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�§¢¥áâ­  ¢ ¦­ ï à®«ì â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï ¢ ¬ â¥¬ â¨ª¥. � ç áâ­®áâ¨, ¨áª«îç¨â¥«ì­®
¯®«¥§­ë ¥£® ¬®¤ã«ì­ë¥ á¢®©áâ¢ . �¬¥¥âáï ¬­®£® à¥§ã«ìâ â®¢ ® áâà®¥­¨¨ £àã¯¯ë A 
 C (A ¨
C |  ¡¥«¥¢ë £àã¯¯ë), £®¬®«®£¨ç¥áª¨å ¥¥ á¢®©áâ¢ å ([1], £«. 10). �¥­ìè¥ ¢­¨¬ ­¨ï ã¤¥«ï«®áì
áâà®¥­¨î â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï ª ª ¬®¤ã«ï. �àã¯¯  A 
 C ¥áâì «¥¢ë© ¬®¤ã«ì ­ ¤ ª®«ì-
æ®¬ í­¤®¬®àä¨§¬®¢ E(A) £àã¯¯ë A. �®¦­® ¯®áâ ¢¨âì ¢®¯à®á ®¡ ¨§ãç¥­¨¨ íâ®£® ¬®¤ã«ï. � ¬ 
£àã¯¯  A â ª¦¥ ï¢«ï¥âáï «¥¢ë¬ E(A)-¬®¤ã«¥¬, ¯à¨ç¥¬ áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥­­ë© ¨§®¬®àä¨§¬
E(A)-¬®¤ã«¥© A
Z �= A. �®íâ®¬ã ¨áá«¥¤®¢ ­¨¥ â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï ª ª ¬®¤ã«ï ­ ¤ ª®«ì-
æ®¬ í­¤®¬®àä¨§¬®¢ ¢ª«îç ¥â ¨§¢¥áâ­ãî § ¤ çã ®¯¨á ­¨ï £àã¯¯ ª ª ¬®¤ã«¥© ­ ¤ ¨å ª®«ìæ ¬¨
í­¤®¬®àä¨§¬®¢ [2].

�áâ¥áâ¢¥­­® ®¡à â¨âìáï ª ãá«®¢¨ï¬ ª®­¥ç­®áâ¨ ¤«ï E(A)-¬®¤ã«ï A 
 C. � ¤ ­­®© áâ âì¥
å à ªâ¥à¨§ æ¨ï £àã¯¯ A ¨ C â ª¨å, çâ® E(A)-¬®¤ã«ì A 
 C ­¥â¥à®¢, ¯® áãé¥áâ¢ã á¢¥¤¥­  ª
á«ãç ï¬, ª®£¤  A ­¥ ¨¬¥¥â ªàãç¥­¨ï,   C �= Z «¨¡® C �= Z(p).

�®áª®«ìªã A
Z �= A, â® ¯¥à¢ë© á«ãç © à ¢­®á¨«¥­ ¨§ãç¥­¨î £àã¯¯ ¡¥§ ªàãç¥­¨ï ª ª ­¥â¥-
à®¢ëå ¬®¤ã«¥© ­ ¤ á¢®¨¬¨ ª®«ìæ ¬¨ í­¤®¬®àä¨§¬®¢. � ¬¥â¨¬, çâ® ¯®¤¬®¤ã«¨ E(A)-¬®¤ã«ï A
| íâ® ¢ â®ç­®áâ¨ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®¤£àã¯¯ë £àã¯¯ë A. �«¥¤®¢ â¥«ì­®, ­¥â¥à®¢®áâì
íâ®£® ¬®¤ã«ï íª¢¨¢ «¥­â­  ­¥â¥à®¢®áâ¨ à¥è¥âª¨ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë
A.

�¥§¤¥ p ®¡®§­ ç ¥â ¯à®áâ®¥ ç¨á«®, N | ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«, Z | £àã¯¯  æ¥«ëå
ç¨á¥«, Z(pk) | æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  pk, Z(p1) | ª¢ §¨æ¨ª«¨ç¥áª ï £àã¯¯ . �á¥ à á-
á¬ âà¨¢ ¥¬ë¥ £àã¯¯ë  ¡¥«¥¢ë. �ãáâì A | £àã¯¯ , â®£¤  r(A) | ¥¥ à ­£, rp(A) | p-à ­£, £¤¥
rp(A) = r(A=pA). � «¥¥, T (A) | ¯¥à¨®¤¨ç¥áª ï ç áâì, Ap | p-ª®¬¯®­¥­â  £àã¯¯ë A ([1], á. 56),
A = A=T (A). �à¨ Ap 6= 0 £®¢®à¨¬, çâ® p ®â­®á¨âáï ª A. �«ï n 2 N ¯®« £ ¥¬ pnA = fpnx j x 2 Ag
¨ A[pn] = fx 2 A j pnx = 0g. �á«¨ a 2 A, â® o(a) ¨ h(a) | á®®â¢¥âáâ¢¥­­® ¯®àï¤®ª ¨ ¢ëá®â 
í«¥¬¥­â  a ¢ A. �

n
A | ¯àï¬ ï áã¬¬  n íª§¥¬¯«ïà®¢ £àã¯¯ë A.

1. E(A)-¬®¤ã«¨ A
 Z ¨ A
 Z(p)

�á¯®«ì§ã¥¬ë¥ ¢ áâ âì¥ á¢¥¤¥­¨ï ® ­¥â¥à®¢ëå ¬®¤ã«ïå ¨ â¥­§®à­ëå ¯à®¨§¢¥¤¥­¨ïå á®¤¥à-
¦ âáï ¢ ([1], £«. 10; [3], x 1.4, £«. 5). � ¯®¬­¨¬ â®«ìª® á«¥¤ãîé¨¥ ä ªâë.

�ãáâì A | «¥¢ë© ¬®¤ã«ì ­ ¤ ­¥ª®â®àë¬ ª®«ìæ®¬ R (ã ­ á ®¡ëç­® R = E(A)), C | £àã¯¯ .
�®£¤  A 
 C | «¥¢ë© R-¬®¤ã«ì. �®ç­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ R-¬®¤ã«¥© 0 ! B ! A ! D ! 0
¨ £àã¯¯ 0 ! E ! C ! G ! 0 ¨­¤ãæ¨àãîâ â®ç­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ «¥¢ëå R-¬®¤ã«¥©
B
C ! A
C ! D
C ! 0 ¨ A
E ! A
C ! A
G! 0 á®®â¢¥âáâ¢¥­­®. �á«¨ B | á¥à¢ ­â-
­ë© ¯®¤¬®¤ã«ì ¢ A,   E | á¥à¢ ­â­ ï ¯®¤£àã¯¯  ¢ C, â® ¬®¦­® áç¨â âì, çâ® B 
 C ¨ A 
 E
| á¥à¢ ­â­ë¥ ¯®¤¬®¤ã«¨ ¢ A
C ([1], â¥®à¥¬  60.4). �¬¥îâ â ª¦¥ ¬¥áâ® ¥áâ¥áâ¢¥­­ë¥ ¨§®¬®à-
ä¨§¬ë R-¬®¤ã«¥© A
Z �= A ¨ A
Z(pk) �= A=pkA. �ë ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì á®®â¢¥âáâ¢ãîé¨¥
¨§®¬®àä­ë¥ ®¡ê¥ªâë.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

