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1. �¢¥¤¥­¨¥

�ãáâì M | ª®¬¯ ªâ­®¥ ¤¢ã¬¥à­®¥ ¬­®£®®¡à §¨¥ á £à ­¨æ¥©, ¨ g(t) | ®¤­®¯ à ¬¥âà¨ç¥-
áª®¥ á¥¬¥©áâ¢® ¬¥âà¨ª ­  M (¯ à ¬¥âà t ¡ã¤¥¬ ­ §ë¢ âì \¢à¥¬¥­¥¬"). �¡®§­ ç¨¬ ç¥à¥§ R(t)
áª «ïà­ãî ªà¨¢¨§­ã ¬¥âà¨ª¨ g(t),   ç¥à¥§ kg(t) | £¥®¤¥§¨ç¥áªãî ªà¨¢¨§­ã £à ­¨æë @M ®â-
­®á¨â¥«ì­® ¢­¥è­¥© ­®à¬ «¨. �â¬¥â¨¬, çâ® ¢ ¤ «ì­¥©è¥¬ ¢ ®¡®§­ ç¥­¨ïå t ¡ã¤¥â ®¯ãáª âìáï,
ª®£¤  § ¢¨á¨¬®áâì ®â t ïá­  ¨§ ª®­â¥ªáâ , â. ¥., ­ ¯à¨¬¥à, ¡ã¤¥¬ ¯¨á âì g ¢¬¥áâ® g(t).

� áá¬®âà¨¬ á«¥¤ãîéãî £à ­¨ç­ãî § ¤ çã ¤«ï ¯®â®ª  �¨çç¨ ­  M :

@g

@t
= �Rg ¢ M � (0; T );

kg =  ­  @M � (0; T ); (1)

g(�; 0) = g0:

�¥®à¥¬  1.1 ([1]). �ãáâìM | ª®¬¯ ªâ­ ï ¯®¢¥àå­®áâì á £à ­¨æ¥© @M . �®£¤  ¤«ï ª ¦¤®©
­ ç «ì­®© ¬¥âà¨ª¨ â ª®©, çâ® £à ­¨æ  ¨¬¥¥â ­ã«¥¢ãî £¥®¤¥§¨ç¥áªãî ªà¨¢¨§­ã kg, § ¤ ç  (1)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �¥è¥­¨¥ ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  ®¯à¥¤¥«¥­® ¤«ï ¢á¥å t � 0.
�«ï t ! 1 à¥è¥­¨¥ íªá¯®­¥­æ¨ «ì­® áå®¤¨âáï ª ¬¥âà¨ª¥ ¯®áâ®ï­­®© £ ãáá®¢®© ªà¨¢¨§­ë á

­ã«¥¢®© £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­®© £à ­¨æë.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï á«¥¤ãîé ï § ¤ ç  á £à ­¨ç­ë¬¨ ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
¤«ï ®¤­®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  ¬¥âà¨ª g(t) ­  ¤¢ã¬¥à­®¬ ¤¨áª¥ B2:

@g

@t
= �Rg ¢ B2 � (0; T );

kg = k0 ­  @B2 � (0; T ); (2)

g(�; 0) = g0;

£¤¥ g0 | ¬¥âà¨ª  ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï ­  B2: ds2 = dr2 + f(r)2d!2, ¨  = k0 ¯®áâ®ï­­®
(§ ¬¥â¨¬, ¥á«¨ g0 | ¬¥âà¨ª  ¯®¢¥àå­®áâ¨ ¢à é¥­¨ï, â® à¥è¥­¨¥ g § ¤ ç¨ (2) â ª¦¥ á®áâ®¨â ¨§
¬¥âà¨ª ¯®¢¥àå­®áâ¥© ¢à é¥­¨ï).

� ª¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì \­®à¬ «¨§®¢ ­­ãî ¢¥àá¨î" § ¤ ç¨ (2). �®à¬ «¨§®¢ ­­ë© ¯®â®ª
�¨çç¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì �(t) | â ª®¥ á¥¬¥©áâ¢® äã­ªæ¨©, çâ® ¤«ï eg = �g

¨¬¥¥¬ Vol(M) = 1. � ¬¥­¨¬ ¢à¥¬ï á«¥¤ãîé¨¬ ®¡à §®¬: et(t) = tR
0

�(�)d� , â®£¤  eg(et) ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î

@

@eteg = 2
n
er eg � 2Ric(eg): (3)

�â® ãà ¢­¥­¨¥ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  �¨çç¨.
�á­®¢­ë¥ à¥§ã«ìâ âë ¤ ­­®© à ¡®âë á®áâ®ïâ ¢ á«¥¤ãîé¥¬. � à §¤¥«¥ 5 ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1.2. �à¥¤¯®«®¦¨¬, çâ® R � 0 ¢ t = 0. �®£¤  ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

­®à¬ «¨§®¢ ­­®£® ¯®â®ª  �¨çç¨ ®¯à¥¤¥«¥­® ¤«ï ¢á¥å t.

� à §¤¥«¥ 7 á ¨á¯®«ì§®¢ ­¨¥¬ â¥å­¨ª¨ �¥à¥«ì¬ ­  [2] ¤®ª §ë¢ ¥âáï
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�¥®à¥¬  1.3. �á«¨ R > 0 ¨ k0 � 0 ¤«ï ­ ç «ì­®© ¬¥âà¨ª¨ g0, â® ªà¨¢¨§­  R à¥è¥­¨ï

ãà ¢­¥­¨ï (2) ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ (áâ ­®¢¨âáï ¡¥áª®­¥ç­®© ¢ ª ª®©-â® â®çª¥) ç¥à¥§ ª®­¥ç-
­®¥ ¢à¥¬ï. � ª¦¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì tk ! T â ª ï, çâ® à¥è¥­¨¥ § ¤ ç¨ (2)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

Rmax(tk)
Rmin(tk)

! 1 ¯à¨ tk ! T:

� ª¦¥ áâà®ïâáï ¯à¨¬¥àë á¥¬¥©áâ¢ g(t) á® á¢®©áâ¢ ¬¨: k0 < 0 ¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-
­®áâì tk ! 1 â ª ï, çâ® g(tk) áå®¤¨âáï ª £« ¤ª®© ¬¥âà¨ª¥ g(1), ª®â®à ï ¨¬¥¥â ¯®áâ®ï­­ãî
ªà¨¢¨§­ã ¨ ¢¯®«­¥ £¥®¤¥§¨ç¥áªãî £à ­¨æã.

�« ¢­ë© ¨­áâàã¬¥­â, ª®â®àë© ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.3 (¨ ¤àã-
£¨å à¥§ã«ìâ â®¢ ® áå®¤¨¬®áâ¨ ¢ íâ®© áâ âì¥) | íâ® â¥å­¨ª  â¥®à¨¨ à §¤ãâ¨© (\blow up analysis").
�«ï â®£®, çâ®¡ë ®æ¥­¨âì ¢à¥¬ï, ç¥à¥§ ª®â®à®¥ ¯à®¨áå®¤¨â à §¤ãâ¨¥ ªà¨¢¨§­ë, ­¥®¡å®¤¨¬® ¢ë-
à §¨âì ®æ¥­ª¨ ¯à®¨§¢®¤­ëå ®â ªà¨¢¨§­ë ç¥à¥§ ®æ¥­ª¨ £à ­¨æ á ¬®© ªà¨¢¨§­ë | íâ® ¤¥« ¥âáï ¢
à §¤¥«¥ 6. � ­ è¥¬ á«ãç ¥, ¡« £®¤ àï â®¬ã, çâ® à áá¬ âà¨¢ îâáï ¬¥âà¨ª¨ ¯®¢¥àå­®áâ¥© ¢à é¥-
­¨ï, â. ¥. ®¡« ¤ îé¨¥ ¢à é â¥«ì­®© á¨¬¬¥âà¨¥©, «¥£ª® ¯®«ãç¨âì ®æ¥­ª¨ à ¤¨ãá  ¨­ê¥ªâ¨¢­®áâ¨
¨ ®æ¥­ª¨ ¢­ãâà¥­­¥£® à ¤¨ãá  �¥à¬¨ (\­ áª®«ìª® ¡®«ìè¨¬ ¬®¦¥â ¡ëâì ¢®à®â­¨ª £à ­¨æë") á
¯®¬®éìî â¥®à¥¬ë áà ¢­¥­¨ï « ¯« á¨ ­®¢.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¨á¯®«ì§®¢ ­¨¥ ¢à é â¥«ì­®© á¨¬¬¥âà¨¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¤ ­­®©
â¥®à¥¬ë ¯®-¢¨¤¨¬®¬ã ­¥ ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬. �¥©áâ¢¨â¥«ì­®, ä®à¬ã«ë ¬®­®â®­­®áâ¨ à §-
¤¥«  7 ­¥ § ¢¨áïâ ®â íâ®£® ¯à¥¤¯®«®¦¥­¨ï. �¤¨­áâ¢¥­­®¥ ¬¥áâ®, £¤¥ áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáï
¢à é â¥«ì­ ï á¨¬¬¥âà¨ï | ¢ ¤®ª § â¥«ìáâ¢¥ â®£®, çâ® ­®à¬ «¨§®¢ ­­ë© ¯®â®ª ®¯à¥¤¥«¥­ ¯à¨
«î¡®¬ t ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®æ¥­®ª ­  ¯à®¨§¢®¤­ë¥. �¤­ ª®, ª ª â®«ìª® ¨¬¥¥âáï áå®¤¨¬®áâì
¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬¥âà¨ª ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª  ª ¬¥âà¨ª¥ ¢à é¥­¨ï ­  ¤¨áª¥, ¨§
­¥¥ «¥£ª® á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  ¯à¨ «î¡ëå t. �à®¬¥ â®£®, ¤®ª § -
â¥«ìáâ¢® ®æ¥­®ª ­  ¯à®¨§¢®¤­ë¥, ¯à¨¢¥¤¥­­®¥ ¢ ¤ ­­®© áâ âì¥, ¯®-¢¨¤¨¬®¬ã, ¬®¦­® ®¡®¡é¨âì
­  á«ãç ©, ª®£¤  ­ «¨ç¨¥ ¢à é â¥«ì­®© á¨¬¬¥âà¨¨ ­¥ ¯à¥¤¯®« £ ¥âáï. �«¥¤ã¥â ãª § âì, çâ®
¤«ï ­®à¬ «¨§®¢ ­­®£® ¯®â®ª , á®®â¢¥âáâ¢ãîé¥£® (2), kg ! 0 (íâ® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â®£®,
çâ® §¤¥áì ¯à®¨§¢®¤¨âáï à¥áª¥©«¨­£ á ¯®¬®éìî ¬­®¦¨â¥«ï, ¢®§à áâ îé¥£® ª 1,   £¥®¤¥§¨ç¥-
áª ï ªà¨¢¨§­  ¢ ­¥­®à¬ «¨§®¢ ­­®¬ ¯®â®ª¥ á®åà ­ï¥âáï à ¢­®¬¥à­® ®£à ­¨ç¥­­®©), ¨, á«¥¤®-
¢ â¥«ì­®, ­®à¬ «¨§®¢ ­­ë© ¯®â®ª �¨çç¨ ã­¨ä®à¬¨§¨àã¥â ªà¨¢¨§­ã, ¢ â® ¢à¥¬ï ª ª £à ­¨æ 
¯®¢¥àå­®áâ¨ áâ ­®¢¨âáï £¥®¤¥§¨ç¥áª®©. � ª®­¥æ, ®â¬¥â¨¬, çâ® á ¯®¬®éìî ­¥á«®¦­ëå ¤®¯®«-
­¨â¥«ì­ëå à ááã¦¤¥­¨© ¬®¦­® ¯®ª § âì, çâ® áå®¤¨¬®áâì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ä ªâ¨ç¥áª¨
ï¢«ï¥âáï à ¢­®¬¥à­®© áå®¤¨¬®áâìî. �à®¬¥ â®£®, ¬®¦­® ¯®ª § âì, çâ® áå®¤¨¬®áâì ªà¨¢¨§­ë ª
ª®­áâ ­â¥ íªá¯®­¥­æ¨ «ì­  ¢ «î¡®© Lp-­®à¬¥ ¤«ï 1 � p <1.

2. �ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï ¤«ï ¬ «ëå t

�§ (1) á«¥¤ã¥â, çâ® à¥è¥­¨¥ g «¥¦¨â ¢ â®¬ ¦¥ ª®­ä®à¬­®¬ ª« áá¥, çâ® ¨ g0. �á«¨ ¯®«®¦¨âìeg = ug ¤«ï u > 0, â®, ª ª å®à®è® ¨§¢¥áâ­®,

eR =
1
u
(R��log u):

�ãáâì @

@�
| ¢­¥è­ïï ­®à¬ «ì ª @M ¢ ­ ç «ì­®© ¬¥âà¨ª¥ g0. �®£¤  § ª®­ ¯à¥®¡à §®¢ ­¨ï

£¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë ¨¬¥¥â ¢¨¤

k~g =
1p
u

�
kg +

1
2u
@u

@�

�
:

�®íâ®¬ã § ¤ ç  (2) íª¢¨¢ «¥­â­  á«¥¤ãîé¥© £à ­¨ç­®© § ¤ ç¥:

ut = � log u�R0 ¢ M � (0; T );

u� = 2u(kgu
1
2 � k0) ­  @M � (0; T ); (4)

u(x; 0) = 1:
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�§ â¥®à¨¨ «¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¨§¢¥áâ­®, çâ® § ¤ ç  (4) ¨¬¥¥â ¥¤¨­áâ¢¥­-

­®¥ à¥è¥­¨¥ ¤«ï ¬ «ëå t, ª®â®à®¥ ï¢«ï¥âáï £« ¤ª¨¬ ¢ M � (0; ") ¨ ª« áá  C2 ¢ M � [0; ").
� ª¦¥ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ® à¥£ã«ïà­®áâ¨ à¥è¥­¨ï: ¥á«¨ ­ ç «ì­ ï ¬¥âà¨ª 

g0 £« ¤ª ï, â® à¥è¥­¨¥ § ¤ ç¨ (1) £« ¤ª® ¢ M � (0; ").

3. �¢®«îæ¨ï ªà¨¢¨§­ë

�á«¨ g ¨§¬¥­ï¥âáï ¯® § ª®­ã ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª  �¨çç¨ ¢ ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨
(0; T ), ¨ @

@�
| ¢­¥è­ïï ­®à¬ «ì ª £à ­¨æ¥ ®â­®á¨â¥«ì­® g (®­  ¡ã¤¥â ¨§¬¥­ïâìáï á® ¢à¥¬¥­¥¬),

â® ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 3.1. �«ï ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª  �¨çç¨ áª «ïà­ ï ªà¨¢¨§­  R ã¤®¢«¥-

â¢®àï¥â á«¥¤ãîé¥¬ã í¢®«îæ¨®­­®¬ã ãà ¢­¥­¨î:

@R
@t

= �R+R2 ¢ M � (0; T );
@R
@�

= kgR� 2k0g ­  @M � (0; T ):

�¤¥áì ¨ ¤ «¥¥ 0 ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t.

�«ï £à ­¨ç­®© § ¤ ç¨ (2) ¨¬¥¥¬ k0g = 0, á«¥¤®¢ â¥«ì­®, ¢ á¨«ã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¯®«ã-
ç ¥¬

�à¥¤«®¦¥­¨¥ 3.2. �ãáâì g(t) | à¥è¥­¨¥ § ¤ ç¨ (4), ¨ R(t) | áª «ïà­ ï ªà¨¢¨§­  g(t).
�á«¨ R � 0 ¯à¨ t = 0, â® íâ® ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¤«ï «î¡®£® ¢à¥¬¥­¨ t.

4. �¥­®à¬ «¨§®¢ ­­ë© ¯®â®ª: à §¤ãâ¨¥ ªà¨¢¨§­ë

�á­®¢­®© ¨­áâàã¬¥­â, ª®â®àë© ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¤«ï ¨§ãç¥­¨ï ¯à¥¤¥«ì­®£® ¯®¢¥¤¥­¨ï
¯®â®ª  �¨çç¨ | ­ å®¦¤¥­¨¥ ¢à¥¬¥­­®© £à ­¨æë, §  ª®â®à®© ¯à®¨áå®¤¨â à §¤ãâ¨¥. �®íâ®¬ã
¢ ¦­® ®¯¨á âì á¨âã æ¨¨, ¯à¨ ª®â®àëå ªà¨¢¨§­  ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ (¢ á«ãç ¥ ­¥­®à¬ «¨§®-
¢ ­­®£® ¯®â®ª ).

�à¥¤«®¦¥­¨¥ 4.1. �à¥¤¯®«®¦¨¬, çâ® �(M) = 1 ¨ R > 0 ¤«ï ¢á¥å ¬¥âà¨ª ¯®â®ª . �ãáâì
kg � 0 ¨ k0g � 0. �®£¤  áª «ïà­ ï ªà¨¢¨§­  ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ ç¥à¥§ ª®­¥ç­®¥ ¢à¥¬ï.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à¨¬¥­¨âì ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ª ãà ¢­¥­¨î í¢®«îæ¨¨ ªà¨-
¢¨§­ë.

�à¥¤«®¦¥­¨¥ 4.2. �à¥¤¯®«®¦¨¬, çâ® �(M) = 1 ¨ £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  £à ­¨æë ­¥¯®-

«®¦¨â¥«ì­ . �®£¤  áª «ïà­ ï ªà¨¢¨§­  ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ ç¥à¥§ ª®­¥ç­®¥ ¢à¥¬ï.

�®ª § â¥«ìáâ¢®. �ãáâì A(t) | ¯«®é ¤ì ¬­®£®®¡à §¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t. �®£¤  á ¯®¬®-
éìî «¥£ª®£® ¢ëç¨á«¥­¨ï ¯®«ãç ¥¬

A0(t) = �
Z
M

RdV:

�§ íâ®© ä®à¬ã«ë ¨ â®£® ä ªâ , çâ® �(M) = 1, á«¥¤ã¥â A0(t) � �" ¤«ï ­¥ª®â®à®£® " > 0.
�­ ç¨â, ªà¨¢¨§­  ­¥ ¬®¦¥â ®áâ ¢ âìáï ®£à ­¨ç¥­­®© ¯®á«¥ ¬®¬¥­â  ¢à¥¬¥­¨ T = A(0)

"
(¨­ ç¥

¢ á¨«ã ®æ¥­®ª, ª®â®àë¥ ¡ã¤ãâ ¯®«ãç¥­ë ¢ à §¤¥«¥ 6, ¬®¦­® ¡ë«® ¡ë íâ® à¥è¥­¨¥ ¯à®¤®«¦¨âì
§  T ).
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5. �®à¬ «¨§®¢ ­­ë© ¯®â®ª: �ãé¥áâ¢®¢ ­¨¥ ¤«ï «î¡®£® ¢à¥¬¥­¨ t

� ª ¡ë«® ®â¬¥ç¥­®, § ¤ ç  (2) (¨«¨, íª¢¨¢ «¥­â­®, § ¤ ç  (4)) ¨¬¥¥â à¥è¥­¨¥ ­  ¬ «®¬
¨­â¥à¢ «¥ ¢à¥¬¥­¨ t. �®®¡é¥ £®¢®àï, ­¥«ì§ï ®¦¨¤ âì, çâ® íâ® à¥è¥­¨¥ áãé¥áâ¢ã¥â ¤«ï «î¡®-
£® ¢à¥¬¥­¨ t. � ¤ ­­®¬ ¯ à £à ä¥ ¯à¨ ®¯à¥¤¥«¥­­ëå ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå ¤®ª §ë¢ ¥âáï
áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  �¨çç¨ (¢ á«ãç ¥ ¬¥âà¨ª ¢à é¥­¨ï), ®¯à¥¤¥-
«¥­­®¥ ¤«ï «î¡®£® t. � ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ãîâáï ¨¤¥¨ ¨§ [3] (á¬. â ª¦¥ [4]{[6]).
� ¬¥â¨¬, çâ® à¥§ã«ìâ âë ¤ ­­®£® ¯ à £à ä  ­¥ § ¢¨áïâ ®â ®æ¥­®ª ¯à®¨§¢®¤­ëå ªà¨¢¨§­ë.

�¯à¥¤¥«¥­¨¥ 5.1. � §®¢¥¬ ¯®â¥­æ¨ «ì­®© äã­ªæ¨¥© à¥è¥­¨¥ á«¥¤ãîé¥© § ¤ ç¨:

�f = R� r;
@f

@�
= 0

á ­ã«¥¢ë¬ áà¥¤­¨¬, £¤¥

r =

R
M

R

A(M)
;

¨ A(M) | ¯«®é ¤ì M .

�¥¬¬  5.1. �®â¥­æ¨ «ì­ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â í¢®«îæ¨®­­®¬ã ãà ¢­¥­¨î

@f

@t
= �f + rf +  ¢ M � (0; T );

@f

@�
= 0 ­  @M � (0; T );

£¤¥  ã¤®¢«¥â¢®àï¥â

� = �r0;
@ 

@�
= �@R

@�
= k(r �R) + 2k0:

�®ª § â¥«ìáâ¢®. �®¤áç¨â ¥¬

(R � r)�f +�
�
@f

@t

�
=

@

@t
(�f) =

@

@t
(R� r) = �R+R(R� r)� r0 = �(�f) +R�f � r0:

�âáî¤  á«¥¤ã¥â �
�
@f

@t
��f � rf

�
= r0.

� ¤àã£®© áâ®à®­ë, ¥á«¨ § ¯¨á âì  := @f

@t
��f � rf , ¨¬¥¥¬

@ 

@�
= �@R

@�
: �

� áá¬®âà¨¬ äã­ªæ¨î
h = �f + jrf j2:

�¥¬¬  5.2. �ã­ªæ¨ï h ã¤®¢«¥â¢®àï¥â í¢®«îæ¨®­­®¬ã ãà ¢­¥­¨î

@h
@t
= �h� 2jMij j2 + rh� r0 � 2hr ;rfi;

h = R� r ­  @M � (0; T ); £¤¥ Mij = rirjf � 1
2
�fgij :

�®ª § â¥«ìáâ¢®. �®¤áç¨â ¥¬

@

@t
jrf j2 = 2gij

�
@

@t
@if

�
@jf +

�
@

@t
gij

�
@if@jf = 2gij@i(�f + rf +  )@jf +

+ (R � r)gij@if@jf = 2hr�f;rfi+ 2rjrf j2 + hr ;rfi+ (R � r)jrf j2:
�§ ä®à¬ã« �¥©æ¥­¡¥ª  ¯®«ãç ¥¬

@

@t
jrf j2 = �jrf j2 � 2jHess f j2 �Rjrf j2 + 2rjrf j2 + hr ;rfi+ (R� r)jrf j2:
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� ¢¥­áâ¢® hj@M = R� r ¢ëâ¥ª ¥â ¨§ â®£®, çâ® jrf j2 = ��@f
@�

��2 = 0.

�á¯®«ì§ãï ä®à¬ã«ã, ¯®«ãç¥­­ãî ¢ ¯à¥¤ë¤ãé¥© «¥¬¬¥, ¢ë¢®¤¨¬ á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢®:

@h

@t
� �h+ rh� r0 + 2kr k1jrf j � �h+ rh� r0 + 2kr k1(jrf j+ (R� r) + r) =

(â. ª. R > 0) = �h+ (r + 2kr k1)h� r0 + 2(r + 1
4
)kr k1:

�¥¬¬  5.3. �ãáâì gk = dr2 + fk(r)2d! | ¯®á«¥¤®¢ â¥«ì­®áâì ¬¥âà¨ª ­  B2. �ãáâì dk =
diam(B2; gk) ¨ ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C > 0, ­¥ § ¢¨áïé ï ®â k, â ª ï,
çâ® dk < C, ¨ áãé¥áâ¢ã¥â " > 0 á® á¢®©áâ¢®¬, çâ® £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  £à ­¨æë kgk > �".
�®£¤  ¥á«¨ lk(@B2)! 0 (¤«¨­  £à ­¨æë ¢ ¬¥âà¨ª¥ gk), â® ¯«®é ¤ì A(B2; gk)! 0.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ rk = dk
2
. �á«¨ rk ! 0 | ¢á¥ ¤®ª § ­®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥:

¯ãáâì ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì gk â ª ï, çâ® lim
k!1

rk = �. �® ¯à¥¤¯®«®¦¥­¨î � < 1.

