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�à®¡«¥¬  ãáâ®©ç¨¢®áâ¨ § ¤ ç ¤¨áªà¥â­®© ®¯â¨¬¨§ æ¨¨ ª ¢®§¬ãé¥­¨ï¬ ¥¥ ¯ à ¬¥âà®¢ ¯à¨-
¢«¥ª«  ¢­¨¬ ­¨¥ ¬­®£¨å á¯¥æ¨ «¨áâ®¢ (á¬., ­ ¯à., [1] ¨ ®¡§®àë [2], [3]). �®âà¥¡­®áâì ¢ ¨áá«¥¤®-
¢ ­¨¨ ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ¢ë§¢ ­  ­¥â®ç­®áâìî ¨áå®¤­ëå ¤ ­­ëå, ­¥ ¤¥ª¢ â­®-
áâìî ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© à¥ «ì­ë¬ ¯à®æ¥áá ¬, ¯®£à¥è­®áâìî ¢ëç¨á«¥­¨© ­  ���, ¯®ï¢«¥-
­¨¥¬  «£®à¨â¬®¢, á®áâ®ïé¨å ¨§ à¥è¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ \¡«¨§ª¨å" § ¤ ç, ­¥®¡å®¤¨¬®áâìî
¯à®¢¥¤¥­¨ï ¯ à ¬¥âà¨ç¥áª®£® ¨ ¯®áâ®¯â¨¬ «ì­®£®  ­ «¨§  ¨ ¤àã£¨¬¨ ä ªâ®à ¬¨.

� ¨¡®«¥¥ ¤¥â «ì­® ¨áá«¥¤®¢ ­  ãáâ®©ç¨¢®áâì ®¤­®ªà¨â¥à¨ «ì­ëå âà ¥ªâ®à­ëå § ¤ ç ¤¨á-
ªà¥â­®© ®¯â¨¬¨§ æ¨¨, ¢ áå¥¬ã ª®â®àëå «¥£ª® ¢¯¨áë¢ îâáï ¢á¥ ¨§¢¥áâ­ë¥ ®¯â¨¬¨§ æ¨®­­ë¥
§ ¤ ç¨ ­  £à ä å, § ¤ ç¨ ¡ã«¥¢  ¯à®£à ¬¬¨à®¢ ­¨ï ¨ ­¥ª®â®àë¥ § ¤ ç¨ â¥®à¨¨ à á¯¨á ­¨© [3]{
[7]. � ®á­®¢ã íâ¨å ¨áá«¥¤®¢ ­¨© ¯®«®¦¥­® ¯®­ïâ¨¥ à ¤¨ãá  ãáâ®©ç¨¢®áâ¨, ¢¯¥à¢ë¥ ¢¢¥¤¥­­®¥ ¢
à ¡®â¥ [4].

�¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï âà¥å â¨¯®¢ ãáâ®©ç¨¢®áâ¨ (¢ ­ è¥© â¥à¬¨­®«®£¨¨ |
ãáâ®©ç¨¢®áâì, ª¢ §¨ãáâ®©ç¨¢®áâì ¨ áâ ¡¨«ì­®áâì) ¬­®¦¥áâ¢  � à¥â® ¢¥ªâ®à­®© § ¤ ç¨ æ¥«®ç¨-
á«¥­­®£® «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¡ë«¨ ¯®«ãç¥­ë ¢ [8]{[10].

�áá«¥¤®¢ ­¨î ãáâ®©ç¨¢®áâ¨ ¢¥ªâ®à­ëå âà ¥ªâ®à­ëå § ¤ ç á è¨à®ª® ¨§¢¥áâ­ë¬¨ ¢ ¤¨áªà¥â-
­®© ®¯â¨¬¨§ æ¨¨ ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨ ¢¨¤  MINSUM («¨­¥©­ë©), MINMAX (ã§ª®£® ¬¥áâ ) ¨
MINMIN ¯®á¢ïé¥­ë à ¡®âë [11]{[14]. �¤¥áì ­ ©¤¥­ë ¤®áâ¨¦¨¬ë¥ ®æ¥­ª¨,   ¢ àï¤¥ á«ãç ¥¢ |
¨ ä®à¬ã«ë ¤«ï à ¤¨ãá  ¢á¥å âà¥å â¨¯®¢ ãáâ®©ç¨¢®áâ¨ ¬­®¦¥áâ¢  � à¥â®.

�ëï¢«¥­¨î ãá«®¢¨© ãáâ®©ç¨¢®áâ¨ ¨ ­ å®¦¤¥­¨î à ¤¨ãá  ãáâ®©ç¨¢®áâ¨ ®¤­®© íää¥ªâ¨¢­®©
(®¯â¨¬ «ì­®© ¯® � à¥â®, �«¥©â¥àã ¨«¨ �¬¥©«ã) âà ¥ªâ®à¨¨ ¯®á¢ïé¥­ë áâ âì¨ [15], [16].

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢¥ªâ®à­ ï âà ¥ªâ®à­ ï § ¤ ç  «¥ªá¨ª®£à ä¨ç¥áª®© ®¯â¨-
¬¨§ æ¨¨, á®áâ®ïé ï ¢ ­ å®¦¤¥­¨¨ «¥ªá¨ª®£à ä¨ç¥áª®£® ¬­®¦¥áâ¢ . �®«ãç¥­ë ãá«®¢¨ï âà¥å
â¨¯®¢ ãáâ®©ç¨¢®áâ¨ â ª®© ¢¥ªâ®à­®© § ¤ ç¨ á ç áâ­ë¬¨ ªà¨â¥à¨ï¬¨ ­ ¨¡®«¥¥ ®¡é¨å ¢¨¤®¢,
¢ª«îç îé¨å, ¢ ç áâ­®áâ¨, âà¨ ¯¥à¥ç¨á«¥­­ë¥ ¢ëè¥ ªà¨â¥à¨ï. �ª § ­ë â ª¦¥ ­¨¦­¨¥ ¤®áâ¨-
¦¨¬ë¥ ®æ¥­ª¨ ¤«ï à ¤¨ãá®¢ ãáâ®©ç¨¢®áâ¨, ª¢ §¨ãáâ®©ç¨¢®áâ¨ ¨ áâ ¡¨«ì­®áâ¨ § ¤ ç¨ ¢ á«ãç ¥
ç¥¡ëè¥¢áª®© ­®à¬ë ¢ ¯à®áâà ­áâ¢¥ ¢®§¬ãé îé¨å ¯ à ¬¥âà®¢ ¨ ¨áá«¥¤®¢ ­® ï¤à® ãáâ®©ç¨¢®-
áâ¨, â. ¥. ¬­®¦¥áâ¢® ¢á¥å ãáâ®©ç¨¢ëå «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­ëå âà ¥ªâ®à¨©.

1. �®áâ ­®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á¨áâ¥¬ã ¯®¤¬­®¦¥áâ¢ (E; T ), £¤¥ E = fe1; e2; : : : ; emg, m > 1, T � 2E n f;g, â. ¥.
T | ­¥ª®â®à ï á®¢®ªã¯­®áâì ­¥¯ãáâëå ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  E, ­ §ë¢ ¥¬ëå âà ¥ªâ®à¨ï¬¨.
�ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ âì, çâ® jT j > 1.

