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� â¥®à¨¨ ®¤®à®¤ëå '-¯à®áâà áâ¢ ¡®«ìè®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï ¨§ãç¥¨î ¨¢ à¨ âëå
 ää¨®àëå áâàãªâãà   ¨å [1]. � ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï áâà®¥¨¥  «£¥¡àë ¨¢ à¨ âëå
 ää¨®àëå áâàãªâãà   áä¥à¥ S5. �®«ãç¥ë¥ à¥§ã«ìâ âë ¯à¨¬¥ïîâáï ¤«ï ®âëáª ¨ï ¢á¥å
¨¢ à¨ âëå  ää¨®àëå f -áâàãªâãà   S5, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î f s + f t = 0, s � 2t,
t � 1, ª®â®àë¥ ¡ã¤¥¬  §ë¢ âì ä¨á«¥à®¢ë¬¨ (á¬. [2]).

�§¢¥áâ®, çâ® áä¥à  S5 ª ª ®¤®à®¤®¥ ¯à®áâà áâ¢® ¤®¯ãáª ¥â à §«¨çë¥ ¬®¤¥«¨. �ã¤¥¬
à áá¬ âà¨¢ âì ¥¥ ª ª ä ªâ®à-¯à®áâà áâ¢® SU(3)=SU(2), £¤¥ SU(3) ¨ SU(2) | á¯¥æ¨ «ìë¥ ã¨-
â àë¥ £àã¯¯ë ¯®àï¤ª  3 ¨ 2 á®®â¢¥âáâ¢¥®. �à¨ íâ®¬ ¨¢ à¨ â®áâì  ää¨®àëå áâàãªâãà
  S5 à áá¬ âà¨¢ ¥âáï ®â®á¨â¥«ì® SU(3). � íâ®© ¬®¤¥«¨ S5 ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¨®¤¨ç¥áª®¥
'-¯à®áâà áâ¢® ¯®àï¤ª  4, ¯®áª®«ìªã SU(2) ¥áâì ¯®¤£àã¯¯  '-¥¯®¤¢¨¦ëå í«¥¬¥â®¢ ®â®á¨-

â¥«ì®  ¢â®¬®àä¨§¬  ' : SU(3) ! SU(3), u ! a�ua�1, £¤¥ a = 1 �
�
0 �1
1 0

�
. �ë ¨á¯®«ì§ã¥¬ ¢

íâ®© à ¡®â¥ ®¡®§ ç¥¨ï ¨ â¥à¬¨®«®£¨î à ¡®âë [3].

�¥®à¥¬  1. �«£¥¡à  ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà A   áä¥à¥ S5 ¨§®¬®àä  R
H ,

  ¥¥ ¯®¤ «£¥¡à  ª ®¨ç¥áª¨å  ää¨®àëå áâàãªâãà A(TE'jm) ¨§®¬®àä  R 
 C . �¤¥áì R ¨ C

| á®®â¢¥âáâ¢¥® ¯®«ï ¢¥é¥áâ¢¥ëå ¨ ª®¬¯«¥ªáëå ç¨á¥«, H | â¥«® ª¢ â¥à¨®®¢.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¡ §¨á B = fe0; e1; e2; e3g, £¤¥ e0 | ¥¤¨¨ç ï ¬ âà¨æ  ç¥â¢¥à-
â®£® ¯®àï¤ª ,

e1 =
�
1 0
0 1

�



�
0 1
�1 0

�
; e2 =

�
0 1
�1 0

�



�
1 0
0 �1

�
; e3 =

�
0 1
�1 0

�



�
0 1
1 0

�
:

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¯à®¨§¢¥¤¥¨ï í«¥¬¥â®¢ ¡ §¨á  B ®¡à §ãîâ á«¥¤ãîéãî â ¡«¨æã:
� e0 e1 e2 e3
e0 e0 e1 e2 e3
e1 e1 �e0 �e3 e2
e2 e2 e3 �e0 �e1
e3 e3 �e2 e1 �e0

�â  â ¡«¨æ  § ¤ ¥â ã¬®¦¥¨¥ ¢ â¥«¥ ª¢ â¥à¨®®¢.
� à ¡®â¥ [3] ¡ë«® ¯®ª § ®, çâ®  «£¥¡à  ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà   S5 ¨¬¥¥â
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� ¬¥â¨¬, çâ® ¬ âà¨æ 

