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�®¯à®áë áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ìëå ®£à ¨ç¥ëå £ à¬®¨ç¥áª¨å äãªæ¨©   à¨¬ ®-
¢ëå ¬®£®®¡à §¨ïå ¢ ¨å á¢ï§¨ á £¥®¬¥âà¨¥© ¬®£®®¡à §¨© ¨§ãç «¨áì àï¤®¬  ¢â®à®¢. �« áá¨-
ç¥áª ï â¥®à¥¬  �¨ã¢¨««ï ãâ¢¥à¦¤ ¥â, çâ® ¢áïª ï ®£à ¨ç¥ ï £ à¬®¨ç¥áª ï ¢ Rn äãªæ¨ï
ï¢«ï¥âáï â®¦¤¥áâ¢¥®© ¯®áâ®ï®©. � «®£¨çë© à¥§ã«ìâ â ¡ë« ¯®«ãç¥ �ã [1], ª®â®àë© ¤®-
ª § «, çâ® «î¡ ï ¯®«®¦¨â¥«ì ï £ à¬®¨ç¥áª ï äãªæ¨ï   ¬®£®®¡à §¨¨ ¥®âà¨æ â¥«ì®©
ªà¨¢¨§ë �¨çç¨ ï¢«ï¥âáï ¯®áâ®ï®©. � ¤àã£®© áâ®à®ë, �ã««¨¢  [2] ¨ �¤¥àá® [3] ¯®ª -
§ «¨, çâ®   ®¤®á¢ï§ëå ¬®£®®¡à §¨ïå ®âà¨æ â¥«ì®© ªà¨¢¨§ë áãé¥áâ¢ãîâ ¥âà¨¢¨ «ìë¥
£ à¬®¨ç¥áª¨¥ äãªæ¨¨. �®«¥¥ â®£®, ®¨ ¤®ª § «¨ à §à¥è¨¬®áâì § ¤ ç¨ �¨à¨å«¥ á ¥¯à¥àë¢-
ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨   â ª¨å ¬®£®®¡à §¨ïå. � [4] ãáâ ®¢«¥®, çâ® £¥®¬¥âà¨ç¥áª ï
£à ¨æ  ¯®«®£® ¬®£®®¡à §¨ï ®âà¨æ â¥«ì®© ªà¨¢¨§ë £®¬¥®¬®àä  ¥£® £à ¨æ¥ � àâ¨ .
�ï¤®¬  ¢â®à®¢ à¥è «¨áì   «®£¨çë¥ § ¤ ç¨ ¤«ï «¨¥©ëå í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¡®«¥¥
®¡é¨å, ç¥¬ ãà ¢¥¨¥ � ¯« á {�¥«ìâà ¬¨ ( ¯à., [5]{[7]).

�  ï à ¡®â  ¯®á¢ïé¥  ¨§ãç¥¨î ¯®¢¥¤¥¨ï ®£à ¨ç¥ëå à¥è¥¨© ãà ¢¥¨ï ¢¨¤ 

Lu = �u� c(x)u = 0; (1)

£¤¥ c(x) | £« ¤ª ï, ¥®âà¨æ â¥«ì ï äãªæ¨ï,   à¨¬ ®¢ëå ¬®£®®¡à §¨ïå ¥ª®â®à®£® á¯¥æ¨-
 «ì®£® ¢¨¤ .

�ãáâì M | ¯®«®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï M = B [D,
£¤¥ B | ¥ª®â®àë© ª®¬¯ ªâ,   D ¨§®¬¥âà¨ç® ¯àï¬®¬ã ¯à®¨§¢¥¤¥¨î R+� S (R+ = (0;+1),  
S | ª®¬¯ ªâ®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥) á ¬¥âà¨ª®©

ds2 = h2(r)dr2 + g2(r)d�2:

�¤¥áì h(r) ¨ g(r) | ¯®«®¦¨â¥«ìë¥, £« ¤ª¨¥   R+ äãªæ¨¨,   d�2 | ¬¥âà¨ª    S. �à¨¬¥à ¬¨
â ª¨å ¬®£®®¡à §¨© ¬®£ãâ á«ã¦¨âì ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® (h(r) = 1, g(r) = r), ¯à®áâà áâ¢®
�®¡ ç¥¢áª®£® (h(r) = 1, g(r) = sh r), ¯®¢¥àå®áâì, ¯®«ãç¥ ï ¢à é¥¨¥¬ £à ä¨ª  äãªæ¨¨ f(r)
¢®ªàã£ «ãç  Or ¢ Rn (h(r) =

p
1 + jf 0(r)j2, g(r) = f(r)), ¨ ¤àã£¨¥.

�ã¤¥¬ £®¢®à¨âì, çâ®   ¬®£®®¡à §¨¨ M ¢ë¯®«¥  ¤¢ãáâ®à®ïï â¥®à¥¬  �¨ã¢¨««ï, ¥á«¨
¢áïª®¥ ®£à ¨ç¥®¥ ¯® ¬®¤ã«î à¥è¥¨¥ ãà ¢¥¨ï (1)   M ï¢«ï¥âáï â®¦¤¥áâ¢¥ë¬ ã«¥¬.

