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�ãáâì H | ¡¥áª®­¥ç­®¬¥à­®¥ ª®¬¯«¥ªá­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¨ A : D(A) � H ! H
| á ¬®á®¯àï¦¥­­ë© ¯®«ã®£à ­¨ç¥­­ë© ¤¨áªà¥â­ë© ®¯¥à â®à (â. ¥. ®¯¥à â®à R(�;A) = (A �
�I)�1, � 2 �(A), ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ ®¯¥à â®à®¬), á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ª®â®à®£® 0 < �1 <
�2 < � � � < �n < � � � , á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¬ ¢¥ªâ®à ¬ e1; e2; : : : ; en; : : : , ¯à®áâë¥.

� ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤  ¯®¤®¡­ëå ®¯¥à â®à®¢ [1]{[3] ¨áá«¥¤ãîâáï á¯¥ªâà «ì­ë¥ á¢®©áâ¢ 
¢®§¬ãé¥­­ëå ®¯¥à â®à®¢ ¢¨¤ 

A�B; Bx =
NX

m=1

(Ax; am)bm; x 2 D(A); (1)

£¤¥ am, bm, m = 1; : : : ; N < 1, | ­ ¡®àë ¢¥ªâ®à®¢ ¨§ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  H. � ª®¥ ¢®§-
¬ãé¥­¨¥ B ­ §ë¢ ¥âáï ®â­®á¨â¥«ì­® ª®­¥ç­®¬¥à­ë¬. �®«ãç¥­ë ®æ¥­ª¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©
¨ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¯¥à â®à®¢ ¢¨¤  (1).

� ®á­®¢¥ ¬¥â®¤  ¯®¤®¡­ëå ®¯¥à â®à®¢ «¥¦¨â ¯®­ïâ¨¥ ¤®¯ãáâ¨¬®© âà®©ª¨ (A; J;�) (á¬. [2]).
�¤¥áì A | ¯à®áâà ­áâ¢® ¤®¯ãáâ¨¬ëå ¢®§¬ãé¥­¨©, ª®â®à®¬ã ¯à¨­ ¤«¥¦¨â à áá¬ âà¨¢ ¥¬ë©
®¯¥à â®à B, ¨ J : A ! A, � : A ! EndH | ¤¢  «¨­¥©­ëå âà ­áä®à¬ â®à  (â. ¥. «¨­¥©­ë¥
®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ¯à®áâà ­áâ¢¥ «¨­¥©­ëå ®¯¥à â®à®¢).

�ãáâì n | ­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«®, Pnx = (x; en)en | ¯à®¥ªâ®à �¨áá , á®®â¢¥âáâ¢ãî-
é¨© á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �n. � ª ç¥áâ¢¥ ¯à®áâà ­áâ¢  ¢®§¬ãé¥­¨© ¢®§ì¬¥¬ «¨­¥©­®¥ ¬­®£®-
®¡à §¨¥ ®¯¥à â®à®¢ ¨§ ¡ ­ å®¢  ¯à®áâà ­áâ¢  LA(H) «¨­¥©­ëå ®¯¥à â®à®¢, ¯®¤ç¨­¥­­ëå ®¯¥-
à â®àã A ¨ ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥

X = X0A; X 2 �2(H); (2)

£¤¥ �2(H) | ¨¤¥ « ®¯¥à â®à®¢ �¨«ì¡¥àâ -�¬¨¤â , ¨ â ª¨å, çâ®

kPiXPjk � const�i�j 8i; j; (3)

­¥­ã«¥¢ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�ig, f�jg ­¥®âà¨æ â¥«ì­ëå ç¨á¥« ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã l2
¨ ¢ë¡à ­ë â ª, çâ®¡ë ®¯¥à â®à B ã¤®¢«¥â¢®àï« ãá«®¢¨î (3). � ç áâ­®áâ¨, ãá«®¢¨¥ (3) ¢ë¯®«-
­¥­®, ¥á«¨

�i =
� NX
m=1

j(ei; am)j2
�1=2

; �j =
� NX
m=1

j(ei; bm)j2
�1=2

: (4)

�¨­¥©­®¥ ¯à®áâà ­áâ¢® A ­®à¬¨àã¥¬, ¯®«®¦¨¢

kXk� = inffc > 0 : kPiX0Pjk � c�i�j 8i; jg: (5)
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�¯à¥¤¥«¨¬ «¨­¥©­ë¥ âà ­áä®à¬ â®àë �n : A! EndH ¨ Jn : A! A