�®£¤  ¤«ï «î¡®£® 0 < � < � ¨¬¥¥¬ f 0k
fk
= kgk , ¨, §­ ç¨â, fk(�) = fk(�) exp

� �R
�

kgkd�
�
.

� ¬¥â¨¬, çâ® kgk | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¯®íâ®¬ã

fk(�) � fk(�) exp
�Z �

�

kgk(�) d�
�
� fk(�) exp

�
�
Z �

�

" d�

�
= fk(�) exp[�(���)"] � fk(�) exp(�"�):

� ª ª ª lk(B2) ! 0, â ª¦¥ fk(�) ! 0 ¨ fk(�) ! 0 ¯à¨ k ! 1. �®íâ®¬ã ¤«ï «î¡®© � > 0
¬®¦­® ­ ©â¨ �0 â ª®¥, çâ® fk(�0) � �, ¨ â®£¤  ¢ë¡à âì ¤®áâ â®ç­® ¡®«ìè®¥ k ¤«ï â®£®, çâ®¡ë
¯à¨ «î¡®¬ � > �0 ¢ë¯®«­ï«®áì fk(�) < �. �âáî¤  á«¥¤ã¥â

A(B2; gk) � 2�
Z �

0
fk(�) d� � 2���;

çâ® ¤®ª §ë¢ ¥â «¥¬¬ã.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2. � ¤¨¬ ¤®ª § â¥«ìáâ¢® ®â ¯à®â¨¢­®£® ¨ ¯à®¢¥¤¥¬ ¥£® ¢ ¤¢ 
íâ ¯ . �à¥¤¯®«®¦¨¬, çâ® ªà¨¢¨§­  ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ ¢ ­¥ª®â®àë© ¬®¬¥­â ¢à¥¬¥­¨ T <1.

� £ 1. �®ª ¦¥¬, çâ®
TR
0

kr k1 dt <1. � ¬¥â¨¬ ¢­ ç «¥, çâ® äã­ªæ¨ï jr j2 áã¡£ à¬®­¨ç­ .
�¥©áâ¢¨â¥«ì­®, ¯® ä®à¬ã«¥ �¥©æ¥­¡¥ª  ¨¬¥¥¬�(jr j2)=2jHess j2+2hr(� );r i+Rjr j2 � 0,
¯®íâ®¬ã jr j2 ¯à¨­¨¬ ¥â ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ­  £à ­¨æ¥. �«¥¤®¢ â¥«ì­®,

kr k � kkg(R � r)k1;@M + k2k0gk1;@M � CkR� rk1;@M + C

(ª®­¥ç­® á«¥¤ã¥â ¥é¥ ¯®ª § âì, çâ® k0g ®£à ­¨ç¥­ , á¬. § ¬¥ç ­¨¥ 5.1 ¢ ª®­æ¥ ¤ ­­®£® à §¤¥« ).
�­ ç¨â, ¥á«¨ kr k1 ­¥ ¨­â¥£à¨àã¥¬  ¢ [0; T ], â® Rj@M | â®¦¥ ­¥ ¨­â¥£à¨àã¥¬ . � â ª®¬

á«ãç ¥, â. ª. ª®­ä®à¬­ë© ¬­®¦¨â¥«ì ¨¬¥¥â ¢¨¤

u(x; t) = exp
� Z t

0

r(�)�R(x; �) d�
�
;

â® l(@M)! 0 ¯à¨ t! T . �® R > 0 ¨ kg � 0, á«¥¤®¢ â¥«ì­®, ¯® «¥¬¬¥ 5.3 ¯®«ãç ¥¬ A(M)! 0,  
íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ­®à¬ «¨§®¢ ­­ë© ¯®â®ª á®åà ­ï¥â ¯«®é ¤ì.

� £ 2. �á«¨ ­®à¬ «¨§®¢ ­­ë© ¯®â®ª ­¥ áãé¥áâ¢ã¥â ¤«ï ¯à®¨§¢®«ì­®£® ¢à¥¬¥­¨, â® ¤«ï
­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª  ¨¬¥¥¬ ¬ ªá¨¬ «ì­ãî áâ¥¯¥­ì à §¤ãâ¨ï ­  £à ­¨æ¥.

� ª ã¦¥ ¡ë«® ¯®ª § ­®, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢®:

@h

@t
� �h+ (r + 2kr k1)h� r0 + 2(r + 1

4
)kr k1:
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�ãáâì c(t) =
tR
0

(r + 2kr k1) dt, ¨ ¯®«®¦¨¬ w = exp(�c(t))h, â®£¤ 

@w

@t
� �w � exp

�� c(t)
��
r0 � 2kr k1

�
r +

1
4

��
:

�á¯®«ì§ãï â®, çâ® c(t) ®£à ­¨ç¥­ë,   â ª¦¥ ­¥à ¢¥­áâ¢ 

jr0j �
Z
@M

����@R@�
����d� � C[kgkR � rk1;@M + 2kk0gk1;@M ] � CkR� rk1;@M + C

¨ jr j � CjR� rj@M + C, ¨§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¯®«ãç ¥¬ h(t) � C bRmax(t) + C, £¤¥ bRmax(t) =
= max

(x;�)2@M�[0;t]
R(x; �).

�â® ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥, â. ª. h(t) � R(t; x)� r(t), ¨ r(t) ®£à ­¨ç¥­®.

�®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ ¯®ª §ë¢ ¥â
TR
0

Rmax(�)d� < 1, £¤¥ [0; T ) | ¬ ªá¨¬ «ì­ë© ¨­â¥à¢ «

áãé¥áâ¢®¢ ­¨ï ¤«ï ¯®â®ª  �¨çç¨. �­®¢ì ¨á¯®«ì§ã¥¬ â®, çâ® ª®­ä®à¬­ë© ¬­®¦¨â¥«ì u ã¤®¢«¥-
â¢®àï¥â â®¦¤¥áâ¢ã

u(x; t) = exp
� Z t

0

r(�)�R(x; �)d�
�
:

�âáî¤  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ª®­áâ ­â  � > 0, ¤«ï ª®â®à®© u � �, ¨, §­ ç¨â, ¬®¦­® ¯à®-
¤®«¦¨âì à¥è¥­¨¥ §  T (â. ª. u ®£à ­¨ç¥­®, á¬. [7], £«. III, â¥®à¥¬  1.3, ¯®«ãç ¥¬, çâ® u £¥«ì¤¥à®¢ ,
®áâ «ì­®¥ á«¥¤ã¥â ¨§ áâ ­¤ àâ­ëå à ááã¦¤¥­¨©, ®á­®¢ ­­ëå ­  \¡ãâáâà ¯¥"). �

� ¬¥ç ­¨¥ 5.1. �à¥¤¯®«®¦¨¬, çâ® ­®à¬ «¨§®¢ ­­ë© ¯®â®ª áâ ­®¢¨âáï á¨­£ã«ïà­ë¬ ¢ ¬®-
¬¥­â ¢à¥¬¥­¨ T0 <1. �®ª ¦¥¬, çâ® k0g ®áâ ¥âáï ®£à ­¨ç¥­­®©. �«ï íâ®£® à áá¬®âà¨¬ ­¥­®à¬ -
«¨§®¢ ­­ë© ¯®â®ª. �®£¤  T0 á®®â¢¥âáâ¢ã¥â ¢à¥¬¥­¨ à §¤ãâ¨ï T < 1 ¤«ï ­¥­®à¬ «¨§®¢ ­­®£®
¯®â®ª . �ãáâì A(t) | ¯«®é ¤ì ¯®¢¥àå­®áâ¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t. � ¢¥­áâ¢® A(T ) = 0 ­¥¢®§¬®¦-
­®, ¯®áª®«ìªã ¨§ â¥®à¥¬ë � ãáá {�®­­¥ ¨ â®£®, çâ® ¤«ï ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª  kg = k0
á«¥¤ã¥â A(t) � C(T � t). �®á«¥¤­¥¥, ¢ á¢®î ®ç¥à¥¤ì, ¯®¢«¥ª«® ¡ë, çâ® ­®à¬ «¨§®¢ ­­ë© ¯®â®ª
áãé¥áâ¢ã¥â ¤«ï «î¡®£® ¢à¥¬¥­¨ t. �®íâ®¬ã áãé¥áâ¢ã¥â " > 0 â ª®©, çâ® A(t) � " ¤«ï 0 � t < T .

� ¤àã£®© áâ®à®­ë, ¥á«¨ ç¥à¥§ et ¨ t ®¡®§­ ç¨âì ¢à¥¬¥­­ë¥ ¯ à ¬¥âàë ¤«ï ­®à¬ «¨§®¢ ­­®£®
¨ ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª®¢ ¨ ¯®«®¦¨âì � = 1=A, â® ¯®«ãç¨¬

d

detkg = d

dt

�
k0p
�(t)

�.det
dt

= � k0

2�
5
2

�0:

� ª¨¬ ®¡à §®¬, ¢á¥ çâ® ­¥®¡å®¤¨¬® | íâ® ¯®ª § âì ®£à ­¨ç¥­­®áâì �0 =
�
1
A

�0
. �® ¢ íâ®¬

¤®áâ â®ç­® «¥£ª® ã¡¥¤¨âìáï, â. ª.

A0(t) = �
Z
M

RdV = �2� +
Z
@M

k0 d�;

çâ® ®ç¥¢¨¤­® ®£à ­¨ç¥­®.

� ¬¥â¨¬, çâ® à¥§ã«ìâ â ® áãé¥áâ¢®¢ ­¨¨ ¯®â®ª  ¤«ï ¡®«ìè¨å ¢à¥¬¥­ ¤ ¥â ¨­â¥à¥á­ãî ¤®-
¯®«­¨â¥«ì­ãî ¨­ä®à¬ æ¨î, ¨¬¥­­®

�à¥¤«®¦¥­¨¥ 5.1. �«ï ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  kg ! 0 íªá¯®­¥­æ¨ «ì­®.
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6. �¥­®à¬ «¨§®¢ ­­ë© ¯®â®ª: �æ¥­ª¨ ¯à®¨§¢®¤­ëå

�â®¡ë ¢ëà §¨âì ®æ¥­ª¨ ¯à®¨§¢®¤­ëå ªà¨¢¨§­ë ç¥à¥§ ®æ¥­ª¨ ¤«ï á ¬®© ªà¨¢¨§­ë, § ä¨ªá¨-
àã¥¬ ¢®à®â­¨ª £à ­¨æë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0. �«ï ¬¥âà¨ª ¢à é¥­¨ï, ¥á«¨ ¨§¢¥áâ­  ¢¥àå­ïï
£à ­¨æ  ªà¨¢¨§­ë ¨ ®æ¥­ª  £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë £à ­¨æë, â¥®à¥¬  áà ¢­¥­¨ï ¤«ï « ¯« á¨ -
­®¢ ¤ ¥â ®æ¥­ªã à ¤¨ãá  ¤¨áª , ­ ¤¥«¥­­®£® ¬¥âà¨ª®© ¢à é¥­¨ï. �â® ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â
¢ë¡à âì ¢®à®â­¨ª V = @M � [0; c), ¨­¢ à¨ ­â­ë© ®â­®á¨â¥«ì­® £àã¯¯ë ¢à é¥­¨© â ª®©, çâ®
�t(�; @M) | à ááâ®ï­¨¥ ¤® £à ­¨æë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ï¢«ï¥âáï £« ¤ª®© äã­ªæ¨¥© ¨ à ááâ®ï-
­¨¥ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¤® £à ­¨æë @M = @M �f0g ¨ ¢­ãâà¥­­¥© £à ­¨æë ¢®à®â­¨ª  @M �fcg
®£à ­¨ç¥­® á­¨§ã à ¢­®¬¥à­® ¯® c

2
.