ª®¤ ¯à®¥ªâ  00-01-00876.
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� ¬¥ç ­¨¥ 1.1. �ãáâì h : S ! R | £®¬®¬®àä¨§¬ ª®«¥æ, M | «¥¢ë© R-¬®¤ã«ì. �¬¥¥¬
¯à¨âï£¨¢ îé¨© «¥¢ë© S-¬®¤ã«ì sm = h(s)m, £¤¥ s 2 S, m 2M ([4], á. 523). �áïª¨© R-¯®¤¬®¤ã«ì
¢ M ¡ã¤¥â S-¯®¤¬®¤ã«¥¬. �á«¨ h áîàê¥ªâ¨¢¥­, â® R-¯®¤¬®¤ã«¨ ¨ S-¯®¤¬®¤ã«¨ ¢ M á®¢¯ ¤ îâ.
�ãáâì C | ­¥ª®â®à ï £àã¯¯ . �®£¤  «¥¢ë© R-¬®¤ã«ìM
C ï¢«ï¥âáï, ®ç¥¢¨¤­®, ¯à¨âï£¨¢ îé¨¬
S-¬®¤ã«¥¬. �à¨âï£¨¢ îé¨¥ ¬®¤ã«¨ ¢áâà¥âïâáï ã ­ á ¢ â ª®© á¨âã æ¨¨. �à¥¤¯®«®¦¨¬, çâ® ¤ ­ 
£àã¯¯  A = D �K, £¤¥ D | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ¯àï¬®¥ á« £ ¥¬®¥. �ãáâì � = ( �11 �12

0 �22 )
| ¯à¥¤áâ ¢«¥­¨¥ í­¤®¬®àä¨§¬  � 2 E(A) ¬ âà¨æ¥© ®â­®á¨â¥«ì­® à §«®¦¥­¨ï A = D � K.
�®¯®áâ ¢«¥­¨ï � ! �11, � ! �22 ï¢«ïîâáï áîàê¥ªâ¨¢­ë¬¨ £®¬®¬®àä¨§¬ ¬¨ ª®«¥æ E(A) !
E(D) ¨ E(A)! E(K) á®®â¢¥âáâ¢¥­­®. �«¥¤®¢ â¥«ì­®, ¨¬¥¥¬ ¯à¨âï£¨¢ îé¨¥ E(A)-¬®¤ã«¨ D ¨
K,D
C ¨K
C. �á¯®«ì§®¢ ­¨¥ ¯à¨âï£¨¢ îé¨å ¬®¤ã«¥© §­ ç¨â¥«ì­® á®ªà â¨â ¤®ª § â¥«ìáâ¢ .

�«¥¤áâ¢¨¥ 1.1. �ãáâì A = D �K, £¤¥ D | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯ . E(A)-
¬®¤ã«ì A
C ­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥â¥à®¢ë E(D)-¬®¤ã«ì D
C ¨ E(K)-¬®¤ã«ì
K 
 C.

�®ª § â¥«ìáâ¢®. � §«®¦¥­¨ï A = D � K ¨ A 
 C = (D 
 C) � (K 
 C) áç¨â ¥¬, ª ª ¢
§ ¬¥ç ­¨¨ 1.1, à §«®¦¥­¨ï¬¨ ¯à¨âï£¨¢ îé¨å E(A)-¬®¤ã«¥©. �¥â¥à®¢®áâì E(A)-¬®¤ã«ï A 
 C
à ¢­®á¨«ì­  ­¥â¥à®¢®áâ¨ E(A)-¬®¤ã«¥© D
C ¨ (A
C)=(D
C). �® (A
C)=(D 
C) ¨ K 
C
¨§®¬®àä­ë ª ª E(A)-¬®¤ã«¨. �®íâ®¬ã ­¥â¥à®¢®áâì E(A)-¬®¤ã«ï A 
 C íª¢¨¢ «¥­â­  ­¥â¥à®-
¢®áâ¨ E(A)-¬®¤ã«¥© D 
C ¨ K 
C. �¥â¥à®¢®áâì ¯¥à¢®£® ¨§ ­¨å íª¢¨¢ «¥­â­  ¥£® ­¥â¥à®¢®áâ¨
ª ª E(D)-¬®¤ã«ï, ¢â®à®£® | ª ª E(K)-¬®¤ã«ï (§ ¬¥ç ­¨¥ 1.1).

�àã¯¯  A, ï¢«ïîé ïáï ­¥â¥à®¢ë¬ E(A)-¬®¤ã«¥¬, ­ §ë¢ ¥âáï í­¤®­¥â¥à®¢®©. �¥â¥à®¢®áâì
E(A)-¬®¤ã«ï A 
 Z à ¢­®á¨«ì­  í­¤®­¥â¥à®¢®áâ¨ £àã¯¯ë A. � [5] ¨ [6] ®¯¨á ­ë í­¤®­¥â¥à®¢ë
£àã¯¯ë ¡¥§ ªàãç¥­¨ï ª®­¥ç­®£® à ­£ .

�à¥¤«®¦¥­¨¥ 1.1 ([7], â¥®à¥¬  1.2). �àã¯¯  A í­¤®­¥â¥à®¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

A = B � C, £¤¥ B | ®£à ­¨ç¥­­ ï £àã¯¯ ,   C | í­¤®­¥â¥à®¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï.

�«¥¤áâ¢¨¥ 1.2. E(A)-¬®¤ã«ì Ap ­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Ap | ®£à ­¨ç¥­­ ï
£àã¯¯ . � â ª®¬ á«ãç ¥ A = Ap �H ¤«ï ­¥ª®â®à®© £àã¯¯ë H.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® Ap | ­¥â¥à®¢ E(A)-¬®¤ã«ì. �¬¥¥¬ £®¬®¬®àä¨§¬ ®£à -
­¨ç¥­¨ï E(A)! E(Ap). �®íâ®¬ã ¢áïª¨© E(Ap)-¯®¤¬®¤ã«ì ¢ Ap ¡ã¤¥â E(A)-¬®¤ã«¥¬ (§ ¬¥ç ­¨¥
1.1), oâªã¤  Ap | ­¥â¥à®¢ E(Ap)-¬®¤ã«ì. �® ¯à¥¤«®¦¥­¨î 1.1 Ap | ®£à ­¨ç¥­­ ï £àã¯¯ . � -
ª¨¬ ®¡à §®¬, A = Ap �H ¤«ï ­¥ª®â®à®© ¯®¤£àã¯¯ë H. �¡à â­®, ¯ãáâì A = Ap �H, £¤¥ Ap |
®£à ­¨ç¥­­ ï £àã¯¯ . �¢¨¤ã ¯à¥¤«®¦¥­¨ï 1.1 Ap | ­¥â¥à®¢ E(Ap)-¬®¤ã«ì ¨, á«¥¤®¢ â¥«ì­®,
­¥â¥à®¢ E(A)-¬®¤ã«ì.

�¡à â¨¬áï â¥¯¥àì ª E(A)-¬®¤ã«î A
Z(p). �«ï ®¡®§­ ç¥­¨ï íâ®£® ¬®¤ã«ï ¡ã¤¥¬ ¯¨á âì ª ª
A
Z(p), â ª ¨ A=pA. �¥â¥à®¢®áâì E(A)-¬®¤ã«ï A=pA à ¢­®á¨«ì­  ­¥â¥à®¢®áâ¨ à¥è¥âª¨ ¢¯®«­¥
å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë A, á®¤¥à¦ é¨å ¯®¤£àã¯¯ã pA. � á¢ï§¨ á íâ¨¬ ¤®ª ¦¥¬
¯à¥¦¤¥ ®¤­ã â¥®à¥¬ã, ¯à¥¤áâ ¢«ïîéãî á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á.