JnX = PnXPn + P nXP n; X 2 A; P n = I � Pn; J = Jn; (6)

�X = PnXSn � SnXPn; X 2 A; � = �n; (7)

£¤¥ Sn 2 EndH ®¯à¥¤¥«ï¥âáï ­  ¢¥ªâ®à å ek, k � 1, á®®â­®è¥­¨ï¬¨

Snen = 0; Snek =
1

�n � �k
ek; k 6= n: (8)

�¥¬¬  1. �à®©ª  (A; J;�) ï¢«ï¥âáï ¤®¯ãáâ¨¬®© ¤«ï ®¯¥à â®à  A, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï


1(n) =
� 1X

j=1
j 6=n

�2n�
2

j

j�j j
2

j�n � �j j2
+

1X
j=1
j 6=n

�2j�
2

n

j�j j
2

j�n � �j j2

�1=2
<1; (9)


2(n) = max
�
�n�n sup

j 6=n

j�j j

j�n � �j j
;
1X
j=1
j 6=n

�j�j
j�j j

2

j�n � �j j2

�
<1: (10)

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬  ªá¨®¬ë ¤®¯ãáâ¨¬®© âà®©ª¨ ¤«ï (A; J;�). �®«­®â  ¯à®áâà ­-
áâ¢  A á«¥¤ã¥â ¨§ ¯®«­®âë ¯à®áâà ­áâ¢  �2(H), ­¥¯à¥àë¢­®áâ¨ ­®à¬ë ¨ ­¥à ¢¥­áâ¢ 

kX0k
2

2
=

1X
i;j=1

kPiX0Pjk
2 � kXk2�

1X
i;j=1

�2i�
2

j : (11)

�âáî¤ , ¯®áª®«ìªã

kXxk2 = kXAxk2 � kX0k
2

2
kAxk � kX0k

2

2
(kAxk + kxk) 8x 2 D(A);

á«¥¤ã¥â ­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥ A ¢ LA(H).
�®ª ¦¥¬ â¥¯¥àì, çâ® �X 2 End(H) ¨ ®æ¥­¨¬ ­®à¬ã âà ­áä®à¬ â®à  �. �«ï íâ®£® ®â¬¥â¨¬,

çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® k�Xxk2 = kPnXSnxk
2 + kSnXPnxk

2. �æ¥­¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢
¯à ¢®© ç áâ¨ íâ®£® à ¢¥­áâ¢ . �§ à ¢¥­áâ¢  � àá¥¢ «ï, ãç¨âë¢ ï á®®â­®è¥­¨¥ (9) ¨ á¢®©áâ¢ 
®¯¥à â®à®¢ ¨§ A, ¨¬¥¥¬

kPnX0Snxk
2 =

� X
j�1; j 6=n

j(x; ej)j(j�j j=j�n � �j j)kPnX0Pjk

�2
:

�âáî¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨ ¨ ®¯à¥¤¥«¥­¨ï ­®à¬ë ¢ A ¯®«ãç ¥¬

kPnX0Snk
2 �

X
j�1; j 6=n

�2n�
2

j (j�j j=j�n � �j j)
2kXk2�:

�«ï ¢â®à®£® á« £ ¥¬®£®, ¯®áª®«ìªã Pnx = (x; en)en, ¢ á¨«ã á®®â­®è¥­¨© (2), (3), (8) ¨ à ¢¥­áâ¢ 
P n = I � Pn ¯®«ãç ¥¬

kSnXPnxk
2 �

X
j�1; j 6=n

�2j�
2

n(j�j j=j�n � �j j)
2kXk2�;

á«¥¤®¢ â¥«ì­®, �X | ®£à ­¨ç¥­­ë© ®¯¥à â®à ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

k�Xk � �1(n)kXk�: (12)

�®ª ¦¥¬ â¥¯¥àì, çâ® ®¯¥à â®àë X�Y ¨ �YX ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã A ¨ á¯à ¢¥¤«¨¢® ­¥-
à ¢¥­áâ¢®

maxfkX�Y k�; k�Y Xk�g � 
2(n)kXk�kY k�: (13)

