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1. �¢¥¤¥¨¥. �ãáâì N | ª®¬¯ ªâ ï à¨¬ ®¢  ¯®¢¥àå®áâì (¡¥§ ªà ï) à®¤  g, M | ª®¬-
¯ ªâ ï à¨¬ ®¢  ¯®¢¥àå®áâì c ªà ¥¬ @M à®¤  �M , ®£à ¨ç¥ ï ªà¨¢®© �,   p : M ! N |
¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥, £®«®¬®àä®¥ ¢M n@M . �ãáâì � = p(�) | ¯à®¥ªæ¨ï �   N . � §®¢¥¬
¯ àã � = (M;p) à¨¬ ®¢®© ¯®¢¥àå®áâìî  ¤ N , ®£à ¨ç¥®© ªà¨¢®© �. �«ï «î¡®© â®çª¨ T ¨§
N ®¡®§ ç¨¬ ç¥à¥§ n�(T ) ç¨á«® «¨áâ®¢ �  ¤ T (á ãç¥â®¬ ªà â®áâ¨ ¢¥â¢«¥¨ï). � ¤ «ì¥©è¥¬
¡ã¤¥¬ áç¨â âì ä¨ªá¨à®¢ ®© ¥ª®â®àãî â®çªã 1N 2 N (¥á«¨ N á®¢¯ ¤ ¥â á® áä¥à®© �¨¬  ,
â® ¢ ª ç¥áâ¢¥ 1N ¬®¦® ¢§ïâì,  ¯à¨¬¥à, ®¡ëçãî ¡¥áª®¥ç® ã¤ «¥ãî â®çªã).

�ãáâì � = (M;p) | à¨¬ ®¢  ¯®¢¥àå®áâì  ¤ N , ®£à ¨ç¥ ï «®ª «ì® ¯à®áâ®© ªà¨¢®©
�. �®£¤  áã¬¬ à ï ªà â®áâì â®ç¥ª ¢¥â¢«¥¨ï V (�) ª®¥ç  ¨ á¯à ¢¥¤«¨¢   «®£ ä®à¬ã«ë
�¨¬  {�ãà¢¨æ  ¤«ï à §¢¥â¢«¥ëå  ªàëâ¨© á ªà ¥¬ ( ¯à., [1])

V (�) = n�(1N)�N � �M +W (�);

£¤¥ �N , �M | í©«¥à®¢ë å à ªâ¥à¨áâ¨ª¨ N ¨ M á®®â¢¥âáâ¢¥®,   ª®áâ â  W (�) § ¢¨á¨â
â®«ìª® ®â ªà¨¢®© � ¨ ¢ë¡®à  â®çª¨ 1N . �®áâ â  W (�) ¬®¦¥â ¡ëâì íää¥ªâ¨¢® ¢ëç¨á«¥ 
ç¥à¥§ £¥®¬¥âà¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ªà¨¢®© �; ¢ ç áâ®áâ¨, ¥á«¨ N | áä¥à  �¨¬  , 1N |
¡¥áª®¥ç® ã¤ «¥ ï â®çª , � | £« ¤ª ï ªà¨¢ ï   ª®¬¯«¥ªá®© ¯«®áª®áâ¨, â® W à ¢® ç¨á«ã
®¡®à®â®¢ ª á â¥«ì®© ª � ¯à¨ ¥¥ ®¡å®¤¥ ¢ ¯®«®¦¨â¥«ì®¬  ¯à ¢«¥¨¨. � §®¢¥¬ W ¨¤¥ªá®¬

¢à é¥¨ï ªà¨¢®© �.
�ãáâì ªà¨¢ ï � à §¡¨¢ ¥â N   ª®¥ç®¥ ç¨á«® ®¡« áâ¥©D0; : : : ; Dl; ¡ã¤¥¬ áç¨â âì, çâ®1N 2

D0. �ë¡¥à¥¬ â®çª¨ cj â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ ª ¦¤®© ¨§ íâ¨å ®¡« áâ¥© á®¤¥à¦ « áì ¯® ªà ©¥©
¬¥à¥ ®¤  ¨§ â®ç¥ª cj , ¯à¨ç¥¬ c0 =1N . �à¥¤áâ ¢«ï¥â ¨â¥à¥á á«¥¤ãîé ï § ¤ ç : ®¯à¥¤¥«¨âì,
áª®«ìª® áãé¥áâ¢ã¥â à §«¨çëå à¨¬ ®¢ëå ¯®¢¥àå®áâ¥©  ¤ N § ¤ ®£® à®¤ , ®£à ¨ç¥ëå

ªà¨¢®© �, ¨¬¥îé¨å n «¨áâ®¢  ¤ â®çª®© c0, â®çª¨ ¢¥â¢«¥¨ï ª®â®àëå ¯à®¥ªâ¨àãîâáï ¢

¬®¦¥áâ¢® C = fc0; : : : ; cmg.
�â  § ¤ ç  ï¢«ï¥âáï ®¡®¡é¥¨¥¬ ª« áá¨ç¥áª®© § ¤ ç¨ �¥¢¥à {�®¯ä  ® áãé¥áâ¢®¢ ¨¨ à¨-

¬ ®¢®© ¯®¢¥àå®áâ¨  ¤ áä¥à®© �¨¬  , ®£à ¨ç¥®© § ¤ ®© ªà¨¢®©, á § ¤ ë¬ ç¨á«®¬
«¨áâ®¢ n  ¤ 1 (¢ ¯¥à¢® ç «ì®© ¯®áâ ®¢ª¥ n = 0). � ¤ ç¥ �¥¢¥à {�®¯ä , à §«¨çë¬
¥¥ ®¡®¡é¥¨ï¬ ¨ ¬®¤¨ä¨ª æ¨ï¬ ¯®á¢ïé¥ë ¬®£¨¥ à ¡®âë, áà¥¤¨ ª®â®àëå á«¥¤ã¥â ã¯®¬ïãâì
¨áá«¥¤®¢ ¨ï �.� àªá , �¦.�à¥á¨á , �. �§¥««ï (¯®¤à®¡¥¥ ®¡ ¨áâ®à¨¨ ¢®¯à®á  á¬. ¢ [2]).

� à ¡®â å [2], [3] ¯à¥¤«®¦¥  «£¥¡à ¨ç¥áª¨© ¯®¤å®¤ ª à¥è¥¨î § ¤ ç¨ �¥¢¥à {�®¯ä , ®á®-
¢ ë©   ä ªâ®à¨§ æ¨¨ £®¬®â®¯¨ç¥áª®£® ª« áá  £à ¨ç®© ªà¨¢®© �. � ¤ ®© áâ âì¥ ¤ ¥âáï
®¡®á®¢ ¨¥ ¬¥â®¤  â ª  §ë¢ ¥¬ëå ¡ §¨áëå  ¡®à®¢, ¯®§¢®«ïîé¨© ¢ á«ãç ¥ n = 0 ª®áâàãª-
â¨¢® ®¯¨á âì ¢á¥ ¢®§¬®¦ë¥ ä ªâ®à¨§ æ¨¨ ãª § ®£® ¢¨¤  ¨ â¥¬ á ¬ë¬  ©â¨ ¢á¥ à¨¬ ®¢ë
¯®¢¥àå®áâ¨  ¤ N , ®£à ¨ç¥ë¥ �, â®çª¨ ¢¥â¢«¥¨ï ª®â®àëå ¯à®¥ªâ¨àãîâáï ¢ ¬®¦¥áâ¢® C.

2. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï. � ¯®¬¨¬ ¥®¡å®¤¨¬ë¥ à¥§ã«ìâ âë ¨§ [1]. �¯à¥¤¥«¨¬M
ª ª ¬®¦¥áâ¢® § ¬ªãâëå ªà¨¢ëå � ¢ N , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 02-01-00914.
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1) � «®ª «ì® ¯à®áâ , â. ¥. ¤«ï «î¡®£® ¯ãâ¨ z : [0; 1] ! N , ¯à¥¤áâ ¢«ïîé¥£® �, ¯¥à¨®¤¨ç¥-
áª®¥ ¯à®¤®«¦¥¨¥ ez : R ! N ®â®¡à ¦¥¨ï z «®ª «ì® ¨ê¥ªâ¨¢®;

2) ®á¨â¥«ì j�j ªà¨¢®© � à §¡¨¢ ¥â N   ª®¥ç®¥ ç¨á«® ç áâ¥©;
3) ¥á«¨ â®çª¨ t1; t2; t3 2 [0; 1] â ª®¢ë, çâ® z(t1) = z(t2) = z(t3) = z0 2 N , ¨ ®â®¡à ¦¥¨ï

gi : R ! N ®¯à¥¤¥«¥ë ¯® ä®à¬ã«¥ gi(t) = ez((2t � 1)r + ti), i = 1; 2; 3,   zi : [0; 1] ! N |
¯® ä®à¬ã«¥ zi(t) = gi(t), 0 � t � 1=2, zi(t) = gi+1(t), 1=2 � t � 1, i = 1; 2, â® ªà¨¢ë¥ �1
¨ �2 á ¯à¥¤áâ ¢«¥¨ï¬¨ z1 ¨ z2 «®ª «ì® ¯à®áâë ¯à¨ ¬ «ëå r > 0 ¨ áãé¥áâ¢ã¥â ªà¨¢ ï,
¯®¤å®¤ïé ï ª ¨¬ ®¡¥¨¬ \á«¥¢ " ¢ â®çª¥ z0;

4) � ¥ ¯à®å®¤¨â ç¥à¥§ 1N .

�â¬¥â¨¬, çâ® ãá«®¢¨ï 1){3) ¢ë¯®«¥ë, ¥á«¨ ªà¨¢ ï � ¨¬¥¥â ª®¥ç®¥ ç¨á«® á ¬®¯¥à¥á¥ç¥-
¨©, ¯à¨ç¥¬ ª ¦¤®¥ â ª®¥ ¯¥à¥á¥ç¥¨¥ âà á¢¥àá «ì®.

�á«¨ � 2M, â® N n j�j á®áâ®¨â ¨§ ª®¥ç®£® ç¨á«  ª®¬¯®¥â á¢ï§®áâ¨ D0; : : : ;Dl. �ë¡¥à¥¬
á¨áâ¥¬ã â®ç¥ª cj , j = 0; 1; : : : ;m, â ª¨å, çâ® ¢ ª ¦¤®© ª®¬¯®¥â¥ á¢ï§®áâ¨ á®¤¥à¦¨âáï ¯®
ªà ©¥© ¬¥à¥ ®¤  ¨§ íâ¨å â®ç¥ª, ¯à¨ íâ®¬ c0 =1N .