�ã¤¥¬ £®¢®à¨âì, çâ®   ¬®£®®¡à §¨¨ M ®¤®§ ç® à §à¥è¨¬  § ¤ ç  �¨à¨å«¥, ¥á«¨ ¤«ï
«î¡®© ¥¯à¥àë¢®©   S äãªæ¨¨ �(�) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ u(x) ãà ¢¥¨ï (1),
ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

lim
r!1

u(r; �) = �(�):

� ¤ «ì¥©è¥¬ áç¨â ¥âáï, çâ®   D ¢ë¯®«¥® ãá«®¢¨¥ c(r; �) � c(r).

� ¬¥ç ¨¥ 1 ([7]). �ãáâì 0 � c(x) � Ac1(x), £¤¥ A = const > 0, c 6� 0. �®£¤ , ¥á«¨ ¢ë¯®«¥ 
¤¢ãáâ®à®ïï «¨ã¢¨««¥¢  â¥®à¥¬  ¤«ï ãà ¢¥¨ï �v � c(x)v = 0, â® ®  ¢ë¯®«¥  ¨ ¤«ï
ãà ¢¥¨ï �v � c1(x)v = 0.
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�®«®¦¨¬

I =
Z 1

r0

h(t)g1�n(t)
�Z t

r0

(h(�)gn�3(�) + c(�)h(�)gn�1(�)) d�
�
dt;

£¤¥ r0 = const > 0, n = dimM .

�¥®à¥¬ . �) �á«¨ à¨¬ ®¢® ¬®£®®¡à §¨¥M â ª®¢®, çâ® I <1, â® ¤«ï «î¡®© ¥¯à¥àë¢®©

  S äãªæ¨¨ �(�) ®¤®§ ç® à §à¥è¨¬    M § ¤ ç  �¨à¨å«¥ ¤«ï ãà ¢¥¨ï (1).
�) �á«¨   M ¢ë¯®«¥® å®âï ¡ë ®¤® ¨§ ãá«®¢¨©

Z 1

r0

h(t)g1�n(t) dt =1

¨«¨ Z 1

r0

h(t)g1�n(t)
�Z t

r0

c(�)h(�)gn�1(�) d�
�
dt =1;

â® ¢áïª®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1)   M â®¦¤¥áâ¢¥® à ¢® ã«î.

) �á«¨ M â ª®¢®, çâ® I =1 ¨ ¥ ¢ë¯®«¥ë ãá«®¢¨ï ¯. �) â¥®à¥¬ë, â®   M áãé¥áâ¢ã¥â

¥âà¨¢¨ «ì®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ u(x) ãà ¢¥¨ï (1), ¤«ï ª®â®à®£® áãé¥áâ¢ã¥â ª®¥çë©

¯à¥¤¥« lim
r!1

u(r; �), ¥ § ¢¨áïé¨© ®â �.

� ¬¥ç ¨¥ 2. �á«¨ c(x) � 0, â® ¯¯.�) ¨ ) ¢ â¥®à¥¬¥ § ¬¥ïîâáï   á«¥¤ãé¥¥ ãâ¢¥à¦¤¥¨¥,
¤®ª § ®¥ à ¥¥ ¢ [8]. �á«¨ M â ª®¢®, çâ® I = 1, â®   ¥¬ ¢áïª ï ®£à ¨ç¥ ï £ à¬®¨-

ç¥áª ï äãªæ¨ï ï¢«ï¥âáï â®¦¤¥áâ¢¥®© ª®áâ â®©.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �®ª ¦¥¬ c ç «  ¯.�) â¥®à¥¬ë. �ãáâì �(�) | ¯à®¨§¢®«ì ï
¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ï   S äãªæ¨ï. �®ª ¦¥¬ ¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬ . �ãáâì à¨¬ ®¢® ¬®£®®¡à §¨¥ M â ª®¢®, çâ® I <1. �®£¤  ¤«ï «î¡ëå £« ¤ª¨å  

S äãªæ¨© �(�) ¨ 	(�) áãé¥áâ¢ã¥â à¥è¥¨¥ u(r; �) ¢¥è¥© § ¤ ç¨ �¨à¨å«¥  M nB ãà ¢¥¨ï

(1), ¤«ï ª®â®à®£® u(r0; �) = 	(�) ¨ lim
r!1

u(r; �) = �(�).

�®ª § â¥«ìáâ¢® «¥¬¬ë. � ¬¥â¨¬, çâ® ¢ ª®®à¤¨ â å (r; �)   D ®¯¥à â®à L = � � c(r)
¨¬¥¥â ¢¨¤

L =
1

h2(r)
@2

@r2
+

1
h2(r)

h
(n� 1)

g0(r)
g(r)

�
h0(r)
h(r)

i @
@r

+
1

g2(r)
�� � c(r); (2)

£¤¥ �� | ¢ãâà¥¨© « ¯« á¨    S. �®à¬ã«  ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥® ¯® ®¯à¥¤¥«¥¨î
®¯¥à â®à  � ¯« á {�¥«ìâà ¬¨ ( ¯à., [8]).

