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�  ¢áïª®© ®à¨¥­â¨àã¥¬®© £¨¯¥à¯®¢¥àå­®áâ¨ ¯®çâ¨ íà¬¨â®¢  ¬­®£®®¡à §¨ï ¥áâ¥áâ¢¥­­ë¬
®¡à §®¬ ¨­¤ãæ¨àã¥âáï ¯®çâ¨ ª®­â ªâ­ ï ¬¥âà¨ç¥áª ï áâàãªâãà . �¬¥­­® íâ¨¬, ¢ ®á­®¢­®¬,
®¡ãá«®¢«¥­® §­ ç¥­¨¥ ¯®çâ¨ íà¬¨â®¢ëå ¬­®£®®¡à §¨© ¢ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¨ â¥®à¥-
â¨ç¥áª®© ä¨§¨ª¥.

� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ îâáï ª®á¨¬¯«¥ªâ¨ç¥áª¨¥ £¨¯¥à¯®¢¥àå­®áâ¨ 6-¬¥à­ëå ª¥«¥à®-
¢ëå ¯®¤¬­®£®®¡à §¨©  «£¥¡àë ®ªâ ¢. �â¬¥â¨¬, çâ® 6-¬¥à­ë¥ ª¥«¥à®¢ë ¯®¤¬­®£®®¡à §¨ï  «£¥-
¡àë �í«¨ ¨§ãç «¨ �à¥© [1], [2] ¨ �¨à¨ç¥­ª® [3], [4],   ¯®çâ¨ ª®­â ªâ­ë¬ ¬¥âà¨ç¥áª¨¬ áâàãªâãà ¬
­  £¨¯¥à¯®¢¥àå­®áâïå ª¥«¥à®¢ëå ¬­®£®®¡à §¨© ¯®á¢ïé¥­® ¡®«ìè®¥ ª®«¨ç¥áâ¢® à ¡®â. �¥ ¢¤ -
¢ ïáì ¢ ¯®¤à®¡­®áâ¨ áâ®«ì ®¡è¨à­®© â¥¬ â¨ª¨, ¢ë¤¥«¨¬ áâ âì¨ [5]{[7]. � ­­ ï áâ âìï ï¢«ï¥âáï
¯à®¤®«¦¥­¨¥¬ ¨áá«¥¤®¢ ­¨©  ¢â®à , à ­¥¥ à áá¬ âà¨¢ ¢è¥£® ª®á¨¬¯«¥ªâ¨ç¥áª¨¥ £¨¯¥à¯®¢¥àå-
­®áâ¨ 6-¬¥à­ëå íà¬¨â®¢ëå ¯®¤¬­®£®®¡à §¨©  «£¥¡àë ®ªâ ¢ [8]{[11].

1. � ¯®¬­¨¬, çâ® ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© (AH-áâàãªâãà®©) ­  ç¥â­®¬¥à­®¬ ¬­®£®-
®¡à §¨¨ M 2n ­ §ë¢ ¥âáï ¯ à  fJ; g = h�; �ig, £¤¥ J | ¯®çâ¨ ª®¬¯«¥ªá­ ï áâàãªâãà , g = h�; �i |
à¨¬ ­®¢  ¬¥âà¨ª . �à¨ íâ®¬ J ¨ g ¤®«¦­ë ¡ëâì á®£« á®¢ ­ë ãá«®¢¨¥¬

hJX; JY i = hX;Y i; X;Y 2 X(M 2n):

�¤¥áì X(M 2n) | ¬®¤ã«ì £« ¤ª¨å (ª« áá  C1) ¢¥ªâ®à­ëå ¯®«¥© ­  M 2n. �­®£®®¡à §¨¥ á ä¨ª-
á¨à®¢ ­­®© ­  ­¥¬ ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© ­ §ë¢ eâáï ¯®çâ¨ íà¬¨â®¢ë¬ ¬­®£®®¡à §¨¥¬
(AH-¬­®£®®¡à §¨e¬). � ª ¦¤®© AH-áâàãªâãà®© fJ; g = h�; �ig ­  ¬­®£®®¡à §¨¨M 2n á¢ï§ ­® ¯®«¥
¤¢ ¦¤ë ª®¢ à¨ ­â­®£® ª®á®á¨¬¬¥âà¨ç¥áª®£® â¥­§®à  (â. ¥. 2-ä®à¬ë) F , ®¯à¥¤¥«ï¥¬®£® à ¢¥­-
áâ¢®¬

F (X;Y ) = hX; JY i; X; Y 2 X(M 2n);

¨ ­ §ë¢ ¥¬®£® äã­¤ ¬¥­â «ì­®© (¨«¨ ª¥«¥à®¢®© [12]) ä®à¬®© áâàãªâãàë.
�ãáâì (M 2n j fJ; g = h�; �ig) | ¯®çâ¨ íà¬¨â®¢® ¬­®£®®¡à §¨¥. � ä¨ªá¨àã¥¬ â®çªã p 2 M 2n.