�ãáâì A| £àã¯¯ , p| ¯à®áâ®¥ ç¨á«®. �ë¡¥à¥¬ ­¥ª®â®àãî p-¡ §¨á­ãî ¯®¤£àã¯¯ã B £àã¯¯ë

A ([1], xx 32, 33). � ¯¨è¥¬ B =
1

�
i=0

Bi, £¤¥ B0 | á¢®¡®¤­ ï £àã¯¯ , «¨¡® B0 = 0, Bi (i � 1) |

¯àï¬ ï áã¬¬  ­¥ª®â®à®£® ç¨á«  ª®¯¨© £àã¯¯ë Z(pi), «¨¡® Bi = 0. �  ®á­®¢ ­¨¨ ([1], â¥®à¥¬ 
32.4) ¤«ï ª ¦¤®£® n � 1 ¨¬¥¥¬ ¯àï¬ë¥ à §«®¦¥­¨ï

A = B1 � � � � �Bn �An; An = Bn+1 �An+1; (1)

£¤¥ An = (B0 � �
i�n+1

Bi) + pnA. �ã¬¬  �
i�1

Bi ï¢«ï¥âáï ¡ §¨á­®© ¯®¤£àã¯¯®© p-ª®¬¯®­¥­âë Ap

£àã¯¯ë A ¨

Ap = B1 � � � � �Bn � Cn; Cn = Bn+1 � Cn+1; (2)
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£¤¥ Cn = Ap \An =
P

i�n+1
Bi + pnAp. �¥à­ë â ª¦¥ à ¢¥­áâ¢  A = B + pnA ¨ Ap = B0 + pnAp, £¤¥

B0 = �
i�1

Bi.

�¡®§­ ç¨¬ p-ª®¬¯®­¥­âã Ap £àã¯¯ë A ¡ãª¢®© C.

�¥®à¥¬  1.1. �ª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

1) G | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë A, ¯à¨ç¥¬

pA � G � C + pA;

2) G á®¢¯ ¤ ¥â á ®¤­®© ¨§ á«¥¤ãîé¨å ¯®¤£àã¯¯: pA, C+pA, B1�� � ��Bk�pAk ¤«ï ­¥ª®â®à®£®

k � 1;
3) G à ¢­  «¨¡® pA, «¨¡® C + pA, «¨¡® C[pk] + pA ¤«ï ­¥ª®â®à®£® k � 1.

�®ª § â¥«ìáâ¢®. 1) ) 2). �  ®á­®¢ ­¨¨ ([1], «¥¬¬  9.3) ¤«ï ª ¦¤®£® n 2 N ¯®«ãç ¥¬
G = (G\B1)�� � � � (G\Bn)� (G\An), £¤¥ ª ¦¤®¥ á« £ ¥¬®¥ á¯à ¢  ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­® ¢
á®®â¢¥âáâ¢ãîé¥¬ á« £ ¥¬®¬ à §«®¦¥­¨ï (1). �®áª®«ìªã pBi � G\Bi, â®, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥
áâà®¥­¨¥ £àã¯¯ Bi, ­ å®¤¨¬ G \Bi = pBi, «¨¡® G \Bi = Bi (i = 1; : : : ; n).

�®¯ãáâ¨¬, çâ® G 6= pA, ¨ ¯®ª ¦¥¬, çâ® ­ ©¤¥âáï ­®¬¥à k â ª®©, çâ® G \ Bk = Bk. �ãáâì
í«¥¬¥­â a 2 G � pA. �¢¨¤ã 1) ¬®¦­® áç¨â âì, çâ® a 2 C. �ç¨âë¢ ï à ¢¥­áâ¢® C = B0 + pC,
§ ¯¨è¥¬ a = b + pc, £¤¥ b 2 B0, c 2 C, ¯à¨ç¥¬ b 2 G ¨ b =2 pA. �«¥¤®¢ â¥«ì­®, ¤«ï ­¥ª®â®à®£®
k � 1 ª®¬¯®­¥­â  bk í«¥¬¥­â  b ¢ Bk ­¥ ¤¥«¨âáï ­  p, â. ¥. bk =2 pBk. �®áª®«ìªã bk 2 G (ãç¥áâì
¢¯®«­¥ å à ªâ¥à¨áâ¨ç­®áâì G), â® ¯®«ãç ¥¬ G \ Bk 6= pBk. �­ ç¨â, G \ Bk = Bk. �á­® â ª¦¥,
çâ® G \Bi = Bi ¤«ï ¢á¥å i = 1; : : : ; k � 1.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® G 6= C+pA ¨ ã¡¥¤¨¬áï, çâ® ­ ©¤¥âáï ­®¬¥àm â ª®©, çâ® G\Bm = pBm.
� ¯à®â¨¢­®¬ á«ãç ¥, Bi � G ¤«ï ¢á¥å i � 1. �âªã¤  B0 � G, C = B0 + pC � G, C + pA � G
¨ G = C + pA. �®¦­® á¤¥« âì ¢ë¢®¤ ® áãé¥áâ¢®¢ ­¨¨ ­®¬¥à  k â ª®£®, çâ® G \ Bi = Bi ¤«ï
i = 1; : : : ; k ¨ G \Bi = pBi ¤«ï ¢á¥å i > k.

� ª¨¬ ®¡à §®¬, G = B1 � � � � � Bk � (G \ Ak), £¤¥ G \ Ak | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï
¯®¤£àã¯¯  ¢ Ak, ¯à¨ç¥¬ pAk � G \ Ak. �áâ ­®¢¨¬ ¢ª«îç¥­¨¥ G \ Ak � Ck + pAk. �®áª®«ìªã
G � C+pA, â® ¤®áâ â®ç­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ à ¢¥­áâ¢ (C+pA)\Ak = (C\Ak)+pAk =
Ck+ pAk. �â®à®¥ ¨§ ­¨å ®ç¥¢¨¤­®. �®­ïâ­® â ª¦¥, çâ® (C \Ak)+ pAk � (C+ pA)\Ak. �áâ «®áì
¯à®¢¥à¨âì ¢ª«îç¥­¨¥ (C+pA)\Ak � Ck+pAk. �ãáâì a = c+px 2 Ak, £¤¥ c 2 C, x 2 A. �ç¨âë¢ ï
à §«®¦¥­¨ï (1) ¨ (2), § ¯¨è¥¬ c = b+ d ¨ px = py + pz, £¤¥ b; y 2 B1 � � � � �Bk, d 2 Ck ¨ z 2 Ak.
�¥¯¥àì ­ å®¤¨¬ a = c + px = (b + py) + (d + pz), ¯à¨ç¥¬ a; d + pz 2 Ak, b + py 2 B1 � � � � � Bk.
�«¥¤®¢ â¥«ì­®, b+ py = 0 ¨ a = d+ pz 2 Ck + pAk, çâ® ¨ âà¥¡®¢ «®áì.

�àã¯¯  �
i�k+1

B1 � B0 á«ã¦¨â p-¡ §¨á­®© ¯®¤£àã¯¯®© ¤«ï Ak. �â ª, ¨¬¥¥¬ ¢¯®«­¥ å à ªâ¥-

à¨áâ¨ç¥áªãî ¯®¤£àã¯¯ã G \ Ak ¢ Ak, ¯à¨ íâ®¬ pAk � G \ Ak � Ck + pAk. �ë ­ å®¤¨¬áï ¢
ãá«®¢¨ïå ¯. 1) â¥®à¥¬ë ®â­®á¨â¥«ì­® £àã¯¯ë Ak ¨ ¥¥ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª®© ¯®¤£àã¯¯ë
G\Ak. �®¯®«­¨â¥«ì­® ¤«ï ¢áïª®£® i > k á¯à ¢¥¤«¨¢® (G\Ak)\Bi = G\Bi = pBi. � á¨«ã ã¦¥
¤®ª § ­­®£® ¯®«ãç ¥¬ G \ Ak = pAk. � ¨â®£¥ ¬®¦­® ãâ¢¥à¦¤ âì, çâ® G = B1 � � � � � Bk � pAk,
ç¥¬ ¤®ª § â¥«ìáâ¢® ¨¬¯«¨ª æ¨¨ 1)) 2) § ¢¥àè¥­®.