�ãáâì fwkg | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ L2(S) ¨§ á®¡áâ¢¥ëå äãªæ¨© ®¯¥à â®à  ��,  
f�kg | á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥ë¥ ç¨á« . �®£¤  ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥¨ï

�(�)
L2(S)
=

1X
k=0

ckwk(�); 	(�)
L2(S)
=

1X
k=0

zkwk(�);

£¤¥

ck =
Z
S

�(�)wk(�) d�; zk =
Z
S

	(�)wk(�) d�;

¨ ¤«ï «î¡®£® r ¨¬¥¥¬

u(r; �)
L2(S)
=

1X
k=0

vk(r)wk(�);

£¤¥

vk(r) =
Z
S
u(r; �)wk(�) d�; ��wk(�) + �kwk(�) = 0:

42



�§ (2) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¨¤¥ªá  k äãªæ¨ï vk(r) ï¢«ï¥âáï à¥è¥¨¥¬ ®¡ëª®¢¥®£®
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

v00k (r) +
h
(n� 1)

g0(r)
g(r)

�
h0(r)
h(r)

i
v0k(r)�

h
�k
h2(r)
g2(r)

+ h2(r)c(r)
i
vk(r) = 0; (3)

ª®â®à®¥ íª¢¨¢ «¥â® ãà ¢¥¨î

hgn�1(r)
h(r)

v0k(r)
i0
=
h
�kh(r)g

n�3(r) + c(r)gn�1(r)h(r)
i
vk(r):

�®á«¥ ¨â¥£à¨à®¢ ¨ï ¥£® ®â r0 ¤® r ¯®«ãç¨¬

v0k(r) =
h(r)

gn�1(r)

Z r

r0

[�kh(�)g
n�3(�) + c(�)h(�)gn�1(�)]vk(�) d� +

v0k(r0)g
n�1(r0)

h(r0)
h(r)

gn�1(r)
: (4)

�â¥£à¨àãï ¥é¥ à § ®â r0 ¤® r, ¨¬¥¥¬

vk(r) =
Z r

r0

h(t)
gn�1(t)

Z t

r0

[�kh(�)g
n�3(�) + c(�)gn�1(�)h(�)]vk(�) d� dt+

+
v0k(r0)g

n�1(r0)
h(r0)

Z r

r0

h(t)
gn�1(t)

dt+ vk(r0): (5)

� ª ª ª u(r0; �) = 	(�), â® ¤«ï «î¡®£® k = 0; 1; 2; : : : vk(r0) = zk. �®ª ¦¥¬, çâ® ¯® § ç¥¨ï¬
vk(r0) = zk ¨ ck ¬®¦® ¯®¤®¡à âì § ç¥¨¥ v0k(r0) â ª, çâ® á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ ãà ¢¥¨ï
(3) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î lim

r!1
vk(r) = ck ¤«ï ¢á¥å k = 0; 1; 2; : : :

�¥à¥®¡®§ ç¨¬ à¥è¥¨¥ ãà ¢¥¨ï (3) vk(r) c £à ¨çë¬¨ ãá«®¢¨ï¬¨ vk(r0) = 1, v0k(r0) = 0
ç¥à¥§ lk(r). �®£¤  ¨§ (4) á«¥¤ã¥â, çâ® lk(r) | ¬®®â®® ¢®§à áâ îé ï, ¯®«®¦¨â¥«ì ï äãªæ¨ï
  «ãç¥ (r0;+1) [8].

�®ª ¦¥¬ ®£à ¨ç¥®áâì lk(r)   (r0;+1). � ª ª ª lk(r) ¬®®â®® ¢®§à áâ ¥â   (r0;+1)
¨ ¯®«®¦¨â¥«ì , â® ¨§ (4) á«¥¤ã¥â, çâ®

l0k(r) � h(r)g1�n(r)lk(r)
Z r

r0

[�kh(�)gn�3(�) + c(�)h(�)gn�1(�)] d�:

�âáî¤ 

[ln lk(r)]
0 �

h(r)
gn�1(r)

Z r

r0

[�kh(�)g
n�3(�) + c(�)h(�)gn�1(�)] d�:

�â¥£à¨àãï ¤ ®¥ ¥à ¢¥áâ¢® ®â r0 ¤® r, ¯®«ãç ¥¬

lk(r) � exp
�Z r

r0

h(t)
gn�1(t)

�Z t

r0

[�kh(�)g
n�3(�) + c(�)gn�1(�)] d�

�
dt

�
:

�§ ãá«®¢¨ï I <1 ¨¬¥¥¬ ®£à ¨ç¥®áâì lk(r).
�§ ¬®®â®®£® ¢®§à áâ ¨ï ¨ ®£à ¨ç¥®áâ¨ äãªæ¨¨ lk(r) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯à¥¤¥« 

lim
r!1

lk(r) = bk ¤«ï ¢á¥å k = 0; 1; 2; : : : , ¯à¨ç¥¬ bk > 0.

� áá¬®âà¨¬ â¥¯¥àì à¥è¥¨¥ ãà ¢¥¨ï (3) á £à ¨çë¬¨ ãá«®¢¨ï¬¨ vk(r0)=0, v0k(r0)=1. �¡®-
§ ç¨¬ ¥£® mk(r). �®ç® â ª ¦¥, ª ª ¨ ¤«ï lk(r), ¤®ª §ë¢ ¥âáï, çâ® mk(r) ¬®®â®® ¢®§à áâ ¥â
¨ ®£à ¨ç¥    (r0;+1). �§ ¬®®â®®£® ¢®§à áâ ¨ï ¨ ®£à ¨ç¥®áâ¨ äãªæ¨¨ á«¥¤ã¥â áã-
é¥áâ¢®¢ ¨¥ ¯à¥¤¥« 

lim
r!+1

mk(r) = dk

¤«ï ¢á¥å k = 0; 1; 2; : : : , ¯à¨ç¥¬ dk > 0.
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�§ «¨¥©®áâ¨ ãà ¢¥¨ï (3) «î¡®¥ ¥£® à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ vk(r) = a1lk(r) +
a2mk(r), £¤¥ a1, a2 | ¥ª®â®àë¥ ª®áâ âë. �§ ãá«®¢¨© vk(r0) = zk, ck = lim

r!+1
vk(r) «¥£ª®  ©â¨,

çâ® a1 = zk, a2 = (ck � zkbk)=dk. �®£¤  ¨áª®¬®¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤

vk(r) = zklk(r) +
ck � zkbk

dk
mk(r); ¯à¨ç¥¬ v0k(r0) =

ck � zkbk
dk

:

�à®¬¥ â®£®, «¥£ª® ¯®ª § âì, çâ® à¥è¥¨¥ vk(r) ãà ¢¥¨ï (3), ¯®«ãç¥®¥ ¢ëè¥, ã¤®¢«¥â¢®-
àï¥â ¥à ¢¥áâ¢ã jvk(r)j � jzkj+ jckj ¤«ï ¢á¥å r � r0.

� «¥¥ ¤®ª ¦¥¬, çâ® àï¤
1P
k=0

vk(r)wk(�) à ¢®¬¥à® áå®¤¨âáï   (r0;+1).

�á¯®«ì§ãï ä®à¬ã«ã �à¨  ¨ ®¯à¥¤¥«¥¨¥ wk(�), ¤«ï k 6= 0 ¯®«ãç ¥¬

jckj =
���
Z
S
�(�)wk(�) d�

��� = 1
�k

���
Z
S
�(�)��wk(�) d�

��� = 1
�k

���
Z
S
���(�)wk(�) d�

���:
�à¨¬¥ïï ä®à¬ã«ã �à¨  p1 à § (p1 | ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®), ¯®«ãç¨¬

jckj =
1
�p1k

���
Z
S

�p1
� �(�)wk(�) d�

���:
�à¨¬¥ïï ª ¯à ¢ë¬ ç áâï¬ ¥à ¢¥áâ¢® �®è¨{�ãïª®¢áª®£®, ¨¬¥¥¬

jckj �
1
�p1k

�Z
S

(�p1
� �(�))

2 d�

�1=2�Z
S

w2
k(�) d�

�1=2
=

a

�p1k
;

£¤¥ a | ª®áâ â , § ¢¨áïé ï ®â S ¨ p1.
�§  á¨¬¯â®â¨ª¨ �¥©«ï [9] á«¥¤ã¥â, çâ® �k � a1k

2

n�1 , £¤¥ a1 | ª®áâ â , § ¢¨áïé ï ®â S.
�®íâ®¬ã jckj � a=(ap11 k

2p2
n�1 ). �§ â¥®à¥¬ë ¢«®¦¥¨ï �®¡®«¥¢  ¨ áâ ¤ àâëå í««¨¯â¨ç¥áª¨å ®æ¥-

®ª ¢ëâ¥ª ¥â ®æ¥ª  jwk(�)j < a2k
N , £¤¥ a2 ¨ N | ª®áâ âë, § ¢¨áïé¨¥ ®â ª®¬¯ ªâ  S [8].

�ç¨âë¢ ï íâ¨ ®æ¥ª¨, ¯®«ãç ¥¬ à ¢®¬¥àãî áå®¤¨¬®áâì àï¤ 
1X
k=1

jckj jwk(�)j:

� «®£¨ç® ¤®ª §ë¢ ¥âáï à ¢®¬¥à ï áå®¤¨¬®áâì àï¤ 
1X
k=1

jzkj jwk(�)j:

�§ à ¢®¬¥à®© áå®¤¨¬®áâ¨ íâ¨å àï¤®¢ ¯®«ãç ¥¬ à ¢®¬¥àãî ¨  ¡á®«îâãî áå®¤¨¬®áâì àï¤ 
1X
k=0

vk(r)wk(�)

  (r0;+1), â. ª.

���
1X
k=1

vk(r)wk(�)
��� �

1X
k=1

jvk(r)j jwk(�)j �
1X
k=1

(jzkj+ jckj)jwk(�)j =
1X
k=1

jzkj jwk(�)j+
1X
k=1

jckj jwk(�)j;

  íâ¨ ¤¢  àï¤  áå®¤ïâáï à ¢®¬¥à®.
�ç¨âë¢ ï, çâ®

lim
r!1

vk(r) = ck;

¯®«ãç ¥¬

lim
r!1

1X
k=0

vk(r)wk(�) =
1X
k=0

ckwk(�) = �(�):
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� ª¨¬ ®¡à §®¬,   M n B ãà ¢¥¨¥ Lu = �u� c(r)u = 0 à¥è ¥â äãªæ¨ï

u(r; �) =
1X
k=0

vk(r)wk(�);

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

u(r0; �) = 	(�); lim
r!1

u(r; �) = �(�);

£¤¥ �(�), 	(�) | ¯à®¨§¢®«ìë¥ ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨.

� ¬¥ç ¨¥ 3. � ãá«®¢¨ïå «¥¬¬ë à¥è¥¨ï ãà ¢¥¨ï (3) ®¡« ¤ îâ á«¥¤ãîé¨¬ á¢®©áâ¢®¬.
�á«¨ áãé¥áâ¢ã¥â r1 � r0, ¯à¨ ª®â®à®¬ vk(r1)v0k(r1) � 0 ¨ ®¤® ¨§ ç¨á¥« ®â«¨ç® ®â ã«ï, â®
à¥è¥¨¥ vk(r) ¥ ¬¥ï¥â § ª    (r1; +1) ¨ jvk(r)j ¬®®â®® ¢®§à áâ ¥â   (r1; +1).

