ �hol, ®¯à¥¤¥«¥­­®© ¢
[15]. � «¥¥, ¨á¯®«ì§ãï ãà ¢­¥­¨¥ � ãáá  (2.12) ¨ á®®â­®è¥­¨¥ (2.11), ¨¬¥¥¬

g(R(X;FX)FX;X) = 4 + g(AFX;FX)g(AX;X) � g(AFX;X)2 � 2kk(X;X)k2 :

�®«¥¥ â®£®, ¨á¯®«ì§ãï á®®â­®è¥­¨¥ (3.3), ¯®«ãç ¥¬

g(R(X;FX)FX;X) = 4 + �2 � 2kk(X;X)k2: (3.5)

�¥¯¥àì, ¨á¯®«ì§ãï ãá«®¢¨¥ (3.1), ¨¬¥¥¬

g(R(X;FX)FX;X) = �+ 3�: (3.6)

�®íâ®¬ã, áà ¢­¨¢ ï á®®â­®è¥­¨ï (3.5) ¨ (3.6), ¯®«ãç ¥¬

kk(X;X)k2 =
1
2
(4 + �2 � �� 3�);

â. ¥. ¤¨áªà¨¬¨­ ­â �XFX ¯®áâ®ï­¥­, ¨ ¨§ «¥¬¬ë 6 [15] á«¥¤ã¥â, çâ® k ¨§®âà®¯­ . � ª®­¥æ, ¨á-
¯®«ì§ãï «¥¬¬ã 8 ¨§ [15], ¯®«ãç ¥¬, çâ® n�1

2

�
n�1

2
+ 1

�
= n2�1

4
¢¥ªâ®à®¢ k(ei; ej), Jk(ei; ej) ®àâ®-

£®­ «ì­ë, £¤¥ e1; : : : ; en�1
2
; Je1; : : : ; Jen�1

2
| ®àâ®à¥¯¥à ¯à®áâà ­áâ¢  T0(M). �¤­ ª® ¨§ p < n+1

2

á«¥¤ã¥â n2�1

4
> p � 1, ¯®íâ®¬ã k(ei; ej) = 0, â. ¥. h(X;Y ) = g(AX;Y )�, çâ® íª¢¨¢ «¥­â­® à ¢¥­-

áâ¢ ¬ Aa = 0, Aa� = 0, a = 1; : : : ; q.
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4. �¥¤ãªæ¨ï ª®à §¬¥à­®áâ¨ ¨ å à ªâ¥à¨áâ¨ç¥áª¨© ¯à¨§­ ª £¥®¤¥§¨ç¥áª®©
£¨¯¥àáä¥àë

�ãáâì M | n-¬¥à­®¥ (n > 2p � 1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨ n�1

2
¢ ª®¬-

¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P
n+p

2 (C ), ®á­ é îé¥¥ ¢¥ªâ®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ¢
­®à¬ «ì­®© á¢ï§­®áâ¨, ¨ M ¨¬¥¥â ªà¨¢¨§­ã â¨¯  á á ª¨¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë. �ãáâì
N0(x) = f� 2 T?

x (M) j A� = 0g ¨ H0(x) | ¬ ªá¨¬ «ì­®¥ J-¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® ¢
N0(x), â. ¥. H0(x) = JN0(x) \N0(x). � ¬ ¯®âà¥¡ã¥âáï

�¥®à¥¬  B ([16]). �ãáâì M | n-¬¥à­®¥ ¢¥é¥áâ¢¥­­®¥ ¯®¤¬­®£®®¡à §¨¥ ª®¬¯«¥ªá­®£® ¯à®-

¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  P
n+p

2 (C ) ¢¥é¥áâ¢¥­­®© à §¬¥à­®áâ¨ (n+ p). �á«¨ ®àâ®£®­ «ì­®¥ ¤®-

¯®«­¥­¨¥ H1(x) ¯®¤¯à®áâà ­áâ¢  H0(x) ¢ T?(M) ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯ à ««¥«ì­®£®

¯¥à¥­®á  ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ r | ¯®áâ®ï­­ ï à §¬¥à­®áâì ¯à®áâà ­áâ¢  H1(x), â® áã-
é¥áâ¢ã¥â ¢¯®«­¥ £¥®¤¥§¨ç¥áª®¥ ª®¬¯«¥ªá­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P

n+r

2 (C ) ¢¥é¥áâ¢¥­-

­®© à §¬¥à­®áâ¨ (n+ r) â ª®¥, çâ® M � P
n+r

2 (C ).

