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� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

ly � y(n) +
n�2X
j=0

�
�j
xn�j

+ qj(x)
�
y(j); 0 < x < T; n = 2m: (1)

�ãáâì �1; : : : ; �n | ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­ 

�(�) =
nX
j=0

�j

j�1Y
k=0

(�� k); �n = 1; �n�1 = 0:

�«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®« £ ¥¬ �k � �j 6= sn (s = 0;�1;�2; : : : ); Re�1 < � � � < Re�n. �¡®§­ ç¨¬
#nj := 0, j = 0; n� 2, ¥á«¨ �k = 0, k = 0; n� 2, ¨­ ç¥ #nj := n�1�Re(�n��1)�j, ¨ ¯à¥¤¯®«®¦¨¬,
çâ® qj(x)x#nj 2 L(0; T ). �à¨ ¢ë¯®«­¥­¨¨ íâ¨å ãá«®¢¨© ¡ã¤¥¬ £®¢®à¨âì, çâ® l 2 V .

� áá¬®âà¨¬ ­¥á ¬®á®¯àï¦¥­­ãî ªà ¥¢ãî § ¤ çã L á«¥¤ãîé¥£® ¢¨¤ :

ly = �y; 0 < x < T; l 2 V; (2)

y(x) = O(x�m+1); x! 0; (3)

Vj(y) � y(�j)(T ) +
�j�1X
k=0

vjky
(k)(T ) = 0; j = 1;m; 0 � �j � n� 1; �j 6= �s (j 6= s): (4)

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­  â¥®à¥¬  à ¢­®áå®¤¨¬®áâ¨ à §«®¦¥­¨© ¢ àï¤ �ãàì¥ ¯® á®¡áâ¢¥­­ë¬
¨ ¯à¨á®¥¤¨­¥­­ë¬ äã­ªæ¨ï¬ ªà ¥¢ëå § ¤ ç ¢¨¤  (2){(4) ¢­ãâà¨ ª®­¥ç­®£® ¨­â¥à¢ «  (0; T ).

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (2) ¨§ãç «®áì ¢ à ¡®â å [1], [2], £¤¥ ¯®áâà®¥­ë á¯¥æ¨ «ì­ë¥
äã­¤ ¬¥­â «ì­ë¥ á¨áâ¥¬ë à¥è¥­¨©, ¯®«ãç¥­   á¨¬¯â®â¨ª  ¬­®¦¨â¥«¥© �â®ªá , ¨áá«¥¤®¢ ­ 
®¡à â­ ï § ¤ ç . � à ¡®â¥ [3] ¨§ãç « áì ªà ¥¢ ï § ¤ ç  L, ¨áá«¥¤®¢ ­®  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥-
­¨¥ á®¡áâ¢¥­­ëå §­ ç¥­¨©, ¨§ãç¥­ë á¢®©áâ¢  äã­ªæ¨¨ �à¨­  ªà ¥¢®© § ¤ ç¨, ¤®ª § ­  â¥®à¥¬ 
® ¯®«­®â¥ á¨áâ¥¬ë á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨©, ¯®«ãç¥­  â¥®à¥¬  ® à §«®¦¥­¨¨ ¨
â¥®à¥¬  à ¢­®áå®¤¨¬®áâ¨ ­  ®âà¥§ª¥ [0; T ].

� «¨ç¨¥ ®á®¡¥­­®áâ¨ ã ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¢­®á¨â áãé¥áâ¢¥­­ë¥ âàã¤­®áâ¨ ¢
¤®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë ¤ ­­®© áâ âì¨. �à¨¬¥­¥­­ë© ¢ ¤ ­­®© à ¡®â¥ ¬¥â®¤ ¯®§¢®-
«ï¥â ãáâ ­®¢¨âì ä ªâ à ¢­®áå®¤¨¬®áâ¨ ¢­ãâà¨ ª®­¥ç­®£® ¨­â¥à¢ «  ¤«ï è¨à®ª®£® ª« áá  ªà -
¥¢ëå § ¤ ç,   â ª¦¥ à ¢­®áå®¤¨¬®áâì á àï¤®¬ �ãàì¥ ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥. � á«ãç ¥
®âáãâáâ¢¨ï ®á®¡¥­­®áâ¨ ã ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  (1) (�j = 0, j = 0; n� 2) à ¢­®áå®¤¨-
¬®áâì ¨¬¥¥â ¬¥áâ® ¤«ï ¢áïª®© áã¬¬¨àã¥¬®© äã­ªæ¨¨, çâ® á®¢¯ ¤ ¥â á à¥§ã«ìâ â®¬, ¯®«ãç¥­­ë¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â  �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®-