�ãáâì Tp(M 2n) | ¯à®áâà ­áâ¢®, ª á â¥«ì­®¥ ª ¬­®£®®¡à §¨î M 2n ¢ â®çª¥ p, fJp; gp = h�; �ig |
¯®çâ¨ íà¬¨â®¢  áâàãªâãà , ¯®à®¦¤¥­­ ï ¯ à®© fJ; g=h�; �ig. �¥¯¥àë,  ¤ ¯â¨à®¢ ­­ë¥ ª ¯®çâ¨
íà¬¨â®¢®© áâàãªâãà¥ (¨«¨ A-à¥¯¥àë), ãáâà®¥­ë á«¥¤ãîé¨¬ ®¡à §®¬: (p; "1; : : : ; "n; "b1; : : : ; "bn),
£¤¥ "a | á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ®¯¥à â®à  áâàãªâãàë Jp, ®â¢¥ç îé¨¥ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î i,
"ba | á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë, ®â¢¥ç îé¨¥ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �i, "ba = "a. �¤¥áì i =

p�1, a =
1; : : : ; n, ba = a+n. � âà¨æ  ®¯¥à â®à  áâàãªâãàë Jp ¢ â®çª¥ p ¢ A-à¥¯¥à¥ ¢ë£«ï¤¨â á«¥¤ãîé¨¬
®¡à §®¬:

(Jk
j ) =

�
iIn 0
0 �iIn

�
;
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£¤¥ In | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  n, k; j = 1; : : : ; 2n. � ª ¨§¢¥áâ­® [13], ¬ âà¨æë à¨¬ ­®¢®©
¬¥âà¨ª¨ g ¨ äã­¤ ¬¥­â «ì­®© ä®à¬ë F ¢ A-à¥¯¥à¥ ¯à¨­¨¬ îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

(gkj) =
�

0 In
In 0

�
; (Fkj) =

�
0 iIn

�iIn 0

�
:

�ãáâì O � R8 |  «£¥¡à  �í«¨. � ª ¨§¢¥áâ­® [14], ¢ ­¥© ®¯à¥¤¥«¥­ë ¤¢  ­¥¨§®¬®àä­ëå
3-¢¥ªâ®à­ëå ¯à®¨§¢¥¤¥­¨ï:

P1(X;Y;Z) = �X(Y Z) + hX;Y iZ + hY;ZiX � hZ;XiY ;
P2(X;Y;Z) = �(XY )Z + hX;Y iZ + hY;ZiX � hZ;XiY:

�¤¥áì X;Y;Z 2 O, h�; �i | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ O, X ! X | ®¯¥à â®à á®¯àï¦¥­¨ï ¢ O.
�à¨ íâ®¬ «î¡®¥ ¤àã£®¥ 3-¢¥ªâ®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢  «£¥¡à¥ ®ªâ ¢ ¨§®¬®àä­® ®¤­®¬ã ¨§ ¢ëè¥-
¯à¨¢¥¤¥­­ëå.

�á«¨ M 6 � O | 6-¬¥à­®¥ ®à¨¥­â¨àã¥¬®¥ ¯®¤¬­®£®®¡à §¨¥, â® ­  ­¥¬ ¨­¤ãæ¨àã¥âáï ¯®çâ¨
íà¬¨â®¢  áâàãªâãà  fJ�; h�; �ig, ®¯à¥¤¥«ï¥¬ ï ¢ ª ¦¤®© â®çª¥ p 2 M 6 á®®â­®è¥­¨¥¬ J�(X) =
P�(X; e1; e2), � = 1; 2, £¤¥ fe1; e2g | ¯à®¨§¢®«ì­ë© ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ­®à¬ «ì­®£® ª
M 6 ¯®¤¯à®áâà ­áâ¢  ¢ â®çª¥ p, X 2 Tp(M 6) [14]. �®çâ¨ íà¬¨â®¢® ¬­®£®®¡à §¨¥ ­ §ë¢ ¥âáï
ª¥«¥à®¢ë¬, ¥á«¨rJ = 0, £¤¥ r | à¨¬ ­®¢  á¢ï§­®áâì ¬¥âà¨ª¨ ­  íâ®¬ ¬­®£®®¡à §¨¨.