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �® «¥¬¬¥  MnB áãé¥áâ¢ã¥â à¥è¥¨¥ u0(r; �) ¢¥è¥©
§ ¤ ç¨ �¨à¨å«¥ ãà ¢¥¨ï Lu = 0, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

u0(r0; �) = 0; lim
r!+1

u0(r; �) = �(�):

� «¥¥ à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© �i, ï¢«ïîé¨åáï à¥è¥¨ï¬¨ § ¤ ç

L�i = 0 ¢ Bi; �i j@Bi
= u0 j@Bi

;

£¤¥ fBig| ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¯à¥¤ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢M , ¨¬¥îé¨å £« ¤-
ª¨¥ £à ¨æë ¨ ¨áç¥à¯ë¢ îé¨å M .

�® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 

sup
Bi

j�ij = sup
@Bi

j�ij = sup
@Bi

ju0j � sup
�
j�(�)j:

�âáî¤  á«¥¤ã¥â à ¢®¬¥à ï ®£à ¨ç¥®áâì á¥¬¥©áâ¢  äãªæ¨© f�ig   M .
� «¥¥ ¤«ï ª ¦¤®© â®çª¨ x 2 M cãé¥áâ¢ã¥â ®ªà¥áâ®áâì O(x) � M , £®¬¥®¬®àä ï Rn,  

â ª¦¥ áãé¥áâ¢ã¥â ®¬¥à I(x),  ç¨ ï á ª®â®à®£® O(x) � Bi ¨, á«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å i >
I(x) ¢ë¯®«¥® L�i = 0 ¢ O(x). �à®¬¥ â®£®, ®¯¥à â®à L ï¢«ï¥âáï áâà®£® í««¨¯â¨ç¥áª¨¬,  
¥£® ª®íää¨æ¨¥âë | £« ¤ª¨¬¨ äãªæ¨ï¬¨. �®£¤  ¤«ï «î¡®£® ¯à¥¤ª®¬¯ ªâ®£® ¯®¤¬®¦¥áâ¢ 

0 � O(x) â ª®£®, çâ® dist(
0; @O(x)) � d > 0, ¨ ¤«ï ¢á¥å äãªæ¨© �i, i > I(x), ¢ë¯®«¥ 
¢ãâà¥ïï ®æ¥ª  � ã¤¥à  ([10], á. 94{95)

d sup
k
sup

0

��� @�i
@xk

(x)
���+ d2 sup

k;p
sup

0

��� @2�i
@xk@xp

(x)
���+

+ d2 sup
j;k;l;p

sup
x;y2
0

x6=y

��� @2�i
@xk@xp

(x)�
@2�i
@xj@xl

(y)
��� � C sup

O(x)

j�i(x)j;

£¤¥ C | ª®áâ â , § ¢¨áïé ï ®â á¢®©áâ¢ ®¯¥à â®à  L, n ¨ ®¡« áâ¨ O(x). �§ ¤ ®© ®æ¥-
ª¨ á ãç¥â®¬ à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ á¥¬¥©áâ¢  äãªæ¨© f�ig   M á«¥¤ã¥â à ¢®áâ¥¯¥-
 ï ¥¯à¥àë¢®áâì íâ®£® á¥¬¥©áâ¢ ,   â ª¦¥ à ¢®¬¥à ï ®£à ¨ç¥®áâì ¨ à ¢®áâ¥¯¥ ï
¥¯à¥àë¢®áâì á¥¬¥©áâ¢ ¯¥à¢ëå ¨ ¢â®àëå ¯à®¨§¢®¤ëå íâ¨å äãªæ¨©   «î¡®¬ ª®¬¯ ªâ®¬
¯®¤¬®¦¥áâ¢¥ 
0 � O(x). �âáî¤  á ãç¥â®¬ á¢®©áâ¢ ª®¬¯ ªâëå ¬®¦¥áâ¢ «¥£ª® ¯®«ãç ¥âáï
ª®¬¯ ªâ®áâì á¥¬¥©áâ¢  äãªæ¨© f�ig ¢¬¥áâ¥ á á¥¬¥©áâ¢®¬ ¨å ¯¥à¢ëå ¨ ¢â®àëå ¯à®¨§¢®¤ëå
  «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ G �M .

�®ª ¦¥¬ â¥¯¥àì, çâ® áãé¥áâ¢ã¥â äãªæ¨ï u = lim
i!+1

�i. �«ï íâ®£® à áá¬®âà¨¬ ¢ Bi á«¥¤ãî-
é¨¥ § ¤ ç¨:

L i = 0 ¢ Bi;  i j@Bi
= u+0 j@Bi

;