2) ) 3). �®ª ¦¥¬ ¡®«ìè¥¥. � ¨¬¥­­®, ¤«ï ª ¦¤®£® k � 1 ãáâ ­®¢¨¬ à ¢¥­áâ¢® B1 � � � � �
Bk � pAk = C[pk] + pA. �£® «¥¢ ï ç áâì, ®ç¥¢¨¤­®, «¥¦¨â ¢ ¯à ¢®©. �á­® â ª¦¥, çâ® pA �
B1� � � � �Bk� pAk. �áâ «®áì ¯à®¢¥à¨âì ¢ª«îç¥­¨¥ C[pk] � B1� � � � �Bk� pAk. �ãáâì a 2 C[pk].
�§ C = B1 � � � � � Bk � Ck ¯®«ãç ¥¬ a = b1 + � � � + bk + d, £¤¥ bi 2 Bi, d 2 Ck. �¤¥áì o(d) � pk.
� «¥¥ ¨¬¥¥¬ Ck =

P

i�k+1
Bi + pkC. �âªã¤  d = b + pkc, b 2

P

i�k+1
Bi, c 2 C. �¥¯¥àì § ¯¨è¥¬

Ck = Bk+1�� � ��Bk+m�Ck+m, £¤¥ b 2 Bk+1�� � ��Bk+m. � â¥¬, c = x+y+z, £¤¥ x = B1�� � ��Bk,
y 2 Bk+1�� � ��Bk+m, z 2 Ck+m. �¬¥¥¬ d = b+pkc = b+pky+pkz, £¤¥ b+pky 2 Bk+1�� � ��Bk+m,  
pkz 2 Ck+m. �«¥¤®¢ â¥«ì­®, o(b+ pky) � pk, ®âªã¤  hp(b+ pky) � 1 ¨ hp(b) � 1. �­ ç¨â, hp(d) � 1
¨ d 2 pCk � pAk. �âáî¤  a 2 B1 � � � � �Bk � pAk, çâ® ¨ ãâ¢¥à¦¤ «®áì.
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3)) 1). �®¤£àã¯¯ë C[pk] ¨ pA ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­ë ¢ A. �«¥¤®¢ â¥«ì­®, ¨ ¯®¤£àã¯¯  G,
à ¢­ ï C[pk] + pA, ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­  ¢ A. �à¨ íâ®¬ pA � G � C + pA.

�§ â¥®à¥¬ë ¯®«ãç ¥âáï ®¯¨á ­¨¥ ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨å ¯®¤£àã¯¯ ¯à®¨§¢®«ì­®© p-
£àã¯¯ëA, á®¤¥à¦ é¨å ¯®¤£àã¯¯ã pA. �­¨ ¨áç¥à¯ë¢ îâáï ¯®¤£àã¯¯ ¬¨ pA, A ¨B1�� � ��Bk�pAk

¤«ï ¢á¥å k � 1, ¯à¨ç¥¬ B1 � � � � �Bk � pAk = A[pk] + pA.

�¥®à¥¬  1.2. �ãáâì A | £àã¯¯ . �ª¢¨¢ «¥­â­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

1) E(A)-¬®¤ã«ì A
 Z(p) ­¥â¥à®¢;
2) A = C�D�K, £¤¥ C | ®£à ­¨ç¥­­ ï,   D | ¤¥«¨¬ ï p-£àã¯¯ë, Kp = 0 ¨ E(K)-¬®¤ã«ì

K 
 Z(p) ­¥â¥à®¢;
3) A = C �D �K, £¤¥ C ¨ D â ª¨¥, ª ª ¢ 2), Kp = 0 ¨ E(A)-¬®¤ã«ì A
 Z(p) ­¥â¥à®¢.

�®ª § â¥«ìáâ¢®. 1) ) 2). �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï â¥®à¥¬ë 1.1. � ¯¨è¥¬ Ap =
C � D, £¤¥ C | à¥¤ãæ¨à®¢ ­­ ï,   D |¤¥«¨¬ ï £àã¯¯ë. �à¥¤¯®«®¦¨¬, çâ® C ­¥ ï¢«ï¥âáï
®£à ­¨ç¥­­®© £àã¯¯®©. �®£¤  ¤«ï ¡¥áª®­¥ç­®£® ¬­®¦¥áâ¢  ¨­¤¥ªá®¢ i ¡ã¤¥â Bi 6= 0. �¡®§­ ç¨¬
Gn = B1�� � ��Bn�pAn (n � 1). �¤¥áì pA � Gn ¨ Gn | ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  ¯®
â¥®à¥¬¥ 1.1. �¥¯ìG1 � G2 � � � � ­¥ áâ ¡¨«¨§¨àã¥âáï, çâ® ­¥¢®§¬®¦­®. �­ ç¨â, C|®£à ­¨ç¥­­ ï
£àã¯¯ . � ª¨¬ ®¡à §®¬, A = C �D�K, £¤¥ Kp = 0. �®¤£àã¯¯  C �D ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­ 
¢ A. �§ 1) ¨ á«¥¤áâ¢¨ï 1.1 ¯®«ãç ¥¬ ­¥â¥à®¢®áâì ¬®¤ã«ï K 
 Z(p).

2) ) 3). �®ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯à¨âï£¨¢ îé¨å E(A)-¬®¤ã«¥© (§ ¬¥ç ­¨¥ 1.1) 0 !
T (K)! K ! K ! 0 ¨­¤ãæ¨àã¥â â®ç­ãî ¯®á«¥¤®¢ â¥«ì­®áâì E(A)-¬®¤ã«¥© 0! T (K)
Z(p)!
K 
 Z(p) ! K 
 Z(p) ! 0. � ­¥© T (K) 
 Z(p) = 0, â. ª. T (K) | ¯¥à¨®¤¨ç¥áª ï £àã¯¯  ¡¥§ p-
ª®¬¯®­¥­âë. �«¥¤®¢ â¥«ì­®, E(A)-¬®¤ã«¨K
Z(p) ¨K
Z(p) ¨§®¬®àä­ë. � «¥¥,A = A=T (A) =
(C�D�K)=(C�D�T (K)) �= K=T (K) = K. � ª¨¬ ®¡à §®¬, A
Z(p) �= K
Z(p) ª ªE(A)-¬®¤ã«¨
¨ A
 Z(p) | ­¥â¥à®¢ E(A)-¬®¤ã«ì.

3)) 1). �® ¯à¥¤«®¦¥­¨î 1.1 C
Z(p) | ­¥â¥à®¢ E(C)-¬®¤ã«ì,   (C�D)
Z(p) = C
Z(p).
�¦¥ ãáâ ­®¢«¥­®, çâ® K
Z(p) �= A
Z(p). �âáî¤  K
Z(p) | ­¥â¥à®¢ E(A)-¬®¤ã«ì ¨, §­ ç¨â,
­¥â¥à®¢ E(K)-¬®¤ã«ì (§ ¬¥ç ­¨¥ 1.1). �® á«¥¤áâ¢¨î 1.1 A | ­¥â¥à®¢ E(A)-¬®¤ã«ì.

�«¥¤áâ¢¨¥ 1.3. E(A)-¬®¤ã«ì Ap
Z(p) ­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A = C�D�K,
£¤¥ C | ®£à ­¨ç¥­­ ï,   D | ¤¥«¨¬ ï p-£àã¯¯ë ¨ Kp = 0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �¬¥¥¬ £®¬®¬®àä¨§¬ ®£à ­¨ç¥­¨ï E(A) ! E(Ap). �®-
íâ®¬ã ¢áïª¨© E(Ap)-¬®¤ã«ì ¢ Ap 
 Z(p) ¡ã¤¥â E(A)-¬®¤ã«¥¬. �âáî¤  Ap 
 Z(p) | ­¥â¥à®¢
E(Ap)-¬®¤ã«ì. �® â¥®à¥¬¥ 1.2 Ap = C � D, £¤¥ C ¨ D â ª¨¥, ª ª ¢ ãá«®¢¨¨. �«¥¤®¢ â¥«ì­®,
A = C �D �K, Kp = 0.