�«ï íâ®£® ¯®ª ¦¥¬, çâ® ¤«ï ª ¦¤®£® ¨§ íâ¨å ®¯¥à â®à®¢ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® (3) á ª®­áâ ­-
â®© �2(n). �®áª®«ìªã X�Y = X0A�Y0A, â®, ¨á¯®«ì§ãï ä®à¬ã«ã ¤«ï �, ¯®«ãç ¥¬ á®®â­®è¥­¨ï

76



PjX0A�Y0Pi = PjX0APnY0SnPi, i 6= n; PjX0A�Y0Pi = PjX0ASnY0Pn, i = n. �æ¥­¨¬ ­®à¬ã ª -
¦¤®£® ®¯¥à â®à  ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢ . �§ á®®â­®è¥­¨© (3), (8) ¯®«ãç ¥¬

kPjX0APnY0SnPik � sup
i6=n

(j�nj=j�n � �ij)�n�nkXk�kY k��j�i:

�­ «®£¨ç­®, ¨á¯®«ì§ãï à ¢¥­áâ¢® � àá¥¢ «ï, á®®â­®è¥­¨ï (3), (8), ¨¬¥¥¬

kPjX0ASnY0Pnk �
X

k�1; k 6=n

�k�k(j�kj=j�n � �kj)2kXk�kY k��j�n:

� ª¨¬ ®¡à §®¬, ¯®«ãç¥­  ®æ¥­ª  ¤«ï ­®à¬ë ®¯¥à â®à  X�Y . �­ «®£¨ç­® ¯®«ãç ¥âáï ®æ¥­ª 
¤«ï ­®à¬ë ®¯¥à â®à  �YX.

�ª«îç¥­¨¥ Ran(�X) � D(A), X 2 A, á«¥¤ã¥â ¨§ ¢¨¤  ®¯¥à â®à  �X. � á¨«ã á®®â­®è¥­¨ï
(8) ­¥¯®áà¥¤áâ¢¥­­® ¯®¤áâ ­®¢ª®© ¯à®¢¥àï¥âáï, çâ®

A�X � �XA = PnXSn(�nI �A) + (�nI �A)SnXPn = PnXP + PXPn = X � JX: �

�â ª, (A; J;�) | ¤®¯ãáâ¨¬ ï âà®©ª . � áá¬®âà¨¬ ¢®§¬ãé¥­­ë© ®¯¥à â®à A�B ¨ ¢ë¯¨è¥¬
ãá«®¢¨ï ¥£® ¯®¤®¡¨ï ®¯¥à â®àã ¢¨¤  A � JX, £¤¥ X 2 A. �¯¥à â®à ¯à¥®¡à §®¢ ­¨ï ¯®¤®¡¨ï
¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ U = I + �X. �ç¨âë¢ ï, çâ® J ï¢«ï¥âáï ¯à®¥ªâ®à®¬, ¯®«ãç ¥¬ ãà ¢­¥­¨¥
¤«ï X 2 A

X = B�X � �XJB � �XJ(B�X); X 2 A: (14)

�à®áâà ­áâ¢® ¢®§¬ãé¥­¨© ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¯®¤¯à®áâà ­áâ¢ ¢¨¤  Aij = fQiXQj : X 2
Ag, i; j = 1; 2, Q1 = Pn, Q2 = P n. �à ¢­¥­¨¥ (14) ¯¥à¥¯¨è¥¬ ¤«ï ®¯¥à â®à­ëå ¡«®ª®¢ Xij =
QiXQj , i; j = 1; 2, ®¯¥à â®à  X 2 A

X11 = B12�X21 +B11; (15)

X21 = B22�X21 � (�X21)B11 � (�X21)B12(�X21) +B21; (16)

X22 = B21�X12 +B22; (17)

X12 = B11�X12 � (�X12)B12 � (�X12)B21(�X12) +B21: (18)

� áá¬®âà¨¬ ­¥«¨­¥©­ë¥ ®¯¥à â®àë Fij : Aij ! Aij (i = 2, j = 1 ¨«¨ i = 1, j = 2), § ¤ ¢ ¥¬ë¥
¯à ¢ë¬¨ ç áâï¬¨ ãà ¢­¥­¨© (16) ¨ (18) á®®â¢¥âáâ¢¥­­®.