�ãáâì ­  ¬­®¦¥áâ¢¥ E § ¤ ­  ¢¥ªâ®à­ ï ¢¥á®¢ ï äã­ªæ¨ï

a(e) = (a1(e); a2(e); : : : ; an(e)) 2 R
n; n � 1;

� ­­ ï à ¡®â  ¯®¤¤¥à¦ ­  �®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© �¥á¯ã¡«¨ª¨ �¥« àãáì (£à ­â
ò�95-70) ¨ �¥¦¤ã­ à®¤­®© �®à®á®¢áª®© ¯à®£à ¬¬®© ®¡à §®¢ ­¨ï ¢ ®¡« áâ¨ â®ç­ëå ­ ãª (£à ­â \�®-
à®á®¢áª¨© ¯à®ä¥áá®à" ¤«ï ¢â®à®£®  ¢â®à ).
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  ­  ¬­®¦¥áâ¢¥ âà ¥ªâ®à¨© T | ¢¥ªâ®à-äã­ªæ¨ï (¢¥ªâ®à­ë© ªà¨â¥à¨©)

f(t) = (f1(t); f2(t); : : : ; fn(t)); n � 1;

ª®¬¯®­¥­âë ª®â®à®© (ç áâ­ë¥ ªà¨â¥à¨¨) ¨¬¥îâ ¢¨¤

�-MINMAX fi(t) = max
� X

e2q

ai(e) : q � t; jqj = minfjtj; kig
�
! min

T
(1.1)

(�-¬¨­¨¬ ªá­ë© ªà¨â¥à¨©) ¨«¨

�-MINMIN fi(t) = min
� X

e2q

ai(e) : q � t; jqj = minfjtj; kig
�
! min

T
(1.2)

(�-¬¨­¨¬¨­­ë© ªà¨â¥à¨©). �¤¥áì ki, i 2 Nn = f1; 2; : : : ; ng, | ­¥ª®â®àë¥ § ¤ ­­ë¥ ­ âãà «ì­ë¥
ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

1 � ki � p = maxfjtj : t 2 Tg 8i 2 Nn:

�à¨ ki = p, i 2 Nn, ª ª ªà¨â¥à¨© (1.1), â ª ¨ (1.2) ¯à¥¢à é îâáï ¢ «¨­¥©­ë© (áâ®¨¬®áâ­®©)
ªà¨â¥à¨©

MINSUM fi(t) =
X
e2t

a(e)! min
T
: (1.3)

�à¨ ki = 1, i 2 Nn, ªà¨â¥à¨© (1.1) ¯à¥¢à é ¥âáï ¢ ªà¨â¥à¨© \ã§ª®£® ¬¥áâ "

MINMAX fi(t) = maxfai(e) : e 2 tg ! min
T
;

  ªà¨â¥à¨© (1.2) | ¢ ¬¨­¨¬¨­­ë© ªà¨â¥à¨©

MINMIN fi(t) = minfai(e) : e 2 tg ! min
T
:

�â¬¥â¨¬, çâ® § ¤ ç¨ á ªà¨â¥à¨ï¬¨ ¢¨¤  �-MINMAX ¨ �-MINMIN ¯à®¨§®è«¨ ¨§ ¯®âà¥¡-
­®áâ¥© ®¯â¨¬ «ì­®£® æ¥«¥à á¯à¥¤¥«¥­¨ï (ª ª ®âç áâ¨ ¨ § ¤ ç¨ á ¬¨­¨¬ ªá­ë¬¨ ªà¨â¥à¨ï¬¨)
[17].

�®¤ n-ªà¨â¥à¨ «ì­®© âà ¥ªâ®à­®© § ¤ ç¥© «¥ªá¨ª®£à ä¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ ¡ã¤¥¬ ¯®­¨-
¬ âì § ¤ çã ­ å®¦¤¥­¨ï «¥ªá¨ª®£à ä¨ç¥áª®£® ¬­®¦¥áâ¢ , ª®â®à®¥ ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬
¬­®¦¥áâ¢  � à¥â® ¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.

�ãáâì Sn | ¬­®¦¥áâ¢® ¢á¥å n ! ¯¥à¥áâ ­®¢®ª ç¨á¥« 1; 2; : : : ; n. �à ¥ªâ®à¨î t 2 T ­ §®¢¥¬
«¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®©, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ¯¥à¥áâ ­®¢ª  s = fs1; s2; : : : ; sng 2 Sn,
çâ® ¤«ï «î¡®© âà ¥ªâ®à¨¨ t0 2 T ¢ë¯®«­ï¥âáï ®¤­® ¨§ ¤¢ãå ãá«®¢¨©:

1) f(t) = f(t0),
2) 9k 2 Nn (fSk(t) < fSk(t

0))& (8i 2 Nk�1 fSi(f) = fSi(t
0)).

�á«¨ k = 1, â® ¯®á«¥¤­¨¥ à ¢¥­áâ¢  ®âáãâáâ¢ãîâ (N0 = ;).
�¥¬ á ¬ë¬ ¯¥à¥áâ ­®¢ª®© s ¢á¥ ç áâ­ë¥ ªà¨â¥à¨¨ ã¯®àï¤®ç¥­ë (¯¥à¥­ã¬¥à®¢ ­ë) ¯® ¢ ¦­®-

áâ¨ â ª, çâ® ª ¦¤ë© ¯à¥¤ë¤ãé¨© ¢ ¦­¥¥, ç¥¬ ¢á¥ ¯®á«¥¤ãîé¨¥. � íâ®© á¨âã æ¨¨ áª®«ì ã£®¤­®
¬ «ë¥ ¯®â¥à¨ ¡®«¥¥ ¢ ¦­®£® ªà¨â¥à¨ï ¯à¥¤¯®çâ¨â¥«ì­¥¥ áª®«ì ã£®¤­® ¡®«ìè¨å ¯à¨à é¥­¨©
¢á¥å ¬¥­¥¥ ¢ ¦­ëå ªà¨â¥à¨¥¢.

� ¬¥â¨¬, çâ® à §«¨ç­ë¥  á¯¥ªâë ®¯â¨¬¨§ æ¨¨ ¯® ¯®á«¥¤®¢ â¥«ì­® ¯à¨¬¥­ï¥¬ë¬ ªà¨â¥à¨ï¬
®âà ¦¥­ë ¢ æ¥«®¬ àï¤¥ à ¡®â (­ ¯à., [18]{[23]).

