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� ç¨á«ã ¢ ¦¥©è¨å ç¨á«®¢ëå å à ªâ¥à¨áâ¨ª «¨¥©ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¬¥¦¤ã
¡  å®¢ë¬¨ ¯à®áâà áâ¢ ¬¨, ®â®áïâáï ª®íää¨æ¨¥â áîàê¥ªâ¨¢®áâ¨ (��) ¨ ¬®¤ã«ì ¨ê¥ª-
â¨¢®áâ¨ (��) ([1], á. 18{19). � ª ¨§¢¥áâ® ([1], á. 19), ¯®«®¦¨â¥«ì®áâì �� ®§ ç ¥â, çâ® á®®â-
¢¥âáâ¢ãîé¨© «¨¥©ë© ®¯¥à â®à ¨ê¥ªâ¨¢¥ ¨ ®à¬ «ì® à §à¥è¨¬,   ¯®«®¦¨â¥«ì®áâì ¥£® ��
íª¢¨¢ «¥â  áîàê¥ªâ¨¢®áâ¨. �à¨ íâ®¬ ¥âàã¤® ãáâ ®¢¨âì, çâ® ¢ ¯¥à¢®¬ á«ãç ¥ ¢¥«¨ç¨ ,
®¡à â ï ª ��, ï¢«ï¥âáï ¨¦¥© £à ¨æ¥© ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, «¥¢ëå ®¡à â-
ëå ª ¤ ®¬ã ®¯¥à â®àã,   ¢® ¢â®à®¬ | ¢¥«¨ç¨ , ®¡à â ï ª ��, ï¢«ï¥âáï ¨¦¥© £à ¨æ¥©
®à¬ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, ¯à ¢ëå ®¡à âëå ª à áá¬ âà¨¢ ¥¬®¬ã ®¯¥à â®àã. �¬¥-
® íâ® ¯®á«¥¤¥¥ á¢®©áâ¢® ¨ ®¡¥á¯¥ç¨¢ ¥â ¢®§¬®¦®áâì ¨á¯®«ì§®¢ ¨ï ¯®ïâ¨ï �� ¢ â¥®à¨¨
ªà ¥¢ëå § ¤ ç. �¥«® ¢ â®¬, çâ® ®¯¥à â®à �à¨  ªà ¥¢®© § ¤ ç¨ | ¯à ¢ë© ®¡à âë© ®¯¥à â®à
ª ®¯¥à â®àã, ä¨£ãà¨àãîé¥¬ã ¢ ãà ¢¥¨¨, ¤«ï ª®â®à®£® à áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ([2],
á. 49). � ¯à¨ ¨áá«¥¤®¢ ¨¨ ¬®£¨å ¢®¯à®á®¢ â¥®à¨¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨© (¯à¨¢®¤¨¬®áâì ¨ ¯ à ¬¥âà¨§ æ¨ï ¬®¦¥áâ¢  à¥è¥¨© [3], [4], à §à¥è¨¬®áâì ª¢ §¨«¨¥©ëå
§ ¤ ç [5] ¨ â. ¤.) ¢®§¨ª ¥â á«¥¤ãîé ï § ¤ ç : ¯®«ãç¨âì  ¨¡®«¥¥ â®çãî ®æ¥ªã ®à¬ ®¯¥à â®-
à®¢ �à¨  ªà ¥¢ëå § ¤ ç ¤«ï § ¤ ®£® ãà ¢¥¨ï ¨ (ª®£¤  íâ® ¢®§¬®¦®) áà¥¤¨ ¢á¥å ªà ¥¢ëå
§ ¤ ç ¤«ï ¤ ®£® ãà ¢¥¨ï  ©â¨ â ªãî, ®¯¥à â®à �à¨  ª®â®à®© ¨¬¥¥â ¬¨¨¬ «ìãî ®à¬ã.
� à ¡®â¥ [6] íâ  § ¤ ç  à¥è¥  ¤«ï á«ãç ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, «¥-