�¥¬¬  2. �ãáâì n � 1 | ­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«® â ª®¥, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥

" = 
(n)kBk� < 1=4; 
(n) = maxf
1(n); 
2(n)g: (19)

�®£¤  ®¯¥à â®à A � B, B 2 A, ¯®¤®¡¥­ ®¯¥à â®àã A � JX�, ®¯¥à â®à ¯à¥®¡à §®¢ ­¨ï ¯®¤®¡¨ï

¨¬¥¥â ¢¨¤

U = I + �X�; X� = X�
11
+X�

12
+X�

21
+X�

22
; (20)

X� | à¥è¥­¨¥ ãà ¢­¥­¨ï (14),   X�
ij , i; j = 1; 2, | à¥è¥­¨¥ á¨áâ¥¬ (16){(18).

�®ª § â¥«ìáâ¢®. �§ ¯à®¢¥¤¥­­ëå à ááã¦¤¥­¨© á«¥¤ã¥â, çâ® ®â®¡à ¦¥­¨¥ Fij : Aij ! Aij

(i = 2, j = 1 ¨«¨ i = 1, j = 2) ï¢«ï¥âáï á¦¨¬ îé¨¬ ¢ è à¥

Sij = fY 2 Aij : kY �Bijk� � rkBijk�g;

r = "(4 + 2")=(1 � 2"� 2"2 + (1� 4")1=2);

á ª®­áâ ­â®© á¦ â¨ï q = 1� (1� 4")1=2 ¨ ¯¥à¥¢®¤¨â ¥£® ¢ á¥¡ï. �®íâ®¬ã ¯® â¥®à¥¬¥ � ­ å  ([4],
c. 605) ®­® ¨¬¥¥â ¢ íâ®¬ è à¥ ¥¤¨­áâ¢¥­­ãî ­¥¯®¤¢¨¦­ãî â®çªã X�

ij (â. ¥. ãà ¢­¥­¨ï (17) ¨ (19)
¨¬¥îâ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥) ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

kX�
ij � F k

ij(0)k� � (qk=(1� q))kBijk�; k � 1; Fij(0) = Bij : (21)
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�¥¯à¥àë¢­ ï ®¡à â¨¬®áâì ®¯¥à â®à  U á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (12) ¨ á¢®©áâ¢  à¥è¥­¨ï
ãà ¢­¥­¨© (16) ¨ (18).

�à¨¢¥¤¥¬ â¥¯¥àì ®æ¥­ª¨ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A�B.

�¥®à¥¬ . �ãáâì ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® n � 1 ¢ë¯®«­¥­® ãá«®¢¨¥ (19). �®£¤  ¨¬¥îâ
¬¥áâ® ®æ¥­ª¨

j��n � �n + (Ben; en)j � j�nj�n�n
2(n)kB21k�kB12k�=(1 � 4
2(n)kBk�)
1=2; (22)





�en � en +
X

j�1; j 6=n

(Ben; ej)Sej





 �

� 4j�nj�n
2(n)kB21k�kBk�=(1� 4
2(n)kBk�)1=2
� X
j�1; j 6=n

(j�j j=j�n � �j j)2
�1=2

: (23)

�®ª § â¥«ìáâ¢®. �§ ¯®¤®¡¨ï ®¯¥à â®à  A�B ®¯¥à â®àã A�JX� á«¥¤ã¥â �en = (I��X�)en
¨ ��n = ((A�X�

11
)en; en). �âáî¤ , ãç¨âë¢ ï ¢¨¤ à¥è¥­¨ï X� ¨ âà ­áä®à¬ â®à  �, ¯®«ãç ¥¬

j��n � �n + (Ben; en)j � kB12�B21enk+ kB12�(X
�
21
�B21)enk; (24)

k�en � en + SnB21enk = kSn(X�
21
�B21)enk: (25)

�§ ­¥à ¢¥­áâ¢ (24), (13), (21) ¨ ¢¨¤  ª®­áâ ­âë á¦ â¨ï q á«¥¤ã¥â ®æ¥­ª  (22).
�á¯®«ì§ãï à ¢¥­áâ¢® � àá¥¢ «ï ¨ á®®â­®è¥­¨ï (3), (8), (21), ¯®«ãç ¥¬

kSn(X
�
21
�B21)enk � (�n�nq=(1 � q))

� X
j�1; j 6=n

(j�j j=j�n � �j j)
2

�1=2
kB21k�:

�ª®­ç â¥«ì­ ï ®æ¥­ª  á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï (25) ¨ ¢¨¤  ª®­áâ ­âë á¦ â¨ï q.

�¨â¥à âãà 
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