� =

0
BB@

 � � �
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�� ��  �
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1
CCA ; (2)

¯®«ãç¥ ï ¨§ ¬ âà¨æë (1) ¢ëç¥àª¨¢ ¨¥¬ ¯¥à¢®© áâà®ª¨ ¨ ¯¥à¢®£® áâ®«¡æ , ¬®¦¥â ¡ëâì à §-
«®¦¥  ¯® ¡ §¨áã B : � = e0 + �e1 + �e2 + �e3. �«¥¤®¢ â¥«ì®, � ¥áâì ª¢ â¥à¨®. �âáî¤ 
á«¥¤ã¥â, çâ®  «£¥¡à  ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà A ¨§®¬®àä  R 
 H .

�®áª®«ìªã e22 = �e0, â® B1 = fe0; e2g ï¢«ï¥âáï ¡ §¨á®¬ ¢ ¯®«¥ ª®¬¯«¥ªáëå ç¨á¥« C . �«£¥¡à 
ª ®¨ç¥áª¨å ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà   áä¥à¥ S5 ¨¬¥¥â ¢¨¤ [3]

A(TE'jm) =

8>>>><
>>>>:

0
BBBB@
� 0 0 0 0
0  0 � 0
0 0  0 ��
0 �� 0  0
0 0 � 0 

1
CCCCA

����������
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>>>>;
: (3)

�¥£ª® ¢¨¤¥âì, çâ® ¬ âà¨æ  0
BB@

 0 � 0
0  0 ��
�� 0  0
0 � 0 

1
CCA ; (4)

¯®«ãç¥ ï ¢ëç¥àª¨¢ ¨¥¬ ¯¥à¢®© áâà®ª¨ ¨ ¯¥à¢®£® áâ®«¡æ  ¬ âà¨æë (3), ¬®¦¥â ¡ëâì ¯à¥¤áâ -
¢«¥  à §«®¦¥¨¥¬ e0 + �e2. �â® § ¤ ¥â ¨§®¬®àä¨§¬  «£¥¡à A(TE'jm) ¨ R 
 C .

�á¯®«ì§ã¥¬ ¯®«ãç¥®¥ áâà®¥¨¥  «£¥¡àë ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà ¤«ï ®âëá-
ª ¨ï ä¨á«¥à®¢ëå ¨¢ à¨ âëå áâàãªâãà   S5, â. ¥. áâàãªâãà, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î

f s + f t = 0: (5)

�«ï ¡®«ìè¥© ®¡é®áâ¨ á¨¬¥¬ ®£à ¨ç¥¨ï s � 2t, t � 1, ¯®« £ ï ¤«ï ®¯à¥¤¥«¥®áâ¨ s > t.

�ãáâì f 2 A, f =
�
� 0
0 �

�
, £¤¥ � 2 R,   � ¨¬¥¥â áâà®¥¨¥ (2). �®£¤  ãà ¢¥¨¥ (5) ¯¥à¥¯¨áë-

¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: (
�s + �t = 0;

�s + �t = 0:
(6)

�á«¨ � = 0, â® ¯®«ãç ¥¬ âà¨¢¨ «ìë¥ ä¨á«¥à®¢ë ¨¢ à¨ âë¥  ää¨®àë¥ áâàãªâãàë�
0 0
0 0

�
¨
�
�1 0
0 0

�
¯à¨ ®ç¥¢¨¤ëå ®£à ¨ç¥¨ïå   s ¨ t.

� ¤ «ì¥©è¥¬ ¯®«®¦¨¬ � 6= 0. � íâ®¬ á«ãç ¥, â. ª. â¥«® ª¢ â¥à¨®®¢ ®¡à §ã¥â  «£¥¡àã á
¤¥«¥¨¥¬, á¨áâ¥¬  (6) à ¢®á¨«ì  á®¢®ªã¯®áâ¨ á¨áâ¥¬(

� = 0;

�n + 1 = 0;
(I)

(
�n + 1 = 0;

�n + 1 = 0;
(II)

£¤¥ n = s� t.
�¨áâ¥¬  (II) ¨¬¥¥â à¥è¥¨ï (�1; �), £¤¥ (0; �) | à¥è¥¨ï á¨áâ¥¬ë (I) ¯à¨ n � 1 (mod 2).