� ª¦¥ á®£« á­® ¢­ãâà¥­­¨¬ ®æ¥­ª ¬�¨ ¯à®¨§¢®¤­®© ­  ¢­ãâà¥­­¥© £à ­¨æ¥ ¢®à®â­¨ª  ¯à¨
t > 0 ¬®¦­® ¤®¯ãáâ¨âì, çâ® £à ­¨æë ¯à®¨§¢®¤­ëå ªà¨¢¨§­ë ¢ëà ¦ îâáï ç¥à¥§ £à ­¨æë ªà¨-
¢¨§­ë. �§ ¢á¥£® ¢ëè¥áª § ­­®£® á«¥¤ã¥â, çâ® æ¥«ìî ¤ «ì­¥©è¨å à áá¬®âà¥­¨© ï¢«ï¥âáï ®æ¥­ª 
¯à®¨§¢®¤­ëå @nR

@�n
, £¤¥ ç¥à¥§ @

@�
®¡®§­ ç ¥¬ à ¤¨ «ì­ë© ¥¤¨­¨ç­ë© ¢¥ªâ®à, ª®â®àë© ª®àà¥ªâ­®

®¯à¥¤¥«¥­ ¢ V ¤«ï «î¡®£® ¢à¥¬¥­¨ t.
6.1. �æ¥­ª¨ ¯¥à¢ëå ¯à®¨§¢®¤­ëå. �«¥¤ãîé ï â¥®à¥¬  (¨ ¥¥ ¤®ª § â¥«ìáâ¢®)  ­ «®£¨ç­ë â¥-

®à¥¬¥ 7.1 ¨§ [8].

�¥®à¥¬  6.1. �ãé¥áâ¢ã¥â ª®­áâ ­â  C1 ¤«ï R � 1 â ª ï, çâ® ¥á«¨ ªà¨¢¨§­  ®£à ­¨ç¥­ 
jRj �M ¤® ¬®¬¥­â  ¢à¥¬¥­¨ t, £¤¥ 0 < t � 1

M
, â® ¯à®¨§¢®¤­ ï ªà¨¢¨§­ë ®£à ­¨ç¥­ ����@R@�
���� � C1

Mp
t
:

�®ª § â¥«ìáâ¢®. �  £à ­¨æ¥ ¨¬¥¥¬

@R

@�
= kgR:

�®«®¦¨¬ F = t
��@R
@�

��2+AR2, £¤¥ A ¯®áâ®ï­­ ï, ª®â®àãî ¢ë¡¥à¥¬ ¯®§¦¥. �® ¢­ãâà¥­­¨å â®çª å
¨¬¥¥¬

@F

@t
= (R�)

2 + 2t(R�)tR� + 2ARRt = (R�)
2 + 2tR� [RR� + (Rt)� ] + 2AR[�R+R2] =

= (R�)
2 + 2tR� [(�R)� + 2RR� +RR� ] + 2AR[�R +R2] �

� �(t(R�)
2 +AR2)� 2(tjrR� j2 +AjrRj2) + CtR(R�)

2 + 2AR3 �
� �F + (CtR� 2(A� 1))jrRj2 + 2AR3:

�ë¡¨à ï A ¤®áâ â®ç­® ¡®«ìè¨¬, ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® @F
@t
� �F + 2AR3.

�  £à ­¨æ¥ M ¨¬¥¥¬ (¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ® ¯®¤®¡­ ï ®æ¥­ª  ­  ¢­ãâà¥­­¥© £à ­¨æ¥
¢®à®â­¨ª  § ä¨ªá¨à®¢ ­  á á ¬®£® ­ ç « ) F = tk2gR

2 + AR2 � eCtM 3 + eCM 2 ¤«ï ­¥ª®â®à®©
¯®áâ®ï­­®© eC. �®£¤  ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¯à¨ tM � 1 ¢«¥ç¥â

t

����@R@�
����2 � F � CM 2

¤«ï ­¥ª®â®à®© ¯®áâ®ï­­®© C1.

6.2. �æ¥­ª¨ ¢â®àëå ¯à®¨§¢®¤­ëå. �®ª ¦¥¬ ª ª ®æ¥­¨âì @2R
@�2

. �à®¨§¢®¤­ë¥ ¡®«¥¥ ¢ëá®ª®£®
¯®àï¤ª  ®æ¥­¨¢ îâáï  ­ «®£¨ç­®.

�ãáâì �(P; t) = dt(P; @M) ¥áâì à ááâ®ï­¨¥ ®â P ¤® £à ­¨æë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¨ ¯®«®¦¨¬
F = exp(k0�)R, £¤¥ k0 | £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  £à ­¨æë @M .

� ¯®¬®éìî ¯à®áâëå ¢ëç¨á«¥­¨© ¯®«ãç ¥¬ F� = 0 ­  £à ­¨æ¥. �ã­ªæ¨ï F ã¤®¢«¥â¢®àï¥â
í¢®«îæ¨®­­®¬ã ãà ¢­¥­¨î

Ft = �F � 2
�r exp(k0�)

exp(k0�)

�
� rF + 2

� jr exp(k0�)j2 ��exp(k0�)
exp(k0�)

+
k0�

0

2

�
F +

F 2

exp(k0�)
:
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�«ï ã¯à®é¥­¨ï ¯¥à¥¯¨è¥¬ ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¢ ¢¨¤¥

Ft = �F +B � rF + CF +EF 2 ¢ B2 � (0; T );

F� = 0 ­  @B2 � (0; T );

£¤¥ á¬ëá« B, C, E ®ç¥¢¨¤¥­. �¨ää¥à¥­æ¨àãï ¯® � ¨ ¯®« £ ï w = F� , ¯®«ãç¨¬

Lw � wt ��w �B � rw = RF� +B� � rF � C�F +E�F
2 � (C +EF )w:

� ¯¨è¥¬ G = RF� + B� � rF � C�F + E�F
2 � (C + EF )w,   £à ­¨ç­ë¥ ãá«®¢¨ï ¨¬¥îâ ¢¨¤

w = 0.
�«ï â®£® çâ®¡ë ®æ¥­¨âì ¯à®¨§¢®¤­ë¥ w, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì äã­¤ ¬¥­â «ì­ë¥ à¥è¥­¨ï

«¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©. � íâ®© æ¥«ìî ¯®¤áç¨â ¥¬ ª®íää¨æ¨¥­âë ®¯¥à â®à  L ¢
ª®®à¤¨­ â å �¥à¬¨.

� ä¨ªá¨àã¥¬ â®çªã P 2 @M . �à¥¤¯®«®¦¨¬, çâ® ¢ ®ªà¥áâ­®áâ¨ F";� = f(x; s) 2 R2 : �� < x <
�, 0 � s < "g â®çª¨ P § ¤ ­ë ª®®à¤¨­ âë �¥à¬¨ (F";�; �), â. ¥. ª®®à¤¨­ â  s § ¤ ¥â à ááâ®ï­¨¥
¤® £à ­¨æë,   x | ª®®à¤¨­ â  ­  ªà¨¢ëå, \¯ à ««¥«ì­ëå" £à ­¨æ¥. �¥à¥§ k(�) ®¡®§­ ç¨¬
£¥®¤¥§¨ç¥áªãî ªà¨¢¨§­ã ªà¨¢®© @M� = fP 2M : �2(��1(P )) = �g, £¤¥ �2 : R2 ! R | ¯à®¥ªæ¨ï
­  ¢â®àãî ª®®à¤¨­ âã.

� ª®®à¤¨­ â å �¥à¬¨ ¬¥âà¨ª  ¬®¦¥â ¡ëâì ®¯¨á ­  ¢ ï¢­®¬ ¢¨¤¥ á ¯®¬®éìî á®®â¢¥âáâ¢ãî-
é¨å £¥®¬¥âà¨ç¥áª¨å ¢¥«¨ç¨­.

�à¥¤«®¦¥­¨¥ 6.1. � ª®®à¤¨­ â å �¥à¬¨

(1) g = ds2 + exp
�
� 2

sR
0

k(�) d�
�
dx2,

(2) @k
@s
= k2 + R

2
,

(3)
p
g = exp

�
�

sR
0

k(�) d�
�
,

£¤¥ s | à ááâ®ï­¨¥ ¤® £à ­¨æë.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ (1). � ¬¥â¨¬, çâ®

@

@s
g

�
@

@x
;
@

@x

�
= 2g

�
r @

@s

@

@x
;
@

@x

�
= �2g

�
r @

@x

@

@s
;
@

@x

�
= �2k(s)g

�
@

@x
;
@

@x

�
:

�áª®¬ë© à¥§ã«ìâ â ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¨­â¥£à¨à®¢ ­¨ï á ãç¥â®¬ â®£®, çâ® g
�
@

@x
; @
@x

�
= 1

¯à¨ s = 0.
�¥à¥©¤¥¬ ª (2). �¬¥¥¬

k(s)g
�
@

@x
;
@

@x

�
= �g

�
r @

@x

@

@s
;
@

@x

�
:

�à®¤¨ää¥à¥­æ¨àã¥¬ ¤ ­­®¥ ãà ¢­¥­¨¥ ¯® s. � ª ª ª

@

@s

�
k(s)g

�
@

@x
;
@

@x

��
= k0(s)g

�
@

@x
;
@

@x

�
+ 2k(s)g

�
r @

@s

@

@x
;
@

@x

�
=

= k0(s)g
�
@

@x
;
@

@x

�
� 2[k(s)]2g

�
@

@x
;
@

@x

�
;

@

@s
g

�
r @

@x

@

@s
;
@

@x

�
= g

�
r @

@s
r @

@x

@

@x

�
+ g

�
r @

@x

@

@s
;r @

@s

@

@x

�
=

= �R
2
g

�
@

@x
;
@

@x

�
+ [k(s)]2g

�
@

@x
;
@

@x

�
;

â® ®âáî¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬ë© à¥§ã«ìâ â. � ª®­¥æ, (3) á«¥¤ã¥â ¨§ (1).
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�¥¯¥àì ¯¥à¥©¤¥¬ ª ¨§ãç¥­¨î ®¯¥à â®à  L ¢ ª®®à¤¨­ â å �¥à¬¨. �­ ç «¥ ¨§ãç¨¬ ¥£® £« ¢-
­ãî ç áâì, ª®â®à ï á®®â¢¥âáâ¢ã¥â « ¯« á¨ ­ã. � ¬¥â¨¬, çâ® « ¯« á¨ ­ § ¤ ¥âáï ¢ «®ª «ì­ëå
ª®®à¤¨­ â å á«¥¤ãîé¨¬ ®¡à §®¬:

�g =
1p
g
@i(
p
ggij@j):

�ë¡¥à¥¬ ª®®à¤¨­ âë �¥à¬¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0. � íâ¨å ª®®à¤¨­ â å

� =
@2

@2s
+ exp

�
2
Z s

0
k(�) d�

�
@2

@2x
+ exp

�Z s

0
k(�) d�

�
@

@s

�
exp

�
�
Z s

0
k(�) d�

��
@

@s
:

�«¥¤®¢ â¥«ì­®, â. ª. �g(t) = exp
� tR

0

R(s; �) d�
�
� (ª®­ä®à¬­ë© ¬­®¦¨â¥«ì ¨¬¥¥â ¢¨¤ u =

exp
�
� R t

0 R(s; �) d�
�
,   ¢ à §¬¥à­®áâ¨ 2, ¥á«¨ h = �g, â® �h = ��1�g), äã­ªæ¨¨, £¥«ì¤¥à®¢ã

­®à¬ã ª®â®àëå ­¥®¡å®¤¨¬® ®æ¥­¨âì, ¨¬¥îâ ¢¨¤

(1) �(s; t) = exp
� tR

0

R(s; �) d�
�
,

(2) �(s; t) = exp
� R t

0 R(s; �) d�
�
exp

�
2
R s
0 k(�) d�

�
,

(3) 
(s; t) = k(s) exp
� R t

0 R(s; �) d�
�
.

�à®¢¥à¨¬, çâ® íâ¨ äã­ªæ¨¨ ¤¨ää¥à¥­æ¨àã¥¬ë ¨ çâ® ¬®¦­® ­ ©â¨ ®æ¥­ª¨ ¨å ¯à®¨§¢®¤­ëå,
¨á¯®«ì§ãï ®æ¥­ª¨ ªà¨¢¨§­ë ¨ ¥¥ ¯¥à¢ëå ¯à®¨§¢®¤­ëå (ª®â®àë¥ ã¦¥ ¨§¢¥áâ­® ª ª ®æ¥­¨¢ âì).
�¤¥« ¥¬ ®æ¥­ª¨ ¤«ï äã­ªæ¨¨ (3), ¤«ï ®áâ «ì­ëå  ­ «®£¨ç­®. � ª ª ª ¢á¥ ¬¥âà¨ª¨ ¯®â®ª 
ï¢«ïîâáï ¬¥âà¨ª ¬¨ ¢à é¥­¨ï, ¯à®¨§¢®¤­ë¥ ¯® x ¤ îâ ­ã«ì. �­ ç¨â, ­ ¤® ¯®¤áç¨â âì â®«ìª®
¯à®¨§¢®¤­ë¥ ¯® t ¨ s. � ©¤¥¬ ¢­ ç «¥ ¯à®¨§¢®¤­ë¥ ¯® s


s = k0(s) exp
�Z t

0

R(s; �) d�
�
+ k(s)

