
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2007 ���������� ò 11 (546)

��� 514.76

�.�.�����������, �.�. ������

����� �������� ��������� �� ����������� ����������

����� ���������������� ������������

�®«ãç¥ë ¨¢ à¨ âë¥ å à ªâ¥à¨áâ¨ª¨ ª« áá®¢ �à¥ï{�¥à¢¥««ë ¯®çâ¨ íà¬¨â®¢ëå áâàãª-
âãà, ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª îé¨å   ª á â¥«ì®¬ à áá«®¥¨¨ ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª®£®
¬®£®®¡à §¨ï.

1. �ãáâì M | £« ¤ª®¥ n-¬¥à®¥ ¬®£®®¡à §¨¥, xi | «®ª «ìë¥ ª®®à¤¨ âë   M , ! =
1
2
!ijdx

i ^ dxj | ¥¢ëà®¦¤¥ ï ¤¨ää¥à¥æ¨ «ì ï 2-ä®à¬ , § ¤ îé ï   M ¯®çâ¨ á¨¬¯«¥ª-
â¨ç¥áªãî áâàãªâãàã (i; j; k; : : : = 1 : : : n; !ij = �!ji, det k!ijk 6= 0). �¨¥© ï á¢ï§®áâì r á®£« -
á®¢   á !, ¥á«¨ rX! = 0 ¤«ï «î¡®£® ¢¥ªâ®à®£® ¯®«ï X   M , ¨«¨ ¢ «®ª «ìëå ª®®à¤¨ â å

@i!jk � !pk�
p
ij � !jp�

p
ik = 0; (1)

£¤¥ �kij | ª®íää¨æ¨¥âë á¢ï§®áâ¨ r. �¨ª«¨àãï (1) ¨ áª« ¤ë¢ ï, ¯®«ãç¨¬

!pkS
p
ij + !pjS

p
ki + !piS

p
jk = @i!jk + @j!ki + @k!ij ;

£¤¥ Sk
ij = �kij��

k
ji |ª®¬¯®¥âë â¥§®à  ªàãç¥¨ï S á¢ï§®áâ¨r, ®âªã¤  á«¥¤ã¥â, çâ® ¥á«¨ ¯®çâ¨

á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  ¥ á¢®¤¨âáï ª á¨¬¯«¥ªâ¨ç¥áª®© (d! 6= 0), â® á¢ï§®áâì ¥®¡å®¤¨¬®
¨¬¥¥â ªàãç¥¨¥.

�ãé¥áâ¢ã¥â ¡¥áª®¥ç®¥ ¬®¦¥áâ¢® á¢ï§®áâ¥©, á®£« á®¢ ëå á ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª®©
áâàãªâãà®©. �®¬¯®¥âë â ª¨å á¢ï§®áâ¥© ¬®¦® ¯à¥¤áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥ [1]:

�kij =
1
2
!kp(@i!pj + �pji);

£¤¥ �pji | á®¢®ªã¯®áâì äãªæ¨©, á¨¬¬¥âà¨çëå ¯® ¯¥à¢ë¬ ¤¢ã¬ ¨¤¥ªá ¬, ®¯à¥¤¥«ïîé ï
¥ª®â®àë© ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ, § ª® ¯à¥®¡à §®¢ ¨ï ª®â®à®£® ®¡¥á¯¥ç¨-
¢ ¥â ¥®¡å®¤¨¬ë© § ª® ¯à¥®¡à §®¢ ¨ï ª®íää¨æ¨¥â®¢ á¢ï§®áâ¨.

2. �ãáâì TM | ª á â¥«ì®¥ à áá«®¥¨¥ ¯®çâ¨ á¨¬¯«¥ªâ¨ç¥áª®£® ¬®£®®¡à §¨ï (M;!),
(xi; yi) | ¥áâ¥áâ¢¥ë¥ «®ª «ìë¥ ª®®à¤¨ âë   TM . �¥ªâ®àë¥ ¯®«ï �I = (�i; _@i), �i =
@i � Nk

i
_@k, Nk

i = �kipy
p, @i = @=@xi, _@i = @=@yi, ®¡à §ãîâ  ¤ ¯â¨à®¢ ë© ª áâàãªâãà¥ ¯®çâ¨

¯à®¨§¢¥¤¥¨ï Tz(TM) = Hz � Vz, z 2 TM , «®ª «ìë© ¡ §¨á ¢¥ªâ®àëå ¯®«¥©   TM .
�âàãªâãàë¥ ãà ¢¥¨ï ¨¬¥îâ ¢¨¤ [�I ; �J ] = RK