� ¯®¬­¨¬ [3], çâ® â®çª  p 2 M 6 ­ §ë¢ ¥âáï ®¡é¥©, ¥á«¨ e0 =2 Tp(M 6), £¤¥ e0 2 O | ¥¤¨­¨-
æ   «£¥¡àë �í«¨. �®¤¬­®£®®¡à §¨¥, á®áâ®ïé¥¥ â®«ìª® ¨§ ®¡é¨å â®ç¥ª, ­ §ë¢ ¥âáï ¯®¤¬­®£®-
®¡à §¨¥¬ ®¡é¥£® â¨¯  [3], [15]. �â¬¥â¨¬, çâ® ¢ [3] ¯à¨¢®¤¨âáï ¯®«­ ï ª« áá¨ä¨ª æ¨ï 6-¬¥à­ëå
ª¥«¥à®¢ëå ¯®¤¬­®£®®¡à §¨©  «£¥¡àë ®ªâ ¢.

2. �ãáâì N | ®à¨¥­â¨àã¥¬ ï £¨¯¥à¯®¢¥àå­®áâì íà¬¨â®¢  ¯®¤¬­®£®®¡à §¨ï M 6 � O, � |
¢â®à ï ª¢ ¤à â¨ç­ ï ä®à¬  ¥¥ ¯®£àã¦¥­¨ï ¢ M 6. � ª ¨§¢¥áâ­® [7], [16], ­  N ¢­ãâà¥­­¨¬ ®¡à -
§®¬ ¨­¤ãæ¨àã¥âáï ¯®çâ¨ ª®­â ªâ­ ï ¬¥âà¨ç¥áª ï áâàãªâãà . � ¯®¬­¨¬ [17], çâ® ¯®çâ¨ ª®­â ªâ-
­®© ¬¥âà¨ç¥áª®© áâàãªâãà®© ­  ¬­®£®®¡à §¨¨ N ­ §ë¢ ¥âáï â ª ï á¨áâ¥¬  f�; �; �; gg â¥­§®à­ëå
¯®«¥© ­  íâ®¬ ¬­®£®®¡à §¨¨, çâ® � | ¢¥ªâ®à­®¥ ¯®«¥, � | ª®¢¥ªâ®à­®¥ ¯®«¥, � | ¯®«¥ â¥­§®à 
â¨¯  (1; 1), g | à¨¬ ­®¢  ¬¥âà¨ª  ­  N . �à¨ íâ®¬

�(�) = 1; �(�) = 0; � � � = 0; �2 = �id+ � 
 �;

h�X;�Y i = hX;Y i � �(X)�(Y ); X; Y 2 X(N):

�®çâ¨ ª®­â ªâ­ ï ¬¥âà¨ç¥áª ï áâàãªâãà  ­ §ë¢ ¥âáï ª®á¨¬¯«¥ªâ¨ç¥áª®©, ¥á«¨ r� = r� = 0.
�­®£®®¡à §¨¥, ­ ¤¥«¥­­®¥ â ª®© áâàãªâãà®©, «®ª «ì­® íª¢¨¢ «¥­â­o ¯à®¨§¢¥¤¥­¨î ª¥«¥à®¢ 
¬­®£®®¡à §¨ï ­  ¢¥é¥áâ¢¥­­ãî ¯àï¬ãî [18]. �¨¯®¢ë¬ ç¨á«®¬ £¨¯¥à¯®¢¥àå­®áâ¨ à¨¬ ­®¢  ¬­®-
£®®¡à §¨ï ­ §ë¢ îâ à ­£ ¥¥ ¢â®à®© ª¢ ¤à â¨ç­®© ä®à¬ë (á¬., ­ ¯à., [19]).