¢ ­¨© ò97-01-00566.
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�.�â®ã­®¬ ¢ [4]. �â¬¥â¨¬, çâ® ¢®¯à®á ¬ à ¢­®áå®¤¨¬®áâ¨ ¯®á¢ïé¥­ë â ª¦¥ à ¡®âë [5]{[10] ¨
¬­®£¨¥ ¤àã£¨¥.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

�ãáâì � = �n, "k = exp(2�ik=n), k = 0; n� 2. �§¢¥áâ­® (á¬. [11], á.53), çâ® ¤«ï ª ¦¤®£®
á¥ªâ®à  Sk0 =

�
�; arg � 2

�
k0�
n
; (k0+1)�

n

�	
, k0 = �n; n� 1, áãé¥áâ¢ã¥â ¯¥à¥áâ ­®¢ª  !1; : : : ; !n

ç¨á¥« 0; 1; : : : ; n� 1 â ª ï, çâ® ¯à¨ Rk = "!k , � 2 Sk0

Re(�R1) < Re(�R2) < � � � < Re(�Rn):

�á«®¢¨¬áï, çâ®
�� = exp(�(ln j�j+ i arg �)); arg � 2 (��; �]:

�ãáâì ç¨á«  cj0, j = 1; n, â ª®¢ë, çâ®

nY
j=1

cj0 = (det[���1
j ]j;�=1;n)

�1: (5)

� [3] ¯®áâà®¥­  äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨© �¥©«ï �k(x; �), k = 1; n, ãà ¢­¥­¨ï (2) ¯à¨
ãá«®¢¨ïå �k(x; �) � ck0x

�k , x! 0; Vp(�k) = 0, p = 1; n� k, ¨ ãáâ ­®¢«¥­®, çâ® ¯à¨ � 2 G0;k \Sk0 ,
j�j � �0 ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

j�(�)
k (x; �)j � Cj����k exp(�Rkx)j; j�jx � 1;

j�(�)
k (x; �) � Cjx�k�� j; j�jx � 1; � = 0; n� 1;

£¤¥ G0;k = f�; j� � �0lkj � "0g, �0lk = (�0lk)
n, "0 > 0, �0lk = (�1)k

�
�

T sin
k�
n

(l + #k)
�n
, #k | ­¥ª®â®àë¥

ª®¬¯«¥ªá­ë¥ ª®­áâ ­âë, á¢®¨ ¤«ï ª ¦¤®© ªà ¥¢®© § ¤ ç¨. �¤¥áì ¨ ¢¥§¤¥ ¢ ¤ «ì­¥©è¥¬ ®¤­¨¬
¨ â¥¬ ¦¥ á¨¬¢®«®¬ C ¡ã¤¥¬ ®¡®§­ ç âì à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë ¢ ®æ¥­ª å, ­¥
§ ¢¨áïé¨¥ ®â x, �.

� [3] ¢¢¥¤¥­  æ¥« ï äã­ªæ¨ï �(�), ­ §ë¢ ¥¬ ï å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¥© § ¤ ç¨ L, ¨
¤®ª § ­®, çâ® ¤«ï ­¥¥ á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥:

�(�) = det[Vp(�j)]p=1;m; j=m+1;n:

�®«®¦¨¬

��
k(x; �) := det[�(�)

j (x; �)]�=0;n�2; j=1;nnn�k+1;

��k := n� 1� �n�k+1; G0 := G0;m;

G(x; t; �) :=

8>><
>>:

nP
k=m+1

(�1)k�1�n�k+1(x; �)��
k(t; �); x � t;

mP
k=1

(�1)k�n�k+1(x; �)��
k(t; �); x � t;

B� := (l � �I)�1;

£¤¥ I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à.
�¡®§­ ç¨¬ ç¥à¥§ N ¬­®¦¥áâ¢® äã­ªæ¨© y(X) â ª¨å, çâ® äã­ªæ¨¨ y(�)(x), � = 0; n� 1, ï¢«ï-

îâáï  ¡á®«îâ­® ­¥¯à¥àë¢­ë¬¨ ­  ®âà¥§ª¥ ["; T ] ¯à¨ ª ¦¤®¬ 0 < " < T .
� [3] áä®à¬ã«¨à®¢ ­ë ¨ ¤®ª § ­ë á«¥¤ãîé¨¥ âà¨ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  A. 1) �à ¥¢ ï § ¤ ç  L ¨¬¥¥â áç¥â­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨©, ª®-

â®àë¥ á®¢¯ ¤ îâ á ­ã«ï¬¨ å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨ �(�). �á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï,