�à¨ ¢ëè¥ãª § ­­ëå ãá«®¢¨ïå ­  M ¨§ «¥¬¬ë 2 á«¥¤ã¥â Aa = Aa� = 0 ¯à¨ a = 1; : : : ; q,
¯®íâ®¬ã ¯®«ãç ¥¬ spanf�1(x); : : : ; �q(x); �1�(x); : : : ; �q�(x)g � N0(x). � ¤àã£®© áâ®à®­ë, ¤«ï «î¡®©

� 2 N0(x) ¯®«®¦¨¬ � = p0� +
qP

a=1

fpa�a + pa��a�g. �®£¤  A� = p0A+
qP

a=1

fpaAa + pa�Aa�g = p0A = 0.

�âáî¤  p0 = 0 ¨

� =
qX

a=1

fpa�a + pa��a�g 2 spanf�1(x); : : : ; �q(x); �1�(x); : : : ; �q�(x)g:

�®íâ®¬ã N0(x) = spanf�1(x); : : : ; �q(x); �1�(x); : : : ; �q�(x)g.
� «¥¥, ¨á¯®«ì§ãï ¢â®à®¥ ãà ¢­¥­¨¥ ¢ (2.4), ¯®«ãç ¥¬ JN0(x) = N0(x), ¨, á«¥¤®¢ â¥«ì­®,

H0(x) = spanf�1(x); : : : ; �q(x); �1�(x); : : : ; �q�(x)g. �®íâ®¬ã ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ H1(x) ¯®¤-
¯à®áâà ­áâ¢  H0(x) ¢ T?(M) ¥áâì spanf�g. �®£¤  ¨§ ¢ëè¥ãª § ­­ëå ãá«®¢¨© ­ M á«¥¤ã¥â, çâ®
H1(x) ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯ à ««¥«ì­®£® ¯¥à¥­®á  ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨, ¨ ¨§ â¥®à¥-
¬ë B ® à¥¤ãªæ¨¨ ª®à §¬¥à­®áâ¨ ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2. �ãáâì M | n-¬¥à­®¥ (n > 2p�1, p � 2) CR-¯®¤¬­®£®®¡à §¨¥ CR-à §¬¥à­®áâ¨
n�1

2
¢ ª®¬¯«¥ªá­®¬ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P

n+p

2 (C ). �á«¨ ®á­ é îé¥¥ ­®à¬ «ì­®¥ ¢¥ª-

â®à­®¥ ¯®«¥ � ¯ à ««¥«ì­® ®â­®á¨â¥«ì­® ­®à¬ «ì­®© á¢ï§­®áâ¨ ¨ M ¨¬¥¥â ªà¨¢¨§­ã â¨¯ 

á á ª¨¥¢®© ¯à®áâà ­áâ¢¥­­®© ä®à¬ë, â® áãé¥áâ¢ã¥â ¢¯®«­¥ £¥®¤¥§¨ç¥áª®¥ ª®¬¯«¥ªá­®¥ ¯à®-

¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® P
n+1

2 (C ) ¢¥é¥áâ¢¥­­®© à §¬¥à­®áâ¨ n+ 1 â ª®¥, çâ® M � P
n+1

2 (C ).