¢ ï ç áâì ª®â®àëå § ¢¨á¨â â®«ìª® ®â ¯à®¨§¢®¤®© ¨áª®¬®© äãªæ¨¨. �¤ ª® ¯®ïâ¨¥ ®¯¥à â®à 
�à¨  ¯à¥¤¯®« £ ¥â áîàê¥ªâ¨¢®áâì ¨ ª®¥ç®¬¥à®áâì ï¤à  ®¯¥à â®à , ®¯à¥¤¥«ïîé¥£® ãà ¢-
¥¨¥, ¤«ï ª®â®à®£® à áá¬ âà¨¢ îâáï ªà ¥¢ë¥ § ¤ ç¨. �«ï ¯à®¨§¢®«ì®£® ¦¥ äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¬®¦¥â  àãè âìáï ª ª ¯¥à¢®¥, â ª ¨ ¢â®à®¥ ãá«®¢¨¥. �®íâ®¬ã
ã¯®¬ïãâ ï § ¤ ç  ¯®«ãç ¥â ¥áâ¥áâ¢¥®¥ ®¡®¡é¥¨¥, ª®â®à®¥ ¢ ®¯¥à â®à®© â¥à¬¨®«®£¨¨ ¬®-
¦¥â ¡ëâì áä®à¬ã«¨à®¢ ® á«¥¤ãîé¨¬ ®¡à §®¬: áà¥¤¨ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®¡®¡é¥-
® ®¡à âëå ª ¤ ®¬ã «¨¥©®¬ã ®¯¥à â®àã, ¢ë¡à âì ®¯¥à â®à á ¬¨¨¬ «ì®© ®à¬®© ¨«¨
¯®«ãç¨âì ®æ¥ªã á¨§ã   ®à¬ë ¢á¥å ®£à ¨ç¥ëå ®¡®¡é¥® ®¡à âëå ®¯¥à â®à®¢. �¨¦¥
¡ã¤¥â ¯®ª § ®, çâ® ¯¥à¢ ï ç áâì ¯®áâ ¢«¥®© ¯à®¡«¥¬ë ¥ ¢á¥£¤  ¨¬¥¥â à¥è¥¨¥. �®«¥¥ â®£®,
¢® ¬®£¨å § ¤ ç å,  ¯à¨¬¥à, ¯à¨ ¨áá«¥¤®¢ ¨¨ à §à¥è¨¬®áâ¨ ª¢ §¨«¨¥©ëå ãà ¢¥¨© ¢ ¦-
®© ¬®¦¥â ®ª § âìáï â®«ìª® ¨¦ïï ®æ¥ª  ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®¡®¡é¥®
®¡à âëå ª «¨¥©®© ç áâ¨. �à¨ íâ®¬, ç¥¬ â®ç¥¥ íâ  ®æ¥ª , â¥¬ ¬¥ìè¨¥ ®£à ¨ç¥¨ï ¬®¦®
 «®¦¨âì   ¥«¨¥©®áâì ¯à¨ ¯®«ãç¥¨¨ ãá«®¢¨© à §à¥è¨¬®áâ¨ à áá¬ âà¨¢ ¥¬®£® ãà ¢¥¨ï.
� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ç¨á«®¢ ï å à ªâ¥à¨áâ¨ª  «¨¥©®£® ®¯¥à â®à , ¯®§¢®«ïîé ï
¯®«ãç âì ãª § ãî ®æ¥ªã ¨ ï¢«ïîé ïáï ¥áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ ��.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(96-15-96195, 99-01-01278).
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1. �á®¢ë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï

�áî¤ã ¨¦¥ X, Y | ¡  å®¢ë ¯à®áâà áâ¢ , UX(r) | è à ¯à®áâà áâ¢  X á æ¥âà®¬ ¢
ã«¥ à ¤¨ãá  r,   UX(r) | ¥£® § ¬ëª ¨¥, � : X ! Y | «¨¥©ë© ®£à ¨ç¥ë© ¥ã«¥¢®©
®¯¥à â®à.

�«¥¤ãï [7], ®¯¥à â®à � : X ! Y ¡ã¤¥¬  §ë¢ âì â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ë¬, ¥á«¨ ¥£® ï¤à®
ker � ¨ ®¡à § R(�) ¤®¯®«ï¥¬ë ¢ ¯à®áâà áâ¢ å X ¨ Y á®®â¢¥âáâ¢¥®.

�ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï á«¥¤ãîé¥£® ª®áâàãªâ¨¢®£® ®¯à¥¤¥«¥¨ï ®¯¥à â®à , ®¡®¡é¥®
®¡à â®£® ª ®¯¥à â®àã �.

�ãáâì P : X ! X | ¯à®¥ªâ®à   ker �, X = X0 + ker� | à §«®¦¥¨¥ ¢ ¯àï¬ãî áã¬¬ã,
á®®â¢¥âáâ¢ãîé¥¥ íâ®¬ã ¯à®¥ªâ®àã. �®£¤  � = iR(�) � �0 � �P c , £¤¥ ®¡à â¨¬ë© ®¯¥à â®à �0 : X0 !
R(�) § ¤ ¥âáï ä®à¬ã«®© �0x = �x ¤«ï x 2 X0, iR(�) : R(�) ! Y | ¥áâ¥áâ¢¥®¥ ¢«®¦¥¨¥,
  �P c : X ! X0 | ¯à®¥ªæ¨®ë© ®¯¥à â®à, á®®â¢¥âáâ¢ãîé¨© ¯à®¥ªâ®àã P c = I � P . �ãáâì
Q : Y ! Y | ¯à®¥ªâ®à   ¯®¤¯à®áâà áâ¢® R(�) � Y , �Q : Y ! R(�) | á®®â¢¥âáâ¢ãîé¨© ¥¬ã
¯à®¥ªæ¨®ë© ®¯¥à â®à.

�¯à¥¤¥«¥¨¥ 1. �¯¥à â®à KPQ : Y ! X, ®¯à¥¤¥«¥ë© à ¢¥áâ¢®¬ KPQ = iX0
� ��1

0 � �Q,
¡ã¤¥¬  §ë¢ âì ®¡®¡é¥® ®¡à âë¬ ª ®¯¥à â®àã � : X ! Y ,  áá®æ¨¨à®¢ ë¬ á ¯à®¥ªâ®à ¬¨

P ¨ Q.

�¯à¥¤¥«¥¨¥ 2. �¥®âà¨æ â¥«ì®¥ ç¨á«® q(�) = supfr � 0 j �(UX(1)) � r �UY (1)g  §ë¢ ¥â-
áï ª®íää¨æ¨¥â®¬ áîàê¥ªâ¨¢®áâ¨ (��) ®¯¥à â®à  �.

�® «¥¬¬¥ B.3.5 ([1], á. 19) ¤«ï ®¯¥à â®à  � : X ! Y á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

q(�) = supfr � 0 j �(UX(1)) � r � UY (1)g: (1)

�¯à¥¤¥«¥¨¥ 3. �¥®âà¨æ â¥«ì®¥ ç¨á«® m(�) = supfr � 0 j k�xkY � r � kxkY g  §ë¢ ¥âáï
¬®¤ã«¥¬ ¨ê¥ªâ¨¢®áâ¨ (��) ®¯¥à â®à  �.

�¢¥¤¥¬ á«¥¤ãîé¥¥ ®¡®¡é¥¨¥ ¯®ïâ¨ï ��.

�¯à¥¤¥«¥¨¥ 4. �ãáâì � : X ! Y | ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à, b� : X ! R(�)
| «¨¥©ë© ®£à ¨ç¥ë© áîàê¥ªâ¨¢ë© ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ b�x = �x. �â-
®á¨â¥«ìë¬ ª®íää¨æ¨¥â®¬ áîàê¥ªâ¨¢®áâ¨ (���) ®¯¥à â®à  � ¡ã¤¥¬  §ë¢ âì ç¨á«®
q0(�) = q(b�).