�®áâ â®ç­®áâì. �® â¥®à¥¬¥ 1.2 E(Ap)-¬®¤ã«ì Ap
Z(p) ­¥â¥à®¢. �«¥¤®¢ â¥«ì­®, Ap
Z(p)
­¥â¥à®¢ ¨ ª ª E(A)-¬®¤ã«ì (§ ¬¥ç ­¨¥ 1.1).

2. E(A)-¬®¤ã«ì A
 C

�¥¬¬  2.1. �ãáâì A | R-¬®¤ã«ì. �®£¤ 

1) ­¥â¥à®¢®áâì R-¬®¤ã«ï A
Z(pk) (k > 1) íª¢¨¢ «¥­â­  ­¥â¥à®¢®áâ¨ R-¬®¤ã«ï A
Z(p);
2) R-¬®¤ã«ì A
 Z(p1) ­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  pA = A.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ 1) ¬®¦­® ãáâ ­®¢¨âì, à áá¬®âà¥¢ â®ç­ãî ¯®á«¥¤®¢ â¥«ì-
­®áâì R-¬®¤ã«¥© A
 Z(p)! A
 Z(pk)! A
 Z(pk�1)! 0 ¨ ¯à¨¬¥­¨¢ ¨­¤ãªæ¨î ¯® k.

�®ª ¦¥¬ 2). �§ T (A) 
 Z(p1) = 0 § ª«îç ¥¬ A 
 Z(p1) = A 
 Z(p1). �á«¨ pA = A, â®
A
Z(p1) = 0. �ãáâì pA 6= A ¨ B| p-¡ §¨á­ ï ¯®¤£àã¯¯  £àã¯¯ë A. �¤¥áì B = �Z (áã¬¬  rp(A)
ª®¯¨© £àã¯¯ë Z), ¯à¨ç¥¬ rp(A) 6= 0 ¢¢¨¤ã pA 6= A. �¬¥¥¬ A
Z(p1) �= B
Z(p1) �= �Z(p1) ([1],
â¥®à¥¬  61.1). �â ª, R-¬®¤ã«ì A
(p1), ª ª £àã¯¯ , ï¢«ï¥âáï ¤¥«¨¬®© p-£àã¯¯®©. �¡®§­ ç¨¬ ¥£®
ç¥à¥§ V . �®¤ã«ì V ­¥ ¡ã¤¥â ­¥â¥à®¢ë¬, ¯®áª®«ìªã ¢á¥ ç«¥­ë æ¥¯¨ V [p] � V [p2] � � � � ï¢«ïîâáï
¯®¤¬®¤ã«ï¬¨.
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�ãáâì C | £àã¯¯  ¡¥§ ªàãç¥­¨ï ª®­¥ç­®£® à ­£  n. �­¥è­¨¬ â¨¯®¬ OT (C) £àã¯¯ë C ­ -
§ë¢ ¥âáï â®ç­ ï ¢¥àå­ïï £à ­ì â¨¯®¢ ¢á¥å ä ªâ®à-£àã¯¯ ¡¥§ ªàãç¥­¨ï à ­£  1 £àã¯¯ë C ([8],
á. 11). � ä¨ªá¨àã¥¬ ­¥ª®â®àãî á¢®¡®¤­ãî ¯®¤£àã¯¯ã F £àã¯¯ë C à ­£  n. �®£¤  C=F | ¯¥à¨®-
¤¨ç¥áª ï £àã¯¯ . �®§ì¬¥¬ ¥¥ à §«®¦¥­¨¥ C=F = �

p
Tp ¢ áã¬¬ã p-£àã¯¯. � ¦¤ ï Tp ¥áâì ¯àï¬ ï

áã¬¬  n £àã¯¯, æ¨ª«¨ç¥áª¨å ¨«¨ ª¢ §¨æ¨ª«¨ç¥áª¨å. � ¯¨è¥¬ Tp = Z(pkp1 ) � � � � � Z(pkpn ), £¤¥
0 � kp1 � � � � � kpn � 1 ¨ Z(pkpi ) | æ¨ª«¨ç¥áª ï, «¨¡® ª¢ §¨æ¨ª«¨ç¥áª ï p-£àã¯¯ . �§¢¥áâ­®,
çâ® OT (C) = [(kpn)], £¤¥ [(kpn)] | â¨¯, á®¤¥à¦ é¨© å à ªâ¥à¨áâ¨ªã (kpn) ([8], â¥®à¥¬  1.10).

�à¥¤«®¦¥­¨¥ 2.1. �ãáâì A ¨ C | £àã¯¯ë ¡¥§ ªàãç¥­¨ï ¨ A | ¬®¤ã«ì ­ ¤ ­¥ª®â®àë¬

ª®«ìæ®¬ R. R-¬®¤ã«ì A 
 C ­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A | ­¥â¥à®¢ R-¬®¤ã«ì,
r(C) < 1, ¨ ¥á«¨ OT (C) = [(kp)], â® ¤«ï ¯®çâ¨ ¢á¥å p á kp 6= 0 ¨ ¤«ï ¢á¥å p á kp = 1
¢ë¯®«­ï¥âáï pA = A. �à¨ íâ®¬ £àã¯¯  A
 C ª¢ §¨¨§®¬®àä­  £àã¯¯¥ �

r(C)
A.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï ¨ ä ªâë, ¯à¨¢¥¤¥­­ë¥ ¯¥à¥¤ ¯à¥¤«®¦¥­¨¥¬.
�ç¨â ¥¬, çâ® A 
 C | ­¥â¥à®¢ R-¬®¤ã«ì. �®£¤  ¬®¤ã«¨ A 
 F ¨ A 
 C=F â ª¦¥ ­¥â¥à®¢ë.
�ãáâì F = �

n
Z, £¤¥ n = r(C). �®£¤  A 
 F �= �

n
(A 
 Z) �= �

n
A, ®âªã¤  n < 1 ¨ A | ­¥â¥à®¢

¬®¤ã«ì. � ¯¨è¥¬ A
C=F = �
p
(A
Tp). �á«¨ kp =1 ¤«ï ª ª®£®-â® p, â® p-ª®¬¯®­¥­â  Tp á®¤¥à-

¦¨â £àã¯¯ã Z(p1),   A 
 Tp á®¤¥à¦¨â ­¥â¥à®¢ ¬®¤ã«ì A
 Z(p1). �® «¥¬¬¥ 2.1 pA = A. �á«¨
kp 6= 0;1, â® A 
 Tp á®¤¥à¦¨â ¯àï¬®¥ á« £ ¥¬®¥ ¢¨¤  A 
 Z(pkp). � á¨«ã ­¥â¥à®¢®áâ¨ ¬®¤ã«ï
A 
 C=F ¤«ï ¯®çâ¨ ¢á¥å â ª¨å p ¤®«¦­® ¡ëâì A 
 Z(pkp) = 0. �âáî¤  pA = A ¤«ï ¯®çâ¨ ¢á¥å
p á kp 6= 0;1. �ãáâì p1; : : : ; ps | ¢á¥ â ª¨¥ ç¨á« , çâ® piA 6= A ¨ kpi 6= 0;1 (i = 1; : : : ; s). �®£¤ 

A 
 C=F =
s

�
i=1
(A 
 Tpi). �¤¥áì A 
 Tpi | ¯àï¬ ï áã¬¬  ª®­¥ç­®£® ç¨á«  £àã¯¯ ¢¨¤  A 
 Z(pk)

(k <1), ¨§®¬®àä­ëå A=pkA. � ª«îç ¥¬, çâ® A
C=F | ®£à ­¨ç¥­­ ï £àã¯¯ . �®íâ®¬ã áãé¥-
áâ¢ã¥â m 2 N á® á¢®©áâ¢®¬ m(A 
 C) � A 
 F . �«¥¤®¢ â¥«ì­®, £àã¯¯  A 
 C ª¢ §¨¨§®¬®àä­ 
£àã¯¯¥ A
 F , £¤¥ A
 F �= �

r(C)
A.

�ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï ¯à¥¤«®¦¥­¨ï. �®áâ â®ç­® ã¡¥¤¨âìáï ¢ ­¥â¥à®¢®áâ¨ ¬®¤ã«¥©
A
F ¨ A
C=F . �¥â¥à®¢®áâì ¯¥à¢®£® á«¥¤ã¥â ¨§ ¨§®¬®àä¨§¬  A
F �= �

r(C)
A. �§ à ááã¦¤¥­¨©,

¯à®¢¥¤¥­­ëå ¢ëè¥, ¢¨¤­®, çâ® ¬®¤ã«ì A 
 C=F à ¢¥­ ¯àï¬®© áã¬¬¥ ª®­¥ç­®£® ç¨á«  ¬®¤ã«¥©
¢¨¤  A 
 Z(pk) (k < 1). �® A 
 Z(pk) �= A=pkA, £¤¥ ¯®á«¥¤­¨© ¬®¤ã«ì ­¥â¥à®¢, ¯®áª®«ìªã A
­¥â¥à®¢. �­ ç¨â, A
C=F | ­¥â¥à®¢ ¬®¤ã«ì.

� æ¥«ïå ã¯à®é¥­¨ï ä®à¬ã«¨à®¢ª¨ ®á­®¢­®£® à¥§ã«ìâ â  ¯ à £à ä  ¢®¯à®á ® ­¥â¥à®¢®áâ¨
E(A)-¬®¤ã«ï A
C á¢¥¤¥¬ ª á¨âã æ¨¨, ª®£¤  A ¨ C ­¥ ¨¬¥îâ ¤¥«¨¬ëå ¯¥à¨®¤¨ç¥áª¨å ¯®¤£àã¯¯.

�à¥¤«®¦¥­¨¥ 2.2. �à¥¤áâ ¢¨¬ £àã¯¯ë A ¨ C ¢ ¢¨¤¥ A = D�K, C = E�M , £¤¥ D ¨ E |

¯¥à¨®¤¨ç¥áª¨¥ ¤¥«¨¬ë¥ ¯®¤£àã¯¯ë,   K ¨ M ­¥ á®¤¥à¦ â â ª¨å ¯®¤£àã¯¯. E(A)-¬®¤ã«ì A
C
­¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® p á Dp 6= 0 ¨¬¥¥â ¬¥áâ® pC = C, ¤«ï «î¡®£®

p á Ep 6= 0 ¨¬¥¥â ¬¥áâ® pA = A, ¨ E(K)-¬®¤ã«ì K 
M ­¥â¥à®¢.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ Dp 6= 0, â® E(A)-¬®¤ã«ì Dp 
 C ­¥â¥à®¢, â. ª.
Dp 
C � A
C. �®íâ®¬ã ¨ Dp 
C | ­¥â¥à®¢ ¬®¤ã«ì ª ª £®¬®¬®àä­ë© ®¡à § ¬®¤ã«ï Dp 
C.
� ª ¦¥, ª ª ¢ «¥¬¬¥ 2.1, ¬®¦­® ­ ©â¨ pC = C. �ãáâì Ep 6= 0. �­ «®£¨ç­® ¯®«ãç ¥¬, çâ®
¬®¤ã«ì A
Ep ­¥â¥à®¢. �® «¥¬¬¥ 2.1 pA = A. � ¬¥â¨¬ ¥é¥, çâ® A �= K, C �=M . �® ¤®ª § ­­®¬ã
A
E = K
E �= K
E �= A
E = 0 ¨ â®ç­® â ª ¦¥, D
M = 0. �®íâ®¬ã A
C = A
M = K
M .
�«¥¤áâ¢¨¥ 1.1 ¢«¥ç¥â ­¥â¥à®¢®áâì E(K)-¬®¤ã«ï K 
M .

�®áâ â®ç­®áâì. � ª ¨ ¢ëè¥, ¨¬¥¥¬ A
 C = K 
M . � â¥¬ ¯à¨¬¥­ï¥¬ á«¥¤áâ¢¨¥ 1.1.

� á«¥¤ãîé¥© â¥®à¥¬¥ ¡ãª¢ã R ä¨ªá¨àã¥¬ ¤«ï ®¡®§­ ç¥­¨ï ª®«ìæ  E(A). �«®¢  â¨¯  \¬®-
¤ã«ì", \¯®¤¬®¤ã«ì" ¨ â. ¯. ®â­®áïâáï ª R-¬®¤ã«ï¬, R-¯®¤¬®¤ã«ï¬.
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�¥®à¥¬  2.1. �ãáâì A ¨ C | £àã¯¯ë, ­¥ á®¤¥à¦ é¨¥ ¤¥«¨¬ëå ¯¥à¨®¤¨ç¥áª¨å ¯®¤£àã¯¯.

R-¬®¤ã«ì A 
 C ­¥â¥à®¢ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  A = G 
 K, C = H 
 M , £¤¥

G | ®£à ­¨ç¥­­ ï,   H | ª®­¥ç­ ï ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯®¤£àã¯¯ë ¨ ¤«ï ª ¦¤®£® p,
®â­®áïé¥£®áï ª K (á®®â¢¥âáâ¢¥­­® M), á¯à ¢¥¤«¨¢® pC = C (á®®â¢¥âáâ¢¥­­® pA = A). �à¨
íâ®¬, ¥á«¨

 ) A = 0 ¨ C 6= 0, â® ¤«ï «î¡®£® p, ®â­®áïé¥£®áï ª G, rp(C) <1;
¡) A 6= 0 ¨ C = 0, â® ¤«ï «î¡®£® p, ®â­®áïé¥£®áï ª H, A
 Z(p) | ­¥â¥à®¢ R-¬®¤ã«ì;
¢) A 6= 0 ¨ C 6= 0, â® A | ­¥â¥à®¢ R-¬®¤ã«ì, r(C) < 1, ¨ ¥á«¨ OT (C) = [(kp)], â® ¤«ï

¯®çâ¨ ¢á¥å p á kp 6= 0 ¨ ¤«ï ¢á¥å p á kp =1 ¢ë¯®«­ï¥âáï pA = A.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �®§ì¬¥¬ ç¨á«® p â ª®¥, çâ® Ap 6= 0 ¨ pC 6= C. �®áª®«ì-
ªã ¯®¤¬®¤ã«ì Ap á¥à¢ ­â¥­ ¢ A, â® Ap 
 C ï¢«ï¥âáï ¯®¤¬®¤ã«¥¬ ¢ A 
 C, ¯à¨ç¥¬ Ap 
 C 6= 0
([1], â¥®à¥¬  61.1). �ã¬¬ 

P
(Ap 
 C), £¤¥ p ¯à®¡¥£ ¥â ç¨á«  á Ap 6= 0 ¨ pC 6= C, ï¢«ï¥âáï ¯àï-

¬®©. �®íâ®¬ã ¢ á¨«ã ­¥â¥à®¢®áâ¨ ¬®¤ã«ï A
C â ª¨å ç¨á¥« ¤®«¦­® ¡ëâì ª®­¥ç­®¥ ¬­®¦¥áâ¢®.
�ãáâì íâ® ¡ã¤ãâ ç¨á«  p1; : : : ; pk ¨ p | ®¤­® ¨§ ­¨å. �ãáâì B = �

i2I
hbii | p-¡ §¨á­ ï ¯®¤£àã¯¯ 

£àã¯¯ë C. �¬¥¥¬ Ap 
 C �= Ap 
 B �= �
i2I
(Ap 
 hbii) ([1], â¥®à¥¬  61.1). �®¤ã«ì Ap 
 C ­¥â¥à®¢,