�¥¯¥àì, ¨á¯®«ì§ãï â¥®à¥¬ã 2, ¬®¦­® à áá¬ âà¨¢ âì ¯®¤¬­®£®®¡à §¨¥ M ª ª ¢¥é¥áâ¢¥­­ãî
£¨¯¥à¯®¢¥àå­®áâì ¢ P

n+1

2 (C ), ï¢«ïîéãîáï ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¬ ¯®¤¬­®£®®¡à §¨¥¬ ¢ P
n+p

2 (C ).
�¡®§­ ç¨¬ P

n+1

2 (C ) ç¥à¥§M 0, ¯®£àã¦¥­¨¥M ¢M 0 | ç¥à¥§ {1, ¢¯®«­¥ £¥®¤¥§¨ç¥áª®¥ ¯®£àã¦¥­¨¥
M 0 ¢ P

n+p

2 (C ) | ç¥à¥§ {2. �®£¤  ¨§ (2.5) á«¥¤ã¥â

r0

{1X
{1Y = {1rXY + h0(X;Y ) = {1rXY + g(A0X;Y )�0;

£¤¥ h0 | ¢â®à ï ®á­®¢­ ï ä®à¬  M ¢ M 0, A0 | á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ¢â®à®© ®á­®¢­®©
ä®à¬ë ¨ �0 | ¥¤¨­¨ç­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  M 0, ­®à¬ «ì­®¥ ª M .

� ª ª ª { = {2 � {1, ¨¬¥¥¬

r{2�{1X {2 � {1Y = {2r
0

{1X
{1Y + h({1X; {1Y ) = {2({1rXY + g(A0X;Y )�0) (4.1)

¢ á¨«ã â®£®, çâ® M 0 ï¢«ï¥âáï ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¬ ¢ P
n+p

2 (C ). �à ¢­¨¢ ï á®®â­®è¥­¨¥ (4.1)
á (2.5), ¯®«ãç ¥¬ � = {2�

0, A = A0. �®«¥¥ â®£®, â. ª. M 0 ¥áâì ª®¬¯«¥ªá­®¥ ¯®¤¬­®£®®¡à §¨¥ ¢
P

n+p

2 (C ), ¤«ï «î¡®£® X 0 2 T (M 0) ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® J{2X 0 = {2J
0X 0, £¤¥ J 0 | ¨­¤ãæ¨à®¢ ­-

­ ï ª®¬¯«¥ªá­ ï áâàãªâãà  ­  M 0 = P
n+1

2 (C ). � ª¨¬ ®¡à §®¬, ¨§ (2.1) á«¥¤ã¥â

J{X = J{2 � {1X = {2J
0{1X = {2({1F 0X + � 0(X)�0) = {F 0X + � 0(X){2�0 = {F 0X + V 0�:
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�à ¢­¨¢ ï íâ® ãà ¢­¥­¨¥ á (2.1), ¯®«ãç ¥¬

F = F 0; V 0 = U; � 0 = u:

� «¥¥, ¢ á¨«ã â¥®à¥¬ë 2 M ¥áâì ¢¥é¥áâ¢¥­­ ï £¨¯¥à¯®¢¥àå­®áâì ¢ P
n+1

2 (C ), ã ª®â®à®© ®¯¥-
à â®à ¢â®à®© ®á­®¢­®© ä®à¬ë A ®â­®á¨â¥«ì­® ®á­ é îé¥£® ¢¥ªâ®à­®£® ¯®«ï � ¨¬¥¥â ¢ â®ç­®áâ¨
¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï. �¥¯¥àì ®á­®¢­ ï â¥®à¥¬  ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  C ([1]). �ãáâì M | á¢ï§­ ï ¢¥é¥áâ¢¥­­ ï £¨¯¥à¯®¢¥àå­®áâì ¢ C Pm , m � 3,
¨¬¥îé ï ­¥ ¡®«¥¥ ¤¢ãå à §«¨ç­ëå £« ¢­ëå ªà¨¢¨§­ ¢ ª ¦¤®© â®çª¥. �®£¤  M ¥áâì ®âªàëâ®¥

¯®¤¬­®¦¥áâ¢® £¥®¤¥§¨ç¥áª®© £¨¯¥àáä¥àë.
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