� ª¨¬ ®¡à §®¬, ¥á«¨ R(�) = Y , â® ��� á®¢¯ ¤ ¥â á �� íâ®£® ®¯¥à â®à .
�®¤®¡® â®¬ã, ª ª ¯®ïâ¨¥ �� ¯®§¢®«¨«® ¢¢¥áâ¨ ¯®ïâ¨¥ ���, ¤¢®©áâ¢¥ ï ª �� ç¨á«®¢ ï

å à ªâ¥à¨áâ¨ª  �� «¨¥©ëå ®¯¥à â®à®¢ ¤ ¥â ¢®§¬®¦®áâì ¢¢¥áâ¨ ç¨á«®¢ãî å à ªâ¥à¨áâ¨-
ªã, ¯à¨¨¬ îéãî ¥ã«¥¢ë¥ § ç¥¨ï ¤«ï ¯à®¨§¢®«ì®£® «¨¥©®£® ®£à ¨ç¥®£® ®¯¥à â®à .
�¥à¥¤ ®¯à¥¤¥«¥¨¥¬ ç¨á«®¢®© å à ªâ¥à¨áâ¨ª¨, ®¡®¡é îé¥© ¯®ïâ¨¥ ��, ¢¢¥¤¥¬ á«¥¤ãîé¥¥
¯®ïâ¨¥.

�¯à¥¤¥«¥¨¥ 5. �â®¡à ¦¥¨¥ e�, ¤¥©áâ¢ãîé¥¥ ¨§ ä ªâ®à-¯à®áâà áâ¢  X= ker � ¢ ¯à®-
áâà áâ¢® Y ¯® ¯à ¢¨«ã e�� = �x, £¤¥ x 2 �, ¡ã¤¥¬  §ë¢ âì ä ªâ®à-®â®¡à ¦¥¨¥¬ ¤«ï �.

�¯à¥¤¥«¥¨¥ 6. �ãáâì e� : X= ker �! Y | ä ªâ®à-®â®¡à ¦¥¨¥ ¤«ï ®¯¥à â®à  � : X ! Y .
�â®á¨â¥«ìë¬ ¬®¤ã«¥¬ ¨ê¥ªâ¨¢®áâ¨ (���) ®¯¥à â®à  � ¡ã¤¥¬  §ë¢ âì ç¨á«® m0(�) =
m(e�).

� ª¨¬ ®¡à §®¬, ¥á«¨ � : X ! Y | ¨ê¥ªâ¨¢ë© ®¯¥à â®à, â® ��� á®¢¯ ¤ ¥â á �� íâ®£®
®¯¥à â®à .
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2. �¢ï§ì ¨ á¢®©áâ¢  ®â®á¨â¥«ìëå ª®íää¨æ¨¥â  áîàê¥ªâ¨¢®áâ¨
¨ ¬®¤ã«ï ¨ê¥ªâ¨¢®áâ¨

�¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï ¯®«ãç ¥¬

m(�) = inf
x6=0

k�xk
kxk = inf

kxk=1
k�xk: (2)

�«¥¤®¢ â¥«ì®,

m0(�) = inf
� 6=0

ke��k
k�k = inf

k�k=1
ke��k; � 2 X= ker �: (3)

�ëç¨á«¥¨¥ ¦¥ �� ¨ ��� ¯® ®¯à¥¤¥«¥¨î ¢¥áì¬  § âàã¤¨â¥«ì®. �® ¢ á¨«ã ãâ¢¥à¦¤¥¨ï
B.3.8 ¨§ ([1], á. 20) q(�) = m(��), £¤¥ �� : Y � ! X� | á®¯àï¦¥ë© ª � : X ! Y ®¯¥à â®à.
� ª¨¬ ®¡à §®¬, ¯® ä®à¬ã«¥ (2)

q(�) = inf
! 6=0

k��!k
k!k = inf

k!k=1
k��!k; ! 2 Y �: (4)

�®£¤ 

q0(�) = inf
! 6=0

kb��!k
k!k = inf

k!k=1
kb��!k; ! 2 (R(�))�: (5)

�®à¬ã«  (4) ¯®§¢®«ï¥â ¯®«ãç¨âì á«¥¤ãîé¥¥ ¤¢®©®¥ ¥à ¢¥áâ¢®, ¥®¡å®¤¨¬®¥  ¬ ¢ ¤ «ì-
¥©è¥¬,

q(�1)q(�2) � q(�1�2) � q(�2)k�1k: (6)

�à®¬¥ íâ®£®, q(�) = k��1k�1, ¥á«¨ � : X ! Y | ¨§®¬®àä¨§¬.
�®«®¦¨â¥«ì ï ¢¥«¨ç¨  ��� ®¯à¥¤¥«¥  â®«ìª® ¤«ï ®à¬ «ì® à §à¥è¨¬ëå ®¯¥à â®à®¢.