�­®¦¥áâ¢® ¢á¥å «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­ëå âà ¥ªâ®à¨©, ®¯à¥¤¥«¥­­ëå ¤«ï ¢á¥å n !
¯¥à¥áâ ­®¢®ª, ¡ã¤¥¬ ­ §ë¢ âì «¥ªá¨ª®£à ä¨ç¥áª¨¬ ¬­®¦¥áâ¢®¬ ¨ ®¡®§­ ç âì ç¥à¥§ Ln,  
n-ªà¨â¥à¨ «ì­ãî § ¤ çã ¯®¨áª  íâ®£® ¬­®¦¥áâ¢  | ç¥à¥§ Zn.
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�¥ªâ®à­ãî ¢¥á®¢ãî äã­ªæ¨î a(e) ã¤®¡­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¬ âà¨æë A = faijgn�m, £¤¥
aij = ai(ej). �ãáâì I1 ¨ I2 | ¬­®¦¥áâ¢  â¥å ç¨á¥« ¨§ Nn, ª®â®àë¬¨ § ­ã¬¥à®¢ ­ë á®®â¢¥âáâ¢¥­-
­® ªà¨â¥à¨¨ (1.1) ¨ (1.2) (I1 [ I2 = Nn). �á«¨ ç¨á«  k1; k2; : : : ; kn ¨ ¬­®¦¥áâ¢  E, T , I1 ¨ I2
ä¨ªá¨à®¢ ­ë, â® ¬ âà¨æ  A ¬®¦¥â á«ã¦¨âì ¤«ï ¨­¤¥ªá æ¨¨ ¨­¤¨¢¨¤ã «ì­®© n-ªà¨â¥à¨ «ì­®©
âà ¥ªâ®à­®© § ¤ ç¨ «¥ªá¨ª®£à ä¨ç¥áª®© ®¯â¨¬¨§ æ¨¨. � ¤ «ì­¥©è¥¬ â ªãî § ¤ çã ¡ã¤¥¬ ®¡®-
§­ ç âì ç¥à¥§ Zn(A), «¥ªá¨ª®£à ä¨ç¥áª®¥ ¬­®¦¥áâ¢® | ç¥à¥§ Ln(A), ¢¥ªâ®à­ë© ªà¨â¥à¨© f(t)
| ç¥à¥§ f(t; A),   ç áâ­ë¥ ªà¨â¥à¨¨ fi(t) | ç¥à¥§ fi(t; A).

� ç áâ­®¬ á«ãç ¥, ª®£¤  n = 1, § ¤ ç  «¥ªá¨ª®£à ä¨ç¥áª®© ®¯â¨¬¨§ æ¨¨ ¯à¥¢à é ¥âáï ¢ ®¤-
­®ªà¨â¥à¨ «ì­ãî âà ¥ªâ®à­ãî § ¤ çã, à ¤¨ãá ãáâ®©ç¨¢®áâ¨ ª®â®à®© ¨áá«¥¤®¢ ­ �.�.�¥®­âì¥-
¢ë¬ ¨ �.�. �®à¤¥¥¢ë¬ ¢ á«ãç ¥ «¨­¥©­®£® ªà¨â¥à¨ï ¨«¨ ªà¨â¥à¨ï \ã§ª®£® ¬¥áâ " (á¬., ­ ¯à.,
[4]{[7]).

� ª ®¡ëç­®, ¢®§¬ãé¥­¨¥ ¬ âà¨æë A 2 Rnm ¡ã¤¥¬ ®áãé¥áâ¢«ïâì ¯ãâ¥¬ á«®¦¥­¨ï íâ®© ¬ -
âà¨æë á ¬ âà¨æ ¬¨ ¬­®¦¥áâ¢ 

R(") = fB 2 Rnm : kBk < "g;

£¤¥ " > 0, k � k | ç¥¡ëè¥¢áª ï ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Rnm, â. ¥.

kBk = maxfjbij j : (i; j) 2 Nn �Nmg; B = fbijgn�m:

�ãáâì A;B 2 Rnm. � ¤ çã Zn(A+B), ¯®«ãç¥­­ãî ¨§ ¨áå®¤­®© § ¤ ç¨ Zn(A) ¯à¨ á«®¦¥­¨¨
¬ âà¨æ A ¨ B, ¡ã¤¥¬ ­ §ë¢ âì ¢®§¬ãé¥­­®©,   ¬ âà¨æã B | ¢®§¬ãé îé¥©.

�«¥¤ãï [12], [13], § ¤ çã Zn(A) ­ §®¢¥¬
| áâ ¡¨«ì­®©, ¥á«¨

9" > 0 8B 2 R(") Ln(A) = Ln(A+B);

| ãáâ®©ç¨¢®©, ¥á«¨
9" > 0 8B 2 R(") Ln(A) � Ln(A+B);

| ª¢ §¨ãáâ®©ç¨¢®©, ¥á«¨

9" > 0 8B 2 R(") Ln(A) � Ln(A+B):

�ç¥¢¨¤­®, á¢®©áâ¢  ãáâ®©ç¨¢®áâ¨ ¨ ª¢ §¨ãáâ®©ç¨¢®áâ¨ ¤¨áªà¥â­®© § ¤ ç¨ Zn(A) íª¢¨¢ «¥­â-
­ë á¢®©áâ¢ ¬ ¯®«ã­¥¯à¥àë¢­®áâ¨ á®®â¢¥âáâ¢¥­­® á¢¥àåã ¨ á­¨§ã ¯® � ãá¤®àäã ¢ â®çª¥ A 2 Rnm

®¯â¨¬ «ì­®£® ®â®¡à ¦¥­¨ï Ln : Rnm ! 2T , â. ¥. â®ç¥ç­®-¬­®¦¥áâ¢¥­­®£® ®â®¡à ¦¥­¨ï, ª®â®à®¥
¯ à ¬¥âà ¬ § ¤ ç¨ (í«¥¬¥­â ¬ ¬ âà¨æë A) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ «¥ªá¨ª®£à ä¨ç¥áª®¥ ¬­®¦¥-
áâ¢® (­ ¯à., [1], [2]).

�á«®¢¨¬áï ¢ ¤ «ì­¥©è¥¬ ç¥à¥§ Isum ®¡®§­ ç âì ¬­®¦¥áâ¢  â¥å ¨­¤¥ªá®¢ ¨§ Nn, ª®â®àë¬¨
§ ­ã¬¥à®¢ ­ ç áâ­ë© ªà¨â¥à¨© (1.3) ¢ ¢¥ªâ®à-äã­ªæ¨¨ f(t; A).

2. �áâ®©ç¨¢®áâì

� ¤¨ãá®¬ ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A), n � 1, ­ §®¢¥¬ ç¨á«®

�n1 (A) =

(
sup
1(A); ¥á«¨ 
1(A) 6= ;;

0; ¥á«¨ 
1(A) = ;;

£¤¥ 
1(A) = f" > 0 : Ln(A) � Ln(A+B) 8B 2 R(")g.
� ª¨¬ ®¡à §®¬, à ¤¨ãá ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A) ®¯à¥¤¥«ï¥â ¯à¥¤¥« ¢®§¬ãé¥­¨© í«¥¬¥­-

â®¢ ¬ âà¨æë A, ¯à¨ ª®â®àëå ­¥ ¯®ï¢«ïîâáï ­®¢ë¥ «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­ë¥ âà ¥ªâ®-
à¨¨, å®âï ¯à¥¦­¨¥ ¬®£ãâ ¨áç¥§­ãâì.