­ ç¨­ ï á ­¥ª®â®à®£®, ï¢«ïîâáï ¯à®áâë¬¨ ­ã«ï¬¨ äã­ªæ¨¨ �(�).
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2) �¬¥¥â ¬¥áâ® ®æ¥­ª  á­¨§ã

j�(�) � C
����

mP
j=1

�j�
nP

j=m+1

�j

e
�T

nP
j=m+1

Rj ���; � 2 G0 \ Sk0 ; j�j � �0:

�¥®à¥¬  B. �ãáâì f(t)t�
�

m+1 2 L(0; T ), �(�) 6= 0.
1) �®«®¦¨¬

y(x) :=
Z t

0
G(x; t; �)f(t)dt: (6)

�®£¤ 

y(x) 2 N; y(x) = o(x�m); x! 0; Vp(y) = 0; p = 1;m; (7)

ly � �y = f: (8)

2) �¡à â­®, ¥á«¨ ­¥ª®â®à ï äã­ªæ¨ï y(x) ã¤®¢«¥â¢®àï¥â (7), (8), â® ¢¥à­® ¯à¥¤áâ ¢«¥­¨¥
(6).

3) �à®¬¥ â®£®, ¥á«¨ f(t)t� 2 L(0; T ), � � Re��m+1, â® ¯à¨ x! 0

y(�)(x) =

8<
:o(x

n�1����); � > Re��m;

O(x�m+1��); � � Re��m:

�á«®¢¨¬áï, çâ® á¨¬¢®« !(�) ¢¥§¤¥ ¢ ¤ «ì­¥©è¥¬ ®¡®§­ ç ¥â à §­ë¥ ­¥¯à¥àë¢­ë¥ ­¥®âà¨æ -
â¥«ì­ë¥ äã­ªæ¨¨ á® á¢®©áâ¢®¬ !(�)! 0 ¯à¨ j�j ! 1.

�¥®à¥¬  C. �ãáâì f(t)t� 2 L(0; T ), � � Re��m+1. �®£¤  ¯à¨ � 2 G0, j�j � �0, 0 < x � T ,

¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

����
Z T

0

Gj(x; t; �)f(t)dt
���� � !(�)

8<
:j�j

j�n+1+h�i; j�jx � 1;

j���
�

m+h�ix�m+1�j j+
xn�1�j��; j�jx � 1;

£¤¥ h�i := max(�; 0), Gj(x; t; �) := @j

@xj
G(x; t; �), 
 = 0 ¯à¨ � � Re��m, 
 = 1 ¯à¨ � > Re��m.

2. �¥®à¥¬  à ¢­®áå®¤¨¬®áâ¨

� àï¤ã á § ¤ ç¥© L ¡ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã eL â®£® ¦¥ ¢¨¤ , ­® á ¤àã£¨¬¨ ~l, eVj . �á«®¢¨¬-
áï, çâ® ¥á«¨ ­¥ª®â®àë© á¨¬¢®« 	 ®¡®§­ ç ¥â ®¡ê¥ªâ, ®â­®áïé¨©áï ª § ¤ ç¥ L, â® e	 ®¡®§­ ç ¥â
 ­ «®£¨ç­ë© ®¡ê¥ªâ, ®â­®áïé¨©áï ª § ¤ ç¥ eL,   	̂ := 	� e	.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬ . �ãáâì ªà ¥¢ë¥ § ¤ ç¨ L ¨ eL ¢¨¤  (2){(4) â ª®¢ë, çâ® q̂j(t)tn�2�j 2 L(0; T ), j =
0; n� 2. �®£¤ 

lim
N!+1

max
��x�T��

���� 12�i
Z
�N

( eB�f �B�f)d�
���� = 0

¤«ï «î¡®© äã­ªæ¨¨ f(t) â ª®©, çâ® f(t)t{0 2 L(0; T ), £¤¥ 0 < � � T � � < T , {0 :=
min(0; Re��m+1; Re ~�

�
m+1), �N := f�; j�j = rNg | ®ªàã¦­®áâ¨ à ¤¨ãá®¢ rN ! +1, ®âáâ®ï-

é¨¥ ­  ¯®«®¦¨â¥«ì­®¬ à ááâ®ï­¨¨ ®â á¯¥ªâà®¢ § ¤ ç L ¨ eL.
�à¥¤¢ à¨â¥«ì­® ¤®ª ¦¥¬ ­¥áª®«ìª® ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©.
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�¥¬¬  1. �«ï «î¡®£® � 2 (0; 1) áãé¥áâ¢ã¥â C = C(�) > 0 â ª®¥, çâ® ¤«ï «î¡®£® ª®­âãà 

 = f� 2 Sk0 ; j�j = �1g Z




[Re(�Rm+1)]��jd�j � C�1��1 :

�®ª § â¥«ìáâ¢® ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¯à®¢¥¤¥¬ ¤«ï á¥ªâ®à  S0. �¡®§­ ç¨¬ ' := arg �,  :=

argRm+1. �§¢¥áâ­®, çâ® ¤«ï á¥ªâ®à  S0 Rm+1 =

8<
:"3q; ¯à¨ m = 2q;

"q; ¯à¨ m = 2q + 1:
�®§¬®¦­ë á«¥¤ãîé¨¥

¢ à¨ ­âë:
�) ¥á«¨ m = 2q, â® 3�

2
� arg(�Rm+1) � 2�,

�) ¥á«¨ m = 2q + 1, â® 0 � arg(�Rm+1) � �
2
.