�ãáâì C =
Sm
j=0fcjg, A = N n C, â®çª  Q |  ç «® �, 0; 1; : : : ; m | ¯à®áâë¥ ¯¥â«¨ ¢ A

á  ç «®¬ ¢ â®çª¥ Q, ¯®¯ à® ¥¯¥à¥á¥ª îé¨¥áï (§  ¨áª«îç¥¨¥¬ â®çª¨ Q), â ª¨¥, çâ® ¤«ï
«î¡®© ªà¨¢®© !k, á®¥¤¨ïîé¥© â®çªã c0 á â®çª®© cj , ¨¤¥ªá ¯¥à¥á¥ç¥¨ï {(j; !k) = �jk (�jk
| á¨¬¢®« �à®¥ª¥à ), {(0; !k) = �1, k = 1; : : : ;m. � á«ãç ¥ g > 0 ¯ãáâì a1, b1; : : : ; ag, bg |
áâ ¤ àâë©  ¡®à ¯à®áâëå ¯¥â¥«ì ¢ A á  ç «®¬ ¢ â®çª¥ Q, ®¯à¥¤¥«ïîé¨© ¡ §¨á £®¬®«®£¨©
N . �®£¤  £®¬®â®¯¨ç¥áª¨¥ ª« ááë [1]; : : : ; [m], ¨, ¥á«¨ g > 0, â® [a1]; [b1]; : : : ; [ag]; [bg ], ®¡à §ãîâ
¡ §¨á á¢®¡®¤®© £àã¯¯ë �1(A;Q), £¤¥ �1(A;Q) | äã¤ ¬¥â «ì ï £àã¯¯  A ¢ â®çª¥ Q. �®¦®

¯®¤®¡à âì íâ¨ ªà¨¢ë¥ â ª, çâ®¡ë
mQ
j=0

[j ] =
gQ
i=1

�
[ai]; [bi]

�
¯à¨ g > 0 ¨

Qm

j=0[j ] = e ¯à¨ g = 0 (§¤¥áì

¨ ¤ «¥¥ [x; y] = xyx�1y�1 | ª®¬¬ãâ â®à í«¥¬¥â®¢ x ¨ y).
�«ï «î¡®£® ¥¯à¥àë¢®£® ®â®¡à ¦¥¨ï f : X ! Y ç¥à¥§ f� ¡ã¤¥¬ ®¡®§ ç âì ¨¤ãæ¨àã¥¬ë©

f £®¬®¬®àä¨§¬ äã¤ ¬¥â «ìëå £àã¯¯.
�¡®§ ç¨¬ ç¥à¥§ �C(�) ¬®¦¥áâ¢® à¨¬ ®¢ëå ¯®¢¥àå®áâ¥© �, ®£à ¨ç¥ëå § ¤ ®© ªà¨-

¢®© � 2M, ¬®¦¥áâ¢® â®ç¥ª ¢¥â¢«¥¨ï ª®â®àëå ¯à®¥ªâ¨àã¥âáï ¢ ¬®¦¥áâ¢® C = fc0; c1; : : : ; cmg.
� ç «  áä®à¬ã«¨àã¥¬ à¥§ã«ìâ â ® ä ªâ®à¨§ æ¨¨ £®¬®â®¯¨ç¥áª®£® ª« áá  [�] ªà¨¢®© � ¢
�1(A;Q) ¢ á«ãç ¥, ª®£¤  à¨¬ ®¢  ¯®¢¥àå®áâì ¨§¢¥áâ .

�¥®à¥¬  1 ([1]). �ãáâì � 2 M, � = (M;p) 2 �C(�), � = �M ¨  ¤ â®çª®© ck «¥¦¨â hk
â®ç¥ª ªà â®áâ¥© n

(k)
1 � 1; : : : ; n(k)hk

� 1, k = 0; : : : ;m. �®£¤  [�] ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

[�] =
mY
k=0

hkY
j=1

([�kj ][k]
n
(k)
j [�kj ]�1)[�]; (1)

£¤¥

[�] =

8><>:
e; ¥á«¨ � = 0;
�Q

j=1

�
[�1j ]; [�2j ]

�
; ¥á«¨ � > 0;

(2)

  í«¥¬¥âë [�kj ]; [�kj ] 2 �1(A;Q).
�à¨ íâ®¬

hkX
j=1

n
(k)
j = n�(ck); k = 0; : : : ;m; (3)

mX
k=0

hkX
j=1

(n(k)j � 1) = (2� 2�N)n� (1� 2�) +W (�); (4)
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£¤¥ W (�) | ¨¤¥ªá ¢à é¥¨ï �, n = n�(1N). �à¥¤áâ ¢«¥¨¥ (1), (2) ¬®¦¥â ¡ëâì ¢ë¡à ®

â ª¨¬ ®¡à §®¬, çâ®¡ë ¯®¤£àã¯¯  H ¢ �1(A;Q), ¯®à®¦¤¥ ï í«¥¬¥â ¬¨ [�kj ][k]
n
(k)
j [�kj ]�1,

j = 1; : : : ; hk, k = 0; : : : ;m, ¨, ¥á«¨ � > 0, [�ij ], i = 1; 2, j = 1; : : : ; �, á®¢¯ ¤ «  á �p�(�1( �M; eQ)), £¤¥
�M =M n p�1(C); �p = pj �M : �M ! A; (5)

eQ |  ç «® ªà¨¢®© �, ®¡å®¤ïé¥© ªà © @M ¢ ¯®«®¦¨â¥«ì®¬  ¯à ¢«¥¨¨ ¨ ¯à®¥ªâ¨àãîé¥©-

áï ¢ �, �p� : �1( �M; eQ) ! �1(A;Q) | £®¬®¬®àä¨§¬ äã¤ ¬¥â «ìëå £àã¯¯, ¨¤ãæ¨àã¥¬ë© �p.
�á«¨ � >0, â® ¢ �M áãé¥áâ¢ãîâ â ª¨¥ ªà¨¢ë¥ e�ij , i = 1; 2, j = 1; : : : ; �, ¨¤ãæ¨àãîé¨¥ ¡ §¨á

£®¬®«®£¨© M , çâ® �p�([e�ij ]) = [�ij ], i = 1; 2, j = 1; : : : ; �.

�à¥¤áâ ¢«¥¨¥ (1), (2) ¤«ï �, ®¡« ¤ îé¥¥ ¢á¥¬¨ á¢®©áâ¢ ¬¨, ®¯¨á ë¬¨ ¢ â¥®à¥¬¥ 1,  -

§®¢¥¬ �-¯à¥¤áâ ¢«¥¨¥¬. �®¤£àã¯¯ã H ¢ �1(A;Q), ¯®à®¦¤¥ãî í«¥¬¥â ¬¨ [�kj ][]
n
(k)
j [�kj ]�1,

j = 1; : : : ; hk, k = 0; : : : ;m, ¨, ¥á«¨ � > 0, [�ij ], i = 1; 2; j = 1; : : : ; �,  §®¢¥¬ ¯®¤£àã¯¯®© ¯à¥¤áâ -
¢«¥¨ï (1), (2). �¯à ¢¥¤«¨¢® ®¡à é¥¨¥ â¥®à¥¬ë 1.

�¥®à¥¬  2 ([2]). �ãáâì � 2 Z+, � 2M ¨ ¤«ï ¥ª®â®àëå æ¥«ëå ç¨á¥« n
(k)
j � 0, ¨§ ª®â®àëå

¯® ªà ©¥© ¬¥à¥ ®¤® ¥ à ¢® ã«î, ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï (1), (2) ¨ (4), £¤¥ n =
h0P
j=1

n
(0)
j ,

W (�) | ¨¤¥ªá ¢à é¥¨ï ªà¨¢®© �. �á«¨ h : (M 0; Q0) ! (A;Q) |  ªàëâ¨¥ (A;Q), á®®â¢¥â-
áâ¢ãîé¥¥ ¯®¤£àã¯¯¥ H ¯à¥¤áâ ¢«¥¨ï (1), (2), â® ¯®¤ïâ¨¥ �   M 0 ¨§ â®çª¨ Q0 à §¡¨¢ ¥â

M 0   ¤¢¥ ç áâ¨, ®¤  ¨§ ª®â®àëå ¥áâì ( �M; �p), ®¯à¥¤¥«¥ ï ¢ (5) ¤«ï ¥ª®â®à®© à¨¬ ®¢®©

¯®¢¥àå®áâ¨ � = (M;p) 2 �C(�). �à¨ íâ®¬ (1), (2) | íâ® �-¯à¥¤áâ ¢«¥¨¥ ¤«ï [�] ¨ ¨¬¥¥â

¬¥áâ® (3).

� ¬¥ç ¨¥ 1. �ç¥¢¨¤®, çâ® ¢¬¥áâ® \ã¯®àï¤®ç¥ëå" ¯à¥¤áâ ¢«¥¨© (1), (2) ¬®¦® ¨á-
¯®«ì§®¢ âì \¥ã¯®àï¤®ç¥ë¥" ¯à¥¤áâ ¢«¥¨ï

[�] =
Y
j

([�j ][k(j)]nj [�j ]�1)[�];
X

k(j)=0

nj = n:

�â® á«¥¤ã¥â ¨§ ¨§¢¥áâ®£® à ¢¥áâ¢  xy � uz = uz � xw, w = (u�1)z, £¤¥ xy = yxy�1, á¯à ¢¥¤«¨¢®£®
¤«ï «î¡ëå í«¥¬¥â®¢ x, y, z, u ¯à®¨§¢®«ì®© £àã¯¯ë.

� ¬¥ç ¨¥ 2. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, ¯à¨¢¥¤¥®£® ¢ [1], ¥âàã¤® ¢ë¢¥áâ¨, çâ® ¥á«¨
H | ¯®¤£àã¯¯  ¯à¥¤áâ ¢«¥¨ï (1), (2), â® ®  ¨§®¬®àä  äã¤ ¬¥â «ì®© £àã¯¯¥ �1( �M; �p),
¯à¨ç¥¬ ¨§®¬®àä¨§¬ ¨¤ãæ¨à®¢  ®â®¡à ¦¥¨¥¬ hj �M ; ªà®¬¥ â®£®, ¥á«¨ H, H1 | ¯®¤£àã¯¯ë,
á®®â¢¥âáâ¢ãîé¨¥ à §ë¬ ¯à¥¤áâ ¢«¥¨ï¬ ¢¨¤  (1), (2), ¨ H1 � H, â® H1 = H.

�§ â¥®à¥¬ 1, 2 á«¥¤ã¥â, çâ® ¤«ï ®¯¨á ¨ï ¢á¥å à¨¬ ®¢ëå ¯®¢¥àå®áâ¥© ª« áá  �C(�) á«¥-
¤ã¥â ¯¥à¥ç¨á«¨âì ¢á¥ ¢®§¬®¦ë¥ ¯®¤£àã¯¯ë ¯à¥¤áâ ¢«¥¨© (1), (2) £®¬®â®¯¨ç¥áª®£® ª« áá  [�]

¢ �1(A;Q), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (4), £¤¥ n =
h0P
j=1

n
(0)
j . �á«¨ ®£à ¨ç¨âìáï â®«ìª® à¨¬ ®-

¢ë¬¨ ¯®¢¥àå®áâï¬¨ � 2 �C(�) á n�(1N) = 0; â® à¥è¥¨¥ íâ®© § ¤ ç¨ ¬®¦¥â ¡ëâì ¯®«ãç¥®
ª®¬¡¨ â®àë¬ á¯®á®¡®¬ á ¨á¯®«ì§®¢ ¨¥¬ ¢¢®¤¨¬®£® ¨¦¥ ¯®ïâ¨ï ¡ §¨á®£®  ¡®à  ¨ â®¯®-
«®£¨ç¥áª®£® á¯®á®¡   å®¦¤¥¨ï ¢á¥¢®§¬®¦ëå ¯à¥¤áâ ¢«¥¨© í«¥¬¥â®¢ [�] ¨§ ª®¬¬ãâ â®à 
[�1; �1] £àã¯¯ë �1(A;Q) ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï � ª®¬¬ãâ â®à®¢,  ©¤¥®£® ¢ [3] ¨ [4].