�Z t

0

Rs(s; �) d�
�
exp

�Z t

0

R(s; �) d�
�
:

�ç¨âë¢ ï (2) ¨§ ¯à¥¤«®¦¥­¨ï 6.1, ¯®«ãç ¥¬ ®æ¥­ªã 
s ¢ â¥à¬¨­ å ªà¨¢¨§­ë, ¥¥ ¯¥à¢®©
¯à®¨§¢®¤­®© ¨ £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë. �«ï ¯à®¨§¢®¤­®© ¯® ¢à¥¬¥­¨ t ¨¬¥¥¬


t = R(s; t)k(s) exp
�Z t

0

R(s; �) d�
�
;

á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ® â®â ¦¥ á ¬ë© à¥§ã«ìâ â.
�¥¯¥àì à áá¬®âà¨¬ ç«¥­ë ­¨§è¥£® ¯®àï¤ª , ¢å®¤ïé¨¥ ¢ ®¯¥à â®à L. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥-

­¨¥ ¤®ª §ë¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨.

�à¥¤«®¦¥­¨¥ 6.2. �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ä®à¬ã«ë:
(1) jrg(t) exp(k0�)j2 = k20 exp(2k0�),

(2) �g(t) exp(k0�) = exp
� tR

0

R(�; �) d�
�
[k20 exp(k0�) + k0k(s) exp(k0�)],

(3) �(s; t) =
sR
0

exp
�
�

tR
0

R(�; �) d�
�
d�.

� ¯®¬®éìî ¯®á«¥¤­¥£® ¯à¥¤«®¦¥­¨ï ¬®¦­® ­ ©â¨ ç«¥­ë B, C, E ¨ ¯®ª § âì, çâ® ®­¨ ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨î �¨¯è¨æ , ¨ çâ® ¨å «¨¯è¨æ¥¢ë ª®­áâ ­âë § ¢¨áïâ â®«ìª® ®â £à ­¨æ ªà¨¢¨§­ë.
� ª¦¥ «¥£ª® ¬®¦­® ¯à®¢¥à¨âì, çâ® B� , C� , E� | ®£à ­¨ç¥­­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, ®æ¥­ª¨
ª®â®àëå § ¢¨áïâ â®«ìª® ®â ®æ¥­®ª ªà¨¢¨§­ë ¨ ¥¥ ¯¥à¢ëå ¯à®¨§¢®¤­ëå, ª®â®àë¥ ¢ á¢®î ®ç¥à¥¤ì
¬®£ãâ ¡ëâì ®æ¥­¥­ë ¢ â¥à¬¨­ å ®æ¥­®ª ªà¨¢¨§­ë.

�«ï á«¥¤ãîé¥£® è £  ¯®âà¥¡ã¥âáï

�à¥¤«®¦¥­¨¥ 6.3. � ¯®«®á¥ [��; �]��
3
4
"; "

�
¢á¥ ¯à®¨§¢®¤­ë¥ ªà¨¢¨§­ë ®£à ­¨ç¥­ë ¨ ¨å £à -

­¨æë § ¢¨áïâ â®«ìª® ®â ", t ¨ £à ­¨æ ªà¨¢¨§­ë.

41



�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ «®ª «ì­ëå ¢­ãâà¥­­¨å ®æ¥­®ª (á¬. [8], â¥®à¥¬  13.1). �

� ä¨ªá¨àã¥¬ äã­ªæ¨î  : R+ �! [0; 1] â ªãî, çâ®

 (u) =

(
1; ¥á«¨ u 2 [0; 1];
0; ¥á«¨ u 2 [2;1]:

�¯à¥¤¥«¨¬

�(s) =  

�
8("� s)

"

�
:

� ¬¥â¨¬, çâ® áãé¥áâ¢ã¥â ª®­áâ ­â  A â ª ï, çâ®

jr�j � A

"
¨ jr2�j � A2

"2
:

�ãáâì v = w � �w.
� ¯®¬®éìî ¯à®áâ®£® ¢ëç¨á«¥­¨ï ¯®«ãç ¥¬

vt ��v �B � rv = G � �G + w��+ 2r� � rw +Bwr��Gv:

� íâ®£® ¬®¬¥­â  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

W = G � �G + w��+ 2r� � rw +Bwr��Gv:

� ª ª ª ¤«ï s � 3
4
" ¨¬¥¥¬ � � 0, «¥¢ ï ç áâì ¯à¥¤ë¤ãé¥£® ãà ¢­¥­¨ï (¢ á¨«ã ¯à¥¤«®-

¦¥­¨ï 6.3) ®æ¥­¨¢ ¥âáï ¢ â¥à¬¨­ å £à ­¨æ ªà¨¢¨§­ë ¨ ". �â® ¯®ª §ë¢ ¥â, çâ® «¥¢ ï ç áâì |
®£à ­¨ç¥­­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  ®âà¥§ª¥ f0 � s < "g. �®§ì¬¥¬ «î¡®¥ � > 0, ¨ ¯®«®¦¨¬
f = vjt=�. �ãáâì �(s; t; �; �) | äã­ªæ¨ï �à¨­  ®¯¥à â®à  L ¢ á«®¥ f0 < s < "g � [�; T ]. � ª ª ª
v = 0 ¢ s = 0 ¨ s = ", ¬®¦­® ¯à¥¤áâ ¢¨âì v á«¥¤ãîé¨¬ ®¡à §®¬:

v(s; t) =
Z t

�

Z "

0

�(s; �; t; �)W(�; �) d� d� +
Z "

0

�(s; �; t; �)f(�) d�:

�®à®è® ¨§¢¥áâ­®, çâ® v ¤¨ää¥à¥­æ¨àã¥¬  ¯® s, ¨ ¯à®¨§¢®¤­ ï ¯®«ãç ¥âáï á ¯®¬®éìî ¤¨ä-
ä¥à¥­æ¨à®¢ ­¨ï ¯®¤ §­ ª®¬ ¨­â¥£à « , â. ¥.

@v

@s
=
Z t

�

Z "

0

@

@s
�(s; t; �; �)W(�; �) d� d� +

Z "

0

@

@s
�(s; t; �; �)f(�) d�:

�¥¯¥àì ¬®¦­® ­ ©â¨ £à ­¨æë @v
@s
. �à¥¦¤¥ ¢á¥£®, å®à®è® ¨§¢¥áâ­®, çâ®

�(s; t; �; �) � C(t� �)�
1
2 exp

�
� C

js� �j2
t� �

�
;

@

@s
�(s; t; �; �) � C(t� �)�

1+1

2 exp
�
� C

js� �j2
t� �

�
;

£¤¥ C § ¢¨á¨â â®«ìª® ®â «¨¯è¨æ¥¢ëå ª®­áâ ­â ª®íää¨æ¨¥­â®¢ ®¯¥à â®à  L. �®íâ®¬ã, ¥á«¨
jf(�)j �M0 ¨ jW(�; �)j �M1, â®, ®¡®§­ ç ïZ 1

�

Z 1

0
C(t� �)�

1+1

2 exp
�
� C

js� �j2
t� �

�
d� d� = K1

¨ Z 1

0

C(t� �)�
1
2 exp

�
� C

js� �j2
t� �

�
d� = K0;

­ å®¤¨¬, çâ® ����@v@s
���� � K1M1 +

M0K0

(t� �)
1
2

:
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� ª®­¥æ, § ¬¥â¨¬, çâ® M0, M1, K0, K1 § ¢¨áïâ â®«ìª® ®â £à ­¨æ ªà¨¢¨§­ë ¨ ¥¥ ¯¥à¢ëå
¯à®¨§¢®¤­ëå. � ª ª ª

@v

@s
(x; t) =

@2w

@s@�
(x; t) =

�
­ ¯®¬­¨¬, çâ®

@

@�
= g

�
@

@s
;
@

@s

��1
@

@s

�
= exp

�
� 1
2

Z t

0
R(x; �) d�

�
@2w

@�2
(x; t) =

= exp
�
� 1
2

Z t

0
R(x; �) d�

��
exp(k0�)

@2R

@�2
+ (k20 � k0) exp(k0�)

@R

@�

�
:

�®ª § ­ 

�¥®à¥¬  6.2. � áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¢â®à®£® ¯®àï¤ª  ®â R (¢ ª®®à¤¨­ â å �¥à¬¨) ®£à -
­¨ç¥­ë ¢¯«®âì ¤® £à ­¨æë ¤¨áª  ¨ £à ­¨æë íâ¨å ç áâ­ëå ¯à®¨§¢®¤­ëå § ¢¨áïâ ®â £à ­¨æ

ªà¨¢¨§­ë R, £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë £à ­¨æë ¤¨áª , ¢à¥¬¥­¨ t > 0, ¤® ª®â®à®£® ¯à®¨§¢®¤ïâáï

®æ¥­ª¨, ¨ " > 0 | \à §¬¥à " ®ªà¥áâ­®áâ¨ á ª®®à¤¨­ â ¬¨ �¥à¬¨ ¯à¨ t = 0.

7. �å®¤¨¬®áâì ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢à¥¬¥­:
á«ãç © ¢ë¯ãª«®© £à ­¨æë (k0 � 0)

�á­®¢­ ï æ¥«ì ¤ ­­®£® à §¤¥«  | ¯®ª § âì, çâ® ¯à¨ k0 � 0 ªà¨¢¨§­  ã­¨ä®à¬¨§¨àã¥âáï (­¥-
­®à¬ «¨§®¢ ­­ë¬) ¯®â®ª®¬, â. ¥. ¥á«¨ [0; T ) | ¬ ªá¨¬ «ì­ë© ¨­â¥à¢ « áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï
ãà ¢­¥­¨ï ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ªa, â® ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢à¥¬¥­ tk ! T ¢ë¯®«­ï¥âáï
à ¢¥­áâ¢®

lim
k!1

Rmax(tk)
Rmin(tk)

= 1;

£¤¥ Rmax(t) = maxx2M R(x; t) ¨ Rmin(t) ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­®.
�«ï ¤®áâ¨¦¥­¨ï ¯®áâ ¢«¥­­®© æ¥«¨ ¡ã¤¥¬ ¯à¨¬¥­ïâì à §¤ãâ¨ï. �à¥¦¤¥ ¢á¥£® ®¯¨è¥¬ ª ª

¯®«ãç¨âì ¯à¥¤¥« à §¤ãâ¨ï. �ãáâì (0; T ) | ¬ ªá¨¬ «ì­®¥ ¢à¥¬ï áãé¥áâ¢®¢ ­¨ï ¯®â®ª  �¨çç¨.
�®£¤  ¬®¦­® ­ ©â¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢à¥¬¥­ ti ! T ¨ â®ç¥ª pi 2M â ª¨¥, çâ® �i := R(pi; ti) =
= max

M�[0;ti]
R(x; t), �i !1. �¯à¥¤¥«¨¬ à áâï¦¥­¨ï gi(t) := �ig

�
ti + t

�i

�
, ��iti � t < �i(T � ti).