� ª ª ª cos x �

8<
:�

2
�
x+ 1; x 2 [0; �

2
];

2
�
x� 3; x 2 [ 3�

2
; 2�];

â®

Z �=n

0

[cos( + ')]��d' �
Z �=n

0

[a( + ') + b]��d' � C;

£¤¥

a =

8<
:�

2
�
; ¯à¨ m = 2q + 1;

2
�
; ¯à¨ m = 2q;

b =

8<
:1; ¯à¨ m = 2q + 1;

�3; ¯à¨ m = 2q:
�

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �«ï «î¡®£® M > 0 áãé¥áâ¢ã¥â ª®­áâ ­â  C = C(M) > 0 â ª ï, çâ® ¤«ï

«î¡®£® ª®­âãà  
 = f� 2 Sk0 ; j�j = �1gZ


e�M Re(�Rm+1)jd�j � C:

�¥¬¬  3. �ãáâì äã­ªæ¨ï f(t) â ª®¢ , çâ® f(t)t� 2 L(0; T ), £¤¥ � � Re��m+1. �®£¤  ¯à¨

� 2 G0 \ Sk0 , j�j � �0, j�j�1 � x � T , ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨����
Z T

j�j�1
Gj(x; t; �)f(t)dt

���� � Cj�jj�n+1

�Z x

j�j�1
je�Rm+1(t�x)f(t)jdt+

Z T

x
jf(t)jdt

�
; (9)

����
Z j�j�1

0
Gj(x; t; �)f(t)dt

���� � Cj�j+��n+1e��Rm+1xj

Z j�j�1

0
jf(t)t�jdt: (10)

�®ª § â¥«ìáâ¢®. � ª ª ª

Gj(x; t; �) =

8>><
>>:

nP
k=m+1

(�1)k�1�(j)
n�k+1(x; �)�

�
k(t; �); x � t;

mP
k=1

(�1)k�(j)
n�k+1(x; �)�

�
k(t; �); x � t;

¨ ¯à¨ j�jt � 1

j�(j)
n�k+1(x; �)�

�
k(t; �)j � Cj�j�n+1e�Rk(t�x)j;

â® ®âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢® (9).
�à¨ j�jt � 1 ¨ m+ 1 � k � n

j�(j)
n�k+1(x; �)�

�
k(t; �)j � Cjt�

�

k�j��n�k+1e��Rkxj � Cj(t�)�
�

k�j�n+1e��Rkxj � Cjt�
�

m+1�j��me��Rm+1xj:

�âáî¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢® (10).
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�¡®§­ ç¨¬

# :=
n�2X
j=0

j�̂j j; y := B�f; f0(x; �) := (l̂B�f)(x):

�¥¬¬  4. �ãáâì ªà ¥¢ë¥ § ¤ ç¨ L, eL ¨ äã­ªæ¨ï f(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

Re��m+1 � Re e��m+1; f(t)t� 2 L(0; T ); � � Re��m+1;

¥á«¨ # 6= 0, â® � < Re e��m+1. �®£¤  ¯à¨ � 2 G0, j�j � �0, 0 < x < T , á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥­¨ï

 ) f0(x; �)xRee��m+1 2 L(0; T ),

¡) jf0(x; �)j � !(�)
n�2P
j=0

(j�̂j jxj�n + jq̂j(x)j)

8<
:j�j

j�n+1+h�i; j�jx � 1;


xn�1�j�� + j���
�

m+h�ix�m+1�j ; j�jx � 1:

�®ª § â¥«ìáâ¢®. a) � á¨«ã â¥®à¥¬ë B ¯à¨ x! 0

f0(x; �)x
Ree��m+1 = xRee��m+1

n�2X
j=0

(�̂jx
j�n + q̂j(x))y

(j) =

=
n�2X
j=0

�
�̂j
xn�j

+ q̂j(x)
�8<
:o(x

n�1���j+Ree��m+1); � > Re��m;

O(x�m+1�j+Ree��m+1); � � Re��m:

�á«¨ � > Re��m, â® ¯à¨ x! 0

f0(x; �)x
Ree��m+1 =

n�2X
j=0

[�̂j o(x
�1+Ree��m+1��) + q̂j(x)x

n�1�j o(xRee��m+1��)]:

�§ ¯à¥¤¯®«®¦¥­¨© «¥¬¬ë ¨ â®£®, çâ® y 2 N, á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥  ) ¢ á«ãç ¥ � > Re��m.
�á«¨ � � Re��m, â® ¯à¨ x! 0

f0(x; �)xRee��m+1 =
n�2X
j=0

[�̂j O(x�1+Ree��m+1�Re��m) + q̂j(x)xn�1�j O(xRee��m+1�Re��m)]:

�âáî¤  á«¥¤ã¥â ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 4.
�â¢¥à¦¤¥­¨¥ ¡) ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ â¥®à¥¬ë C.

�¥¬¬  5. �«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â ª®­áâ ­â  C = C(�) > 0 â ª ï, çâ® ¤«ï «î¡®£®

x 2 [�; T ], � 2 Sk0 , j�j � �0

n�2X
j=0

j�̂j j j�j
j

Z x

j�j�1
e(t�x)Re(�Rm+1)tj�ndt � Cj�jn�1e�

�
2
Re(�Rm+1 + Cj�jn�3=2[Re(�Rm+1)]�1=2:

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: r := j�j, � := Re(j�j�1�Rm+1. �­â¥£à¨àãï
(n� 1� j) à § ¯® ç áâï¬ ¨ ®â¡à áë¢ ï ®âà¨æ â¥«ì­ë¥ á« £ ¥¬ë¥, ¯®«ãç ¥¬

Z x

r�1
e(t�x)r�tj�ndt =

n�2�jX
k=0

(�1)k(r�)kxj�n+1+k

� kY
s=0

(j � n+ 1 + s)
��1

�

�
n�2�jX
k=0

(�1)k(r�)krn�1�k�j

� kY
s=0

(j � n+ 1 + s)
��1

e(r
�1�x)r� +

+ (�1)n�1�j(r�)n�1�j

� n�2�jY
s=0

(j � n+ 1 + s)
��1 Z x

r�1
e(t�x)r�t�1dt �

� Crn�1�je�
�
2
r� + C(r�)n�1�j

Z x

r�1
e(t�x)r�t�1dt:
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�®ª ¦¥¬, çâ®
xR

r�1
r�n�1�j+ 1

2 t�1e(t�x)r�dt � C. �¥©áâ¢¨â¥«ì­®,

�)
xR

�=2

r�n�1�j+ 1
2 t�1e(t�x)r�dt � 2

�
r�n�1�j+ 1

2 (r�)�1(1� exp(� �
2
r�)) � C,

�)
�=2R
r�1

r�n�1�j+ 1
2 t�1e(t�x)r�dt � e�

�
2
r�r�n�1�j+ 1

2 ln �
2
r := h(r; �).

�®çª®© ¢®§¬®¦­®£® íªáâà¥¬ã¬  äã­ªæ¨¨ h(r; �) ¯à¨ ä¨ªá¨à®¢ ­­®¬ r ï¢«ï¥âáï �íªá =
2n�1�j+1=2

�r
. �«¥¤®¢ â¥«ì­®,

h(r; �) � maxfh(r; 0); h(r; 1); h(r; �íªá)g � maxfe�
�r
2 r ln

�r

2
; Cr�n+2+j� 1

2 ln
�r

2
g � C: �

�¥¬¬  6. �ãáâì ªà ¥¢ë¥ § ¤ ç¨ L, eL ¨ äã­ªæ¨ï f(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

q̂j(t)tn�2�j 2 L(0; T ); j = 0; n� 2; Re��m+1 � Re e��m+1; f(t)t� 2 L(0; T ); � � Re��m+1;

¨, ªà®¬¥ â®£®, ¥á«¨ # 6= 0, â® � < Re e��m+1. �®£¤  ¤«ï «î¡®£® � 2 G0 \ eG0 \ Sk0 , j�j � �0,

x 2 [�; T � �] á¯à ¢¥¤«¨¢  ®æ¥­ª 

j eR� l̂R�f j � !(�)[j�j�n+h�i + j�j�n+1+h�ie�
�
2
Re(�Rm+1) + j�j�n+

1
2
+h�i[Re(�Rm+1)]�

1
2 ]:

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ { := Re e��m+1. �§ «¥¬¬ 3 ¨ 4 á«¥¤ã¥â