IJ�K , I; J;K; : : : = 1; : : : ; 2n, £¤¥ RK
IJ | ª®¬-

¯®¥âë ®¡ê¥ªâ  ¥£®«®®¬®áâ¨: Rn+k
ij = �ymRk

ijm, R
n+k
in+j = �kij , R

n+k
n+ij = ��kij , R

k
ij = Rk

in+j =
Rk
n+ij = Rk

n+in+j = Rn+k
n+in+j = 0. �¤¥áì Rk

ijm | ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë á¢ï§®áâ¨ r.
� á¯à¥¤¥«¥¨¥ £®à¨§®â «ìëå ¯«®é ¤®ª á¢ï§®áâ¨ r ®¯à¥¤¥«ï¥â   TM ª ®¨ç¥áªãî ¯®-

çâ¨ ª®¬¯«¥ªáãî áâàãªâãàã J : J2 = �id, JXh = Xv, JXv = �Xh, £¤¥Xh,Xv | £®à¨§®â «ìë©
¨ ¢¥àâ¨ª «ìë© «¨äâë ¢¥ªâ®à®£® ¯®«ï X ¡ §ë M .

� áá¬®âà¨¬   TM à¨¬ ®¢ã ¬¥âà¨ªã G = h ; i:

G = !ijdx
i 
 �yj � !ij�y

i 
 dxj ;
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£¤¥ �yi = dyi + N i
kdx

k. �®íää¨æ¨¥âë á¢ï§®áâ¨ �¥¢¨-�¨¢¨â  e�KIJ ¬¥âà¨ª¨ G, ®¯à¥¤¥«ï¥¬ë¥
à §«®¦¥¨¥¬ er�I�J = e�KIJ�K , ¨¬¥îâ ¢¨¤

e�kij =
1
2
(�kij + �kji); e�n+kij = �

1
2
ym!ks(Rp

ijm!sp +Rp
sim!jp +Rp

sjm!ip);

e�n+kin+j = �kij +
1
2
!ksSp

is!pj ;
e�n+kn+ij =

1
2
!ksSp

js!pi;

e�kin+j = e�kn+ij = e�kn+in+j = e�n+kn+in+j = 0;

£¤¥ Sk
ij = �kij � �kji | ª®¬¯®¥âë â¥§®à  ªàãç¥¨ï á¢ï§®áâ¨ r.

�ç¥¢¨¤®, G(JX; JY ) = G(X;Y ), ¨ ¬ë ¨¬¥¥¬ ¯®çâ¨ íà¬¨â®¢ã áâàãªâãàã (TM;G; J).

3. �®«ãç¨¬ ¨¢ à¨ âë¥ å à ªâ¥à¨áâ¨ª¨ ª« áá®¢ �à¥ï{�¥à¢¥««ë [2] ¯®çâ¨ íà¬¨â®¢ëå
áâàãªâãà (TM;G; J).

�®çâ¨ íà¬¨â®¢  áâàãªâãà  ï¢«ï¥âáï ª¥«¥à®¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  2-ä®à¬  
(X;Y ) =
G(X;JY ) ª®¢ à¨ â® ¯®áâ®ï  ®â®á¨â¥«ì® á¢ï§®áâ¨ er:

�I
JS � e�KIJ
KS � e�KIS
JK = 0:

� á¯¨áë¢ ï íâ¨ à ¢¥áâ¢  ¤«ï à §«¨çëå á¥à¨© ¨¤¥ªá®¢, ¯à¨å®¤¨¬ ª á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1
2
(Sk

ij!ks + Sk
is!jk) = 0;

1
2
ym(Rp

ism!jp +Rp
jim!sp +Rp

jsm!ip) = 0; Sk
ij = 0:

�¨ª«¨àãï ¨ áª« ¤ë¢ ï ª ¦¤®¥ ¨§ ¯¥à¢ëå ¤¢ãå ¯®«ãç¥ëå à ¢¥áâ¢, § ª«îç ¥¬ d!=0, Rk
ijs=0.