�¥®à¥¬  1. �¨¯®¢®¥ ç¨á«® ¢áïª®© ª®á¨¬¯«¥ªâ¨ç¥áª®© £¨¯¥à¯®¢¥àå­®áâ¨ 6-¬¥à­®£® ª¥«¥à®-
¢  ¯®¤¬­®£®®¡à §¨ï  «£¥¡àë �í«¨ ­e ¯à¥¢®áå®¤¨â ¥¤¨­¨æë.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¯¥à¢®© £àã¯¯®© áâàãªâãà­ëå ãà ¢­¥­¨© ¯®çâ¨ ª®­â ªâ-
­®© ¬¥âà¨ç¥áª®© áâàãªâãàë ­  £¨¯¥à¯®¢¥àå­®áâ¨ íà¬¨â®¢  ¬­®£®®¡à §¨ï [9], [20]:

d!� = !�
� ^ !� +B��


!

 ^ !� + (

p
2B�n

� + i��� )!
� ^ ! +

+
�
� 1p

2
B��

n + i���
�
!� ^ !;
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d!� = �!�
� ^ !� +B��


!
 ^ !� + (
p
2B�n

� � i���)!� ^ ! +

+
�
� 1p

2
B��

n � i���

�
!� ^ !; (1)

d! = (
p
2Bn�

� �
p
2Bn�

� � 2i��� )!
� ^ !� + (Bn�

n + i�n�)! ^ !� +

+ (Bn�
n � i��n)! ^ !�;

£¤¥ fBab
cg ¨ fBab

cg | ª®¬¯®­¥­âë ¢¨àâã «ì­ëå â¥­§®à®¢ �¨à¨ç¥­ª® I ¨ II à®¤  á®®â¢¥âáâ¢¥­­®
[21]. �à¨ íâ®¬ �; �; 
 = 1; : : : ; n�1; a; b; c = 1; : : : ; n. �à¬¨â®¢® ¬­®£®®¡à §¨¥ ï¢«ï¥âáï ª¥«¥à®¢ë¬
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [22]

Bab
c = Bab

c = 0:

�®íâ®¬ã ¢ ª¥«¥à®¢®¬ á«ãç ¥ ãà ¢­¥­¨ï (1) § ¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

d!� = !�
� ^ !� + i���!

� ^ ! + i���!� ^ !;
d!� = �!�

� ^ !� � i���!� ^ ! � i���!
� ^ !;

d! = �2i���!� ^ !� + i�n�! ^ !� � i��n! ^ !�:

�®áª®«ìªã ¯¥à¢ ï £àã¯¯  áâàãªâãà­ëå ãà ¢­¥­¨© ª®á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë ¤®«¦­ 
¨¬¥âì ¢¨¤ [17]

d!� = !�
� ^ !�;

d!� = �!�
� ^ !�;

d! = 0;

â® ãá«®¢¨ï, ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ªà¨â¥à¨¨ ª®á¨¬¯«¥ªâ¨ç­®áâ¨ £¨¯¥à¯®¢¥àå­®áâ¨ N ¨¬¥îâ
¢¨¤

��� = 0; ��� = 0; ��n = 0: (2)

� á¨«ã ¯®«ãç¥­­ëå à ¢¥­áâ¢ (2) ¬ âà¨æ  ¢â®à®© ª¢ ¤à â¨ç­®© ä®à¬ë £¨¯¥à¯®¢¥àå­®áâ¨ N
6-¬¥à­®£® ª¥«¥à®¢  ¯®¤¬­®£®®¡à §¨ï  «£¥¡àë �í«¨ ¨¬¥¥â ¢¨¤

� =

0
BBBB@
0 0 0 0 0
0 0 0 0 0
0 0 �33 0 0
0 0 0 0 0
0 0 0 0 0

1
CCCCA : (3)

�ç¥¢¨¤­®, à ­£ � ­¥ ¯à¥¢®áå®¤¨â ¥¤¨­¨æë.

�®áª®«ìªã ¢áïª®¥ 6-¬¥à­®¥ W4-¯®¤¬­®£®®¡à §¨¥  «£¥¡àë ®ªâ ¢ ï¢«ï¥âáï ª¥«¥à®¢ë¬ [22], ¨§
¤®ª § ­­®© â¥®à¥¬ë ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �¨¯®¢®¥ ç¨á«® ¢áïª®© ª®á¨¬¯«¥ªâ¨ç¥áª®© £¨¯¥à¯®¢¥àå­®áâ¨ 6-¬¥à­®£® W4-¯®¤-
¬­®£®®¡à §¨ï  «£¥¡àë �í«¨ ­¥ ¯à¥¢®áå®¤¨â ¥¤¨­¨æë.