¨
L�i = 0 ¢ Bi; �i j@Bi

= u�0 j@Bi
;
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£¤¥ u�0 = maxf0; � u0g ¨ u0 = u+0 � u�0 . �®£¤  �i =  i � �i ¤«ï ¢á¥å i. �® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ 
«¥£ª® ¤®ª §ë¢ ¥âáï, çâ® ¯®á«¥¤®¢ â¥«ì®áâ¨ à¥è¥¨© f ig ¨ f�ig ¬®®â®® ¥ ã¡ë¢ îâ ¢ ª -
¦¤®© â®çª¥ x 2 M . �à®¬¥ â®£®, ®¡  á¥¬¥©áâ¢  äãªæ¨© à ¢®¬¥à® ®£à ¨ç¥ë   M ¢ á¨«ã
¯à¨æ¨¯  ¬ ªá¨¬ã¬ . � ç¨â, áãé¥áâ¢ãîâ äãªæ¨¨ u+ = lim

i!1
 i ¨ u� = lim

i!1
�i ¨, á«¥¤®¢ â¥«ì-

®, áãé¥áâ¢ã¥â äãªæ¨ï u = u+ � u� = lim
i!1

�i, ª®â®à ï ¢ á¨«ã ª®¬¯ ªâ®áâ¨ á¥¬¥©áâ¢  f�ig

ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï Lu = 0   M .
� «¥¥ ¤®ª ¦¥¬, çâ®

lim
r!+1

u(r; �) = �(�): (6)

�¥©áâ¢¨â¥«ì®, â. ª. u = lim
i!1

�i, â® áãé¥áâ¢ã¥â u(r0; �) = lim
i!1

�i(r0; �). �¡®§ ç¨¬ U1 = min
�
u(r0; �),

U2 = max
�
u(r0; �). �®£¤  U1 � u j@B� U2,   á«¥¤®¢ â¥«ì®, U1� 1 � �ij@B � U2+1 ¯à¨ ¤®áâ â®ç®

¡®«ìè¨å i. �à®¬¥ â®£®, u0 j@B= 0:
�ãáâì A1 = minf0; U1� 1g, A2 = maxf0; U2+1g. �ç¥¢¨¤®, A1 � u0 j@B� A2. C®£« á® «¥¬¬¥

  M nB cãé¥áâ¢ãîâ à¥è¥¨ï u1(r; �) ¨ u2(r; �) ãà ¢¥¨ï Lu = 0, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

u1(r0; �) = A1; u2(r0; �) = A2

¨

lim
r!+1

u1(r; �) = lim
r!+1

u2(r; �) = �(�): (7)

�à¨¬¥ïï ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ª äãªæ¨ï¬ u0, u1, u2  M nB, ¯®«ãç ¥¬ u1(r; �) � u0(r; �) �
u2(r; �). �«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ äãªæ¨© f�ig, ®¯à¥¤¥«¥ëå à ¥¥, ¢ë¯®«¥ë ¥à ¢¥áâ¢ 
u1 j@Bi

� �i j@Bi
= u0 j@Bi

� u2 j@Bi
¤«ï ¤®áâ â®ç® ¡®«ìè¨å i. � ç¨â, ¯à¨¬¥ïï ¯à¨æ¨¯ ¬ ªá¨¬ã-

¬  ª äãªæ¨ï¬ f�ig, £¤¥ i ¤®áâ â®ç® ¡®«ìè®¥, ¢ ®¡« áâ¨ Bi nB ¨¬¥¥¬ u1 � �i � u2. �¥à¥å®¤ï ª
¯à¥¤¥«ã ¯à¨ i!1,   M nB § ¯¨è¥¬ u1 � u � u2. �ç¨âë¢ ï (7), ¯®«ãç¨¬ (6). � ª¨¬ ®¡à §®¬,
  ¬®£®®¡à §¨¨M à¥è¥  § ¤ ç  �¨à¨å«¥ ¤«ï «î¡®© ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨
�(�).

�ãáâì â¥¯¥àì   S § ¤   ¥¯à¥àë¢ ï äãªæ¨ï �(�), f�ig | ¯®á«¥¤®¢ â¥«ì®áâì ¡¥áª®-
¥ç® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©, à ¢®¬¥à® áå®¤ïé ïáï ª �, fuig | ¯®á«¥¤®¢ â¥«ì®áâì
à¥è¥¨© § ¤ ç¨ �¨à¨å«¥   M á £à ¨çë¬¨ äãªæ¨ï¬¨ �i. �® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¯®«ãç -
¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fuig à ¢®¬¥à® áå®¤¨âáï   M . �¥©áâ¢¨â¥«ì®, ¤«ï «î¡®£® " > 0
  M ¢ë¯®«¥®

jui � uj j � sup
M
jui � uj j � sup

�
j�i(�)� �j(�)j �

"

2
< ";

£¤¥ i, j ¤®áâ â®ç® ¡®«ìè¨¥, çâ® à ¢®á¨«ì® à ¢®¬¥à®© áå®¤¨¬®áâ¨ fuig.
�¡®§ ç¨¬ u = lim

i!1
ui. �§ à ¢®¬¥à®© áå®¤¨¬®áâ¨ á«¥¤ã¥â à ¢®¬¥à ï ®£à ¨ç¥®áâì

á¥¬¥©áâ¢  fuig   M . � ª ¨ ¢ëè¥, ¤®ª §ë¢ ¥âáï à ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì íâ®£® á¥¬¥©-
áâ¢ ,   â ª¦¥ à ¢®¬¥à ï ®£à ¨ç¥®áâì ¨ à ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì á¥¬¥©áâ¢ ¯¥à¢ëå ¨
¢â®àëå ¯à®¨§¢®¤ëå äãªæ¨© fuig   «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ G � M . � § ç¨â, á¥-
¬¥©áâ¢® fuig ª®¬¯ ªâ® ¢ ª« áá¥ ¤¢ ¦¤ë ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©  M . �§ ª®¬¯ ªâ®áâ¨
á¥¬¥©áâ¢  fuig c«¥¤ã¥â, çâ® äãªæ¨ï u ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ �¨à¨å«¥   M á £à ¨ç®©
äãªæ¨¥© �(�). �¥à¢ ï ç áâì â¥®à¥¬ë ¤®ª §  .