¯®íâ®¬ã á« £ ¥¬ëå Ap 
 hbii ¨¬¥¥âáï «¨èì ª®­¥ç­®¥ ç¨á«®. �­ ç¨â, I | ª®­¥ç­®¥ ¬­®¦¥áâ¢® ¨
rp(C) <1 (§ ¬¥â¨¬, çâ® rp(C) = jIj). �¬¥¥¬ hbii �= Z(pki) ¤«ï ­¥ª®â®à®£® ki <1, ¨«¨ hbii �= Z.
�«¥¤®¢ â¥«ì­®, «¨¡® ¬®¤ã«ì Ap 
 Z(pki), «¨¡® ¬®¤ã«ì Ap 
 Z ï¢«ï¥âáï ­¥â¥à®¢ë¬. �® «¥¬-
¬¥ 2.1 ¨ á«¥¤áâ¢¨î 1.3 ¨«¨ á«¥¤áâ¢¨î 1.2 Ap | ®£à ­¨ç¥­­ ï £àã¯¯ . �âáî¤  A = Ap 
 A0,
£¤¥ A0 | ¤®¯®«­¨â¥«ì­®¥ á« £ ¥¬®¥. �§ ¯à®¢¥¤¥­­®£® à ááã¦¤¥­¨ï ïá­®, çâ® £àã¯¯  A à ¢­ 
Ap1 � � � ��Apk �K ¨«¨ A = G�K, £¤¥ G| ®£à ­¨ç¥­­ ï £àã¯¯ , K | ¤®¯®«­¨â¥«ì­®¥ ¯àï¬®¥
á« £ ¥¬®¥. �® ¯®áâà®¥­¨î G| ¢¯®«­¥ å à ªâ¥à¨áâ¨ç¥áª®¥ á« £ ¥¬®¥, ¨ ¥á«¨Kp 6= 0, â® pC = C.

�®ª ¦¥¬, çâ® ç¨á¥« p á pA 6= A ¨ Cp 6= 0 â ª¦¥ ¨¬¥¥âáï «¨èì ª®­¥ç­®¥ ¬­®¦¥áâ¢®. �á«¨ p
| â ª®¥ ç¨á«®, â® A 
 Cp | ­¥­ã«¥¢®© ¯®¤¬®¤ã«ì ¢ A
 C. �ã¬¬ 

P
(A 
 Cp), £¤¥ p ¯à®¡¥£ ¥â

ç¨á«  á pA 6= A ¨ Cp 6= 0, ï¢«ï¥âáï ¯àï¬®©. �¥â¥à®¢®áâì ¬®¤ã«ï A 
 C ¢«¥ç¥â ª®­¥ç­®áâì
¬­®¦¥áâ¢  â ª¨å ç¨á¥«. �®§ì¬¥¬ ®¤­® ¨§ â ª¨å ç¨á¥« p ¨ ¯ãáâì B = �

i2I
hbii| ¡ §¨á­ ï ¯®¤£àã¯¯ 

£àã¯¯ë Cp. �­  á¥à¢ ­â­  ¢ Cp. �®¦­® áç¨â âì, çâ® A
B | ¯®¤¬®¤ã«ì ¢ A
Cp ([1], â¥®à¥¬ 
60.4). �®áª®«ìªã A 
 B �= �

i2I
(A 
 hbii), â® ­  ®á­®¢ ­¨¨ ­¥â¥à®¢®áâ¨ ¬®¤ã«ï A 
 B ­ å®¤¨¬,

çâ® I | ª®­¥ç­®¥ ¬­®¦¥áâ¢®,   Cp | ª®­¥ç­ ï £àã¯¯ . �âáî¤  C = Cp � C 0 ¤«ï ­¥ª®â®à®£®
¤®¯®«­¨â¥«ì­®£® á« £ ¥¬®£® C 0. �ãáâì H | áã¬¬  ¢á¥å â ª¨å Cp. �®£¤  C = H �M , £¤¥ H
| ª®­¥ç­ ï, M | ­¥ª®â®à ï £àã¯¯ë. �® ¯®áâà®¥­¨î ¯®¤£àã¯¯  H ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­ ,  
Mp 6= 0 ¢«¥ç¥â pA = A.

�à®¢¥à¨¬  ). �ãáâì p ®â­®á¨âáï ª G. �®£¤  Ap = Gp 6= 0. � ª ãáâ ­®¢«¥­® ¢ëè¥, ¬®¤ã«ì
Ap 
 C ­¥â¥à®¢ ¨ rp(C) <1. �¥¬ ¡®«¥¥, rp(C) <1.

� áá¬®âà¨¬ ¡). �®¯ãáâ¨¬ Hp 6= 0 ¨ ¯ãáâì Z(pk) | ®¤­® ¨§ æ¨ª«¨ç¥áª¨å ¯àï¬ëå á« £ ¥¬ëå
£àã¯¯ë H. �®£¤  A 
 Z(pk) | ­¥â¥à®¢ ¬®¤ã«ì. �¥¬¬  2.1 £ à ­â¨àã¥â ­¥â¥à®¢®áâì ¬®¤ã«ï
A
 Z(p), ¯®íâ®¬ã A
 Z(p) | ­¥â¥à®¢ ¬®¤ã«ì.

�¡à â¨¬áï ª ¢). �®¤ã«ì A á«ã¦¨â £®¬®¬®àä­ë¬ ®¡à §®¬ ¬®¤ã«ï A,   £àã¯¯  C | £àã¯¯ë
C. �âáî¤  A
C | £®¬®¬®àä­ë© ®¡à § ¬®¤ã«ï A
C. �«¥¤®¢ â¥«ì­®, A
C | ­¥â¥à®¢ ¬®¤ã«ì.
�áâ ¢è¨¥áï ãâ¢¥à¦¤¥­¨ï á®¤¥à¦ âáï ¢ ¯à¥¤«®¦¥­¨¨ 2.1.

�®áâ â®ç­®áâì. �¬¥¥¬ A = G � K, C = H �M , ¯à¨ç¥¬ ¢ë¯®«­¥­ë ¢á¥ ¯à¥¤¯®«®¦¥­¨ï
®â­®á¨â¥«ì­® G, H, K, M ¨ ãá«®¢¨ï  ), ¡), ¢). �®ª ¦¥¬, çâ® ¬®¤ã«ì A
 C ­¥â¥à®¢. �«ï íâ®£®
ã¡¥¤¨¬áï, çâ® ®¡  á« £ ¥¬ëå ¢ áã¬¬¥ A
 C = (A
H)� (A
M) ­¥â¥à®¢ë.

�àã¯¯  H ª®­¥ç­ , ¯®íâ®¬ã á ãç¥â®¬ «¥¬¬ë 2.1 ­ã¦­® ¯à®¢¥à¨âì, çâ® ¤«ï ¢áïª®£® p, ®â­®áï-
é¥£®áï ª H, A
Z(p) | ­¥â¥à®¢ ¬®¤ã«ì. �«ï íâ®£® ª à ¢¥­áâ¢ã A
Z(p) = (G
Z(p))�(K
Z(p))
¯à¨¬¥­¨¬ á«¥¤áâ¢¨¥ 1.1. �â® ¤®¯ãáâ¨¬®, ¯®áª®«ìªã á« £ ¥¬®¥ G ¢¯®«­¥ å à ªâ¥à¨áâ¨ç­® ¢ A.
E(G)-¬®¤ã«ì G 
 Z(p) ­¥â¥à®¢ ¯® â¥®à¥¬¥ 1.2. � â¥¬, ª ª ãáâ ­®¢«¥­® ¢ ¤®ª § â¥«ìáâ¢¥ íâ®©
â¥®à¥¬ë (¨¬¯«¨ª æ¨ï 2) ) 3)), K 
 Z(p) �= A 
 Z(p). �á«¨ A 6= 0, â® ¨§ ¡) ¨«¨ ¢) á«¥¤ã¥â,
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çâ® ¬®¤ã«ì A 
 Z(p) ­¥â¥à®¢ (¢ ¯. ¢) á«¥¤ã¥â ãç¥áâì, çâ® A 
 Z(p) �= A=pA). �«¥¤®¢ â¥«ì­®,
K 
 Z(p) | ­¥â¥à®¢ R-¬®¤ã«ì ¨ E(K)-¬®¤ã«ì (§ ¬¥ç ­¨¥ 1.1). �® á«¥¤áâ¢¨î 1.1 A 
 Z(p) ¨,
á«¥¤®¢ â¥«ì­®, A
H | ­¥â¥à®¢ë ¬®¤ã«¨.