3. �á®¢®© à¥§ã«ìâ â. O¯à¥¤¥«¨¬ ¯®ïâ¨¥ ¡ §¨á®£®  ¡®à . �®à®è® ¨§¢¥áâ®, çâ® £àã¯-
¯  �1(A;Q) á¢®¡®¤  ¨ ¢ ª ç¥áâ¢¥ ®¡à §ãîé¨å ¥¥ ¬®¦® ¢§ïâì í«¥¬¥âë [1]; : : : ; [m], ¨ ¥á«¨
� = �M > 0, â ª¦¥ [a1]; [b1]; : : : ; [a�]; [b�]. �®íâ®¬ã ®  ¨§®¬®àä  £àã¯¯¥ X, á®áâ®ïé¥© ¨§ ª« á-
á®¢ íª¢¨¢ «¥â®áâ¨ A á«®¢ A, á®áâ ¢«¥ëå ¨§ á¨¬¢®«®¢  «ä ¢¨â  fx�11 ; : : : ; x�1m+2�g, ¯à¨ç¥¬
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¨§®¬®àä¨§¬ ' : X ! �1(A;Q) ¬®¦® ¢ë¡à âì â ª¨¬ ®¡à §®¬, çâ®¡ë

'(x�1i ) =

8>><>>:
[i]�1; i = 1; : : : ;m;

[ai�m]�1; i = m+ 1; : : : ;m+ �;

[bi�m��]�1; i = m+ �+ 1; : : : ;m+ 2�:

� ¤ «ì¥©è¥¬ ¤«ï ¯à®áâ®âë ®¡®§ ç¥¨© ç áâ® ¡ã¤¥¬ ®¯ãáª âì ç¥àâã  ¤ x�1i . �ãáâì  = '�1.
�ãáâì í«¥¬¥â x 2 X, x 6= e. �¡ê¥¤¨ïï ¢ ¯à¨¢¥¤¥®© § ¯¨á¨ í«¥¬¥â  x (á¬. ¯®¤à®¡¥¥ ®¡

íâ®¬ ¢ ¯. 4) ¢á¥ á¨¬¢®«ë xi, áâ®ïé¨¥ àï¤®¬ ¨ ¨¬¥îé¨¥ ®¤¨ ª®¢ë¥ ¨¤¥ªáë, ¯®«ãç ¥¬ § ¯¨áì

x =
sY

i=1

xkin(i); ki 2 Z; ki 6= 0; ni 6= ni+1; i = 1; : : : ; s� 1; (6)

ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¥á®ªà â¨¬®© § ¯¨áìî í«¥¬¥â  x.
�ãáâì [X;X] | ª®¬¬ãâ â £àã¯¯ë X. �«ï «î¡ëå x 2 [X;X] ¨ ¥®âà¨æ â¥«ì®£® æ¥«®£® k

®¡®§ ç¨¬ ç¥à¥§ �(x; k) ¬®¦¥áâ¢®  ¡®à®¢ d = fxij , i = 1; 2, j = 1; : : : ; kg í«¥¬¥â®¢ ¨§ X â ª¨å,
çâ® x ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï k ª®¬¬ãâ â®à®¢

x =
kY

j=1

[x1j ; x2j ]:

�á«¨ x 6= e, â® ¯® ®¯à¥¤¥«¥¨î ¯®« £ ¥¬ �(x; 0) = ;; ¥á«¨ ¦¥ x = e, â® �(x; 0) = feg. �¥¯¥àì
®¯à¥¤¥«¨¬ áâ¥¯¥ì í«¥¬¥â  x ª ª ç¨á«® deg x = minfk 2 Z+ j �(x; k) 6= ;g.

�¡®§ ç¨¬ ç¥à¥§ [�1; �1] ª®¬¬ãâ â £àã¯¯ë �1(A;Q). � ª ª ª £àã¯¯  �1(A;Q) ¨§®¬®àä  X,
â® ¬®¦® ®¯à¥¤¥«¨âì ¨ áâ¥¯¥ì «î¡®£® í«¥¬¥â  [�] 2 [�1; �1].

�à¥¤¯®«®¦¨¬, çâ® lj =
P

n(i)=j

ki � 0, j = 1; : : : ;m (¥âàã¤® ¢¨¤¥âì, çâ® ¥á«¨ � 2M, x =  ([�])

¨ áãé¥áâ¢ã¥â � 2 �C(�), ¤«ï ª®â®à®© n�(1N ) = 0, â® íâ® ãá«®¢¨¥ ¢ë¯®«¥®, â. ª. lj á®¢¯ ¤ ¥â

á ç¨á«®¬ «¨áâ®¢ �  ¤ â®çª®© cj á ãç¥â®¬ ªà â®áâ¨ ¢¥â¢«¥¨ï). �ãáâì u =
mP
j=1

lj �W (�) + 1,

� 2 Z+, 0 < u � 2� < M . � §¨áë¬  ¡®à®¬ K áâ¥¯¥¨ � ¤«ï í«¥¬¥â  x ¢¨¤  (6)  §®¢¥¬
á®¢®ªã¯®áâì ç¨á¥« pi 2 Z+, i = 1; : : : ; s, â ª¨å, çâ®

1) pi = 0, ¥á«¨ ki � 0 ¨«¨ n(i) > m ¢ (6);
2)

P
pi 6=0

1 = u� 2�;

3) í«¥¬¥â dK =
sQ

i=1
xki�pin(i) 2 [X;X] ¨ deg(dK) = �.

�á«¨ K | ¡ §¨áë©  ¡®à áâ¥¯¥¨ �, â® í«¥¬¥â x ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

x =
sY

i=1

(yix
pi
n(i)y

�1
i )dK; yi =

iY
j=1

x
kj�pj
n(j) ; i = 1; : : : ; s: (7)

�®¦¥áâ¢® ¡ §¨áëå  ¡®à®¢ áâ¥¯¥¨ � ¤«ï í«¥¬¥â  x ®¡®§ ç¨¬ ç¥à¥§ K(x; �). �â¬¥â¨¬, çâ®
  ¯à ªâ¨ª¥ ä¨ªá æ¨ï ¡ §¨á®£®  ¡®à  ®§ ç ¥â ¢ë¡®à á¯®á®¡  ¢ëç¥àª¨¢ ¨ï ¥ª®â®àëå í«¥-
¬¥â®¢, ¢å®¤ïé¨å ¢ (6) ¢ ¯®«®¦¨â¥«ì®© áâ¥¯¥¨, ¨«¨ § ¬¥ë ¯®«®¦¨â¥«ìëå áâ¥¯¥¥© ¬¥ìè¨-
¬¨ ¨«¨ ®âà¨æ â¥«ìë¬¨, ¯à®¨áå®¤ïé¥£® â ª¨¬ ®¡à §®¬, çâ® ¯®á«¥ ¥£® ®áãé¥áâ¢«¥¨ï ®áâ ¥âáï
í«¥¬¥â ¨§ ª®¬¬ãâ â  áâ¥¯¥¨ �.

�ãáâì � 2M ¨ ¯à¨¢¥¤¥ ï § ¯¨áì í«¥¬¥â  x =  ([�]) ¨¬¥¥â ¢¨¤ (6). �ãáâì lj =
P

n(i)=j

ki � 0,

j = 1; : : : ;m, ¯à¨ç¥¬
mP
j=1

lj > 0. �ãáâì K = (p1; : : : ; ps) | ¥ª®â®àë© ¡ §¨áë©  ¡®à ¤«ï x.

�®áª®«ìªã [�] = '(dK) 2 [�1; �1], â® ¯à¨ deg[�] = � > 0 ¬®¦¥áâ¢® �([�]; �)  ¡®à®¢

d = f[�ij ]; i = 1; 2; j = 1; : : : ; �g (8)
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í«¥¬¥â®¢ ¨§ �1(A;Q) â ª¨å, çâ® [�] ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï � ª®¬¬ãâ â®à®¢ [�] =
�Q

j=1

�
[�1j ]; [�2j ]

�
, ¥¯ãáâ®. �¨ªá¨àã¥¬ ¢ íâ®¬ á«ãç ¥ ¥ª®â®àë©  ¡®à d ¢¨¤  (8). �¡®§ ç¨¬ ç¥à¥§

H(K; d) ¯®¤£àã¯¯ã ¢ [�1; �1], ¯®à®¦¤¥ãî í«¥¬¥â ¬¨ '(yix
pi
n(i)y

�1
i ), £¤¥ yi ®¯à¥¤¥«¥ë ¢ (7),

i = 1; : : : ; s, ¨, ¥á«¨ deg[�] = � > 0, â ª¦¥ ¨ í«¥¬¥â ¬¨ ¨§ d.

�¥®à¥¬  3. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1 ¨ h0 = 0. �®£¤  áãé¥áâ¢ã¥â ¡ §¨áë©

 ¡®à K áâ¥¯¥¨ � ¨ d 2 �([�]; �) â ª¨¥, çâ® ¥ã«¥¢ë¥ í«¥¬¥âë pi ¢ K, ¤«ï ª®â®àëå n(i) =
k, ¯®«ãç îâáï ¨§  ¡®à  (n(k)1 ; : : : ; n

(k)
hk
), k = 1; : : : ;m, ¥ª®â®à®© ¯¥à¥áâ ®¢ª®©, ¨ ¯®¤£àã¯¯ 

H(K; d) á®¢¯ ¤ ¥â á ¯®¤£àã¯¯®© H ¯à¥¤áâ ¢«¥¨ï (1), (2).

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ¯à¥¤«®¦¥¨ï.

�à¥¤«®¦¥¨¥. � ãá«®¢¨ïå â¥®à¥¬ë 3 á«®¢® A | ¯à¨¢¥¤¥ãî § ¯¨áì í«¥¬¥â  x =  ([�])
¢ X ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

A = A1xr(1)A2xr(2) : : :Akxr(k)Ak+1; (9)

1 � r(j) � m, £¤¥ á«®¢  A1; : : : ;Ak+1 â ª®¢ë, çâ® í«¥¬¥âë [�j ] = '(Aj), j = 1; : : : ; k + 1,
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

I) áãé¥áâ¢ã¥â  ¡®à  âãà «ìëå ç¨á¥« (q1; : : : ; qk), ¯®«ãç îé¨©áï ¨§  ¡®à  (n
(k)
1 ; : : : ; n

(k)
hk
,

k = 1; : : : ;m) â ª®© ¯¥à¥áâ ®¢ª®©, çâ® í«¥¬¥â [e�] = kQ
i=1
([�i][r(i)]1�qi)[�k+1] á®¤¥à¦¨â-

áï ¢ [�1; �1] ¨ deg[e�] � �;
II) áãé¥áâ¢ã¥â  ¡®à ed = f[e�ij ], i = 1; 2, j = 1; : : : ; �g 2 �([e�]; �) â ª®©, çâ® [e�ij ] 2 H,

i = 1; 2, j = 1; : : : ; �;

III) í«¥¬¥âë [!t] 2 H, t = 1; : : : ; k, £¤¥ [!t] = [�t][r(t)]qt [�t]�1, [�t] =
t�1Q
i=1
([�i][r(i)]1�qi)[�t],

t = 1; : : : ; k.

�®ª ¦¥¬, ª ª ¨§ áä®à¬ã«¨à®¢ ®£® ¯à¥¤«®¦¥¨ï ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 3. �§ (9)
á«¥¤ã¥â

[�] = [�1][r(1)][�2][r(2)] � � � [�k][r(k)][�k+1] =
kY
t=1

([�t][r(t)]
qt [�t]

�1) � [�] =
kY
t=1

[!t]
qt � [e�];

çâ® ¤ ¥â ¯à¥¤áâ ¢«¥¨¥ [�] ¢¨¤  (1), (2), á®®â¢¥âáâ¢ãîé¥¥ ¯®¤£àã¯¯¥ H1, ¯®à®¦¤¥®© í«¥¬¥-
â ¬¨, ¯à¨ ¤«¥¦ é¨¬¨ H. � á¨«ã § ¬¥ç ¨ï 2 ª â¥®à¥¬¥ 2 ¨¬¥¥¬ H1 = H. �®ª § â¥«ìáâ¢ã
¯à¥¤«®¦¥¨ï ¯®á¢ïé¥ë ¯¯. 4, 5 áâ âì¨.