� ®¯à¥¤¥«¥¨¨ ¦¥ ��� ®à¬ «ì®© à §à¥è¨¬®áâ¨ ®¯¥à â®à , ¤«ï ª®â®à®£® ® ¢ëç¨á«ï¥âáï,
¢®®¡é¥ £®¢®àï, ¥ âà¥¡ã¥âáï. �¥¬ ¥ ¬¥¥¥ á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ªà¨â¥à¨© ¥¢ëà®¦¤¥®áâ¨
���.

�¥®à¥¬  1. �«ï ��� «¨¥©®£® ®£à ¨ç¥®£® ®¯¥à â®à  � : X ! Y ¥à ¢¥áâ¢® m0(�) >
0 ¨¬¥¥â ¬¥áâ®, ¥á«¨ ¨ â®«ìª® ¥á«¨ ®¯¥à â®à � ®à¬ «ì® à §à¥è¨¬.

�®ª § â¥«ìáâ¢®. � á¨«ã ®¯à¥¤¥«¥¨ï ���, ¨ê¥ªâ¨¢®áâ¨ ä ªâ®à-®â®¡à ¦¥¨ï e� ¨ á¢®©-
áâ¢  ¥¢ëà®¦¤¥®áâ¨ �� ¥à ¢¥áâ¢® m0(�) > 0 íª¢¨¢ «¥â® ®à¬ «ì®© à §à¥è¨¬®áâ¨
ä ªâ®à-®¯¥à â®à  e� : X= ker �! Y . �® ¯® ®¯à¥¤¥«¥¨î R(�) = R(e�).

� ç¨â, ¥á«¨ � : X ! Y | «¨¥©ë© ®£à ¨ç¥ë© ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à, â®
¥£® ��� ¨ ��� ¥®âà¨æ â¥«ìë. �®«¥¥ â®£®, íâ¨ ¢¥«¨ç¨ë á®¢¯ ¤ îâ. �®íâ®¬ã ¢ëç¨á«ïâì ¨å
¬®¦® ¤àã£ ç¥à¥§ ¤àã£  ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, çâ® ¯à®é¥: ®¯¨áë¢ âì ¯à®áâà áâ¢® (R(�))� ¨«¨
ä ªâ®à-®¯¥à â®à e� : X= ker �! Y .

�¥®à¥¬  2. �ãáâì � : X ! Y | ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à. �®£¤ 

m0(�) = q0(�) > 0: (7)

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 m0(�) > 0. �® ®¯à¥¤¥«¥¨î q0(�) â ª¦¥ ¯®«®¦¨â¥«¥.
�«ï ¤®ª § â¥«ìáâ¢  à ¢¥áâ¢  (7) ¯®ª ¦¥¬ á ç «  á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  m0(�) � q0(�),
  ¯®â®¬ | ®¡à â®£® ¥à ¢¥áâ¢ .

�ãáâì 0 < � < m0(�). �® ®¯à¥¤¥«¥¨î ¤«ï «î¡®£® � 2 X= ker � á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

ke��kY � �k�kX= ker�: (8)
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�®ª ¦¥¬, çâ® ¤«ï  âãà «ì®£® n ¨¬¥¥â ¬¥áâ® ¢«®¦¥¨¥

�(1� 1=n)UR(�)(1) � b�(UX(1)) = �(UX(1)); (9)