�¥à¥©¤¥¬ ª ¬®¤ã«î A 
M . � ¯¨è¥¬ A 
M = (G 
M) � (K 
M) ¨ ®¯ïâì ¢®á¯®«ì§ã¥¬áï
á«¥¤áâ¢¨¥¬ 1.1. �® ãá«®¢¨î ¨§Mp 6= 0 á«¥¤ã¥â pA = A. �­ ç¨â, G
T (M) = 0 ¨ G
M �= G
M �=
G
C. �ç¨â ¥¬ C 6= 0. � â ª®¬ á«ãç ¥ G
C �= �

p
(Gp
C), £¤¥ p ¯à®¡¥£ ¥â ª®­¥ç­®¥ ¬­®¦¥áâ¢®

ç¨á¥«, ®â­®áïé¨åáï ª G. �ãáâì p | ®¤­® ¨§ â ª¨å ç¨á¥«, B =
n

�
i=1
hbii | p-¡ §¨á­ ï ¯®¤£àã¯¯ 

£àã¯¯ë C. �¢¨¤ã  ) ¨«¨ ¢) n = rp(C) <1 ¨ hbii �= Z. �®£¤  Gp 
 C �= Gp 
 B �=
n

�
i=1
(Gp 
 hbii) �=

�
n
Gp. E(G)-¬®¤ã«ì Gp ­¥â¥à®¢ ¯® á«¥¤áâ¢¨î 1.2. �âáî¤  E(G)-¬®¤ã«ì Gp
C,   á ­¨¬ G
C ¨

G
M ­¥â¥à®¢ë.
� áá¬®âà¨¬ ¬®¤ã«ì K 
M . �® ãá«®¢¨î Kp 6= 0 ¢«¥ç¥â pC = C. �®íâ®¬ã K 
 T (M) = 0 =

T (K) 
M . �¥¯¥àì ¯®«ãç ¥¬ K 
M �= K 
M �= K 
M �= A 
 C. �§ ¢) ¨ ¯à¥¤«®¦¥­¨ï 2.1
¢ë¢®¤¨âáï ­¥â¥à®¢®áâì ¬®¤ã«ï A
C. �â ª, K 
M ­¥â¥à®¢ ª ª R-¬®¤ã«ì ¨, §­ ç¨â, ª ª E(K)-
¬®¤ã«ì (§ ¬¥ç ­¨¥ 1.1). �® á«¥¤áâ¢¨î 1.1 A
M | ­¥â¥à®¢ ¬®¤ã«ì. � è«¨, çâ® A
H, A
M
| ­¥â¥à®¢ë ¬®¤ã«¨, á«¥¤®¢ â¥«ì­®, ¨ A
 C | ­¥â¥à®¢ ¬®¤ã«ì.

�«¥¤áâ¢¨¥ 2.1. �ãáâì A | à¥¤ãæ¨à®¢ ­­ ï p-£àã¯¯ , C | ¯à®¨§¢®«ì­ ï £àã¯¯ . E(A)-
¬®¤ã«ì A 
 C ­¥â¥à®¢ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¨§ pC 6= C ¢ëâ¥ª ¥â ®£à ­¨ç¥­­®áâì
£àã¯¯ë A ¨ ­¥à ¢¥­áâ¢® rp(C) <1.

� ¬¥ç ­¨¥ 2.1. �á«¨ A | á¬¥è ­­ ï £àã¯¯ , â® ¯à®¡«¥¬  ­¥â¥à®¢®áâ¨ ¬®¤ã«ï A
C á¢¥-
¤¥­  á®£« á­® â¥®à¥¬¥ 2.4 (á¬. â ª¦¥ â¥®à¥¬ã 1.2) ª ¢®¯à®á ¬ ® ­¥â¥à®¢®áâ¨ E(A)-¬®¤ã«¥© ¢¨¤ 
A ¨ A 
 Z(p). � ¦¤ë© í­¤®¬®àä¨§¬ £àã¯¯ë A ¨­¤ãæ¨àã¥â í­¤®¬®àä¨§¬ ­  ä ªâ®à-£àã¯¯¥
A=T (A). � ª¨¬ á¯®á®¡®¬ ¯®«ãç ¥¬ £®¬®¬®àä¨§¬ ª®«¥æ f : E(A) ! E(A). �£® ï¤à® à ¢­®
f� 2 E(A) j �A � T (A)g. �¡®§­ ç¨¬ Ew(A) = E(A)= ker f . �®«ìæ® Ew(A) ï¢«ï¥âáï ª®«ìæ®¬
í­¤®¬®àä¨§¬®¢ £àã¯¯ë A ¢ ª â¥£®à¨¨ �®ª¥à  (® ª â¥£®à¨¨ �®ª¥à  á¬. [9]).

�¥â¥à®¢®áâì E(A)-¬®¤ã«¥© A ¨ A 
 Z(p) à ¢­®á¨«ì­  ¨å ­¥â¥à®¢®áâ¨ ª ª Ew(A)-¬®¤ã«¥©.
�®«ìæ® Ew(A) ç áâ® ãáâà®¥­® §­ ç¨â¥«ì­® ¯à®é¥ ª®«ìæ  E(A).

� ¬¥ç ­¨¥ 2.2. �«ï £àã¯¯ë A ¡¥§ ªàãç¥­¨ï ¯à®¡«¥¬  ­¥â¥à®¢®áâ¨ E(A)-¬®¤ã«ï A 
 C
á¢¥¤¥­  ª ¢®¯à®á ¬ ® ­¥â¥à®¢®áâ¨ E(A)-¬®¤ã«¥© ¢¨¤  A ¨ A
 Z(p).

� ¬¥ç ­¨¥ 2.3. � [10] ¨áá«¥¤ã¥âáï ¢®¯à®á ®¡  àâ¨­®¢®áâ¨ E(A)-¬®¤ã«ï A 
 C. �«ï á¬¥-
è ­­®© £àã¯¯ë A (á®®â¢¥âáâ¢¥­­® £àã¯¯ë A ¡¥§ ªàãç¥­¨ï) ®­ á¢¥¤¥­ ª ¯®¤®¡­®¬ã ¢®¯à®áã ¤«ï
E(A)-¬®¤ã«¥© ¢¨¤  A, A
 Z(p) ¨ A
 Z(p1) (á®®â¢¥âáâ¢¥­­® ¢¨¤  A, A
 Z(p) ¨ A
 Z(p1)).

� ¬¥ç ­¨¥ 2.4. � [7], [11] ¨ [12] ¯à®¢¥¤¥­® ¨áá«¥¤®¢ ­¨¥ £àã¯¯ë Hom(A;B) ª ª  àâ¨­®¢ ,
­¥â¥à®¢  ¨«¨ ¨­ê¥ªâ¨¢­®£® ¬®¤ã«ï ­ ¤ ª®«ìæ®¬ E(B) ¨«¨ E(A).

�¢â®àë ¯« ­¨àãîâ ¯à®¢¥áâ¨ ¨áá«¥¤®¢ ­¨¥ ¢®¯à®á®¢, ãª § ­­ëå ¢ § ¬¥ç ­¨ïå 2.1{2.3, ¤«ï
­¥ª®â®àëå á¬¥è ­­ëå ¨«¨ ¡¥§ ªàãç¥­¨ï £àã¯¯ A.
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