4. �®ªà é¥¨ï ¢ á¢®¡®¤ëå £àã¯¯ å. �¢¥¤¥¬ ¥ª®â®àë¥ ¥®¡å®¤¨¬ë¥ ¢ ¤ «ì¥©è¥¬
¯®ïâ¨ï. � ª ¨§¢¥áâ®, «î¡ ï á¢®¡®¤ ï £àã¯¯  à £  n ¨§®¬®àä  £àã¯¯¥ Gn, á®áâ®ïé¥© ¨§
ª« áá®¢ íª¢¨¢ «¥â®áâ¨ A á«®¢ A, á®áâ ¢«¥ëå ¨§  «ä ¢¨â  fx1; : : : ; xn, x

�1
1 ; : : : ; x�1n g (á¬.,

 ¯à., [5]). �ãáâ®¥ á«®¢® ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ ;, ¤«¨ã á«®¢  A| ç¥à¥§ jAj. �® ®¯à¥¤¥«¥¨î
j;j = 0.

�¤¨ ¨ â®â ¦¥ á¨¬¢®« x"i (" = �1, i = 1; : : : ; n) ¬®¦¥â ¢å®¤¨âì ¢ à §ë¥ á«®¢ ,   â ª¦¥ ¯®
¥áª®«ìªã à § ¯à¨áãâáâ¢®¢ âì ¢ § ¯¨á¨ ®¤®£® ¨ â®£® ¦¥ á«®¢  A. �ãáâì,  ¯à¨¬¥à, A = A1x

"
iA2.

�â®¡ë ®â«¨ç¨âì íâ® ¢å®¦¤¥¨¥ x"i ®â ¤àã£¨å, ¡ã¤¥¬ ãª §ë¢ âì ¬¥áâ® ¢å®¦¤¥¨ï m = jA1j + 1
¨ á«®¢®, ªã¤  ¢å®¤¨â á¨¬¢®« x"i . � ª¨¬ ®¡à §®¬, ¢å®¦¤¥¨¥ d á¨¬¢®«  x"i ¥áâì âà®©ª  d =
(x"i ;m;A), £¤¥ x

"
i | á¨¬¢®« ¢å®¦¤¥¨ï, m | ¬¥áâ® ¢å®¦¤¥¨ï, A | á«®¢® ¢å®¦¤¥¨ï. �ã¤¥¬

®¡®§ ç âì x"i = (d), m = jdj, A = w(d).
�â¬¥ç¥ë¬ á«®¢®¬  §®¢¥¬ á®¢®ªã¯®áâì A = fd1; : : : ; dmg, £¤¥ dj = (x"(j)i(j) ;mj ;A), j =

1; : : : ; k, | à §«¨çë¥ ¢å®¦¤¥¨ï. �á«¨ jd1j < jd2j < � � � < jdkj, â® A = A1x
"(1)
i(1)A2x

"(2)
i(2)A3 : : : x

"(k)
i(k)Ak+1,
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£¤¥
lP

j=1
(jAj j+1) = jdlj, l = 1; : : : ;m. �¡à â®, â ª®© § ¯¨á¨ ®¤®§ ç® á®®â¢¥âáâ¢ã¥â ®â¬¥ç¥®¥

á«®¢® A. �®íâ®¬ã ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì A á § ¯¨áìî á«®¢  A

A1 � x
"(1)
i(1) � A2 � x

"(2)
i(2) � A3 � � � � � x

"(k)
i(k) � Ak+1;

£¤¥ §¢¥§¤®çª¨ ®â¬¥ç îâ ¢å®¦¤¥¨ï x
"(j)
i(j) ¢ A, j = 1; : : : ; n. � ç áâ®áâ¨, ¥á«¨ A = A1x

"
iA2,

d = (x"i ; jA1j+ 1;A), â® fdg = A1 � x
"
i � A2.

�ãáâì á«®¢® A =
pQ

i=1
x"ir(i), "i = �1, p � 2. �á«¨ r(j) = r(j + 1), "j = �"j+1 ¤«ï ¥ª®â®à®£®

1 � j � p � 1, ¨ á«®¢® T = T1T2, £¤¥ T1 =
j�1Q
i=1

x"ir(i), j � 2, T1 = ;, j = 1; T2 =
pQ

i=j+2
x"ir(i), j � p� 2,

T2 = ;, j = p � 1, â® á®¢®ªã¯®áâì S = (A; j; T )  §®¢¥¬ í«¥¬¥â àë¬ á®ªà é¥¨¥¬ á«®¢ 
A ¤® á«®¢  T ¯ãâ¥¬ ã¤ «¥¨ï ¢å®¦¤¥¨© dj = (x"jr(j); j;A) ¨ dj+1 = (x"j+1

r(j+1); j + 1;A). �ãáâì
di = (x"ir(i); i;A), i = 1; : : : ; n. �¯à¥¤¥«¨¬ S-®¡à § ¢å®¦¤¥¨ï di ª ª ¢å®¦¤¥¨¥ S(di) = (x"ir(i); i;T ),

¥á«¨ i = 1; : : : ; j � 1, ¨ S(di) = (x"i�2

r(i�2); i� 2;T ), ¥á«¨ i = j + 2; : : : ; p. �á«¨ edi = S(di), â® di ¡ã¤¥¬

 §ë¢ âì S-¯à®®¡à §®¬ ¢å®¦¤¥¨ï edi ¨ ¯¨á âì di = S�1( edi).
�ãáâì Si = (Ai; j(i);Ai+1), i = 1; : : : ; n, | ¥ª®â®à ï á®¢®ªã¯®áâì í«¥¬¥â àëå á®ªà é¥¨©.

�®£¤  S = (A1; j(1);A2; j(2);A3; : : : ; j(n);An+1)  §®¢¥¬ á®ªà é¥¨¥¬ á«®¢  A1 ¤® An+1. �á«¨
An+1 6= ;, â® ¤«ï «î¡®£® â ª®£® ¢å®¦¤¥¨ï ed, çâ® w( ed) = An+1, ®¯à¥¤¥«¨¬ ¥£® S-¯à®®¡à §
S�1( ed) = S�11 � S�12 � � � � � S�1n ( ed). �«ï ¢á¥å d, ï¢«ïîé¨åáï S-¯à®®¡à § ¬¨, ®¯à¥¤¥«¥ S-®¡à §ed = Sn � Sn�1 � � � � � S1(d). �á«¨ d ¥ ï¢«ï¥âáï S-¯à®®¡à §®¬ ¨ ¤«ï ª ª®£® ¢å®¦¤¥¨ï ed ¢ An+1,
â® d  §®¢¥¬ S-á®ªà â¨¬ë¬. �á«¨ S | á®ªà é¥¨¥ á«®¢  A ¤® B, T | á®ªà é¥¨¥ á«®¢  B
¤® C, â® ®ç¥¢¨¤ë¬ ®¡à §®¬ ¬®¦® ®¯à¥¤¥«¨âì áã¯¥à¯®§¨æ¨î T � S, ï¢«ïîéãîáï á®ªà é¥¨¥¬
á«®¢  A ¤® C.

�á«¨ ¢å®¦¤¥¨¥ d ï¢«ï¥âáï S-á®ªà â¨¬ë¬, â® áãé¥áâ¢ã¥â â ª®¥ k, 1 � k � n � 1, çâ® ¤«ï
á®ªà é¥¨ï S(k) = Sk � Sk�1 � � � � � S1 á«®¢  A1 ¤® á«®¢  Ak+1 ¢å®¦¤¥¨¥ d(k) = S(k)(d) ï¢«ï¥âáï
Sk+1-á®ªà â¨¬ë¬, â. ¥. Ak+2 ¯®«ãç ¥âáï ¨§ Ak+1 í«¥¬¥â àë¬ á®ªà é¥¨¥¬ Sk+1 ¯ãâ¥¬ ã¤ «¥-
¨ï ¢å®¦¤¥¨ï d(k) ¨ ¥ª®â®à®£® ¢å®¦¤¥¨ï d(k)1 . �ãáâì ¢å®¦¤¥¨¥ d1 = (S(k))�1(d(k)1 ). � §®¢¥¬
íâ® ¢å®¦¤¥¨¥ S- â¨¯®¤®¬ ¢å®¦¤¥¨ï d.

�á«¨ Si | á®ªà é¥¨¥ á«®¢  A ¤® Bi, ¨ Bi, i = 1; 2, ¯à¨¢¥¤¥ë, â. ¥. ¥ ¤®¯ãáª îâ í«¥¬¥â à-
ëå á®ªà é¥¨©, â® B1 = B2 ( ¯à., [7]). �¢  á«®¢  A1 ¨ A2 íª¢¨¢ «¥âë (¯¨è¥¬ A1 � A2),
¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¯à¨¢¥¤¥®¥ á«®¢® B, çâ® «¨¡® A1 = A2 = B, «¨¡® áãé¥áâ¢ã¥â á®ªà é¥¨¥
á«®¢  Ai ¤® á«®¢  B, i = 1; 2. � ª¨¬ ®¡à §®¬, ã «î¡®£® ª« áá  íª¢¨¢ «¥â®áâ¨ A á«®¢ A áãé¥-
áâ¢ã¥â ¥¤¨áâ¢¥ë© ¯à¥¤áâ ¢¨â¥«ì, ï¢«ïîé¨©áï ¯à¨¢¥¤¥ë¬ ¨  §ë¢ îé¨©áï ¯à¨¢¥¤¥®©

§ ¯¨áìî ¤«ï A.

�¥¬¬ . �á«¨ C | ¯à¨¢¥¤¥®¥ á«®¢®, S ¨ T | ¥ª®â®àë¥ á®ªà é¥¨ï á«®¢ E ¨ D ¤® C
á®®â¢¥âáâ¢¥®, â® áãé¥áâ¢ãîâ á«®¢® F ¨ á®ªà é¥¨ï U ¨ V á«®¢  F ¤® á«®¢ E ¨ D á®®â-

¢¥âáâ¢¥® â ª¨¥, çâ® ¤«ï «î¡®£® ¢å®¦¤¥¨ï d ¢ C ¨¬¥¥¬ (S � U)�1(d) = (T � V )�1(d).

�®ª § â¥«ìáâ¢®. �á«¨ C =
sQ

i=1
x"ik(i), â®

E = E0

sY
i=1

(x"ik(i)Ei); D = D0

sY
i=1

(x"ik(i)Di);

£¤¥

S

 
x"ik(i);

iX
l=0

(jElj+ 1); E

!
= T

 
x"ik(i);

iX
l=0

(jDij+ 1);D

!
= (x"ik(i); i; C);

i = 1; : : : ; s. �®£¤  á«®¢  Ei, Di, i = 0; : : : ; s, íª¢¨¢ «¥âë ¯ãáâ®¬ã ¨ á«®¢® F = E0D0

sQ
i=1
(x"ik(i)EiDi)

ï¢«ï¥âáï ¨áª®¬ë¬.
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�á«¨ A = A1 � B � A2, â® «î¡®¥ á®ªà é¥¨¥ S á«®¢  A ¨¤ãæ¨àã¥â á®ªà é¥¨¥ á«®¢  B ¨
®¯à¥¤¥«¥® á«®¢® S(B) = ;, ¥á«¨ «î¡®© í«¥¬¥â ¬®¦¥áâ¢  Y = fd j w(d) = A, jA1j + 1 � jdj �
jA1j+ jBjg, ï¢«ï¥âáï S-á®ªà â¨¬ë¬, ¨ S(B) =

Q
d2Y

(S(d)) | ¢ ¯à®â¨¢®¬ á«ãç ¥.