�«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �®çâ¨ íà¬¨â®¢  áâàãªâãà  (TM;G; J) ï¢«ï¥âáï ª¥«¥à®¢®© â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ä®à¬  ! ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª®©, á¢ï§®áâì r ¥ ¨¬¥¥â ªàãç¥¨ï ¨ ï¢«ï¥âáï

¯«®áª®©.

�¥®à¥¬  2. �«ï ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà (TM;G; J) á«¥¤ãîé¨¥ ª« ááë á¢®¤ïâáï ª ª¥-

«¥à®¢ë¬: ¯à¨¡«¨¦¥® ª¥«¥à®¢ë, «®ª «ì® ª®ä®à¬® ª¥«¥à®¢ë, íà¬¨â®¢ë, íà¬¨â®¢ë á¥¬¨-

ª¥«¥à®¢ë.

�¥©áâ¢¨â¥«ì®, ª« áá ¯à¨¡«¨¦¥® ª¥«¥à®¢ëå áâàãªâãà å à ªâ¥à¨§ã¥âáï ãá«®¢¨¥¬
erX(
)(Y;X) = 0,   «¨§ ª®â®à®£® ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ à¥§ã«ìâ â ¬:

Rk
ijs = 0; Sk

ij = 0: (2)

� ¢¥áâ¢® â¥§®à  ªàãç¥¨ï ã«î ¢«¥ç¥â § ¬ªãâ®áâì ä®à¬ë !, ¨ ª« áá ¯à¨¡«¨¦¥® ª¥«¥à®-
¢ëå áâàãªâãà á¢®¤¨âáï ª ª¥«¥à®¢ë¬.

�áá«¥¤ãï ¨¢ à¨ âë¥ å à ªâ¥à¨áâ¨ª¨ ª« áá  «®ª «ì® ª®ä®à¬® ª¥«¥à®¢ëå áâàãªâãà
erX(
)(Z; Y ) = �1

2(n�1)
fhX;Y i�
(Z) � hX;Zi�
(Y ) � hX;JY i�
(JZ) + hX; JZi�
(JY )g, íà¬¨-

â®¢ëå áâàãªâãà erX(
)(Z; Y ) � erJX(
)(Z; JY ) = 0 ¨ íà¬¨â®¢ëå á¥¬¨-ª¥«¥à®¢ëå áâàãªâãà
erX(
)(Z; Y ) � erJX(
)(Z; JY ) = 0, �
 = 0, £¤¥ (�
)I = erK(
SIG

KS) ¥áâì ª®¤¨ää¥à¥æ¨ «
ä®à¬ë 
, â ª¦¥ ¯®«ãç ¥¬ ãá«®¢¨ï (2).

�à¨§ ª®¬ ¯®çâ¨ ª¥«¥à®¢ëå áâàãªâãà ï¢«ï¥âáï § ¬ªãâ®áâì äã¤ ¬¥â «ì®© ä®à¬ë 
:
d
 = 0. � á¯¨áë¢ ï ãá«®¢¨¥ (d
)IJK = 0 ¤«ï à §«¨çëå á¥à¨© ¨¤¥ªá®¢, ¯®«ãç ¥¬ Rk

ijs = 0,
d! = 0. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �®çâ¨ íà¬¨â®¢  áâàãªâãà  (TM;G; J) ï¢«ï¥âáï ¯®çâ¨ ª¥«¥à®¢®© â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ¡ §¨á®¥ ¬®£®®¡à §¨¥ (M;!) ï¢«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª¨¬ á ã«¥¢ë¬ â¥-

§®à®¬ ªà¨¢¨§ë.
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� «¨§ ãá«®¢¨ï ª¢ §¨-ª¥«¥à®¢®áâ¨ erX(
)(Z; Y ) + erJX(
)(Z; JY ) = 0 ¯®§¢®«ï¥â  ¬ § ª«î-
ç¨âì, çâ® ¤«ï ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà (TM;G; J) ª« áá ª¢ §¨-ª¥«¥à®¢ëå áâàãªâãà á¢®¤¨â-

áï ª ª« ááã ¯®çâ¨ ª¥«¥à®¢ëå.