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ¯¯.�) ¨ ) â¥®à¥¬ë. �ãáâì I = 1. �®ª ¦¥¬ á ç « , çâ® ¢
ãá«®¢¨ïå â¥®à¥¬ë ¤«ï «î¡®£® ®¬¥à  k � 1 ¤«ï à¥è¥¨ï ãà ¢¥¨ï (3) ¢ë¯®«¥®

lim
r!1

vk(r) = 0: (8)

�¥£ª® ¯®ª § âì, çâ® ¥á«¨ ¯à¨ ª ª®¬-â® r1 � r0 ¢ë¯®«¥® v0k(r1)vk(r1) � 0, ¯à¨ç¥¬ v0k(r1)
¨ vk(r1) ¥ à ¢ë ã«î ®¤®¢à¥¬¥®, â® ¨§ (5) á«¥¤ã¥â, çâ® jvk(r)j ! 1 ¯à¨ r ! 1, çâ®
¯à®â¨¢®à¥ç¨â ®£à ¨ç¥®áâ¨ vk(r). � ª¨¬ ®¡à §®¬, ¤«ï ¢á¥å r 2 (r0; 1) «¨¡® vk(r) = v0k(r) = 0,
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«¨¡® v0k(r)vk(r) < 0. � ¯¥à¢®¬ á«ãç ¥ vk(r) � 0. �®ª ¦¥¬, çâ® ¢® ¢â®à®¬ á«ãç ¥ ¢ë¯®«¥® (8).
�®¬®¦¨¢ ¯à¨ ¥®¡å®¤¨¬®áâ¨   �1, ¬®¦® áç¨â âì, çâ® ¯à¨ ¢á¥å r 2 (r0; 1) ¢ë¯®«¥®

vk(r) < 0; v0k(r) > 0: (9)

� ª¨¬ ®¡à §®¬, vk(r) ¬®®â®® ¢®§à áâ ¥â ¨ lim
r!1

vk(r) � 0. � ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå ¯¯.�) ¨ )

â¥®à¥¬ë äãªæ¨ï jvk(r)j ¬®®â®® ã¡ë¢ ¥â.
�ãáâì lim

r!1
vk(r) < 0. �®£¤  ¯à¨ ¥ª®â®à®¬ " > 0 ¨ ¢á¥å r > r0 ¢ë¯®«¥®

vk(r) � �": (10)

�®ª ¦¥¬, çâ® ãá«®¢¨¥ (10) ¯à®â¨¢®à¥ç¨â à áå®¤¨¬®áâ¨ ¨â¥£à «  I. �ãáâì á ç « Z 1

r0

h(t)g1�n(t) dt <1:

�®£¤  ¨§ (5) ¨ (10) á«¥¤ã¥â, çâ®

vk(r) � �"
Z r

r0

h(t)
gn�1(t)

Z t

r0

[�kh(�)gn�3(�) + c(�)gn�1(�)h(�)] d� dt+

+
v0k(r0)g

n�1(r0)
h(r0)

Z r

r0

h(t)
gn�1(t)

dt+ vk(r0);

£¤¥ ¯à ¢ ï ç áâì áâà¥¬¨âáï ª �1 ¯à¨ r !1 ¢ á¨«ã à áå®¤¨¬®áâ¨ I, çâ® ¯à®â¨¢®à¥ç¨â ®£à ¨-
ç¥®áâ¨ vk(r).

�ãáâì â¥¯¥àì Z 1

r0

h(t)g1�n(t) dt =1: (11)

�¥à¥¯¨è¥¬ à ¢¥áâ¢® (5) ¢ ¢¨¤¥

vk(r) =
Z r

r0

h(t)g1�n(t)F (t) dt + vk(r0); (12)

£¤¥

F (t) =
Z t

r0

[�k + c(�)g2(�)]gn�3(�)h(�)vk(�) d� + gn�1(r0)h�1(r0)v0k(r0)

| ¬®®â®® ã¡ë¢ îé ï äãªæ¨ï ¢ á¨«ã ®âà¨æ â¥«ì®áâ¨ vk(r). �á«¨ lim
t!1

F (t) 6= 0, â® ¨§ (11)

¨ (12) á«¥¤ã¥â, çâ® jvk(r)j ! 1 ¯à¨ r !1. �®íâ®¬ã lim
t!1

F (t) = 0, ¨, á«¥¤®¢ â¥«ì®,

v0k(r0)
gn�1(r0)
h(r0)

= �

Z 1

r0

[�k + c(�)g2(�)]gn�3(�)h(�)vk(�) d�:

�®£¤  ¨§ (12) c«¥¤ã¥â

vk(r) = �

Z r

r0

h(t)
gn�1(t)

�Z 1

t
[�k + c(�)g2(�)]gn�3(�)h(�)vk(�) d�

�
dt+ vk(r0): (13)

� ª ª ª ¬®£®®¡à §¨¥ M ¯®«®¥, â®
1R
r0

h(t) dt = 1. �¥£ª® ¯®ª § âì [8], çâ® ¥á«¨ ¢ë¯®«¥ë

ãá«®¢¨ï Z 1

r0

h(t)g1�n(t) dt =1 ¨
Z 1

r0

h(t) dt =1;

â® Z 1

r0

h(t)
gn�1(t)

�Z 1

t

gn�3(�)h(�) d�
�
dt =1:
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�âáî¤ , ®ç¥¢¨¤®, ¤«ï «î¡®£® k � 1 ¢ë¯®«¥®
Z 1

r0

h(t)
gn�1(t)

�Z 1

t

[�k + c(�)g2(�)]gn�3(�)h(�) d�
�
dt =1:

�®£¤  ¨§ ¯à¥¤¯®«®¦¥¨ï (10) ¨ ¨§ (13) ¯®«ãç ¥¬, çâ® vk(r)! �1 ¯à¨ r !1, çâ® ¯à®â¨¢®à¥ç¨â
®£à ¨ç¥®áâ¨ vk(r). �«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (8) ¤®ª § ®.