5. �®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥¨ï. � áá¬®âà¨¬ á«ãç © � > 0 ª ª ¡®«¥¥ á«®¦ë©. �®áâà®¨¬
¯®á«¥¤®¢ â¥«ì®áâì â ª¨å á«®¢ A(1); : : : ;A(n), çâ®

a) ª ¦¤®¥ A(i) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

A(i) = A(i)
1 xr(1)A

(i)
2 xr(2) : : :A

(i)
k xr(k)A

(i)
k+1 (10)

(¨¤¥ªáë r(1); : : : ; r(k) § ¢¨áïâ, ¢®®¡é¥ £®¢®àï, ®â i), ¯à¨ç¥¬ á«®¢  A(i)
j , j = 1; : : : ; k,

¯à¨¢¥¤¥ë ¨ ¤«ï [�j ] = '(A(i)
j ), j = 1; : : : ; k + 1, ¢ë¯®«ïîâáï ãá«®¢¨ï I){III);

b) ¥á«¨ A(i) ¥ ¯à¨¢¥¤¥®, â® A(i+1) ¯®«ãç ¥âáï ¨§ A(i) ¥ª®â®àë¬ á®ªà é¥¨¥¬, ¢ ¯à®â¨¢®¬
á«ãç ¥ A(i+1) = A(i);

c) A(i) =  ([�]), i � 1.

�á«¨ â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®áâà®¥ , â®,  ç¨ ï á ¥ª®â®à®£® ®¬¥à , A(i) = A ¥
§ ¢¨á¨â ®â i ¨ ï¢«ï¥âáï ¥á®ªà â¨¬®© § ¯¨áìî  ([�]), ã¤®¢«¥â¢®àïîé¥© ¢á¥¬ ¥®¡å®¤¨¬ë¬ âà¥-
¡®¢ ¨ï¬.

� ª ç¥áâ¢¥ A(1) ¢®§ì¬¥¬ á«®¢®

A(1) = A(1)
1 xr(1)A

(1)
2 xr(2) : : :A

(1)
k xr(k)A

(1)
k+1;

£¤¥ A(1)
1 ;A

(1)
2 ; : : : ;A

(1)
k ;A

(1)
k+1 | ¯à¨¢¥¤¥ë¥ § ¯¨á¨ í«¥¬¥â®¢

 ([�11][1]
n
(1)
1 �1);  ([�11]

�1[�12][1]
n
(1)
2 �1); : : : ;  ([�m;hm�1]

�1[�m;hm ][m]
n
(m)

hm�1
�1);  ([�m;hm ]

�1[�])

(á¬. (1)). �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® (2). �¥âàã¤® ¢¨¤¥âì, çâ® â®£¤  A(1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
I){III) á [�j ] = A

(1)
j , q1 = n

(1)
1 ; : : : ; qk = n

(m)
hm

, r(1) = 1; : : : ; r(k) = m.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¯®áâà®¥  ¯®á«¥¤®¢ â¥«ì®áâì á«®¢ A(1); : : : ;A(i), ã¤®¢«¥â¢®àïî-

é¨å ãá«®¢¨ï¬ a){c). �®ª ¦¥¬, ª ª ®¯à¥¤¥«¨âì A(i+1) ¢ á«ãç ¥, ª®£¤  A(i) ¥ ¯à¨¢¥¤¥®. �®áª®«ì-
ªã ¢á¥ á«®¢  A(i)

j , j = 1; : : : ; k, ¯à¨¢¥¤¥ë, â® ¤«ï ¥ª®â®à®£® j ¢ (10) «¨¡® A(i)
j = A0jx

�1
r(j), «¨¡®

A
(i)
j+1 = x�1r(j)A

00
j+1. �ãáâì, ¤«ï ®¯à¥¤¥«¥®áâ¨, ¨¬¥¥â ¬¥áâ® ¢â®à ï ¢®§¬®¦®áâì. � ¤ «ì¥©è¥¬

ãá«®¢¨¬áï ¤«ï ¯à®áâ®âë ®¡®§ ç¥¨© ¢¥àå¨© ¨¤¥ªá ã ¢á¥å ®¡ê¥ªâ®¢, á¢ï§ ëå á® á«®¢®¬ A(i),
®¯ãáª âì. �¡ê¥ªâë ¦¥, á®®â¢¥âáâ¢ãîé¨¥ ®¯à¥¤¥«ï¥¬®¬ã á«®¢ã A(j+1), ¡ã¤¥¬ á ¡¦ âì ¢¥àå¨¬
¨¤¥ªá®¬.

� áá¬®âà¨¬ á«®¢®

L = A1x
1�q1
r(1) A2x

1�q2
r(2) : : :Ajx

1�qj
r(j) xr(j)A

00
j+1x

1�qj+1

r(j+1) Aj+2 : : :Akx
1�qk
r(k) Ak+1:

� ª ª ª á«®¢® A(i) ã¤®¢«¥â¢®àï¥â I), II), â®

'(L) = [e�] = �Y
j=1

�
[e�1j ]; [e�2j ]�; (11)

¨, § ç¨â, L =
�Q

j=1

�
[D1j ]; [D2j ]

�
, £¤¥ Dij | ¯à¨¢¥¤¥ ï § ¯¨áì í«¥¬¥â   ([e�ij ]), i = 1; 2,

j = 1; : : : ; �. �ãáâì C | ¯à¨¢¥¤¥ ï § ¯¨áì í«¥¬¥â  L. �®£¤  C ¯®«ãç ¥âáï ¨§ L ¥ª®â®àë¬
á®ªà é¥¨¥¬ S. �®§¬®¦ë ¤¢  á«ãç ï.

�«ãç © 1. �å®¦¤¥¨¥ d = (x�1r(j); n0;L), £¤¥ n0 =
jP

t=1
(jAtj+jqt�1j)+1, ï¢«ï¥âáï S-á®ªà â¨¬ë¬.

�®£¤  ã d ¥áâì S- â¨¯®¤ d1 = (xr(j); n1;L). � ç¨â, ¥ª®â®à®¥ Al ¨¬¥¥â ¢¨¤ Al = A0lxr(j)A
00
l , ¯à¨ç¥¬
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n1 = 1+ jAlj+
l�1P
i=1
(jAij+ jqi� 1j). �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® l < j. � ª ç¥áâ¢¥

A(i+1) ¢®§ì¬¥¬ â®£¤  á«®¢®

A(i+1) = A1xr(1)A2xr(2) � � �Al�1xr(l�1)A
0
lxr(j)A

00
l xr(l) �

� Al+1 � � �Aj�1xr(j�1) eAjxr(j+1)Aj+2 � � �Akxr(k)Ak+1; (12)

£¤¥ eAj | ¯à¨¢¥¤¥ ï § ¯¨áì á«®¢  AjA
00
j+1. �â ª,

A(i+1)
s = As; s < l; s > j + 1;

A
(i+1)
l = A0l; A

(i+1)
l+1 = A00l ; A

(i+1)
j+1 = eAj ; (13)

A(i+1)
s = As�1; l + 1 < s < j + 1;

r(i+1)(s) = r(s); s < l; s > j; r(i+1)(l) = r(j); (14)

r(i+1)(s) = r(s� 1); l < s < j + 1:

�®£« á® (13) ®¯à¥¤¥«¨¬ q(i+1)s = qs, s < l, s > j, q(i+1)l = qj , q(i+1)s = qs�1, l < s < j +1. �®ª ¦¥¬,
çâ® A(i+1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ I){III). �¬¥¥¬

[e�(i+1)] = [�][� 0l ][r(j)]
1�qj [� 00l ][r(l)]

1�ql [�0][�j ][� 00j+1][�
00]; (15)

£¤¥

[�] =
l�1Y
s=1

([�s][r(s)]1�qs); [�0] =
j�1Y
s=l+1

([�s][r(s)]1�qs); [�00] =
kY

s=j+1

([r(s)]1�qs [�s+1]);

[� 0l ] = '(A0l ), [�
00
l ] = '(A00l ), [�

00
j+1] = '(A00j+1 ) = [r(j)][�j+1].

� ª ª ª d ¨ d1 | S- â¨¯®¤ë, â® á«®¢® A00l x
1�ql
r(l) �

jQ
s=l+1

(Asx
1�qs
r(s) ) íª¢¨¢ «¥â® ¯ãáâ®¬ã. � ç¨â,

[� 00l ][r(l)]
1�ql

jQ
s=l+1

([�s][r(s)]1�qs) = e. �«¥¤®¢ â¥«ì®, [� 00l ][r(l)]
1�ql [�0][�j ][r(j)]1�qj = e ¨

[r(j)]
1�qj [� 00l ][r(l)]

1�ql [�0][�j ] = e = [r(j)][�
00
l ][r(l)]

1�ql [�0][�j ][r(j)]
1�qj [r(j)]

�1: (16)

�á¯®«ì§ãï (16), ¨§ (15) ¯®«ãç ¥¬

[e�(i+1)] = [�][� 0l ][r(j)][�
00
l ][r(l)]

1�ql [�0][�j ][r(j)]1�qj [�j+1][�00] = [e�] = �Y
j=1

�
[e�1j ]; [e�2j ]�;

¨ ¢ ª ç¥áâ¢¥ [e�(i+1)ij ] ¬®¦® ¢§ïâì [e�ij ], i = 1; 2, j = 1; : : : ; �. � ª ª ª [e�ij ] 2 H, i = 1; 2, j = 1; : : : ; �,
â® A(i+1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ I) ¨ II).

�«ï â®£® çâ®¡ë ãáâ ®¢¨âì á¯à ¢¥¤«¨¢®áâì III) ¤«ï A(i+1), ¢ëà §¨¬ [�(i+1)l ], l = 1; : : : ; k, ç¥à¥§
í«¥¬¥âë [�l], [�l], l = 1; : : : ; k. �¬¥¥¬

[�(i+1)t ] = [�t]; t = 1; : : : ; l � 1; [�(i+1)l ] = [�][� 0l ];

[�(i+1)t ] = [�][� 0l ][r(j)]
1�qj [� 00l ];

t�2Y
s=l

([r(s)]
1�qs [�s+1]); t = l + 1; : : : ; j;

[�(i+1)t ] = [�][� 0l ][r(j)]
1�qj [� 00l ][r(l)]

1�ql [�0][�j ][� 00j+1]�

�
t�1Y

s=j+1

([r(s)]
1�qs [�s+1]); t = j + 1; : : : ; k:
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� ¨á¯®«ì§®¢ ¨¥¬ (16) ¥âàã¤® ¯®ª § âì, çâ® [�(i+1)t ] = [�t], t = 1; : : : ; l � 1, t = j + 1; : : : ; k,
[�(i+1)l ] = [�j ],   ¯à¨ t = l + 1; : : : ; j

[�(i+1)t ] = [�][� 0l ][r(j)]
�qj [� 0l ]

�1[�]�1 � [�][� 0l ][r(j)][�
00
l ]

t�2Y
s=l

([r(s)]1�qs [�s+1]) =

= [�(i+1)l ][r(j)]
�qj [�(i+1)l ]�1

t�2Y
s=1

([�s][r(s)]
1�qs)[�t�1] =

= [�j ][r(j)]
�qj [�j ]

�1[�t�1] = [!j ]
�1[�t�1]:

�®íâ®¬ã [!(i+1)
t ] = [!t], t = 1; : : : ; l � 1, t = j + 1; : : : ; k, [!(i+1)

l ] = [!j ], [!
(i+1)
t ] = [!j ]�1[!t�1][!j ],

t = l + 1; : : : ; j. � ª ª ª [!t] 2 H, t = 1; : : : ; k, â® ¨ [!(i+1)
t ] 2 H, t = 1; : : : ; k, ¨ à áá¬®âà¥¨¥

á«ãç ï 1 § ª®ç¥®.