I1 :=
����
Z j�j�1

0

eG(x; t; �)f0(t; �)dt
���� � Cj�{�n+1e��Rm+1xj

Z j�j�1

0

jf0(t; �)t
{ jdt �

� !(�)j�{�n+1e��Rm+1xj
n�2X
j=0

�


Z j�j�1

0

(j�̂j jtj�n + jq̂j(t)j)t{�n+1�j��dt+

+ j���
�

m�h�ij

Z j�j�1

0
(j�̂j jt

j�n + jq̂j(t)j)t
{+Re�m+1�jdt

�
:

�ëç¨á«ïï ¨­â¥£à «ë ®â áâ¥¯¥­­®© äã­ªæ¨¨, ¯®«ãç ¥¬

I1 � !(�)j�{�n+1e��Rm+1xj
n�2X
j=0

�

j�̂jj j�j

��{ +

Z j�j�1

0

jq̂j(t)t
n�2�j jt{��+1dt+

+ j���
�

m+h�ij(j�̂j j j�jRe�
�

m�{ +
Z j�j�1

0

jq̂j(t)tn�2�j jt{�Re��m+1dt)
�
:

�§ ¬®­®â®­­®áâ¨ áâ¥¯¥­­®© äã­ªæ¨¨ á«¥¤ã¥â

I1 � !(�)j�{�n+1e��Rm+1xj[#
j�j��{ +
j�j��{�1 + j���
�

m+h�ij(#j�jRe�
�

m�{ + j�jRe�
�

m�{�1)] �

� !(�)je�
�
2
�Rm+1 j(#
j�j��n+1 +
j�j��n + #j�jh�i�n+1 + j�jh�i�n) � !(�)e�

�
2
Re(�Rm+1)j�jh�i�n+1:

�á¯®«ì§ãï «¥¬¬ë 3 ¨ 4, ¯®«ãç ¥¬

I2 :=
����
Z T

j�j�1

eG(x; t; �)f0(t; �)dt
���� � Cj�j�n+1

Z x

j�j�1
je�Rm+1(t�x)f0(t; �)jdt + Cj�j�n+1

Z T

x
jf0(t; �)jdt �

� !(�)j�j�n+1
n�2X
j=0

j�jj�n+1+h�i

�Z x

j�j�1
je�Rm+1(t�x)j(j�̂j jtj�n + jq̂j(t)j)dt +

Z T

x

(j�̂j jtj�n + jq̂j(t)j)dt
�
�

� !(�)j�j�2n+2+h�i
n�2X
j=0

j�jj
�Z x

j�j�1
je�Rm+1(t�x)j(j�̂j jt

j�n + jq̂j(t)t
n�2�j jt�(n�2�j))dt+
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+
Z T

�

(j�̂j jt
j�n + jq̂j(t)j)dt

�
:

�§ «¥¬¬ë 5 ¨ ¬®­®â®­­®áâ¨ áâ¥¯¥­­®© äã­ªæ¨¨

I2 � !(�)j�j�2n+2+h�i

�
j�jn�1e�

�
2
Re(�Rm+1) + j�jn�

3
2 [Re(�Rm+1)]�1=2 +

+
n�2X
j=0

j�jn�2

Z x

j�j�1
jq̂j(t)t

n�2�j jdt+ C
n�2X
j=0

j�jj
�
�

� !(�)j�j�n+h�i(j�je�
�
2
Re(�Rm+1) + j�j1=2[Re(�Rm+1)]

�1=2 + 1): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. 1) �ãáâì Re��m+1 < Re e��m+1, � 2 �N . �®«®¦¨¬ y := R�f . �
á¨«ã â¥®à¥¬ë B

y 2 N; y = o(x�m); x! 0; Vp(y) = 0; p = 1;m; ly � �y = f:

�«¥¤®¢ â¥«ì­®, ~ly � �y = f � l̂y = f � l̂R�f =: f1(x; �).
�§ «¥¬¬ë 4 á«¥¤ã¥â ¢ª«îç¥­¨¥ f1(x; �)xRee��m+1 2 L(0; T ). �¡®§­ ç¨¬ y1 := eR�f1 = eR�f �eR� l̂R�f . �á­®, çâ®

y1 2 N; y1 = o(xe�m); x! 0; eVp(y1) = 0; p = 1;m; ~ly1 � �y1 = f1:

� áá¬®âà¨¬ äã­ªæ¨î y0 := y1 � y. �­  ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

~ly0 � �y0 = 0; y0 = o(xe�m); x! 0; eVp(y0) = � eVp(y); p = 1;m: (11)

�æ¥­¨¬ y0 = y0(x; �). �§ (11) á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ck(�), k = 1; n, â ª¨¥, çâ®

y0(x; �) =
nX

k=1

ck(�)e�k(x; �):

� ª ª ª y0(x; �) = o(xe�m), x! 0 ¨ e�k(x; �) � ~ck0xe�k , x! 0, ~ck0 6= 0, â® ck(�) = 0, k = 1;m.