�á­®, çâ® ¢ á«ãç ¥, ª®£¤  T = Ln(A), à ¤¨ãá ãáâ®©ç¨¢®áâ¨ �n1 (A) à ¢¥­ ¡¥áª®­¥ç­®áâ¨. � ¤ çã
Zn(A), ¤«ï ª®â®à®© L

n
(A) = T n Ln(A) 6= ;, ¡ã¤¥¬ ­ §ë¢ âì ­¥âà¨¢¨ «ì­®©.

�§ ®¯à¥¤¥«¥­¨ï à ¤¨ãá  ãáâ®©ç¨¢®áâ¨ á ®ç¥¢¨¤­®áâìî ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢ .
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�¢®©áâ¢® 2.1. �ãáâì ' > 0. �®£¤  �n1 (A) � ', ¥á«¨

L
n
(A) � L

n
(A+B) 8B 2 R('):

�¢®©áâ¢® 2.2. �ãáâì § ¤ ç  Zn(A) ­¥âà¨¢¨ «ì­ , ' � 0. �®£¤  �n1 (A) � ', ¥á«¨ ¤«ï ¢áïª®£®
ç¨á«  " > ' áãé¥áâ¢ãîâ ¢®§¬ãé îé ï ¬ âà¨æ  B 2 R(") ¨ âà ¥ªâ®à¨ï t 2 L

n
(A) â ª¨¥, çâ® t

ï¢«ï¥âáï «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®© âà ¥ªâ®à¨¥© ¢®§¬ãé¥­­®© § ¤ ç¨ Zn(A+B).

�«ï ¤¢ãå à §«¨ç­ëå âà ¥ªâ®à¨© t, t0 ¢¢¥¤¥¬ ç¨á«®

�i(t; t
0) =

(
jtj+ jt0j � 2jt \ t0j; ¥á«¨ i 2 Isum;

minfjtj; kig+minfjt0j; kig ¥á«¨ i =2 Isum:

�ç¥¢¨¤­®, �i(t; t0) > 0 ¯à¨ t 6= t0 ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn. �ã¤¥¬ â ª¦¥ ¨á¯®«ì§®¢ âì ®¡®§­ -
ç¥­¨¥ �i(t; t0; A) = fi(t; A) � fi(t0; A).

�à¥¦¤¥, ç¥¬ ®æ¥­¨âì à ¤¨ãá ãáâ®©ç¨¢®áâ¨ á­¨§ã, áä®à¬ã«¨àã¥¬ ®ç¥¢¨¤­ë¥ á¢®©áâ¢  ¨ ¤®-
ª ¦¥¬ ­¥®¡å®¤¨¬ãî «¥¬¬ã.

�¢®©áâ¢® 2.3. �à ¥ªâ®à¨ï t 2 Ln(A), ¥á«¨ áãé¥áâ¢ã¥â â ª®© ¨­¤¥ªá i 2 Nn, çâ® �i(t; t0; A) < 0
8t0 2 T , t0 6= t.

�¢®©áâ¢® 2.4. �à ¥ªâ®à¨ï t 2 L
n
(A), ¥á«¨ ¤«ï ¢áïª®£® ¨­¤¥ªá  i 2 Nn áãé¥áâ¢ã¥â â ª ï

âà ¥ªâ®à¨ï t0 6= t, çâ® �i(t; t0; A) > 0.

� ¤ «ì­¥©è¥¬ ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  t � E ¡ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨¥¬ N(t) =
fj 2 Nm : ej 2 tg.

�¥¬¬  2.1. �ãáâì t ¨ t0 | ¤¢¥ à §«¨ç­ë¥ âà ¥ªâ®à¨¨, i 2 Nn = I1 [ I2, " > 0. �®£¤ 
�i(t; t0; A+B) > 0 8B 2 R("), ¥á«¨

�i(t; t0; A) � "�i(t; t0): (2.1)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ âà¨ á«ãç ï.
�«ãç © 1. ki = p. �®£¤  äã­ªæ¨ï fi(t; A) «¨­¥©­ . �®íâ®¬ã, ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢  (2.1) ¨

kBk < ", ¯®«ãç ¥¬

�i(t; t
0; A+B) = fi(t; A+B)� fi(t

0; A+B) > fi(t; A) � "jt n t0j � (fi(t
0; A) + "jt0 n tj) =

= �i(t; t0; A)� "�i(t; t0) � 0 8B 2 R("):

�«ãç © 2. ki < p, i 2 I1. �®£¤  ¨¬¥¥¬

�i(t; t0; A+B) = fi(t; A+B)� fi(t0; A+B) = max
� X

j2N(q)

(aij + bij) : q � t; jqj = minfjtj; kig
�
�

�max
� X

j2N(q)

(aij + bij) : q � t0; jqj = minfjt0j; kig
�
> fi(t; A) � "minfjtj; kig �

� (fi(t
0; A) + "minfjt0j; kig) = �i(t; t

0; A)� "�i(t; t
0) � 0 8B 2 R("):

�«ãç © 3. �®£¤  ki < p, i 2 I2, ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® á«ãç î 2.

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

'n(A) = min
t2L

n
(A)

min
i2Nn

max
t02Tnftg

�i(t; t0; A)
�i(t; t0)

:

�á­®, çâ® ¢á¥£¤  'n(A) � 0.
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�¥®à¥¬  2.1. �ãáâì A 2 Rnm. �«ï à ¤¨ãá  ãáâ®©ç¨¢®áâ¨ ­¥âà¨¢¨ «ì­®© âà ¥ªâ®à­®©

§ ¤ ç¨ Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥© ç áâ­ëå ªà¨â¥à¨¥¢ (1:1) ¨ (1:2) á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n1 (A) � 'n(A); (2.2)

¯à¨ç¥¬

�n1 (A) = 'n(A); (2.3)

¥á«¨ Isum = Nn, â. ¥. ¢á¥ ç áâ­ë¥ ªà¨â¥à¨¨ ï¢«ïîâáï «¨­¥©­ë¬¨ (¢¨¤  MINSUM (1.3)).

�®ª § â¥«ìáâ¢®. �­ ç «  ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢® (2.2). �â® ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­®, ¥á«¨
'n(A) = 0.

�ãáâì ' = 'n(A) > 0. �®£¤  R(') 6= ; ¨ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ç¨á«  ' ¤«ï «î¡®© âà ¥ªâ®à¨¨
t 2 L

n
(A) ¨ ¢áïª®£® ¨­¤¥ªá  i 2 Nn áãé¥áâ¢ã¥â â ª ï âà ¥ªâ®à¨ï t0 6= t, çâ® �i(t; t0; A) � '�i(t; t0).