�®£¤ , ¨á¯®«ì§ãï ®æ¥­ª¨ ¯à®¨§¢®¤­ëå (¨ ¤®¯®«­¨â¥«ì­® | à ¤¨ãá ¨­ê¥ªâ¨¢­®áâ¨ ¨ ¯à¥¤-
¯®«®¦¥­¨ï ® ¢­ãâà¥­­¥¬ à ¤¨ãá¥ �¥à¬¨, ª®â®àë¥ ª ª «¥£ª® ¢¨¤¥âì ¢ë¯®«­ïîâáï ¤«ï ¬¥âà¨-
ª¨ ¢à é¥­¨ï ¢ á¨«ã â¥®à¥¬ë áà ¢­¥­¨ï ¤«ï « ¯« á¨ ­®¢), ¬®¦­® ­ ©â¨ ¯®¤¯®á«¥¤®¢ â¥«ì-
­®áâì ¬®¬¥­â®¢ ¢à¥¬¥­¨, ª®â®àãî á­®¢  ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ ti, áå®¤ïéãîáï ª T â ªãî, çâ®
(M; gi(t); pi) £« ¤ª® áå®¤¨âáï ª à¥è¥­¨î ãà ¢­¥­¨ï ¯®â®ª  �¨çç¨ (M1; g1(t); p1).

�«ï ¤®áâ¨¦¥­¨ï ­¥®¡å®¤¨¬ëå à¥§ã«ìâ â®¢ ª«îç¥¢®© ï¢«ï¥âáï

�¥®à¥¬  7.1 ([8], â¥®à¥¬ë 26.1 ¨ 26.3). �ãé¥áâ¢ãîâ ¤¢  ¢®§¬®¦­ëå ¯à¥¤¥«ì­ëå à §¤ãâ¨ï

¤«ï à¥è¥­¨© § ¤ ç¨ (2) ¯à¨ R > 0. A) �á«¨ ¯à¥¤¥«ì­®¥ à §¤ãâ¨¥ ª®¬¯ ªâ­®, â® íâ® | ¯®«ã-
áä¥à  S2

+ á ¢¯®«­¥ £¥®¤¥§¨ç¥áª®© £à ­¨æ¥©. B) �á«¨ ¯à¥¤¥«ì­®¥ à §¤ãâ¨¥ ­¥ª®¬¯ ªâ­®, â® ®­®

¨«¨ ¥£® ã¤¢®¥­¨¥ ¨§®¬¥âà¨ç­® á¨£ à­®© ¬¥âà¨ª¥ ­  R2.

� ¯®¬­¨¬, çâ® á¨£ à­ ï ¬¥âà¨ª  ¢ R2 § ¤ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

ds2 =
dx2 + dy2

1 + x2 + y2
:

�®ª § â¥«ìáâ¢®. �á­®¢­ë¬ ­ ¡«î¤¥­¨¥¬ §¤¥áì ï¢«ï¥âáï â®, çâ® £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­ 
¬¥âà¨ª¨ �2g ¨¬¥¥â ¢¨¤ k�2g = kg=�.

�®íâ®¬ã ¯à¥¤¥«ì­ë¥ à §¤ãâ¨ï (¯®áª®«ìªã ¤«ï ¯®â®ª  £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  ®áâ ¥âáï à ¢-
­®¬¥à­® ®£à ­¨ç¥­­®©) ¨¬¥îâ ¢¯®«­¥ £¥®¤¥§¨ç¥áªãî £à ­¨æã. � ª â®«ìª® íâ®â ä ªâ ãáâ ­®-
¢«¥­, ­¥âàã¤­® ¯®ª § âì (á«¥¤ãï á®®â¢¥âáâ¢ãîé¨¬ à ááã¦¤¥­¨ï¬¨ ¤«ï á«ãç ï ¡¥§ £à ­¨æë),
çâ® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢¥à­®.
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�®£« á­® ¯à¥¤ë¤ãé¥© â¥®à¥¬¥, ¤«ï â®£® çâ®¡ë ¤®ª § âì, çâ® ¯®â®ª ã­¨ä®à¬¨§¨àã¥â ªà¨-
¢¨§­ã, ­¥®¡å®¤¨¬® «¨èì ¤®ª § âì, çâ® ¥¤¨­áâ¢¥­­®¥ ¢®§¬®¦­®¥ à §¤ãâ¨¥ ¥áâì S2

+. � ª ª ª ã¦¥
¨§¢¥áâ­®, çâ®  «ìâ¥à­ â¨¢®© ¬®¦¥â ¡ëâì «¨èì á®«¨â®­­ ï ¬¥âà¨ª  ­  R2 (¯® â¥®à¥¬¥ 7.1), ¢á¥,
çâ® ­ ¤® á¤¥« âì | íâ® ¨áª«îç¨âì íâ®â á«ãç © ¨ §¤¥áì ¯®«¥§­®© ®ª §ë¢ ¥âáï à ¡®â  [2].

�«¥¤ãï �¥à¥«ì¬ ­ã, ®¯à¥¤¥«¨¬ ¢­ ç «¥ á«¥¤ãîé¨© äã­ªæ¨®­ «:

F(g; f) =
Z
M

(R+ jrf j2) exp(�f) dV (5)

¨ ¯®¤áç¨â ¥¬ ¥£® ¯¥à¢ãî ¢ à¨ æ¨î.

�à¥¤«®¦¥­¨¥ 7.1. �ãáâì �gij = vij, �f = h, gijvij = v. �®£¤  ¨¬¥¥¬

�F =
Z
M

exp(�f)[�vij(Rij +rirjf) +
�
v

2
� h

�
(2�f � jrf j2 +R)]�

�
Z
@M

�
@v

@�
+ v

@f

@�

�
exp(�f) d� +

Z
@M

exp(�f)rivij�
j d� �

Z
@M

rj exp(�f)vij�i d�: (6)

�¤¥áì @
@�

= f�ig | ¢­¥è­ïï ­®à¬ «ì ª @M ®â­®á¨â¥«ì­® g (§ ¬¥â¨¬, çâ® @
@�

§ ¢¨á¨â ®â
¢à¥¬¥­¨), r ¥áâì ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¢ à¨¬ ­®¢®© á¢ï§­®áâ¨ ¬¥âà¨ª¨ g, ¨ v@=2 ¥áâì

¢ à¨ æ¨ï í«¥¬¥­â  ¯«®é ¤¨ @M , ¨­¤ãæ¨à®¢ ­­®£® á ¯®¬®éìî vij.

�®ª § â¥«ìáâ¢®. �à ¢­¥­¨ï (6) ¢ëâ¥ª îâ ¨§ á«¥¤ãîé¨å ä®à¬ã«:

�R = ��v +rirjvij �Rijvij ;

�jrf j2 = �vijrifrjf + hrf;rh; i; (7)

�(exp(�f) dV ) =
�
v

2
� h

�
exp(�f) dV

¨ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ (� | « ¯« á¨ ­ ¬¥âà¨ª¨ g).

� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

gt = �2(Ric(g) + Hess f) ¢ M � (0; T );
kg = k0 ­  @M � (0; T );
ft = �R��f ¢ M � (0; T );
@f

@�
= 0 ­  @M � (0; T ):

(8)

�à¥¤«®¦¥­¨¥ 7.2.

dF
dt

= 2
Z
M

jRij +rirjf j2 exp(�f) dV + 2
Z
@M

k0R exp(�f) dA+ 2
Z
@M

k0jr@f j2 exp(�f) dA:

�®ª § â¥«ìáâ¢®. �®¤áç¨â ¥¬ ª ¦¤ë© ¨§ £à ­¨ç­ëå ¨­â¥£à «®¢ ¢ (7), ¨á¯®«ì§ãï í¢®«îæ¨-
®­­ë¥ ãà ¢­¥­¨ï (8): Z

@M

exp(�f)rivij�
j dA =

Z
@M

k0R exp(�f) dA;

�
Z
@M

rj exp(�f)vij�i dA = 2
Z
@M

exp(�f)k0jr@f j2 dA;

£¤¥ r@ | £à ¤¨¥­â ­  £à ­¨æ¥, ¨

�
Z
@M

r� exp(�f)v�� dA =
Z
@M

r�v exp(�f) dA = 0:

�âáî¤  á«¥¤ã¥â ä®à¬ã«  ¬®­®â®­­®áâ¨.
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�«ï ¤ «ì­¥©è¨å à ááã¦¤¥­¨© ­¥®¡å®¤¨¬  ¡®«¥¥ á«®¦­ ï ¢¥àá¨ï äã­ªæ¨®­ «  F :

W(g; f; �) =
Z
M

[�(jrf j2 +R) + f � 2](4��)�1 exp(�f) dV;

¢ ®£à ­¨ç¥­¨¨ ­  äã­ªæ¨¨ f , ã¤®¢«¥â¢®àïîé¨¥
R
M

(4��)�
1
2 exp(�f) dV = 1.

�á«¨ á¤¥« âì § ¬¥­ã � = exp(� f

2
), ¯®«ãç¨¬ äã­ªæ¨®­ «

W(g;�; �) = (4��)�1
Z
M

[4� jr�j2 + (�R� 2 log �� 2)�2] dV;

ª®â®àë© ¯®¤à®¡­® ¨§ãç «áï �®âå ãá®¬ (á¬. [9], [10]) ¢ ®¡« áâ¨ á £à ­¨æ¥© 
 ¯à¨ ¤®¯®«­¨â¥«ì­®¬
ãá«®¢¨¨, çâ® ¨­ä¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ £« ¤ª¨¬ äã­ªæ¨ï¬, ®¡à é îé¨¬áï ¢ ­ã«ì ­  £à ­¨æ¥.
�á¯®«ì§ãï ¬¥â®¤ë �®âå ãá , ­¥âàã¤­® ¯®ª § âì, çâ® ¤«ï íâ®£® ¬®¤¨ä¨æ¨à®¢ ­­®£® äã­ªæ¨®­ -
«  áãé¥áâ¢ã¥â ¬¨­¨¬¨§¨àãîé¨© í«¥¬¥­â.

� ª ¨ à ­ìè¥, ¤«ï § ¤ ­­®£® á¥¬¥©áâ¢  ¬¥âà¨ª, § ¢¨áïé¨å ®â ¢à¥¬¥­¨, ¨ ®¡à §ãîé¨å ¯®â®ª
�¨çç¨, â. ¥.

gt = �Rg ¢ M � (0; T );

kg = k0 ­  @M � (0; T );

¨ äã­ªæ¨¨ f(�; t), ã¤®¢«¥â¢®àïîé¥© ®¡à â­®¬ã ãà ¢­¥­¨î â¥¯«®¯à®¢®¤­®áâ¨,

ft = ��f + jrf j2 �R+
1
�
; �t = �1;

¨ ¥é¥ ¤®¯®«­¨â¥«ì­® £à ­¨ç­ë¬ ãá«®¢¨ï¬

@f

@�
= 0;

¨¬¥¥¬ á«¥¤ãîéãî ä®à¬ã«ã ¬®­®â®­­®áâ¨. �®ª § â¥«ìáâ¢® íâ®© ä®à¬ã«ë ¯®«ãç ¥âáï ¢ëç¨á«¥-
­¨ï¬¨,  ­ «®£¨ç­ë¬¨ ¢ëç¨á«¥­¨ï¬ ¢ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥­¨ï 7.2.

�¥®à¥¬  7.2.

dW
dt

=
Z
M

2� jRij +rirjf � 1
2�
gij j2(4��)�1 exp(�f) dV +

+ 2�
�Z

@M

k0R exp(�f) dA+
Z
@M

k0jr@f j2 exp(�f) dA
�
:

�âáî¤  ¢ëâ¥ª ¥â, çâ® �(g; �) = inf
f2C1

W(gij ; f; �) ¬®­®â®­­® ¢®§à áâ ¥â ¯® � (¢ ¯à¥¤¯®«®¦¥­¨¨,

çâ® k0 � 0).

7.1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.3. �­ ç «¥ ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¨­â¥à¥á­®£® ¨ å®à®è®
¨§¢¥áâ­®£® á¢®©áâ¢  á®«¨â®­­®© ¬¥âà¨ª¨, ­® ¯¥à¥¤ íâ¨¬ ¢¢¥¤¥¬ ­¥ª®â®àë¥ ®¡®§­ ç¥­¨ï. �®«ìæ®
¢ ¬­®£®®¡à §¨¨ (M; g) á ¢­ãâà¥­­¨¬ à ¤¨ãá®¬ r1 > 0 ¨ ¢­¥è­¨¬ à ¤¨ãá®¬ r2 > r1 (¢ ¬¥âà¨ª¥ g)
¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ A(r1; r2), â. ¥. A(r1; r2) := B(0; r2) nB(0; r1).