£¤¥ b� : X ! R(�) | ®¯¥à â®à, ä¨£ãà¨àãîé¨© ¢ ®¯à¥¤¥«¥¨¨ ���. �ãáâì y 2 �(1�1=n)UR(�)(1),
â. ¥. kykY � �(1 � 1=n) < � ¨ y 2 R(�). � á¨«ã ¯®á«¥¤¥£® ¢ª«îç¥¨ï  ©¤¥âáï í«¥¬¥â
� 2 X= ker � â ª®©, çâ® y = e��. �à¨ íâ®¬ ¯®«ãç ¥¬ � > kykY = ke��kY � �k�kX= ker�. �«¥-
¤®¢ â¥«ì®, 1 > k�kX= ker� = inf

x2�
kxkX . �® ®¯à¥¤¥«¥¨î ¨ä¨¬ã¬   ©¤¥âáï í«¥¬¥â x0 2 X,

ã¤®¢«¥â¢®àïîé¨© ¥à ¢¥áâ¢ã kx0kX < 1 ¨ ¢ª«îç¥¨î x0 2 �, â. ¥. ¯® ®¯à¥¤¥«¥¨î ä ªâ®à-
®â®¡à ¦¥¨ï y = �x0. � ª¨¬ ®¡à §®¬, ¢«®¦¥¨¥ (9) ¨¬¥¥â ¬¥áâ®. �âáî¤  ¯®«ãç ¥¬ ¢«®¦¥¨¥

�UR(�)(1) � �(UX(1)) = b�(UX(1)). � ç¨â, ¯® ®¯à¥¤¥«¥¨î ��� ¨ ¯® ä®à¬ã«¥ (1) ¯®«ãç ¥¬
q0(�) � m0(�).

�®ª ¦¥¬, çâ® ¨¬¥¥â ¬¥áâ® ¨ ®¡à â®¥ ¥à ¢¥áâ¢®. �ãáâì 0 < � < q0(�). �®£¤  ¯® ®¯à¥¤¥«¥-
¨î ¨¬¥¥â ¬¥áâ® ¢«®¦¥¨¥

�UR(�)(1) � b�(UX(1)) = �(UX(1)); (10)

â. ¥. ¤«ï «î¡®£® y 2 R(�) â ª®£®, çâ® kykY � � , áãé¥áâ¢ã¥â x 2 X, ã¤®¢«¥â¢®àïîé¨© ¥à ¢¥áâ¢ã
kxkX � 1 ¨ à ¢¥áâ¢ã y = �x. �®áâ â®ç® ¯®ª § âì, çâ® ¤«ï «î¡®£® � 2 X= ker � á¯à ¢¥¤«¨¢®
¥à ¢¥áâ¢® (7). �¡®á®¢ë¢ âì íâ® ¥à ¢¥áâ¢® ¡ã¤¥¬ ®â ¯à®â¨¢®£®. �ãáâì ¤«ï ¥ª®â®à®£®
�0 2 X= ker � á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® ke��0kY < �k�0kX= ker�. �®£¤  ¤«ï í«¥¬¥â  �1 = �0

k�0kX= ker � 2
X= ker � ¢¥à® ¥à ¢¥áâ¢® ke��1kY < � . �à¨ íâ®¬

1 = k�1kX= ker� = inf
x2�1

kxkX : (11)

� áá¬®âà¨¬ í«¥¬¥â y1 = �
�1
e��1, £¤¥ �1 = ke��1kY . �®£¤  ky1kY = � , ¨ ¢ á¨«ã ¢«®¦¥¨ï

(10) áãé¥áâ¢ã¥â í«¥¬¥â x1 2 UX(1) â ª®©, çâ® �x1 = y1. �®íâ®¬ã �
�
t1
t
x1
�
= e�x1, ¨, § ç¨â,

¯® ®¯à¥¤¥«¥¨î ä ªâ®à-®â®¡à ¦¥¨ï �1
�
x1 2 �1 � X. �®

 �1� x1
X

= �1
�
kx1kX � �1

�
< 1, çâ®

¯à®â¨¢®à¥ç¨â à ¢¥áâ¢ã (11). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ¥à ¢¥áâ¢® (8),   § ç¨â,
¨ ¥à ¢¥áâ¢® m0(�) � q0(�).