�®íâ®¬ã ­  ®á­®¢ ­¨¨ «¥¬¬ë 2.1 ¨¬¥¥¬ �i(t; t0; A+B) > 0 8B 2 R('). �âáî¤  á®£« á­® á¢®©áâ¢ã
2.4 ¢ë¢®¤¨¬ t 2 L

n
(A+B) 8B 2 R('). �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ L

n
(A) � L

n
(A+B) 8B 2 R('),

â. ¥. ¢ á¨«ã á¢®©áâ¢  2.1 ­¥à ¢¥­áâ¢® (2.2) á¯à ¢¥¤«¨¢®.
�«ï ¤®ª § â¥«ìáâ¢  à ¢¥­áâ¢  (2.3) ¯®ª ¦¥¬, çâ® �n1 (A) � ', ¥á«¨ Isum = Nn. �ãáâì 0 � ' < ".

�®£¤ , ¢¢¨¤ã ®¯à¥¤¥«¥­¨ï ç¨á«  ', ­ ©¤ãâáï âà ¥ªâ®à¨ï t 2 L
n
(A) ¨ ¨­¤¥ªá k 2 Nn â ª¨¥, çâ®

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

' = max
�
�k(t; t0; A)
�k(t; t0)

: t0 2 T; t0 6= t

�
< ": (2.4)

�®íâ®¬ã, ¥á«¨ ¢ ª ç¥áâ¢¥ ¢®§¬ãé îé¥© ¬ âà¨æë B 2 R(") ¢®§ì¬¥¬ ¬ âà¨æã á í«¥¬¥­â ¬¨

bij =

8>><
>>:
�b; ¥á«¨ i = k; j 2 N(t);

b; ¥á«¨ i = k; j =2 N(t);

0; ¥á«¨ i 6= k; j 2 Nm;

£¤¥ ' < b < ", â® ¢¢¨¤ã «¨­¥©­®áâ¨ �k(t; t0; A) á ãç¥â®¬ (2.4) ¡ã¤¥¬ ¨¬¥âì

�k(t; t0; A+B) = �k(t; t0; A)� b�k(t; t0) < �k(t; t0; A)� '�k(t; t0) � 0 8t0 2 T; t0 6= t:

�âáî¤  á®£« á­® á¢®©áâ¢ã (2.3) t ï¢«ï¥âáï «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®© âà ¥ªâ®à¨¥© ¢®§-
¬ãé¥­­®© § ¤ ç¨ Zn(A+B). �«¥¤®¢ â¥«ì­®, ¢ á¨«ã á¢®©áâ¢  2.2 ¯®«ãç ¥¬ �n1 (A) � '.

�®¡¨à ï ¢á¥ ¤®ª § ­­®¥, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ â¥®à¥¬ë 2.1.

� ¬¥ç ­¨¥ 2.1. �á«¨ n = 1, â® ä®à¬ã«  (2.3) ¯à¥¢à é ¥âáï ¢ ¨§¢¥áâ­ãî ä®à¬ã«ã à ¤¨ãá 
ãáâ®©ç¨¢®áâ¨ ®¤­®ªà¨â¥à¨ «ì­®© âà ¥ªâ®à­®© § ¤ ç¨ á «¨­¥©­ë¬ ªà¨â¥à¨¥¬ [6].

�®áª®«ìªã § ¤ ç  Zn(A) ãáâ®©ç¨¢  «¨èì ¢ á«ãç ¥, ª®£¤  �n1 (A) > 0, â® ¨§ â¥®à¥¬ë 2.1
¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2.1. �«ï â®£® çâ®¡ë ­¥âà¨¢¨ «ì­ ï âà ¥ªâ®à­ ï § ¤ ç  Zn(A), n � 1, ¡ë« 
ãáâ®©ç¨¢®©, ¤®áâ â®ç­®,   ¢ á«ãç ¥, ª®£¤  Isum = Nn, ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«­ï« áì ä®à¬ã« 

8t 2 L
n
(A) 8i 2 Nn 9t0 2 T n ftg (�i(t; t0; A) > 0): (2.5)

�âáî¤  á«¥¤ã¥â ¨§¢¥áâ­ë© à¥§ã«ìâ â [5]: ¢áïª ï ®¤­®ªà¨â¥à¨ «ì­ ï § ¤ ç  Z1(A) á «¨­¥©-
­ë¬ ªà¨â¥à¨¥¬ ï¢«ï¥âáï ãáâ®©ç¨¢®©.

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥, ª®£¤  Isum 6= Nn, ãá«®¢¨¥ (2.5), ¢®®¡é¥ £®¢®àï,
­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬.
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�à¨¬¥à 2.1. �ãáâì n = 2, m = 3, A =
�
0 1 0
0 0 1

�
,

T = ft1; t2g; t1 = fe1; e2g; t2 = fe2; e3g;

f1(t; A) = maxfa1j : j 2 N(t)g ! min
T
;

f2(t; A) =
X

j2N(t)

a2j ! min
T
:

�®£¤  t2 2 L
2
(A).

� ª ª ª ¤«ï «î¡®© ¬ âà¨æë B 2 R(1=2) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

�1(t1; t2; A+B) = 0; �2(t1; t2; A+B) < 0;

â® t2 ­¥ ï¢«ï¥âáï «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®© âà ¥ªâ®à¨¥© ¢®§¬ãé¥­­®© § ¤ ç¨ Z2(A+B)
8B 2 R(1=2). �«¥¤®¢ â¥«ì­®, § ¤ ç  Z2(A) ï¢«ï¥âáï ãáâ®©ç¨¢®©.

� â® ¦¥ ¢à¥¬ï á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® �1(t1; t2; A) = 0, ª®â®à®¥ á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ®
ä®à¬ã«  (2.5) ­¥¢¥à­ .

3. �¢ §¨ãáâ®©ç¨¢®áâì

� ¤¨ãá®¬ ª¢ §¨ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A), n � 1, ­ §®¢¥¬ ç¨á«®

�n2 (A) =

(
sup
2(A); ¥á«¨ 
2(A) 6= ;;

0; ¥á«¨ 
2(A) = ;;

£¤¥ 
2(A) = f" > 0 : Ln(A) � Ln(A+B) 8B 2 R(")g.
�­ë¬¨ á«®¢ ¬¨, â ª®© à ¤¨ãá ®¯à¥¤¥«ï¥â ¯à¥¤¥« ¢®§¬ãé¥­¨© í«¥¬¥­â®¢ ¬ âà¨æë A, ¯à¨ ª®-

â®àëå ¢ ¢®§¬ãé¥­­®© § ¤ ç¥ á®åà ­ïîâáï ¢á¥ «¥ªá¨ª®£à ä¨ç¥áª¨¥ ®¯â¨¬ã¬ë ¨ ­¥ ¨áª«îç ¥âáï
¢®§¬®¦­®áâì ¯®ï¢«¥­¨ï ­®¢ëå.

�«¥¤ãîé¨¥ á¢®©áâ¢  ®ç¥¢¨¤­ë.

�¢®©áâ¢® 3.1. �ãáâì ' > 0. �®£¤  �n2 (A) � ', ¥á«¨

Ln(A) � Ln(A+B) 8B 2 R('):

�¢®©áâ¢® 3.2. �ãáâì ' � 0. �®£¤  �n2 (A) � ', ¥á«¨ ¤«ï ¢áïª®£® ç¨á«  " > ' áãé¥áâ¢ãîâ
âà ¥ªâ®à¨ï t 2 Ln(A) ¨ ¢®§¬ãé îé ï ¬ âà¨æ  B 2 R(") â ª¨¥, çâ® âà ¥ªâ®à¨ï t ­¥ ï¢«ï¥âáï
«¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®© âà ¥ªâ®à¨¥© ¢®§¬ãé¥­­®© § ¤ ç¨ Zn(A+B).