�­®£¤  (íâ® ¡ã¤¥â ïá­® ¨§ ª®­â¥ªáâ ) â¥¬ ¦¥ á¨¬¢®«®¬ A(r1; r2) ¡ã¤¥¬ ®¡®§­ ç âì ¯«®é ¤ì
íâ®£® ª®«ìæ .

�¥¬¬  7.1. � ä¨ªá¨àã¥¬ k > 1. �®£¤  ¯«®é ¤ì ª®«ìæ  A(r; kr) ¢ ¬¥âà¨ª¥ á¨£ à­®£® á®«¨-
â®­  ã¤®¢«¥â¢®àï¥â A(r; kr) � Ckr.

�®ª § â¥«ìáâ¢®. �®«¨â®­­ ï ¬¥âà¨ª  § ¤ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

ds2 =
dx2 + dy2

1 + x2 + y2
:
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�®£¤  ¯à¨ P = (x; y) ¨¬¥¥¬ (ç¥à¥§ d ®¡®§­ ç¥­® à ááâ®ï­¨¥ ­  ¬­®£®®¡à §¨¨)

d(0; P ) =
Z �

0

1p
1 + �2

d� � log�;

£¤¥ � =
p
x2 + y2. �®íâ®¬ã, ¥á«¨ r = log�, â®

A(log�; k log�) � 2�
Z �k

�

r

1 + r2
dr = � log(1 + �k)� � log(1 + �2) � k

2
� log�:

�â® ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.
�¥¯¥àì ¯à®¤®«¦¨¬ à áá¬®âà¥­¨ï, ¨á¯®«ì§ãï  à£ã¬¥­â æ¨î �¥à¥«ì¬ ­  [2]. �«ï ¤ ­­®£®

r > 0 ®¯à¥¤¥«¨¬ á«¥¤ãîéãî äã­ªæ¨î:

� =

8><>:
1; ¥á«¨ p 2 A(2r; 3r);
"
r
; ¥á«¨ p 2 B(0; r);
" exp(�d(0; p)); ¥á«¨ p =2 B(0; 4r);

(9)

£¤¥ " > 0 ¤®áâ â®ç­® ¬ «® ¨

jr�j � 1
r
:

� ª®­¥æ, ®¯à¥¤¥«¨¬

f = � log �+ c;

£¤¥ c | ª®­áâ ­â  â ª ï, çâ®

1
4�r2

Z
M

� exp(�c) dV = 1:

� á«ãç ¥ á®«¨â®­­®© ¬¥âà¨ª¨ ¤«ï �, ®¯à¥¤¥«¥­­®© ª ª ¢ (9), á®£« á­® «¥¬¬¥ 7.1 ¨¬¥¥¬

1
4�r2

Z
M

� exp(�c) dV �
Z
A(r;4r)

exp(�c) dV � 1
4�r

exp(�c);

çâ® ¢«¥ç¥â c � � log(r).
� ª¦¥ ¨¬¥¥¬ á«¥¤ãîéãî å®à®è® ¨§¢¥áâ­ãî ®æ¥­ªã ã¡ë¢ ­¨ï ªà¨¢¨§­ë á®«¨â®­­®© ¬¥âà¨-

ª¨.

�à¥¤«®¦¥­¨¥ 7.3. �à¨¢¨§­  á®«¨â®­­®© ¬¥âà¨ª¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥© ®æ¥­ª¥:

R(P ) � exp(�d(0; P )):
�®ª § â¥«ìáâ¢®. � á¨«ã § ª®­  ¯à¥®¡à §®¢ ­¨ï ªà¨¢¨§­ë ¯à¨ ª®­ä®à¬­®¬ ¯à¥®¡à §®¢ -

­¨¨ ¬¥âà¨ª¨, ¤«ï â®çª¨ P = (x; y) 2 R2 ¨¬¥¥¬, çâ®

R(P ) =
4

1 + x2 + y2
:

�®, ª ª ¡ë«® ¯®ª § ­® ¢ «¥¬¬¥ 7.1,
p
x2 + y2 � exp(d(0; P )), ®âªã¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à-

¦¤¥­¨¥.

�®«®¦¨¬ � = r2 ¢ (5). �®£¤ Z
M

� jrf j2 exp(�f) 1
4��

dV =
Z
M

4r2
����r exp

�
� f

2

�����2 exp(�c) 1
4�r2

dV �

�
Z
A(r;4r)

4r2
1
r2
exp(�c)
4�r2

dV;

íâ  ¢¥«¨ç¨­  ®áâ ¥âáï ®£à ­¨ç¥­­®© ¯à¨ r!1.
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� ª ª ª R � exp(�r), ¨­â¥£à « R
M

Rr2 1
4�r2

exp(�f) dV ®áâ ¥âáï ®£à ­¨ç¥­­ë¬.

� ª¦¥ ïá­®, çâ® ¢ëà ¦¥­¨¥
R
M

n 1
4�r2

exp(�f) dV ®áâ ¥âáï ®£à ­¨ç¥­­ë¬.

� ª®­¥æ,Z
M

f exp(�f) 1
4�r2

dV =
Z
M

� log �
1

4�r2
exp(�c) dV �

Z
M

c exp(�f) 1
4�r2

dV:

�¥à¢ë© ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ ®£à ­¨ç¥­. �¥©áâ¢¨â¥«ì­®,Z
M

� log �
1

4�r2
exp(�c) dV � C

Z
A(r;4r)

1
4�r2

exp(�c) dV � C
1
r2
rr:

�â®à®© ¨­â¥£à « áâà¥¬¨âáï ª �1 ¯à¨ r !1.
�á¯®«ì§ãï ¢á¥ ¯®«ãç¥­­ë¥ ®æ¥­ª¨ ¤«ï (5), á â ª¨¬ ¢ë¡®à®¬ � ¯®«ãç ¥¬, çâ® ¥á«¨ g(t) |

à¥è¥­¨¥ ãà ¢­¥­¨ï ¯®â®ª  �¨çç¨ ¨ ¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì à §¤ãâ¨© (pl; tl), áå®-
¤ïé ïáï ª á®«¨â®­­®© ¬¥âà¨ª¥, â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì à ¤¨ãá®¢ rl â ª ï, çâ®

�l = �(g(tl); r2l )! �1 ¯à¨ l!1:

� ¤àã£®© áâ®à®­ë, ¯ãáâì � = tl � t+ r2l ¨ bfl(�; t) | à¥è¥­¨¥ ¢ ¨­â¥à¢ «¥ [0; tl] ¤«ï ãà ¢­¥­¨ï

ft = ��f + jrf j2 �R+ n

2�
;

@f

@�
= 0;

f(�; tl) = fl;

£¤¥ fl ¢ë¡à ­® â ª, çâ®¡ë �(g(tl); fl; r2l ) � �l + 1.
�®£¤  ¯® ä®à¬ã«¥ ¬®­®â®­­®áâ¨ ¤«ï t = 0

�(g(0); tl + r2l ) � W(g(0); bfl(�; 0); tl + r2l ) � �l + 1:

�á«¨ lim
l!1

tl = T , â®, ª ª ­¥âàã¤­® ¯®ª § âì (á¬. [9], [10]), �(g(0); tl) ! �(g(0); T ), çâ® ¤ ¥â

¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® ¥á«¨ R0 > 0 ¨ kg0 � 0, â® à áá¬®âà¥­­ë© ¯®â®ª

�¨çç¨ á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ã­¨ä®à¬¨§¨àã¥â ªà¨¢¨§­ã.

7.2. � ¬¥ç ­¨ï ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.3. �¥ª®â®àë¥ à¥§ã«ìâ âë ¤ ­­®£® à §¤¥«  ¬®¦-
­® ãá¨«¨âì.

�à¥¤«®¦¥­¨¥ 7.4. �á«¨ R > 0,
R
M

RdV +
R
@M

k d� > 0 ¨ (¤«ï ­¥­®à¬ «¨§®¢ ­­®£® ¯®â®ª )

Rmax(ti)

Rmin(ti)
! 1 ¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ti ! T < 1, â® ­®à¬ «¨§®¢ ­­ë© ¯®â®ª

®¯à¥¤¥«¥­ ¤«ï «î¡®£® ¢à¥¬¥­¨ t.

�®ª § â¥«ìáâ¢®. � ª ª ª Rmax(ti)

Rmin(ti)
! 1, ¯«®é ¤ì ¯®¢¥àå­®áâ¨ (¢ ­¥­®à¬ «¨§®¢ ­­®¬ ¯®â®ª¥)

áâà¥¬¨âáï ª ­ã«î ¯à¨ ti ! T (¯® â¥®à¥¬¥ �®­­¥{� ©¥àá ). �¥®à¥¬  � ãáá {�®­­¥ ¨ ®£à ­¨ç¥­-
­®áâì £¥®¤¥§¨ç¥áª®© ªà¨¢¨§­ë ¢«¥ªãâ

A(t) � C(T � t):

�â® ¢ á¢®î ®ç¥à¥¤ì ¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ ­®à¬ «¨§®¢ ­­®£® ¯®â®ª  ¤«ï «î¡®£® ¬®¬¥­â  ¢à¥-
¬¥­¨.

�ç¨âë¢ ï à¥§ã«ìâ âë ¤ ­­®£® à §¤¥« , ¯®«ãç ¥¬, çâ® ¨§ ¯à¥¤ë¤ãé¥£® ¯à¥¤«®¦¥­¨ï á«¥¤ã¥â,
çâ® â¥®à¥¬  1.2 ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á «¨èì ¯à¨ k0 � 0.

� ª¦¥ ¯à¨¢¥¤¥¬ ®¡®á­®¢ ­¨¥ ¤«ï ãâ¢¥à¦¤¥­¨©, á®¤¥à¦ é¨åáï ¢ ¯®á«¥¤­¥¬  ¡§ æ¥ ¢¢¥¤¥­¨ï.
� ç­¥¬ á® á«¥¤ãîé¥£® ¯à¥¤«®¦¥­¨ï.

�à¥¤«®¦¥­¨¥ 7.5. �á«¨ ­®à¬ «¨§®¢ ­­ë© ¯®â®ª áãé¥áâ¢ã¥â ¤«ï «î¡®£® ¬®¬¥­â  ¢à¥-

¬¥­¨ t, â® áãé¥áâ¢ã¥â ª®­áâ ­â  C > 0 â ª ï, çâ® R < C «î¡®£® ¬®¬¥­â  ¢à¥¬¥­¨ t.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �¥à¥å®¤ï ª ­¥­®à¬ «¨§®¢ ­­®¬ã ¯®â®ªã, ­ ©-
¤¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì ti ! T , £¤¥ T | ¢à¥¬ï, ¢ ª®â®à®¥ ¬¥âà¨ª  ¨á¯ëâë¢ ¥â à §¤ãâ¨¥ â ª®¥,
çâ®

(T � ti)Rmax(ti)!1 ¯à¨ i!1:

�âáî¤  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥«ì­®¥ à §¤ãâ¨¥, ª®â®à®¥ ï¢«ï¥âáï ¯à¥¤¥«®¬ ¯®â®ª 
�¨çç¨ («¨¡® ¡¥§ £à ­¨æë, «¨¡® á ¢¯®«­¥ £¥®¤¥§¨ç¥áª®© £à ­¨æ¥©). �® â®£¤  íâ® ¯à¥¤¥«ì­®¥
à¥è¥­¨¥ ¤®«¦­® ¡ëâì á¨£ à­®© ¬¥âà¨ª®©, çâ® ¯à®â¨¢®à¥ç¨â ®æ¥­ª¥ ¢ â¥®à¥¬¥ 7.2.

�­®¢ì à áá¬®âà¨¬ ­®à¬ «¨§®¢ ­­ë© ¯®â®ª. �ãáâì

r =

R
M

RdV

A(M)
:

� ª ª ª ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® dr
dt
=

R
@M

[kg(R� r)�2k0g] d� ¨ ¬®¦­® ¯®ª § âì, çâ® lt(@M) < C

¨ k � C exp(��t), ¯®«ãç ¥¬, çâ® áãé¥áâ¢ã¥â " > 0 á® á¢®©áâ¢®¬ r � ". �­ ç¨â, áãé¥áâ¢ã¥â ¨
ª®­áâ ­â  c > 0 â ª ï, çâ® Rmax(t) � c, £¤¥ Rmax(t) = max

x2M
R(x; t).