eVp(y0) = nX
k=m+1

ck(�) eVp(e�k) = � eVp(y); p = 1;m:

� ª¨¬ ®¡à §®¬, ¤«ï ®¯à¥¤¥«¥­¨ï ck(�), k = m+ 1; n, ¯®«ãç¨«¨ á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨©, ¨§
ª®â®à®© ¯® ¯à ¢¨«ã �à ¬¥à  ¯®«ãç ¥¬

cs(�) = �
detAs(�)e�(�) ; s = m+ 1; n;

£¤¥ As(�) := eVj(e�m+1); : : : ; eVj(e�s�1); eVj(y); eVj(e�s+1); : : : ; eVj(e�n)]j=1;m.
�§ (5) ¨ â¥®à¥¬ë C á«¥¤ã¥â

eVp(e�k) = O(�e�p�e�ke�RkT ); � 2 eG0;k \ Sk0 ; j�j � �0;

eVp(y) = o(�e�p�n+1); � 2 G0 \ Sk0 ; j�j � �0:

�«¥¤®¢ â¥«ì­®,

detAs(�) = �
�

nP
k=m+1

e�k+e�s
e
�T (

nP
k=m+1

Rk�Rs)

�

mP
k=1

e�k mX
j=1

eVj(y)O(��e�j ) =

= o(1)e
�T (

nP
k=m+1

Rk�Rs)

�
�

nP
k=m+1

e�k+ mP
k=1

e�k+e�s�n+1

:
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�âáî¤  ¨ ¨§ â¥®à¥¬ë A ¯®«ãç ¥¬

jcs(�)j � !(�)j�e�s�n+1e�T�Rs j:

�«¥¤®¢ â¥«ì­®, ¯à¨ x 2 [�; T � �], � 2 Sk0 \ eG0 \G0

jy0(x; �)j � !(�)j�j�n+1 exp(� �
2
Re(�Rm+1)):

�§ ¯®á«¥¤­¥© ®æ¥­ª¨ ¨ «¥¬¬ë 6 á«¥¤ã¥â

j eR�f �R�f j = jy0 + eB� l̂B�f j � !(�)(j�j�n+1e�
�
2
Re(�Rm+1) + j�j�n + j�j�n+

1
2 [Re(�Rm+1)]

� 1
2 ):

� ãç¥â®¬ «¥¬¬ 1 ¨ 2 ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë B ¢ á«ãç ¥ Re��m+1 < Re e��m+1.
2) � á«ãç ¥ Re��m+1 > Re e��m+1 à ááã¦¤¥­¨ï  ­ «®£¨ç­ë ¯à¨¢¥¤¥­­ë¬ ¢ëè¥.
3) �ãáâì Re��m+1 = Re e��m+1 ¨ # = 0.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¢ íâ®¬ á«ãç ¥ ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® á«ãç ï 1.
� ¬¥â¨¬, çâ® ¯à¨ n = 2 Re��m+1 = Re e��m+1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  # = 0.
4) �ãáâì Re��m+1 = Re e��m+1, # 6= 0, n � 4. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ªà ¥¢ãî § ¤ çã L0 â ªãî,

çâ®

0
�j = �j; j = 1;m� 1;

0
�k = �k; k = m+ 2; n;

0
�m = �m � ";

0
�m+1 = �m+1 + ";

0
qj � qj; j = 0; n� 2;

£¤¥ 0 < " < 1
2
minfRe(�m � �m�1);Re(�m+2 � �m+1)g. �á­®, çâ®

0

l 2 V , â.ª.

0
qj(t)t

0

#nj 2 L(0; T ); j = 0; n� 2;

Re
0
�1 < Re

0
�2 < � � � < Re

0
�n;

nX
j=1

0
�j = n(n� 1)=2;

¨ áãé¥áâ¢ãîâ
0
�j , j = 0; n� 2, â ª¨¥, çâ®

0

�(
0
�k) = 0, k = 1; n, â.ª.

�(�) = �n + (n� 1)n=2 � �n�1 +
n�2X
j=0

aj�
j ;

£¤¥ aj , j = 0; n� 2, ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ �k, k = 0; n� 2,   �s, s = 1; n, ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ
aj , j = 0; n� 2, ¯® ä®à¬ã« ¬ �¨¥â .