�®íâ®¬ã ¤®áâ â®ç®  ©â¨ ¢á¥ à¥è¥¨ï á¨áâ¥¬ë (I), â. ¥. à¥è¨âì ãà ¢¥¨¥

�n + 1 = 0; � 2 H : (7)
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�«ãç © 1. n � 0 (mod 2). �®£®ç«¥ F (�) = �n + 1 à §« £ ¥âáï  ¤ ¯®«¥¬ R   á®¬®¦¨-
â¥«¨ ¢¨¤ 

�2 � 2 cos
(2k + 1)�

n
�+ 1; £¤¥ k = 0; n=2� 1: (8)

�®íâ®¬ã ãà ¢¥¨¥ (7) ¯à¨¨¬ ¥â ¢¨¤

n=2�1Y
k=0

�
�2 � 2 cos

(2k + 1)�
n

�+ 1
�
= 0: (9)

�ç¥¢¨¤®, çâ® ¨ ®¤¨ ¨§ ¥£® ª®à¥© ¥ ï¢«ï¥âáï ¢¥é¥áâ¢¥ë¬.
�ãáâì � = e0 + �e1 + �e2 + �e3. �®£¤  ¨§ (9) ¯®«ãç ¥¬

�2 + � 2 + �2 = sin2 �;  = cos �; £¤¥ � =
(2k + 1)�

n
; k = 0; n=2 � 1:

�âáî¤  ¢¨¤®, çâ® ¬®¦¥áâ¢® à¥è¥¨© ãà ¢¥¨ï (9) ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯®áâì ¤¢ã¬¥à-
ëå áä¥à, ï¢«ïîé¨åáï á¥ç¥¨ï¬¨ âà¥å¬¥à®© áä¥àë 2+�2+� 2+�2 = 1 ¯«®áª®áâï¬¨  = cos �,
� = (2k+1)�

n
, k = 0; n=2� 1. �á¥£® â ª¨å á¥ç¥¨© n=2.

� ¬¥â¨¬, çâ® ¯à¨ n � 0 (mod 2) � 6= � ¤«ï «î¡®£® k = 0; n=2� 1.

�«ãç © 2. n � 1 (mod 2). � íâ®¬ á«ãç ¥ � = � ¯à¨ k = n�1
2
, á«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (7)

¨¬¥¥â ®¤¨ ¢¥é¥áâ¢¥ë© ª®à¥ì �e0. �®£¤  ¨¬¥¥¬ á«¥¤ãîé¥¥ à §«®¦¥¨¥ (7)   ¬®¦¨â¥«¨:

(�+ 1)
(n�3)=2Y
k=0

�
�2 � 2 cos

(2k + 1)�
n

�+ 1
�
= 0: (10)

�¥è ï íâ® ãà ¢¥¨¥ ®â®á¨â¥«ì® �, ¯®«ãç ¥¬ � = �e0 ¨«¨ � = e0 + �e1 + �e2 + �e3, £¤¥
�2 + � 2 + �2 = sin2 �,  = cos �, � = (2k+1)�

n
, k = 0; (n� 3)=2.

�¥£ª® ¢¨¤¥âì, çâ® ¬®¦¥áâ¢® à¥è¥¨© ãà ¢¥¨ï (10) ¥áâì á®¢®ªã¯®áâì ¤¢ã¬¥àëå áä¥à,
ï¢«ïîé¨åáï á¥ç¥¨ï¬¨ âà¥å¬¥à®© áä¥àë 2+�2+� 2+�2 = 1 ¯«®áª®áâï¬¨  = cos �, � = (2k+1)�

n
,

k = 0; (n� 3)=2 ¨ ¯«®áª®áâìî  = �1 ¯à¨ k = n�1
2
. �á¥£® â ª¨å á¥ç¥¨© (n� 1)=2.

� ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  2. �¢ à¨ âë¥ ä¨á«¥à®¢ë  ää¨®àë¥ áâàãªâãàë   áä¥à¥ S5 ¢ë¤¥«ïîâáï

¨§ áâàãªâãà (1) á«¥¤ãîé¨¬ ®¡à §®¬:

 ) ¥á«¨ n � 0 (mod 2), â® �2+�2+� 2 = sin2 �,  = cos �, � = 0 ¯à¨ � = (2k+1)�
n

, k = 0; n=2� 1;
¡) ¥á«¨ n � 1 (mod 2), â® �2 + �2 + � 2 = sin2 �,  = cos �, � = �1 ¯à¨ � = (2k+1)�

n
, k =

0; (n� 3)=2, ¨ � = �1,  = �1, � = � = � = 0 ¯à¨ k = n�1
2
. �¤¥áì n = s� t.

� ¬¥â¨¬, çâ® f -áâàãªâãàë �.�®, § ¤ ¢ ¥¬ë¥ ãá«®¢¨¥¬ f 3 + f = 0, ï¢«ïîâáï ç áâë¬
á«ãç ¥¬ ä¨á«¥à®¢ëå áâàãªâãà. �âà®¥¨¥ f -áâàãªâãà, à áá¬®âà¥®¥ à ¥¥ [3], ¬®¦¥â ¡ëâì
¯®«ãç¥® ¨§ â¥®à¥¬ë 2 ¯à¨ n = 2.

�ëïá¨¬ áâà®¥¨¥ ¨¢ à¨ âëå ª ®¨ç¥áª¨å ä¨á«¥à®¢ëå  ää¨®àëå áâàãªâãà   S5.

�¥®à¥¬  3. �¢ à¨ âë¥ ª ®¨ç¥áª¨¥ ä¨á«¥à®¢ë  ää¨®àë¥ áâàãªâãàë   áä¥à¥ S5

¢ë¤¥«ïîâáï ¨§ áâàãªâãà (3) á«¥¤ãîé¨¬ ®¡à §®¬:

1)

(
� = 0;

2 + � 2 = 1 ¯à¨ n � 0 (mod 2);

2)

(
� = �1;

2 + � 2 = 1 ¯à¨ n � 1 (mod 2);

£¤¥ n | áâ¥¯¥ì ãà ¢¥¨ï fn + 1 = 0, f 2 A(TE'jm), n = s� t.
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�®ª § â¥«ìáâ¢®. �âà®¥¨¥ ¨¢ à¨ âëå ä¨á«¥à®¢ëå  ää¨®àëå áâàãªâãà   áä¥à¥
S5 ®¯à¥¤¥«ï¥âáï â¥®à¥¬®© 2. �¢ à¨ âë¥ ª ®¨ç¥áª¨¥  ää¨®àë¥ áâàãªâãàë   S5 ¯®«ã-
ç îâáï ¨§ áâàãªâãà (1) ¯à¨ � = 0, � = 0 ¨ ¨¬¥îâ ¢¨¤ (3). �®«®¦¨¬ ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 � = 0
¨ � = 0, â®£¤  ¨¬¥¥¬

1) ¥á«¨ n � 0 (mod 2), â® � 2 = sin2 �,  = cos �, � = 0 ¯à¨ � = (2k+1)�

n
, k = 0; n=2 � 1, ¨«¨

� 2 + 2 = 1, � = 0 ¯à¨ � = (2k+1)�
n

, k = 0; n=2 � 1;
2) ¥á«¨ n � 1 (mod 2), â® � 2 = sin2 �,  = cos �, � = �1 ¯à¨ � = (2k+1)�

n
, k = 0; (n� 3)=2, ¨«¨

� 2 + 2 = 1, � = �1 ¯à¨ � = (2k+1)�
n

, k = 0; (n� 3)=2, ¨ � = �1,  = �1, � = � = � = 0 ¯à¨
k = n�1

2
¨«¨ � = �1, � 2 + 2 = 1 ¯à¨ k = n�1

2
.

�â¨ ãá«®¢¨ï ®¯à¥¤¥«ïîâ áâà®¥¨¥ ¨¢ à¨ âëå ª ®¨ç¥áª¨å ä¨á«¥à®¢ëå  ää¨®àëå
áâàãªâãà   áä¥à¥ S5.
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