�¥à¥å®¤ï ª ­¥­®à¬ «¨§®¢ ­­®¬ã ¯®â®ªã, § ª«îç ¥¬, çâ® Rmax(t) áà ¢­¨¬ á 1
T�t

, £¤¥ T |
¬®¬¥­â ¢à¥¬¥­¨ à §¤ãâ¨ï. �®íâ®¬ã, ¥á«¨ § ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì tk ! T , ¨¬¥¥¬

lim
k!1

Rmax(tk)
Rmin(tk)

= 1:

�¥à¥å®¤®¬ ®¡à â­® ª ­®à¬ «¨§®¢ ­­®¬ã ¯®â®ªã, ¯®«ãç ¥âáï

�¥®à¥¬  7.3. �à¥¤¯®«®¦¨¬, çâ® R > 0 ¨ k0 > 0 ¯à¨ t = 0. �®£¤  ¤«ï ­®à¬ «¨§®¢ ­­®£®

¯®â®ªa �¨çç¨ ¢ë¯®«­ï¥âáï á«¥¤ãîé¥¥ á¢®©áâ¢®: Rmax(t)�Rmin(t)! 0 ¯à¨ t!1.

� ¨§ãç ¥¬®¬ á«ãç ¥ ¬®¦­® ®¦¨¤ âì íªá¯®­¥­æ¨ «ì­ãî áå®¤¨¬®áâì. � ¯à¨¬¥àã, ¬®¦­® ¯®-
¯ëâ âìáï ¯à¨¬¥­¨âì ¬¥â®¤ë à §¤¥«  6 ¨§ [11] ¤«ï ¤®ª § â¥«ìáâ¢  íªá¯®­¥­æ¨ «ì­®© áå®¤¨¬®áâ¨,
â. ª. £à ­¨ç­ë¥ ç«¥­ë íªá¯®­¥­æ¨ «ì­® ¡ëáâà® áâà¥¬ïâáï ª ­ã«î.

8. �å®¤¨¬®áâì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ á«ãç ¥ k0 < 0; á¥¬¥©áâ¢® ¯à¨¬¥à®¢

� á¨«ã â¥®à¥¬ë 7.1 ¬®¦­® ­ ©â¨ ª®­ä®à¬­® ¨­¢ à¨ ­â­ë¥ á¢®©áâ¢  ­ ç «ì­ëå ãá«®¢¨©,
ª®â®àë¥ á®åà ­ïîâáï ¯®â®ª®¬ �¨çç¨, ¯®â®¬ ¯®ª § âì, çâ® ã á¨£ à­®© ¬¥âà¨ª¨ â ª¨å á¢®©áâ¢
­¥â.

� áá¬®âà¨¬ ¬¥âà¨ªã ¢à é¥­¨ï ds2 = dr2 + f(r)2d! ­  B2, ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¨¬
á¢®©áâ¢ ¬:

(P1) R > 0 ¨ R à ¤¨ «ì­® ã¡ë¢ îâ,
(P2) @R

@r
= kgR ­  @B2.

�«ï ¬¥âà¨ª ¤ ­­®£® â¨¯  ¯®ª ¦¥¬, çâ® ¯®â®ª �¨çç¨ ã­¨ä®à¬¨§¨àã¥â ªà¨¢¨§­ã ¢ ¢ëè¥ãª -
§ ­­®¬ á¬ëá«¥.

� áá¬®âà¨¬ ¢¥«¨ç¨­ã inf l
2(@B�)

A(B�)
¯® ¤¨áª ¬ á æ¥­âà ¬¨ ¢ ¯®«îá¥ ¬­®£®®¡à §¨ï á ¬¥âà¨ª®©

¢à é¥­¨ï, £¤¥ ç¥à¥§ A(B�) ®¡®§­ ç¥­  ¯«®é ¤ì ¤¨áª®¢,   ç¥à¥§ l(@B�) | ¤«¨­  £à ­¨æë ¤¨áª .

�¥¬¬  8.1. �«ï R � 0 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

inf
�>0

l2(@B�)
A(B�)

=
l(@M)2

A(M)
:

�®ª § â¥«ìáâ¢®. � ª ª ª
l2(@B�)
A(B�)

=
4�2f 2(�)

2�
�R
0

f(r) dr
;
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­¥®¡å®¤¨¬® «¨èì ¯®ª § âì, çâ® ¤«ï � > 0 äã­ªæ¨ï

f(�)f 0(�)
f(�)

= f 0(�)

­¥ ¢®§à áâ ¥â. �â® «¥£ª® á«¥¤ã¥â ¨§ à ¢¥­áâ¢  f 00 = �Kf , £¤¥ K | £ ãáá®¢  ªà¨¢¨§­  ¬­®£®-
®¡à §¨ï M .

�á«®¢¨¥ (P2) ®¡¥á¯¥ç¨¢ ¥â â®, çâ® à¥è¥­¨¥ § ¤ ç¨ (4) ï¢«ï¥âáï ¯® ªà ©­¥© ¬¥à¥ ª« áá  C3,
¯®íâ®¬ã ¬®¦­® ¯à¨¬¥­¨âì ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥£® ¯à¥¤«®¦¥­¨ï.

�à¥¤«®¦¥­¨¥ 8.1. �«ï ¬¥âà¨ª¨, ã¤®¢«¥â¢®àïîé¥© á¢®©áâ¢ ¬ (P1) ¨ (P2), áª «ïà­ ï
ªà¨¢¨§­  R ¬¥âà¨ª ¯®â®ª  �¨çç¨ ­¥ ¢®§à áâ ¥â ¢ à ¤¨ «ì­ëå ­ ¯à ¢«¥­¨ïå.

�®ª § â¥«ìáâ¢®. �¥è¥­¨¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

ds2 = h(r; t)2dr2 + f(r; t)2d!2:

�ãáâì @
@�

| ¥¤¨­¨ç­ ï ­®à¬ «ì ¢ ­ ¯à ¢«¥­¨¨ @
@r
, â. ¥. @

@�
= 1

h
@
@r
. �®«®¦¨¬ w = fR�. �®£¤ 

¨§ í¢®«îæ¨®­­®£® ãà ¢­¥­¨ï ¤«ï ªà¨¢¨§­ë ¯à¨ � > 0 ¨¬¥¥¬ Rt = 1
f
w� + R2. �¨ää¥à¥­æ¨àãï

¯® �, ¯®«ãç ¥¬ Rt� = � f�
f2
w� + w�� + 2RR�. � ¤àã£®© áâ®à®­ë, R�t = � 1

2
RR� + Rt�, çâ®, ¢ á¢®î

®ç¥à¥¤ì, ¢«¥ç¥â f
�
1
2
RR� +R�t

�
= � f�

f
w� + 1

f
w�� + 2Rw. � ª¦¥ (fR�)t = f 0R� + fR�t.

�§ ãà ¢­¥­¨ï ¯®â®ª  �¨çç¨ á«¥¤ã¥â f 0 = � 1
2
Rf . �â® ¤ ¥â fR�t = (fR�)t + 1

2
RfR�, ®âªã¤ 

¯®«ãç ¥¬ 1
2
Rw+ (fR�)t + 1

2
Rw = � f�

f
w� + 1

f
w�� +2Rw. �®á«¥¤­¥¥ ãà ¢­¥­¨¥ ã¯à®é ¥âáï ª ¢¨¤ã

wt = 1
f
w�� � f�

f
w� +Rw, ¨ £à ­¨ç­ë¥ ãá«®¢¨ï § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

w = 0; ¥á«¨ � = 0;

w < 0; ¥á«¨ � à ¢¥­ à ¤¨ãáã ¯®¢¥àå­®áâ¨;

wjt=0 � 0:

�¥¯¥àì ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â á«¥¤ã¥â ¨§ ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ .

�¥¯¥àì à áá¬®âà¨¬ ­®à¬ «¨§®¢ ­­ë© ¯®â®ª. �§ ¯à¥¤«®¦¥­¨ï 8.1 á«¥¤ã¥â

r � Rmin(t) = Rj@M�ftg;

á«¥¤®¢ â¥«ì­®, lt(@M) = exp
h tR
0

(r �R) d�
i
l0(@M) � l0(@M).

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¢¬¥áâ¥ á «¥¬¬®© 8.1 ¯®ª §ë¢ ¥â, çâ® inf l
2(@B�)

A(B�)
= lt(@M) � l0(M),

â. ¥. ¨§®¯¥à¨¬¥âà¨ç¥áª®¥ ®â­®è¥­¨¥ ®áâ ¥âáï ®â¤¥«¥­­ë¬ ®â ­ã«ï ¤«ï ¬¥âà¨ª ¯®â®ª , ­® ¤«ï
á¨£ à­®© ¬¥âà¨ª¨ ®­® à ¢­® ­ã«î. �â® ¤®ª §ë¢ ¥â, çâ® ¯®«ãç ¥âáï á«ãç © A) â¥®à¥¬ë 7.1,  
§­ ç¨â, ¯®â®ª ã­¨ä®à¬¨§¨àã¥â ªà¨¢¨§­ã á â¥ç¥­¨¥¬ ¢à¥¬¥­¨.

8.1. �à¨¬¥àë. �à¥¤êï¢¨¬ á¥¬¥©áâ¢® ¬¥âà¨ª, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (P1) ¨ (P2). �ãáâì
ds2 = dr2 + f"(r)2d!2, £¤¥

f"(r) = (1� ") sin r + "r:

�®£¤  f 0 = (1� ") cos r + ", f 00 = �(1� ") sin r. � ãáá®¢  ªà¨¢¨§­  ¨¬¥¥â ¢¨¤

�f
00

f
=

(1� ") sin r
(1� ") sin r + "r

;

çâ® ¬®¦­® ¯¥à¥¯¨á âì ª ª

K =
1

1 + ( "
1�"

) r
sin r

:
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�â® ¢ëà ¦¥­¨¥ ¯®ª §ë¢ ¥â, çâ® K ã¡ë¢ ¥â ¯® r (¤¥©áâ¢¨â¥«ì­®, r
sin r

¢®§à áâ ¥â). � ¤àã£®©
áâ®à®­ë, £¥®¤¥§¨ç¥áª ï ªà¨¢¨§­  £à ­¨æë ¢ëà ¦ ¥âáï ¢ ¢¨¤¥

f 0

f
=

(1� ") cos r + "

(1� ") sin r + "r
:

� ª¨¬ ®¡à §®¬, ­¥®¡å®¤¨¬®, çâ®¡ë ¯à¨ ­¥ª®â®à®¬ r ¢ë¯®«­ï«®áì à ¢¥­áâ¢® f 000 = 2f 00f 0=f ,
â. ¥. (1� ") cos r = 2(1�") sin r[(1�") cos r+"]

(1�") sin r+"r
, çâ® ¬®¦­® ã¯à®áâ¨âì ¤® ¢¨¤ 

"r cos r � 2" sin r � (1� ") cos r sin r = 0: (10)

�®ª ¦¥¬, çâ® íâ® ãà ¢­¥­¨¥ ¨¬¥¥â ª®à¥­ì. �«ï íâ®£® § ¬¥â¨¬, çâ® ¯à¨ r = �
2
¢ëà ¦¥­¨¥ ¢

«¥¢®© ç áâ¨ ¢á¥£¤  ®âà¨æ â¥«ì­®. �à¨ r = 3�
4
«¥¢ ï ç áâì ¤ ¥â ¢ëà ¦¥­¨¥

"

�
3
p
2�
8

+
1
2
�
p
2
�
+
1
2
;

ª®â®à®¥ ¯®«®¦¨â¥«ì­® ¤«ï «î¡®£® " > 0. �®íâ®¬ã áãé¥áâ¢ã¥â r0 2 (�
2
; 3�

4
), ï¢«ïîé¥¥áï ª®à­¥¬

ãà ¢­¥­¨ï (10). � ¬¥â¨¬ â ª¦¥, çâ® f 0(r0) < 0 | íâ® ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ â®£®, çâ® @R
@r

< 0,
R > 0 ¨ @R

@r
= kR.

�¨â¥à âãà 
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