�«ãç © 2. �ãáâì ¢å®¦¤¥¨¥ d ï¢«ï¥âáï S-¥á®ªà â¨¬ë¬. �®£¤  á«®¢® L ¥¯ãáâ® ¨ á®¤¥à¦¨â

¢å®¦¤¥¨¥ S(d). � ¤àã£®© áâ®à®ë, C = D, £¤¥ D =
�Q

s=1
(D1sD2sD

�1
1s D

�1
2s ), ¯®íâ®¬ã C ï¢«ï¥âáï

¯à¨¢¥¤¥®© § ¯¨áìî í«¥¬¥â D, â. ¥. C ¯®«ãç ¥âáï ¨§D ¥ª®â®àë¬ á®ªà é¥¨¥¬ T . �¯à¥¤¥«¨¬
¤«ï «î¡®£® ¢å®¦¤¥¨ï d ¢ á«®¢® D ¯®ïâ¨¥ á®¯àï¦¥®£® ¢å®¦¤¥¨ï (d)�. �á®, çâ® áãé¥áâ¢ã¥â
â ª®¥ u, 1 � u � �, çâ® ¤«ï en = jdj ¢ë¯®«ï¥âáï ®¤® ¨§ á«¥¤ãîé¨å ç¥âëà¥å ãá«®¢¨©:

a) jDuj < en � jDuj+ jD1uj;

b) jDuj+ jD1uj < en � jDuj+ jD1uj+ jD2uj;

c) jDuj+ jD1uj+ jD2uj < en � jDuj+ 2jD1uj+ jD2uj;

d) jDuj+ 2jD1uj+ jD2uj < en � jDuj+ 2(jD1uj+ jD2uj);

(17)

£¤¥ Du =
u�1Q
j=1

(D1jD2jD
�1
1j D

�1
2j ). �á«¨ ¨¬¥¥â ¬¥áâ® a), â® D1u = D0

1ux
"
kD

00
1u, " = �1, ¯à¨ç¥¬ en =

jDuj+jD0
1uj+1, ¨ áãé¥áâ¢ã¥â ¢å®¦¤¥¨¥ (d)

� = (x�"i ; en�;D), £¤¥ en� = jDuj+jD1uj+jD2uj+jD00
1uj+1.

�á«¨ ¢ë¯®«ï¥âáï c), â® D�1
1u = D0

1ux
"
iD

00
1u, ¯à¨ç¥¬ en = jDuj + jD1uj + jD2uj + jD0

1uj + 1, ¨ â®£¤ 
(d)� = (x�"i ; en�;D), £¤¥ en� = jDuj+ jD00

1uj+ 1. � «®£¨ç® ®¯à¥¤¥«ï¥âáï á®¯àï¦¥®¥ ¢å®¦¤¥¨¥
¢ á«ãç ïå b), d). �ç¥¢¨¤®, çâ® (d)�� = d.

�ãáâì d1 = T�1(S(d)). �¯à¥¤¥«¨¬ d2 = (d1)�. �á«¨ d2 ï¢«ï¥âáï T -á®ªà â¨¬ë¬, â® áãé¥áâ¢ã¥â
¥£® T - â¨¯®¤ d3. �ãáâì d4 = (d3)�. �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¢ à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¯®á«¥¤®-
¢ â¥«ì®áâì â ª¨å ¢å®¦¤¥¨© d1; d2; : : : ¢ á«®¢® D, çâ® ¤«ï «î¡®£® t � 1 ¢ë¯®«ïîâáï ãá«®¢¨ï
�) d2t = (d2t�1)�; �) ¥á«¨ d2t ï¢«ï¥âáï T -á®ªà â¨¬ë¬, â® d2t+1 | ¥£® T - â¨¯®¤.

�®ª ¦¥¬, çâ® ¢á¥ di à §«¨çë. �®áª®«ìªã (d2t) = xr(j), (d2t+1) = x�1r(j), â® ¨§ ãá«®¢¨ï ds = dt,
s � t, á«¥¤ã¥â s � t (mod 2). �®£¤  á ¨á¯®«ì§®¢ ¨¥¬ ãá«®¢¨© �) ¨ �) ¥âàã¤® ¯®ª § âì, çâ®
dl = dt�s+l ¤«ï «î¡®£® l = 1; : : : ; s. � ç áâ®áâ¨, d1 = d1+2q, £¤¥ 2q = t�s. �á«¨ q > 0, â® ¢ á¨«ã �)
d1 ¨¬¥¥â T - â¨¯®¤ d2q, ®¤ ª® d1 ï¢«ï¥âáï T -¥á®ªà â¨¬ë¬, â. ª. T (d1) = S(d). �â ª, ¢á¥ di
¯®¯ à® à §«¨çë. � ª ª ª jDj <1, â® ç¨á«® ¯®¯ à® à §«¨çëå ¢å®¦¤¥¨© ¢ á«®¢® D ª®¥ç®,
â. ¥. ¤«ï ¥ª®â®à®£® v � 1 ¢å®¦¤¥¨¥ d2v ï¢«ï¥âáï T -¥á®ªà â¨¬ë¬. �ãáâì d0 = S�1(T (d2v)).
�®£¤ 

fd0g =
l�1Y
s=1

(Asx
1�qs
r(s) )A

0
l � xr(j) � A

00
l

l�1Y
s=1

(x1�qsr(s) As+1):

�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® l � j. �ãáâì á«®¢® A(i+1) ¨¬¥¥â ¢¨¤ (12). �®ª ¦¥¬,
çâ® â®£¤  A(i+1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ I){III).

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® § ¬¥â¨¬, çâ® ¥á«¨ § ¯¨áì (10) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ I){III), â®
§ ¯¨áì eA = eA(i)

1 xr(1)
eA(i)
2 xr(2) : : :

eA(i)
k xr(k)

eA(i)
k+1, £¤¥ eA(i)

s íª¢¨¢ «¥âë á«®¢ ¬ A(i)
s , â ª¦¥ ã¤®¢«¥â¢®-

àï¥â ãá«®¢¨ï¬ I){III); qs, [e�ij ] ¨ [!s] ¯à¨ íâ®¬ ¥ ¬¥ïîâáï.
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�¥¯¥àì ¢ë¡¥à¥¬ á«®¢® F ¨ á®ªà é¥¨ï U ¨ V íâ®£® á«®¢  ¤® á«®¢ E ¨ D á®®â¢¥âáâ¢¥®
á®£« á® «¥¬¬¥. �®£¤  S � U = T � V ¨ F ¨¬¥¥â ¢¨¤

F = eA1x
1�q1
r(1)

eA2x
1�q2
r(2) : : :

eAkx
1�qk
r(k)

eAk+1;

¯à¨ç¥¬ U(eAi) = Ai, 1 � i � k + 1,   § ¯¨áì A = eA1xr(1)eA2xr(2) : : : eAkxr(k) eAk+1 ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ I){III), â. ª. á«®¢  eAi íª¢¨¢ «¥âë á«®¢ ¬ Ai, i = 1; : : : ; k + 1. �ãáâì edt = V �1(dt),
t = 1; : : : ; 2v. �®£¤  U( ed2v) = U � V �1(d2v) = U � V �1 � T�1 � T (d2v) = S�1 � T (d2v) = d0. � ç¨â,
á¯à ¢¥¤«¨¢® à ¢¥áâ¢® eAl = eA0lxr(j) eA00l , £¤¥ U(eA0l) = A0l, U(eA00l ) = A00l .

�¥à¥¬áï ª à áá¬®âà¥¨î á«®¢  A(i+1). �®ª ¦¥¬, çâ® [!(i+1)
t ] 2 H, t = 1; : : : ; k. �¢¥¤¥¬ í«¥-

¬¥âë

[e!(i+1)
t ] = [� (i+1)t ][!(i+1)

t ][� (i+1)t ]�1; [e!t] = [�t][!t][�t]�1; (18)

£¤¥

[� (i+1)t ] =
t�1Y
s=1

[!(i+1)
s ]; [�t] =

t�1Y
s=1

[!s]; t = 1; : : : ; k:

�á®, çâ® e!t 2 H, t = 1; : : : ; k. �¥¯®áà¥¤áâ¢¥ë¬ ¯®¤áç¥â®¬ ¥âàã¤® ã¡¥¤¨âìáï, çâ® [e!t] =
[�t][r(t)]q(t)[�t]�1, £¤¥ [�t] =

t�1Q
i=1
([�i][r(i)])[�t]. �à®¬¥ â®£®,

[e!(i+1)
t ] = [e!t]; t = 1; : : : ; l � 1; t = j + 1; : : : ; k;

[e!(i+1)
t ] = [e!t�1]; t = l + 1; : : : ; j;

(19)

 

[!(i+1)
t ] = [e�t][e!(i+1)

t ][e�t]�1; £¤¥ [e�t] = t�1Y
s=1

[e!s]�1; t = 1; : : : ; k: (20)

�§ (19) á«¥¤ã¥â [!(i+1)
t ] 2 H, t 6= l. �®£¤  [e�t] 2 H, [e!(i+1)

t ] 2 H, t = 1; : : : ; k, á«¥¤®¢ â¥«ì®,
[� (i+1)l ] 2 H. �á«¨ ¯®ª ¦¥¬, çâ® [!(i+1)

l ] 2 H, â® ¢ á¨«ã (18) [e!(i+1)
l ] 2 H. � ç¨â, á ãç¥â®¬

(19), ®âáî¤  á«¥¤ã¥â, çâ® [e!(i+1)
t ] 2 H, t = 1; : : : ; k, ¨ ¨§ (20) ¡ã¤¥â á«¥¤®¢ âì, çâ® [!(i+1)

t ] 2 H,
t = 1; : : : ; k, â. ¥. ¡ã¤¥â ãáâ ®¢«¥® III) ¤«ï A(i+1). �â ª, ¤®ª ¦¥¬, çâ® [!(i+1)

l ] 2 H.
�ãáâì f edtg = eD0

t � x
"(t)
r(j) �

eD00
t , fdtg = D0

t � x
"(t)
r(j) � D

00
t , £¤¥ "(t) = (�1)t, t = 1; : : : ; 2v. �®ª ¦¥¬,

çâ® Ft = '( eD0
t )[r(j)]qj

�
'( eD0

t)
��1

2 H, t = 1; : : : ; 2v. �®£¤  ¯à¨ t = 2v ®âáî¤  ¡ã¤¥¬ ¨¬¥âì

[!(i+1)
l ] = [�(i+1)l ][r(j)]qj [�

(i+1)
l ]�1 = F2v 2 H, â. ª.

'( eD0
2v ) = '

�
U( eD0

2v)
�
= '(D0

2v ) = '

 
l�1Y
s=1

(Asx
1�qs
r(s) )A

0
l

!
= [�(i+1)l ]:

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¯® ¨¤ãªæ¨¨. �à¨ t = 1 ¨¬¥¥¬ U( ed1) = U�V �1(d1) = T �S�1(d1) = d.