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

 n(A) = min
t2Ln(A)

max
i2Nn

min
t02Tnftg


i(t; t0; A); (3.1)

£¤¥


i(t; t
0; A) = �

�i(t; t0; A)
�i(t; t0)

: (3.2)

�á­®, çâ® ¢á¥£¤   n(A) � 0.

�¥®à¥¬  3.1. �ãáâì A 2 Rnm. �«ï à ¤¨ãá  ª¢ §¨ãáâ®©ç¨¢®áâ¨ âà ¥ªâ®à­®© § ¤ ç¨

Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥© ç áâ­ëå ªà¨â¥à¨¥¢ (1:1) ¨ (1:2) á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n2 (A) �  n(A); (3.3)

¯à¨ç¥¬ �n2 (A) =  n(A), ¥á«¨ Isum = Nn.
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�®ª § â¥«ìáâ¢®. �­ ç «  ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢® (3.3). �á«¨  n(A) = 0, â® ­¥à ¢¥­áâ¢® (3.3)
®ç¥¢¨¤­®. �ãáâì  =  n(A) > 0. �®£¤  R( ) 6= ; ¨ ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ç¨á«   ¤«ï ¢áïª®©
âà ¥ªâ®à¨¨ t 2 Ln(A) áãé¥áâ¢ã¥â â ª®© ¨­¤¥ªá k 2 Nn, çâ® ¤«ï «î¡®© âà ¥ªâ®à¨¨ t0 6= t ¡ã¤¥¬
¨¬¥âì �k(t0; t; A) �  �k(t; t0). �®íâ®¬ã ­  ®á­®¢ ­¨¨ «¥¬¬ë 2.1 ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨
­¥à ¢¥­áâ¢

�k(t0; t; A+B) > 0 8B 2 R( ) 8t0 2 T; t0 6= t:

�âáî¤  ¢ á¨«ã á¢®©áâ¢  2.3 ¯®«ãç ¥¬ t 2 Ln(A+B) 8B 2 R( ), â. ¥.

Ln(A) � Ln(A+B) 8B 2 R( ):

�«¥¤®¢ â¥«ì­®, á®£« á­® á¢®©áâ¢ã 3.1 ¢ë¢®¤¨¬ (3.3).
�¥¯¥àì ¤®ª ¦¥¬, çâ® �n2 (A) �  , ¥á«¨ Isum = Nn. �ãáâì 0 �  < ". �®£¤ , ¢¢¨¤ã ®¯à¥¤¥«¥­¨ï

ç¨á«   , áãé¥áâ¢ã¥â â ª ï âà ¥ªâ®à¨ï t 2 Ln(A), çâ® ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ­ ©¤¥âáï
âà ¥ªâ®à¨ï t0 6= t, ¤«ï ª®â®à®©


i(t; t0; A) �  8i 2 Nn:

�âáî¤ , ¢§ï¢ ¢ ª ç¥áâ¢¥ ¢®§¬ãé îé¥© ¬ âà¨æã B 2 R(") á í«¥¬¥­â ¬¨

bij =

(
� ¯à¨ i 2 Nn; j 2 N(t);

�� ¯à¨ i 2 Nn; j =2 N(t);

£¤¥  < � < ", á ãç¥â®¬ «¨­¥©­®áâ¨ äã­ªæ¨© �i(t; t0; A) ¢ë¢®¤¨¬

�i(t; t
0; A+B) = �i(t; t

0; A) + ��i(t; t
0) > �i(t; t

0; A) + 
i(t; t
0; A)�i(t; t

0) = 0 8i 2 Nn:

�®íâ®¬ã ¢ á¨«ã á¢®©áâ¢  2.4 âà ¥ªâ®à¨ï t ­¥ ï¢«ï¥âáï «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­®© âà -
¥ªâ®à¨¥© ¢®§¬ãé¥­­®© § ¤ ç¨ Zn(A + B). �«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ á¢®©áâ¢  3.2 ¯®«ãç ¥¬
�n2 (A) �  .

�ã¬¬¨àãï ¢á¥ ¤®ª § ­­®¥, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ â¥®à¥¬ë 3.1.

�§ â¥®à¥¬ë 3.1, ¢ ç áâ­®áâ¨, ¢ë¢®¤¨¬

�«¥¤áâ¢¨¥ 3.1. �«ï â®£® çâ®¡ë § ¤ ç  Zn(A), n � 1, ¡ë«  ª¢ §¨ãáâ®©ç¨¢®©, ¤®áâ â®ç­®,  
¢ á«ãç ¥, ª®£¤  Isum = Nn, ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥

8t 2 Ln(A) 9i 2 Nn 8t0 2 T n ftg (�i(t; t0; A) < 0): (3.4)

�âáî¤  ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 3.2. �á«¨ Isum = Nn, â® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ª¢ §¨ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A)
ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  jLn(A)j � n.

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥, ª®£¤  Isum 6= Nn, ãá«®¢¨¥ (3.4), ¢®®¡é¥ £®¢®àï,
­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬.

�à¨¬¥à 3.1. �ãáâì n = 2, m = 4, A =
�
0 1 0 2
0 0 2 0

�
,

T = ft1; t2; t3g; t1 = fe1; e2g; t2 = fe2; e3g; t3 = fe2; e4g;

f1(t; A) = maxfa1j : j 2 N(t)g ! min
T
;

f2(t; A) =
X

j2N(t)

a2j ! min
T
:

�®£¤  L2(A) = ft1g.
� ª ª ª ¤«ï «î¡®© ¬ âà¨æë B 2 R(1=2) á¯à ¢¥¤«¨¢ë ¢ëà ¦¥­¨ï

�1(t1; t2; A+B) = 0; �2(t1; t2; A+B) < 0; �1(t1; t3; A+B) < 0;

â® t1 2 L2(A+B) 8B 2 R(1=2). �«¥¤®¢ â¥«ì­®, § ¤ ç  Z2(A) ï¢«ï¥âáï ª¢ §¨ãáâ®©ç¨¢®©.
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� â® ¦¥ ¢à¥¬ï á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  �1(t1; t2; A) = 0 ¨ �2(t1; t2; A) = 0, ª®â®àë¥ ãª §ë¢ îâ,
çâ® ä®à¬ã«  (3.4) ­¥¢¥à­ .