�à¨¢¥¤¥¬ ¨¢ à¨ âë¥ å à ªâ¥à¨áâ¨ª¨ ®áâ «ìëå ¤¥¢ïâ¨ ª« áá®¢ ¯®çâ¨ íà¬¨â®¢ëå áâàãª-
âãà (TM;G; J).

�« áá W1 �W3 ( erX(
)(Y;X) � erJX(
)(Y; JX) = 0, �
 = 0):

Sk
ki = 0; !psSk

ps = 0; Sk
is!kj + Sk

js!ki = 0;

Rispj +Rjspi = 0; !ksRksij = 0:

�« áá W1 �W4 ( erX(
)(Z;X) = �1
2(n�1)

fkXk2�
(Z)� hX;Zi�
(X) � hJX;Zi�
(JX)g):

Sp
il!pj + Sp

jl!pi = 0; !ilS
k
jk + !jlS

k
ik �

1
2
!ksSp

ks(!jl!pi + !il!pj) = 0;

3(d!)ilj =
1

n� 1
f2(!ijS

k
lk � !ilS

k
jk)� !ksSp

ks(!ij!pl � !il!pj)g;

Rlimj +Rljmi = 0; !ksRp
ksm(!jl!pi + !il!pj) = 0; Rp

ijm!lp =
�1
n� 1

!ksRp
ksm(!ij!pl � !il!pj):

�« áá W2 � W3 (	X;Y;Z f erX(
)(Z; Y ) � erJX(
)(Z; JY )g = 0, �
 = 0, £¤¥ 	X;Y;Z ®§ ç ¥â
æ¨ª«¨à®¢ ¨¥ ¯® X, Y , Z):

d! = 0; !ksRksij = 0; Rp
ijm!kp +Rp

jkm!ip +Rp
kim!jp = 0:

�« áá «®ª «ì® ª®ä®à¬® ¯®çâ¨ ª¥«¥à®¢ëå áâàãªâãà W2 � W4 (	X;Y;Z f erX(
)(Z; Y ) �
1

n�1

(X;Y )�
(JZ) = 0g):

d! = 0; Rp
ijm!lp =

�1
2(n� 1)

!ksRp
ksm!ij!pl;

!ksRp
ksm(!ij!lp + !jl!ip + !il!pj) = 0:

�« áá á¥¬¨-ª¥«¥à®¢ëå áâàãªâãà W1 �W2 �W3 (�
 = 0):

!ksRksij = 0; 2Sk
ki + !ksSp

ks!pi = 0:

�« áá W1 � W2 � W4 ( erX(
)(Z; Y ) + erJX(
)(Z; JY ) = �1
n�1

fhX;Y i�
(Z) � hX;Zi�
(Y ) �
hX; JY i�
(JZ) + hX;JZi�
(JY )g):

3(d!)ilj =
1

n� 1
f2(!ijSk

lk � !ilS
k
jk)� !ksSp

ks(!ij!pl � !il!pj)g;

Rp
ijm!lp +Rp

lim!jp +Rp
ljm!ip =

�1
n� 1

!ksRp
ksm(!ij!pl � !il!pj):

�« áá W1 �W3 �W4 ( erX(
)(Y;X) � erJX(
)(Y; JX) = 0):

Rispj +Rjspi = 0; Sk
is!kj + Sk

js!ki = 0:

�« áá W2 �W3 �W4 (	X;Y;Z f erX(
)(Z; Y )� erJX(
)(Z; JY )g = 0)

d! = 0; Rp
ijm!lp +Rp

jlm!ip +Rp
lim!jp = 0:

77



�¨â¥à âãà 

1. �¥¢¨ �.�. �¡  ää¨ëå á¢ï§®áâïå, ¯à¨á®¥¤¨¥ëå ª ª®á®á¨¬¬¥âà¨ç¥áª®¬ã â¥§®àã //
��� ����. { 1959. { �. 128. { ò4. { �. 668{671.

2. Gray A., Hervella Luis M. The sixteen classes of almost hermitian manifolds and their linear

invariants // Ann. mat. pura ed appl. { 1980. { V. 123. { P. 35{58.

�¥§¥áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

¯¥¤ £®£¨ç¥áª¨© ã¨¢¥àá¨â¥â 28.12.2006

78