�®íâ®¬ã U( eD0
1) =

jQ
s=1

(Asx
1�qs
r(s) ) ¨ '( eD0

1 ) =
jQ

s=1
([�s][r(s)]1�qs) = [�j ][r(j)]1�qj . �®£¤  F1 =

[�j ][r(j)]qj [�j ]�1 = [!j ] 2 H. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® Fs 2 H, s = 1; : : : ; 2t � 1, £¤¥ t � v.
�®ª ¦¥¬, çâ® F2t 2 H, ¨, ¢ á«ãç ¥ t < v, F2t+1 2 H. �® ãá«®¢¨î �) d2t = V ( ed2t) á®¯àï¦¥® á
d2t�1 = V ( ed2t�1). �«ï n = n2t�1 = jd2t�1j ¨¬¥¥â ¬¥áâ® ®¤  ¨§ ç¥âëà¥å ¢®§¬®¦®áâ¥© (17). �ãáâì
¤«ï ®¯à¥¤¥«¥®áâ¨ ¨¬¥¥â ¬¥áâ® á«ãç © c) (®áâ «ìë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï   «®£¨ç®).
�®£¤  D0

2t�1 = DuD1uD2uD
0
1u, D

0
2t = Du(D00

1u)
�1, D�1

1u = D0
1ux

�1
r(j)D

00
1u, (D

00
1u)

�1 = D1uD
0
1ux

�1
r(j) ¨

'( eD0
2t ) = '

�
V ( eD0

2t)
�
= '(D0

2t ) = '(Du)'(D00
1u )

�1 = '(Du)'(D1u)'(D0
1ux

�1
r(j));
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  «®£¨ç®
'( eD0

2t�1) = '(D0
2t�1) = '(Du)'(D1u)'(D2u)'(D0

1ux
�1
r(j))[r(j)]:

� ç¨â,

'( eD0
2t) = [e�u]'( eD0

2t�1)[r(j)]; (21)

£¤¥

[e�u] = '(Du)'(D1u)'((D2u)�1)'((D1u)�1)'((Du)�1) = [e�0u][e�1u][e�2u][e�1u]�1[e�0u]�1;
[e�0u] = n�1Y

s=1

�
[e�1s][e�2s]�

(á¬. (11)). �á®, çâ® [e�0u] 2 H, ®âªã¤  á«¥¤ã¥â [e�u] 2 H. �¥¯¥àì ¨§ (21) ¯®«ãç ¥¬
F2t = [e�u]'(D0

2t�1 )[r(j)]
qj'(D0

2t�1 )
�1[e�u]�1 = [e�u]F2t�1[e�u]�1 2 H;

â. ª. F2t�1 2 H ¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨.
�ãáâì t < v. � ª ª ª ed2t ¨ ed2t+1 ï¢«ïîâáï T - â¨¯®¤ ¬¨, â® ed2t = V �1(d2t) ¨ ed2t+1 = V �1(d2t+1)

ï¢«ïîâáï V � T - â¨¯®¤ ¬¨. �®£¤  á ¨á¯®«ì§®¢ ¨¥¬ à ááã¦¤¥¨©,   «®£¨çëå â¥¬, çâ® ¨á-
¯®«ì§®¢ «¨áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ à ¢¥áâ¢  [!(i+1)

l ] = [!j ] ¯à¨ à áá¬®âà¥¨¨ á«ãç ï I), ¥âàã¤-
® ¯®ª § âì, çâ® F2t+1 = F2t 2 H. �â ª, ¯®ª § «¨, çâ® Ft 2 H, t = 1; : : : ; 2s, á«¥¤®¢ â¥«ì®,
[!(i+1)

l ] 2 H, ¨ â®£¤  [!(i+1)
s ] 2 H, s = 1; : : : ; k, â. ¥. III) ¤®ª § ®.

�áâ «®áì ¯®ª § âì, çâ® [e�(i+1)] ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥
[e�(i+1)] = �Y

s=1

�
[e�(i+1)1s ]; [e�(i+1)2s ]

�
;

£¤¥ [e�(i+1)ts ] 2 H, t = 1; 2, s = 1; : : : ; �.
�¯®àï¤®ç¨¬ eds, s = 1; : : : ; 2v, ¯® ¢¥«¨ç¨¥ ¬¥áâ ¢å®¦¤¥¨ï, â. ¥. ¡ã¤¥¬ áç¨â âì, çâ® ¤«ï

¥ª®â®à®© ¯¥à¥áâ ®¢ª¨ ¨¤¥ªá®¢ P ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢  j edP (s)j < j edP (t)j, 1 � s < t � 2v.
�ãáâì P (k0) = 1, P (k00) = 2v. � ª ª ª ¯® ¯à¥¤¯®«®¦¥¨î j ed1j > j ed2vj, â® k0 > k00. �¬¥¥¬ L =
L1xr(j)L2x

�1
r(j)L3, £¤¥

L1 =
l�1Y
s=1

(Asx
1�qs
r(s) )A

0
l; L2 = A00l

jY
s=l+1

(Asx
1�qs
r(s) ); L3 = A00j+1

kY
s=j+1

(x1�qsr(s) As+1):

�á¯®«ì§ãï (15), ¯®«ãç ¥¬, çâ® [e�(i+1)] = '(L0), £¤¥ L0 = L1x
1�qj
r(j) L2x

qj�1
r(j) L3.

�ãáâì

fdP (1); dP (1); : : : ; dP (2v)g = B1 � x
"1
r(j) �B2 � x

"2
r(j) � � � � �B2v � x

"2v
r(j) �B2v+1; "i = �1:

�®ª ¦¥¬, çâ® L0 íª¢¨¢ «¥â® L� =
2vQ
s=1

(Bsx
"s(qj�1)

r(j) )B2v+1. � ª ª ª

fd0; dg = L1 � xr(j) � L2 � x
�1
r(j) � L3;

fd2v; d1g = B(1) � xr(j) �B
(2) � x�1r(j) �B

(3);

f ed2v; ed1g = eB(1) � xr(j) � eB(2) � x�1r(j) �
eB(3);

£¤¥

B(1) =
k00�1Y
s=1

(Bsx
"s
r(j))Bk00 ; B(2) =

k0�1Y
s=k00+1

(Bsx
"s
r(j))Bk0 ; B(3) =

2vY
s=k0+1

(Bsx
"s
r(j))B2v+1;
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â® Lj = U( eB(j)) � V ( eB(j)) = B(j), j = 1; 2; 3. �«¥¤®¢ â¥«ì®, L0 � B(1) � x
1�qj
r(j) �B

(2) � x
qj�1
r(j) �B

(3).
�®ª ¦¥¬, çâ®

B(1) � bB(1) =
k00�1Y
s=1

(Bsx
"s(1�qj )
r(j) )Bk00 ;

B(2) � bB(2) =
k0�1Y

s=k00+1

(Bsx
"s(1�qj)
r(j) )Bk0 ;

B(3) � bB(3) =
2vY

s=k0+1

(Bsx
"s(1�qj)

r(j) )B2v+1:

� áá¬®âà¨¬ ¤«ï ¯à¨¬¥à  ¯¥à¢®¥ á«®¢® B(1). �ãáâì d0P (j) | â ª®¥ ¢å®¦¤¥¨¥ ¢ B(1), çâ® jd0P (j)j =
jdP (j)j, j = 1; : : : ; k00. �®£¤  fd0P (1); : : : ; d

0
P (k00)g = B1 � x

"1
r(j) �B2 � � � � � x

"k00�1

r(j) �Bk00 . � ª ª ª dP (k00)
ï¢«ï¥âáï T -¥á®ªà â¨¬ë¬, â® ¤«ï «î¡®£® i, 1 � i � k00 � 1, áãé¥áâ¢ã¥â l = l(i), 1 � l(i) � k � 1,
â ª®¥, çâ® dP (i) ¨ dP (l) | T - â¨¯®¤ë. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ¨¤ãæ¨à®¢ ®¥ á®ªà é¥¨¥ T (1)

á«®¢  B(1), çâ® d0P (i) ¨ d0P (l) | T - â¨¯®¤ë. �®íâ®¬ã B(1) íª¢¨¢ «¥â® á«®¢ã
k00�1Q
s=1

(BsHs)Bk00 ,

£¤¥ á«®¢  Hi ¨ Hl ¯à¨ l = l(i) ¢§ ¨¬® ®¡à âë. � ç áâ®áâ¨, ¡¥àï ¢ ª ç¥áâ¢¥ Hs á«®¢® x
"s(qj�1)
r(j) ,

¯®«ãç ¥¬, çâ® B(1) � bB(1).
�®íâ®¬ã L0 � bB(1)x

1�qj
r(j)

bB(2)x
qj�1
r(j)

bB(3) = L�. � ª ª ª

D =
2vY
s=1

(Bsx
"s
r(j))B2v+1 =

�Y
s=1

(D1tD2sD
�1
1s D

�1
2s );

â® ¢å®¦¤¥¨ï dt, t = 1; : : : ; 2v, ¨¤ãæ¨àãîâ â ª¨¥ ¢å®¦¤¥¨ï dr;s1 ; : : : ; dr;st ¢ á«®¢  Drs, r = 1; 2,
s = 1; : : : ; �, çâ®

fdr;s1 ; : : : ; dr;st g = D
1
rs � x

"1
r(j) �D

2
rs � x

"2
r(j) �D

3
rs � � � � �D

t+1
rs

("i = �1 ¨ t § ¢¨áïâ, ¢®®¡é¥ £®¢®àï, ®â r ¨ s). �ãáâì

D�
rs =

tY
w=1

(Dw
rsx

"w(1�qj)
r(j) )Dt+1

rs :

�®£¤  ¥âàã¤® ¢¨¤¥âì, çâ® L� =
�Q

s=1

�
D�

1sD
�
2s(D

�
1s)

�1(D�
2s)

�1
�
. � ç¨â, [e�(i+1)] = '(L

0
) = '(L

�
) =

�Q
s=1

�
[e�(i+1)1s ]; [e�(i+1)2s ]

�
, £¤¥ [e�(i+1)rs ] = '(D�

rs), r = 1; 2, s = 1; : : : ; �.

�áâ «®áì ¯®ª § âì, çâ® [e�(i+1)rs ] 2 H, r = 1; 2, s = 1; : : : ; �. � áá¬®âà¨¬ á«ãç © r = 1 (á«ãç ©
r = 2 à áá¬ âà¨¢ ¥âáï   «®£¨ç®). � ª ª ª d1;sq á®®â¢¥âáâ¢ã¥â ¥ª®â®à®¬ã ¢å®¦¤¥¨î d�, � =
�(q), â®

s�1Y
w=1

(D1wD2wD
�1
1wD

�1
2w)

q�1Y
w=1

(Dw
1sx

"w
r(j))D

q
1s = D

0
�: (22)

�¬¥¥¬

[e�(i+1)1s ][e�rs]�1 = tY
q=1

[0q][r(j)]
�"qqj [0q]

�1;

£¤¥ [0q] =
q�1Q
w=1

([�w1s][r(j)]
"w)[�q1s], [�

w
1s] = '(D

w

1s). �®íâ®¬ã

s�1Y
w=1

��
[e�1w]; [e�2w]��[e�(i+1)1s ][e�1s]�1 = tY

q=1

�
[�0q ][r(j)]

�"qqj [�0q]
�1
� s�1Y
w=1

�
[e�1w]; [e�2w]�; (23)
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£¤¥ [�0q] =
s�1Q
w=1

�
[e�1w]; [e�2w]�[0q]. � á¨«ã (22) [�0q] = '(D0

�(q)). �ç¨âë¢ ï à ¢¥áâ¢®

[�0q][r(j)]
�"qqj [�0q]

�1 =
�
'(D0

�(q))[r(j)]
qj'(D0

�(q))
�1
��"q = (F�(q))�"q ;

¨§ (23) ¯®«ãç ¥¬, çâ®

[e�(i+1)1s ] =

 
s�1Y
w=1

�
[e�1w]; [e�2w]�

!�1 tY
q=1

(F�(q))
�"q

s�1Y
w=1

�
[e�1w]; [e�2w]� 2 H;

â. ª. [e�rs] 2 H, r = 1; 2, s = 1; : : : ; �, Fs 2 H, s = 1; : : : ; 2v. �

6. �à¥¤áâ ¢«¥¨¥ í«¥¬¥â®¢ ª®¬¬ãâ â  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï ¬¨¨¬ «ì® ¢®§-

¬®¦®£® ç¨á«  ª®¬¬ãâ â®à®¢. �§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ¤«ï ¯®«ãç¥¨ï ¢á¥å à¨¬ ®¢ëå
¯®¢¥àå®áâ¥© � 2 �C(�) § ¤ ®£® à®¤  � á n�(1N) = 0 á«¥¤ã¥â ¯¥à¥¡à âì ¢á¥ ¡ §¨áë¥  ¡®àë
K áâ¥¯¥¨ � ¨ ¢ á«ãç ¥, ª®£¤  � > 0, ¤«ï ª ¦¤®£® í«¥¬¥â  [�K] = '(dK) ¯¥à¥¡à âì ¢á¥ ¢®§¬®¦-
ë¥ ¯®¤£àã¯¯ë H1 ¢ �1(A;Q), ®¡« ¤ îé¨¥ á¢®©áâ¢®¬: áãé¥áâ¢ã¥â â ª®¥ ¯à¥¤áâ ¢«¥¨¥ í«¥¬¥â 

[�K] ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï [�K] =
�Q

j=1

�
[�1j ]; [�2j ]

�
, çâ® í«¥¬¥âë [�1j ], [�2j ], j = 1; : : : ; �, ¯®à®¦¤ îâ

H1. � á«ãç ¥ � = 1 ¢®¯à®á ¯®«®áâìî à¥è ¥âáï ç¨áâ®  «£¥¡à ¨ç¥áª¨¬ á¯®á®¡®¬.