4. �â ¡¨«ì­®áâì

�ç¥¢¨¤­®, § ¤ ç  Zn(A) áâ ¡¨«ì­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ®¤­®¢à¥¬¥­­® ãáâ®©ç¨¢ 
¨ ª¢ §¨ãáâ®©ç¨¢ . �®íâ®¬ã ¨§ á«¥¤áâ¢¨© 2.1 ¨ 3.1 ¢ëâ¥ª ¥â

�¥®à¥¬  4.1. �«ï â®£® çâ®¡ë ­¥âà¨¢¨ «ì­ ï § ¤ ç  Zn(A), n � 1, ¡ë«  áâ ¡¨«ì­ , ¤®áâ -
â®ç­®,   ¢ á«ãç ¥, ª®£¤  Isum = Nn, ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ®¤­®¢à¥¬¥­­® ¢ë¯®«­ï«¨áì ä®à¬ã«ë

(2:5) ¨ (3:4).

�«ï à ¤¨ãá  áâ ¡¨«ì­®áâ¨ �n3 (A) § ¤ ç¨ Z
n(A), n � 1, ª®â®àë© ®¯à¥¤¥«¨¬ ª ª ç¨á«®

�n3 (A) =

(
sup
3(A); ¥á«¨ 
3(A) 6= ;;

0; ¥á«¨ 
3(A) = ;;

£¤¥ 
3(A) = f" > 0 : Ln(A) = Ln(A+B) 8B 2 R(")g, ®ç¥¢¨¤­® à ¢¥­áâ¢®

�n3 (A) = minf�n1 (A); �
n
2 (A)g:

�®íâ®¬ã ¨§ â¥®à¥¬ 2.1 ¨ 3.1 ¢ë¢®¤¨¬ á«¥¤ãîéãî ®æ¥­ªã á­¨§ã ¤«ï à ¤¨ãá  áâ ¡¨«ì­®áâ¨ § ¤ ç¨
Zn(A)

�n3 (A) � minf'n(A);  n(A)g;

¤®áâ¨¦¨¬ãî ¯à¨ Isum = Nn.
�«ï ­¥ª®â®àëå ç áâ­ëå á«ãç ¥¢ ¯à¨¢¥¤¥¬ ¤àã£¨¥ ­¨¦­¨¥ ®æ¥­ª¨ à ¤¨ãá  áâ ¡¨«ì­®áâ¨.

�«ï ¢áïª®£® i 2 Nn ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï

k0i = min
�
ki;minfjtj : t 2 Tg

	
; Qi = fq � E : k0i � jqj � kig:

� ª ª ª ¬­®¦¥áâ¢® E ª®­¥ç­®, â® ¬­®¦¥áâ¢  Qi, i 2 Nn, â ª¦¥ ª®­¥ç­ë. �«ï ¢áïª®£® ¨­¤¥ªá 
i 2 Nn í«¥¬¥­âë ¬­®¦¥áâ¢  Qi ®¡®§­ ç¨¬ ç¥à¥§ qi1; q

i
2; : : : ; q

i
pi
, £¤¥ pi = jQij, ¨ à áá¬®âà¨¬ ¢¥ªâ®à

V i = (vi1; v
i
2; : : : ; v

i
pi
), ª®¬¯®­¥­â ¬¨ ª®â®à®£® ï¢«ïîâáï

vis =
X

j2N(qi
s
)

aij 8s 2 Npi ;

£¤¥ aij | í«¥¬¥­âë ¬ âà¨æë A.

�¥®à¥¬  4.2. �á«¨ ª®¬¯®­¥­âë ª ¦¤®£® ¢¥ªâ®à  V i, i 2 Nn, ¯®¯ à­® à §«¨ç­ë, â® ¤«ï

à ¤¨ãá  áâ ¡¨«ì­®áâ¨ ­¥âà¨¢¨ «ì­®© âà ¥ªâ®à­®© § ¤ ç¨ Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥©
ç áâ­ëå ªà¨â¥à¨¥¢ (1:1) ¨ (1:2) á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n3 (A) �
1
2
min
i2Nn

min
1�j<s�pi

jvij � visj

ki
: (4.1)

�®ª § â¥«ìáâ¢®. � á¨«ã áâà®¥­¨ï ¢¥ªâ®à®¢ V i, i 2 Nn, ®ç¥¢¨¤­ë ¢ª«îç¥­¨ï

ffi(t; A) : t 2 Tg � fvij : j 2 Npig 8i 2 Nn:

�âáî¤ , ãç¨âë¢ ï, çâ® ¢á¥ ª®¬¯®­¥­âë ª ¦¤®£® ¢¥ªâ®à  V i, i 2 Nn, ¯®¯ à­® à §«¨ç­ë, ã¡¥-
¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¨å íª¢¨¢ «¥­â­®áâ¥© ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ¨ «î¡®©
¯ àë âà ¥ªâ®à¨© t 6= t0:

fi(t; A) = fi(t0; A)() fi(t; A+B) = fi(t0; A+B) 8B 2 R(");

fi(t; A) < fi(t0; A)() fi(t; A+B) < fi(t0; A+B) 8B 2 R(");

¥á«¨

0 < " �
1
2
min
i2Nn

min
1�j<s�pi

jvij � visj

ki
:
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�â® ®§­ ç ¥â, çâ® á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  Ln(A) = Ln(A +B) 8B 2 R("). �«¥¤®¢ â¥«ì­®, ¢¥à­ 
®æ¥­ª  (4.1).

5. �¤à® ãáâ®©ç¨¢®áâ¨

�à ¥ªâ®à¨î t 2 Ln(A) ­ §®¢¥¬ ãáâ®©ç¨¢®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨á«® " > 0, çâ® t 2
Ln(A+B) 8B 2 R(").

�­®¦¥áâ¢® ¢á¥å ãáâ®©ç¨¢ëå âà ¥ªâ®à¨© ¡ã¤¥¬ ­ §ë¢ âì ï¤à®¬ ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A)
¨ ®¡®§­ ç âì Kn(A).

�¢¥¤¥¬ â ª¦¥ ¬­®¦¥áâ¢® áâà®£¨å «¥ªá¨ª®£à ä¨ç¥áª¨ ®¯â¨¬ «ì­ëå âà ¥ªâ®à¨© § ¤ ç¨Zn(A):

Sn(A) = ft 2 Ln(A) : 9i = i(t) 2 Nn 8t
0 2 T; t0 6= t (�i(t; t

0; A) < 0)g:

�¥®à¥¬  5.1. �à¨ «î¡®© ª®¬¡¨­ æ¨¨ ç áâ­ëå ªà¨â¥à¨¥¢ (1:1) ¨ (1:2) á¯à ¢¥¤«¨¢ë ¢ª«î-

ç¥­¨ï Sn(A) � Kn(A) 8A 2 Rnm, ¯à¨ç¥¬ Sn(A) = Kn(A), ¥á«¨ Isum = Nn.

�®ª § â¥«ìáâ¢®. �ãáâì t 2 Sn(A). �®£¤  áãé¥áâ¢ã¥â â ª®© ¨­¤¥ªá i 2 Nn, çâ® �i(t; t0; A) <
0 8t0 2 T , t0 6= t. �âáî¤  ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ «î¡®© äã­ªæ¨¨ fi(t; A) ­  ¬­®¦¥áâ¢¥ Rnm

­ ©¤¥âáï â ª®¥ ç¨á«® " > 0, çâ® �i(t; t0; A+B) < 0 8B 2 R("). �®íâ®¬ã ­  ®á­®¢ ­¨¨ á¢®©áâ¢  2.3
âà ¥ªâ®à¨ï t ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Ln(A + B) ¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï ãáâ®©ç¨¢®©. �¥¬
á ¬ë¬ ¤®ª § ­®, çâ® Sn(A) � Kn(A).