�â¬¥â¨¬, çâ® ¥á«¨ ¯®¤¬­®£®®¡à §¨¥ M 6 � O íà¬¨â®¢®, â® â¨¯®¢®¥ ç¨á«® ¥£® ª®á¨¬¯«¥ªâ¨-
ç¥áª®© £¨¯¥à¯®¢¥àå­®áâ¨ ­¥ ¯à¥¢®áå®¤¨â âà¥å [10].

� [10] ¤®ª § ­® â ª¦¥, çâ® ª®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå­®áâì 6-¬¥à­®£® íà¬¨â®¢  (  §­ -
ç¨â, ¢ ç áâ­®áâ¨, ¨ ª¥«¥à®¢ ) ¯®¤¬­®£®®¡à §¨ï ®¡é¥£® â¨¯   «£¥¡àë ®ªâ ¢ ï¢«ï¥âáï ¬¨­¨¬ «ì-
­®© ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ¤«ï ¥¥ ¢â®à®© ª¢ ¤à â¨ç­®© ä®à¬ë ¢ë¯®«­ï¥âáï ãá«®¢¨¥

�33 � 0: (4)

�ãáâì N | ¬¨­¨¬ «ì­ ï ª®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå­®áâì 6-¬¥à­®£® ª¥«¥à®¢  ¯®¤¬­®-
£®®¡à §¨ï ®¡é¥£® â¨¯   «£¥¡àë �í«¨. � íâ®¬ á«ãç ¥ ¨§ (3) ¨ (4) á«¥¤ã¥â, çâ® ¬ âà¨æ  ¢â®à®©
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ª¢ ¤à â¨ç­®© ä®à¬ë ï¢«ï¥âáï ­ã«¥¢®©, ¨, á«¥¤®¢ â¥«ì­®, £¨¯¥à¯®¢¥àå­®áâì ¡ã¤¥â ¢¯®«­¥ £¥®¤¥-
§¨ç¥áª®©. �ç¥¢¨¤­® ¨ ®¡à â­®¥: ¢áïª ï ¢¯®«­¥ £¥®¤¥§¨ç¥áª ï ª®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå-
­®áâì ª¥«¥à®¢  M 6 � O ï¢«ï¥âáï ¥£® ¬¨­¨¬ «ì­ë¬ ¯®¤¬­®£®®¡à §¨¥¬.

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  2. �®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå­®áâì N 6-¬¥à­®£® ª¥«¥à®¢  ¯®¤¬­®£®®¡à §¨ï

M 6 ®¡é¥£® â¨¯   «£¥¡àë �í«¨ ï¢«ï¥âáï ¬¨­¨¬ «ì­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  N | ¢¯®«­¥

£¥®¤¥§¨ç¥áª®¥ ¯®¤¬­®£®®¡à §¨¥ ¬­®£®®¡à §¨ï M 6.

�â¬¥â¨¬, çâ® ¥á«¨ M 6 | íà¬¨â®¢® ¯®¤¬­®£®®¡à §¨¥  «£¥¡àë ®ªâ ¢, â® ãá«®¢¨¥ ¬¨­¨¬ «ì-
­®áâ¨ N ¢ M 6, ®áâ ¢ ïáì ­¥®¡å®¤¨¬ë¬ ¤«ï ¢¯®«­¥ £¥®¤¥§¨ç­®áâ¨ N , ¤®áâ â®ç­ë¬ ­¥ ¡ã¤¥â [10].

�¢â®à áç¨â ¥â á¢®¥© ¯à¨ïâ­®© ®¡ï§ ­­®áâìî ¯®¡« £®¤ à¨âì § ¢¥¤ãîé¥£® ª ä¥¤à®© £¥®¬¥-
âà¨¨ ���� ¯à®ä¥áá®à  � ¤¨¬  �¥¤®à®¢¨ç  �¨à¨ç¥­ª® ¨ ¯à®ä¥áá®à  ª ä¥¤àë £¥®¬¥âà¨¨ �á-
áª®£® ã­¨¢¥àá¨â¥â  \�«¥ªá ­¤àã �®­ �ã§ " � á¨«¥ �¯à®î, çì¨ æ¥­­ë¥ á®¢¥âë ¨ § ¬¥ç ­¨ï
¡ë«¨ ¢¥áì¬  ¯®«¥§­ë ­  à §­ëå áâ ¤¨ïå ­ ¯¨á ­¨ï ¤ ­­®© áâ âì¨.
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