�¥®à¥¬  4 (®¡ ®¡à ¬«¥®¬ ª®¬¬ãâ â®à¥). � á¢®¡®¤®© £àã¯¯¥ X í«¥¬¥â x ï¢«ï¥âáï ª®¬-
¬ãâ â®à®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á«®¢® A | ¯à¨¢¥¤¥ãî § ¯¨áì í«¥¬¥â  x ç¥à¥§

®¡à §ãîé¨¥ x1; : : : ; xm; : : : ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥1

A = HfC(A1A2)C�1gfD(A�11 A
�1
2 )D�1gH�1; (24)

£¤¥ ¥ª®â®àë¥ ¨§ á«®¢ A1, A2, C, D, H ¬®£ãâ ¡ëâì ¯ãáâë¬¨. �®«¥¥ â®£®, ¥á«¨ x = [y; z],
â® ¯à¥¤áâ ¢«¥¨¥ (24) ¬®¦® ¯®¤®¡à âì â ª¨¬ ®¡à §®¬, çâ® ¯®¤£àã¯¯  ¢ X, ¯®à®¦¤¥ ï

í«¥¬¥â ¬¨ y1 ¨ z1, á®®â¢¥âáâ¢ãîé¨¬¨ á«®¢ ¬ HCA1D
�1H�1 ¨ HDA2C

�1H�1, á®¢¯ ¤ ¥â á

¯®¤£àã¯¯®©, ¯®à®¦¤¥®© í«¥¬¥â ¬¨ y ¨ z. �à¨ íâ®¬ x = [y1; z1].

�¥®à¥¬  4 | íâ® ¯® áãé¥áâ¢ã ¯¥à¥ä®à¬ã«¨à®¢ª  ®¤®© â¥®à¥¬ë ¨§ [5]. � á«ãç ¥ � > 1 ¬®¦®
¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â®¬ � ««¥à  [3] (á¬. â ª¦¥ [4]), ª®â®àë© áä®à¬ã«¨àã¥¬ ¢ ã¤®¡®© ¤«ï
 á ä®à¬¥.

�ãáâì n 2 N ¨
n

[
k=1
fr1k; r2kg = fi 2 N j 1 � i � 2ng | ¥ª®â®à®¥ à §¡¨¥¨¥ ¬®¦¥áâ¢ 

¯¥à¢ëå (2n)  âãà «ìëå ç¨á¥«   ¯ àë. �¡®§ ç¨¬ íâ® à §¡¨¥¨¥ ç¥à¥§ M. �ã¤¥¬ £®¢®à¨âì,

çâ® à §¡¨¥¨¥ á«®¢  A   ¯®¤á«®¢  A =
2nQ
i=1
Ai ¥áâì à §¡¨¥¨¥ â¨¯  M, ¥á«¨ Ar = A�1r ¤«ï

«î¡®£® k, 1 � k � n. �ãáâì M =
n

[
k=1
fr1k; r2kg | ¥ª®â®àë© â¨¯ à §¡¨¥¨ï. � áá¬®âà¨¬  

¯«®áª®áâ¨ § ¬ªãâë© ¬®£®ã£®«ì¨ª � á® áâ®à® ¬¨ a1; : : : ; a2n ¨ ®â®¡à ¦¥¨¥ áª«¥¨¢ ¨ï h,
®â®¦¤¥áâ¢«ïîé¥¥ áâ®à®ë ar1k ¨ ar2k = A�1r1k , k = 1; : : : ; n. � à¥§ã«ìâ â¥ áª«¥¨¢ ¨ï ¯®«ãç ¥¬
ª®¬¯ ªâãî à¨¬ ®¢ã ¯®¢¥àå®áâì �0 à®¤  �. � §®¢¥¬ �0 à¨¬ ®¢®© ¯®¢¥àå®áâìî, á®®â¢¥â-

áâ¢ãîé¥© â¨¯ã M,   ç¨á«® � | à®¤®¬ â¨¯  M. �ãáâì @� | £à ¨æ  �, ªà¨¢ ï i ®¡å®¤¨â
áâ®à®ã ai ¬®£®ã£®«ì¨ª  � ¢ ¯®«®¦¨â¥«ì®¬  ¯à ¢«¥¨¨, P | â®çª  áâëª  áâ®à® a1 ¨ a2n.

� ª ª ª ¤«ï «î¡®© â®çª¨ x0 2 �0nh(@�) ®¡à § £à ¨æë h(@�) ï¢«ï¥âáï á¨«ìë¬ ¤¥ä®à¬ æ¨-
®ë¬ à¥âà ªâ®¬ ¤«ï �0 nfx0g, â® «î¡®© í«¥¬¥â ! ¨§ äã¤ ¬¥â «ì®© £àã¯¯ë �1(�0 nfx0g; P )

¯à®ª®«®â®© ¯®¢¥àå®áâ¨ �0nfx0g ¢ â®çª¥ P ®¡« ¤ ¥â ¯à¥¤áâ ¢¨â¥«¥¬ ¢¨¤ 
lQ

i=1
(h(p(i)))"i , "i = �1.

�ãáâì ¯à¨¢¥¤¥®¥ á«®¢® A ¤®¯ãáª ¥â à §¡¨¥¨¥ A =
2nQ
i=1
Ai â¨¯  M. �®¯®áâ ¢¨¬ í«¥¬¥âã

! 2 �1(�0 n fx0g; P ) í«¥¬¥â g(!) á¢®¡®¤®© £àã¯¯ë X, ¯à¥¤áâ ¢¨â¥«¥¬ ª®â®à®£® ï¢«ï¥âáï á«®¢®

1Cª®¡ª¨ ¯®ïáïîâ  §¢ ¨¥ â¥®à¥¬ë.
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lQ
i=1
(h(p(i)))"i . �â® ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ® ( ¯à., [7]). �®¤£àã¯¯ã g(�1(�0 n fx0g; P )) ¢ X  §®¢¥¬

¯®¤£àã¯¯®© à §¡¨¥¨ï A =
2nQ
i=1
Ai â¨¯  M ¨ ®¡®§ ç¨¬ ç¥à¥§ H

� 2nQ
i=1
Ai;M

�
. �¡®§ ç¨¬ ç¥à¥§ �

ªà¨¢ãî h(1 : : : 2n). �¥¯¥àì áä®à¬ã«¨àã¥¬ ã¯®¬ïãâë© ¢ëè¥ à¥§ã«ìâ â.

�¥®à¥¬  5. �«¥¬¥â x ¨§ ª®¬¬ãâ â®à  [X;X] á¢®¡®¤®© £àã¯¯ë X ¨¬¥¥â áâ¥¯¥ì � â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  á«®¢® A | ¯à¨¢¥¤¥ ï § ¯¨áì í«¥¬¥â  x | ¤®¯ãáª ¥â à §¡¨¥¨¥ â¨¯ 

M, £¤¥ M ¨¬¥¥â à®¤ �, ¨ ¥ ¤®¯ãáª ¥â à §¡¨¥¨© ¬¥ìè¥£® à®¤ . �á«¨, ªà®¬¥ â®£®, x =
�Q

i=1
[y1i; y2i], â® à §¡¨¥¨¥ A =

2nQ
i=1
Ai â¨¯  M ¬®¦® ¢ë¡à âì â ª¨¬ ®¡à §®¬, çâ®¡ë ¯®¤£àã¯¯ 

H
� 2nQ
i=1
Ai;M

�
á®¢¯ ¤ «  á ¯®¤£àã¯¯®© ¢ X, ¯®à®¦¤¥®© í«¥¬¥â ¬¨ y1i, y2i, i = 1; : : : ; �. �®«¥¥

â®£®, áãé¥áâ¢ãîâ â ª¨¥ ®¡à §ãîé¨¥ !ji £àã¯¯ë �1(�0 nfx0g; P ), çâ® x =
�Q
i=1
[g(!1i); g(!2i)]; ¯à¨

íâ®¬ x = g([h(�)]).

� á¨«ã â¥®à¥¬ë 5  «£¥¡à ¨ç¥áª ï § ¤ ç  á¢®¤¨âáï ª â®¯®«®£¨ç¥áª®©, ª®â®à ï ¬®¦¥â ¡ëâì
«¥£ª® à¥è¥  ç¨áâ® ª®¬¡¨ â®àë¬¨ ¬¥â®¤ ¬¨.

�¨â¥à âãà 

1. � áëà®¢ �.�. � §¢¥â¢«¥ë¥  ªàëâ¨ï à¨¬ ®¢ëå ¯®¢¥àå®áâ¥© á § ¤ ®© ¯à®¥ªæ¨¥© ªà ï

// �«£¥¡à  ¨   «¨§. { 1993. { �. 5. { ò 3. { �. 212{237.
2. Nasyrov S.R. Generalized Riemann{Hurwitz formula // Rev. Romain Acad. Sci. { 1995. { V. 40. {

ò 2. { P. 177{194.
3. Culler M. Using surfaces to solve equations in free groups // Topology. { 1981. { V. 20. { P. 133-145.
4. �«ìè áª¨© �.�. �¨ £à ¬¬ë £®¬®¬®àä¨§¬®¢ £àã¯¯ ¯®¢¥àå®áâ¥© // �¨¡. ¬ â¥¬. ¦ãà. {

1989. { �. 30. { ò6. { �. 152{171.
5. � «ìæ¥¢ �.�. �¡ ãà ¢¥¨¨ zxyx�1y�1z�1 = aba�1b�1 ¢ á¢®¡®¤®© £àã¯¯¥ // �«£¥¡à  ¨ «®£¨ª .

{ 1962. { �. 1. { ò 5. { �. 45{50.
6. � áëà®¢ �.�. �®áâà®¥¨¥ ª®¥çëå à¨¬ ®¢ëå ¯®¢¥àå®áâ¥© ¯® £à ¨ç®© ªà¨¢®© // ���

����. { 1987. { �. 297. { ò6. { �. 1311{1314.
7. �¨¤® �., �ã¯¯ �. �®¬¡¨ â®à ï â¥®à¨ï £àã¯¯. { �.: �¨à, 1980. { 447 á.

� § áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 03.11.2003

61