�ãáâì �0
N | ®ªàã¦­®áâì, ®âáâ®ïé ï ­  ¯®«®¦¨â¥«ì­®¬ à ááâ®ï­¨¨ ®â á¯¥ªâà®¢ § ¤ ç L, eL

¨ L0, â®£¤ ���� 12�i
Z
�0
N

( eB�f �B�f)d�
���� �

���� 12�i
Z
�0
N

( eB�f �
0

B�f)d�
����+

���� 12�i
Z
�0
N

(
0

B�f �B�f)d�
����:

�«¥¤®¢ â¥«ì­®, íâ®â á«ãç © á¢®¤¨âáï ª ¯¥à¢ë¬ ¤¢ã¬.

�®«®¦¨¬ �nj := 0, j = 0; n� 2, ¥á«¨ �k = 0, k = 0; n� 2, ¨­ ç¥ �nj := n�1�j�max(1; Re(�n�
�1)).

�«¥¤áâ¢¨¥. �ãáâì ªà ¥¢ ï § ¤ ç  L ¨¬¥¥â ¢¨¤ (2){(4) ¨ qj(t)t�nj 2 L(0; T ), j = 0; n� 2.
�®£¤ 

lim
k!+1

kS2k(f)� �k+s(f)kC[�;T��] = 0
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¤«ï ¢áïª®© äã­ªæ¨¨ f(t) â ª®©, çâ® f(t)t{1 2 L(0; T ), £¤¥ {1 := min(0; Re��m+1, 0 < � � T�� < T ,

�k(f) :=
1
T

Z T

0

f(t)dt+
2
T

kX
j=1

�
cos

2�jx
T

Z T

0

f(t) cos
2�jt
T

dt+ sin
2�jx
T

Z T

0

f(t) sin
2�jt
T

dt

�
;

Sk(f) | ç áâ¨ç­ ï áã¬¬  àï¤  �ãàì¥ ¯® á®¡áâ¢¥­­ë¬ ¨ ¯à¨á®¥¤¨­¥­­ë¬ äã­ªæ¨ï¬ § ¤ ç¨ L
(k | ç¨á«® ç«¥­®¢), s | ¯à®¨§¢®«ì­ ï æ¥« ï ª®­áâ ­â .

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ªà ¥¢ãî § ¤ çã eL ¢¨¤  (2){(4) â ªãî, çâ® e�j = 0,
j = 0; n� 2, ¨ ªà ¥¢ãî § ¤ çã L0:

y(n) + �y = 0;

y(�)(0)� y(�)(T ) = 0; � = 0; n� 1:

�á­®, çâ® �k(f) ¥áâì ç áâ¨ç­ ï áã¬¬  àï¤  �ãàì¥ ¯® á®¡áâ¢¥­­ë¬ ¨ ¯à¨á®¥¤¨­¥­­ë¬ äã­ªæ¨ï¬
§ ¤ ç¨ L0.

�ãáâì p = 2k, �p = f�; j�j = rpg | ®ªàã¦­®áâ¨ à ¤¨ãá®¢ rp ! +1, ®âáâ®ïé¨¥ ­  ¯®«®¦¨-
â¥«ì­®¬ à ááâ®ï­¨¨ ®â á¯¥ªâà®¢ § ¤ ç L, eL ¨ L0 ¨ á®¤¥à¦ é¨¥ ¢­ãâà¨ á¥¡ï p, ep á®¡áâ¢¥­­ëå
§­ ç¥­¨© á ãç¥â®¬ ªà â­®áâ¥© § ¤ ç L ¨ eL á®®â¢¥âáâ¢¥­­®.

�¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kS2k(f)� �k+s(f)k � kS2k(f)� eSep(f)k+ k eSep(f)� eS2k(f)k+ k eS2k(f)� �k(f)k+ k�k(f)� �k+s(f)k;

£¤¥ k � k | ­®à¬  ¢ C[�; T � �].
� á¨«ã â®«ìª® çâ® ¤®ª § ­­®© â¥®à¥¬ë ¨ â¥®à¥¬ë XIII0 (á¬. [4], p.756) ¤«ï «î¡®£® " > 0

áãé¥áâ¢ã¥â N1 â ª®¥, çâ® ¤«ï «î¡®£® k � N1

kSp(f)� eSep(f)k+ k eS2k(f)� �k(f)k <
"

2
:

�á­®, çâ® áãé¥áâ¢ã¥â N > 0 â ª®¥, çâ® ¤«ï «î¡®£® ª®­âãà  �p, ¢ë¡à ­­®£® ®¯¨á ­­ë¬ ¢ëè¥
á¯®á®¡®¬, jp � epj < N . �âáî¤  ¨ ¨§ â¥®à¥¬ë XII0 (á¬. [4], p.756) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® " > 0
áãé¥áâ¢ã¥â N2 â ª®¥, çâ® ¤«ï «î¡®£® k � N2

k eSep(f)� eSp(f)k+ k�k(f)� �k+s(f)k <
"

2
: �

�¨â¥à âãà 
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