�áá«¥¤ã¥¬ ¯®¢¥¤¥¨¥ àï¤ 
1P
k=1

vk(r)wk(�). �®ç® â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯.�) â¥®-

à¥¬ë, «¥£ª® ¯®ª § âì, çâ® àï¤
1P
k=1

vk(r)wk(�)  ¡á®«îâ® ¨ à ¢®¬¥à® áå®¤¨âáï. �¥©áâ¢¨â¥«ì®,

ãç¨âë¢ ï ¬®®â®®áâì äãªæ¨¨ jvk(r)j, ¨¬¥¥¬ ¥à ¢¥áâ¢ 

���
1X
k=1

vk(r)wk(�)
��� �

1X
k=1

jvk(r)j jwk(�)j �
1X
k=1

jvk(r0)j jwk(�)j = a2

1X
k=1

jvk(r0)jkN :

�®á«¥¤¨© àï¤ áå®¤¨âáï (¤®ª § â¥«ìáâ¢® á¬.,  ¯à., ¢ [8]). �ç¨âë¢ ï (8), ¯®«ãç¨¬

lim
r!1

� 1X
k=1

vk(r)wk(�)
�
= 0:

� á¨«ã w0(�) � const § ª«îç ¥¬, çâ® v0(r)w0(�) ¨¬¥¥â ¯à¥¤¥« ¯à¨ r ! 1. �ëïá¨¬ ãá«®¢¨ï,
¯à¨ ª®â®àëå v0(r) � 0, ¨ ãá«®¢¨ï, ¯à¨ ª®â®àëå v0(r) | ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ (5).

�ãáâì á ç «    M ¢ë¯®«¥ë ãá«®¢¨ï
Z 1

r0

h(t)g1�n(t) dt <1;

Z 1

r0

h(t)g1�n(t)
�Z t

r0

c(�)h(�)gn�1(�) d�
�
dt =1:

�®ª § â¥«ìáâ¢® â®£®, çâ® lim
r!1

v0(r) = 0, ¤®á«®¢® á®¢¯ ¤ ¥â á ¤®ª § â¥«ìáâ¢®¬   «®£¨ç®£®

ä ªâ  ¤«ï vk(r), £¤¥ k � 1.
�ãáâì â¥¯¥àì ¢ë¯®«¥® ãá«®¢¨¥Z 1

r0

h(t)g1�n(t) dt =1:

� ¬¥ç ¨¥ 4. � à ¡®â¥ [7] ¯®ª § ®, çâ® á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1)   M áãé¥áâ¢ã¥â ®£à ¨ç¥®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (1);
2)   M nB áãé¥áâ¢ã¥â ®£à ¨ç¥®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

�u� c(x)u = 0 ¢ M n B (c(x) � 0);
@u

@�

���
@B

= 0: (14)

�§ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ äãªæ¨© wk(�) ¯®«ãç ¥¬, çâ® ãá«®¢¨¥ (14) íª¢¨¢ «¥â® â®¬ã,
çâ® ¯à¨ ¥ª®â®à®¬ r0 ¤«ï ¢á¥å k ¢ë¯®«¥® v0k(r0) = 0. � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ (5) § ¯¨áë¢ -
¥âáï ¢ ¢¨¤¥

v0(r) =
Z r

r0

h(t)
gn�1(t)

Z t

r0

[�0h(�)gn�3(�) + c(�)gn�1(�)h(�)]v0(�) d� dt+ v0(r0): (15)

� «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® â®£®, çâ® lim
r!1

v0(r) = 0,   «®£¨ç® ¯à¨¢¥¤¥ë¬ ¢ëè¥. � ª¨¬

®¡à §®¬, u(r; �)! 0 ¯à¨ r !1. �à¨¬¥ïï ¯à¨æ¨¯ ¬ ªá¨¬ã¬ , ¯®«ãç ¥¬ u � 0, çâ® ¤®ª §ë¢ ¥â
¯.�) â¥®à¥¬ë.

�á«¨ M â ª®¢®, çâ® I =1, ¨
Z 1

r0

h(t)
gn�1(t)

�Z t

r0

c(�)gn�1(�)h(�) d�
�
dt <1;
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â® áãé¥áâ¢ã¥â ®£à ¨ç¥®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (15) | v0(r), ª®â®à®¥ ï¢«ï¥âáï
  M nB ¥âà¨¢¨ «ìë¬ à¥è¥¨¥¬ § ¤ ç¨

�u� c(x)u = 0;
@u

@�

���
@B

= 0:

�ç¨âë¢ ï § ¬¥ç ¨¥ 4, § ª«îç ¥¬ á¯à ¢¥¤«¨¢®áâì ¯.) â¥®à¥¬ë.
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