�®ª ¦¥¬, çâ® ¢ á«ãç ¥, ª®£¤  Isum = Nn, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® Sn(A) = Kn(A). �«ï íâ®£®
¤®áâ â®ç­® ¯®ª § âì, çâ® ¢ ãª § ­­®¬ á«ãç ¥ ­¨ª ª ï âà ¥ªâ®à¨ï t 2 Ln(A) n Sn(A) ­¥ ¬®¦¥â
¡ëâì ãáâ®©ç¨¢®©. �®áª®«ìªã t =2 Sn(A), â® ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ­ ©¤¥âáï â ª ï âà ¥ªâ®à¨ï
t0 6= t, çâ® �i(t; t0; A) � 0. �®íâ®¬ã ®ç¥¢¨¤­®, çâ® ¤«ï «î¡®£® ç¨á«  " > 0 ¨ ¬ âà¨æë B 2 R(") á
í«¥¬¥­â ¬¨

bij =

(
"=2; ¥á«¨ i 2 Nn; j 2 N(t);

�"=2; ¥á«¨ i 2 Nn; j =2 N(t);

á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï �i(t; t0; A+B) = �i(t; t0; A) + "
2
�i(t; t0) > 0 8i 2 Nn.

�âáî¤  ­  ®á­®¢ ­¨¨ á¢®©áâ¢  2.4 âà ¥ªâ®à¨ï t 2 L
n
(A+B), â. ¥. ­¥ ï¢«ï¥âáï ãáâ®©ç¨¢®©.

�§ â¥®à¥¬ë 5.1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 5.1. �á«¨ Isum = Nn, â® jKn(A)j � n 8A 2 Rnm.

� ¬¥ç ­¨¥ 5.1. � ãç¥â®¬ íª¢¨¢ «¥­â­®áâ¨ «î¡ëå ¤¢ãå ­®à¬ ¢ ª®­¥ç­®¬¥à­®¬ «¨­¥©­®¬
¯à®áâà ­áâ¢¥ [24] á«¥¤áâ¢¨ï 2.1, 3.1, 3.2, 5.1 ¨ â¥®à¥¬ë 4.1, 5.1 á¯à ¢¥¤«¨¢ë ­¥ â®«ìª® ¤«ï
ç¥¡ëè¥¢áª®©, ­® ¨ ¤«ï ¤àã£¨å ­®à¬ ¢ ¯à®áâà ­áâ¢¥ ¢®§¬ãé îé¨å ¬ âà¨æ Rnm.

�ãáâì " > 0. �¤à®¬ "-ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A) ¡ã¤¥¬ ­ §ë¢ âì ¬­®¦¥áâ¢®

Kn
" (A) = ft 2 Ln(A) : t 2 Ln(A+B) 8B 2 R(")g:

�¥®à¥¬  5.2. �«ï â®£® çâ®¡ë âà ¥ªâ®à¨ï t 2 Ln(A) ¯à¨­ ¤«¥¦ «  ï¤àã "-ãáâ®©ç¨¢®áâ¨
Kn
" (A), ¤®áâ â®ç­®,   ¢ á«ãç ¥ Isum = Nn ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

max
i2Nn

min
t02Tnftg


i(t; t0; A) � "; (5.1)

£¤¥ ¢¥«¨ç¨­  
i(t; t0; A) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (3:2).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �ãáâì âà ¥ªâ®à¨ï t 2 Ln(A). �®£¤  ¢ á¨«ã (5.1) áãé¥-
áâ¢ã¥â â ª®© ¨­¤¥ªá k 2 Nn, çâ® �k(t0; t; A) � "�k(t; t0) 8t0 2 T , t0 6= t. �®íâ®¬ã ­  ®á­®¢ ­¨¨
«¥¬¬ë 2.1 ¨¬¥¥¬ �k(t0; t; A + B) > 0 8B 2 R(") 8t0 2 T , t0 6= t. �âáî¤  á®£« á­® á¢®©áâ¢ã 2.3
¯®«ãç ¥¬ t 2 Ln(A+B) 8B 2 R("). �«¥¤®¢ â¥«ì­®, âà ¥ªâ®à¨ï t 2 Kn

" (A).

19



�¥®¡å®¤¨¬®áâì. �ãáâì Isum = Nn, " > 0, t 2 Kn
" (A). �à¥¤¯®«®¦¨¬, çâ® ­¥à ¢¥­áâ¢® (5.1)

­¥ ¢ë¯®«­ï¥âáï. �â® §­ ç¨â, çâ® ¤«ï «î¡®£® ¨­¤¥ªá  i 2 Nn ­ ©¤¥âáï â ª ï âà ¥ªâ®à¨ï t0 6= t,
çâ® 
i(t; t0; A) < �, £¤¥ � | «î¡®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ ¬

" > � > max
i2Nn

min
t02Tnftg


i(t; t0; A):

�®íâ®¬ã ¤«ï ¬ âà¨æë B 2 R(") á í«¥¬¥­â ¬¨

bij =

(
� ¯à¨ i 2 Nn; j 2 N(t);

�� ¯à¨ i 2 Nn; j =2 N(t);

á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

�i(t; t
0; A+B) = �i(t; t

0; A) + ��i(t; t
0) > �i(t; t

0; A) + 
i(t; t
0; A)�i(t; t

0) = 0 8i 2 Nn:

�âáî¤  ­  ®á­®¢ ­¨¨ á¢®©áâ¢  2.4 âà ¥ªâ®à¨ï t 2 L
n
(A + B), â. ¥. t =2 Kn

" (A). �®«ãç¥­­®¥
¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â ­¥®¡å®¤¨¬®áâì ãá«®¢¨© â¥®à¥¬ë.

� ¤¨ãá®¬ ï¤à  ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ Zn(A), n � 1, ­ §®¢¥¬ ç¨á«®

�n(A) = supf" > 0 : Kn
" (A) 6= ;g:

�á«¨ Kn
" (A) = ; 8" > 0, â® �n(A) = 0.

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥
�n(A) = max

t2Ln(A)
max
i2Nn

min
t02Tnftg


i(t; t
0; A):

�§ â¥®à¥¬ë 5.2 «¥£ª® ¢ëâ¥ª ¥â

�¥®à¥¬  5.3. �ãáâì A 2 Rnm. �«ï à ¤¨ãá  ï¤à  ãáâ®©ç¨¢®áâ¨ âà ¥ªâ®à­®© § ¤ ç¨

Zn(A), n � 1, á «î¡®© ª®¬¡¨­ æ¨¥© ç áâ­ëå ªà¨â¥à¨¥¢ (1:1) ¨ (1:2) á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n(A) � �n(A), ¯à¨ç¥¬ �n(A) = �n(A), ¥á«¨ Isum = Nn.
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