3. �¡ ¨ä¨¬ã¬¥ ®à¬ ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®¡®¡é¥® ®¡à âëå
ª «¨¥©®¬ã ®¯¥à â®àã

�â¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ë 1 à ¡®âë [7] â®«ìª® ã â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ëå ®¯¥à â®à®¢
áãé¥áâ¢ãîâ ®£à ¨ç¥ë¥ ®¡®¡é¥® ®¡à âë¥ ª ¥¬ã ®¯¥à â®àë. �®«¥¥ â®£®, ¨§ â¥®à¥¬ 4.2 ¨ 4.4
à ¡®âë [8] á«¥¤ã¥â, çâ® ®¡®¡é¥® ®¡à âë© KPQ : Y ! X ª â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ã ®¯¥à â®àã
� : X ! Y ®£à ¨ç¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®£à ¨ç¥ë¬¨ ï¢«ïîâáï ¯à®¥ªâ®àë P :
X ! X   ï¤à® ¨ Q : Y ! Y   ®¡à § ®¯¥à â®à  �. � ª®¥æ, ¯® ®¯à¥¤¥«¥¨î â®¯®«®£¨ç¥áª¨
¥â¥à®¢ ®¯¥à â®à ®à¬ «ì® à §à¥è¨¬, ¨, á«¥¤®¢ â¥«ì®, ¤«ï ¥£® ®¯à¥¤¥«¥ ¯®«®¦¨â¥«ìë©
���, ª®â®àë© ¢ á¨«ã â¥®à¥¬ë 2 á®¢¯ ¤ ¥â á ���. � ª¨¬ ®¡à §®¬, ®¡®á®¢   ª®àà¥ªâ®áâì
á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  3. �á«¨ � : X ! Y | â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ ®¯¥à â®à, â® ¢¥«¨ç¨  1=m0(�) =
1=q0(�)| ¨¦ïï £à ¨æ  ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®¡®¡é¥® ®¡à âëå ª �, â. ¥.

1
m0(�)

=
1

q0(�)
� kKPQk; (12)

£¤¥ P : X ! X ¨ Q : Y ! Y | ¯à®¨§¢®«ìë¥ «¨¥©ë¥ ®£à ¨ç¥ë¥ ¯à®¥ªâ®àë   ker � ¨

R(�) á®®â¢¥âáâ¢¥®,   KPQ : Y ! X | ®¡®¡é¥® ®¡à âë© ª � ®¯¥à â®à,  áá®æ¨¨à®¢ ë©

á íâ¨¬¨ ¯à®¥ªâ®à ¬¨.
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�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® q0(�) = q(b�), ¨ ®¯¥à â®à KP : R(�) ! X, ®¯à¥¤¥«¥ë©
à ¢¥áâ¢®¬ KP = iX0

��1
0 , ¯à ¢ë© ®¡à âë© ª ®¯¥à â®àã b� : X ! R(�). �®£¤ , ¯à¨¬¥ïï ¯à -

¢ãî ç áâì ¥à ¢¥áâ¢  (6), á ãç¥â®¬ â®£®, çâ® ª®íää¨æ¨¥â áîàê¥ªâ¨¢®áâ¨ â®¦¤¥áâ¢¥®£®
®¯¥à â®à  I à ¢¥ ¥¤¨¨æ¥, ¯®«ãç ¥¬ 1 = q(I) = q(b�KP ) � q(b�)kKP k, â. ¥. 1=q0(�) � kKP k. �§
à ¢¥áâ¢  KPQ = KP�Q ¯®«ãç ¥¬, çâ® KP = KPQiR(�), ¨, á«¥¤®¢ â¥«ì®,

kKP k � kKPQk kiR(�)k = kKPQk: (13)

�®íâ®¬ã ¢ëà ¦¥¨¥ (12) ¡ã¤¥â ¨¬¥âì ¬¥áâ®.

� ª¨¬ ®¡à §®¬, ¢¥«¨ç¨  1=q0(�) ï¢«ï¥âáï ¨¦¥© £à ¨æ¥© ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¡®¡-
é¥® ®¡à âëå ª ®¯¥à â®àã � : X ! Y . �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¯à¥¤®áâ ¢«ï¥â ãá«®¢¨ï, ¯à¨
¢ë¯®«¥¨¨ ª®â®àëå íâ  ¢¥«¨ç¨  ï¢«ï¥âáï â®ç®© ¨¦¥© £à ¨æ¥©.

�¥®à¥¬  4. �ãáâì � : X ! Y | â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ ®¯¥à â®à, ¯à¨ç¥¬ ¯®¤¯à®áâà -

áâ¢  ker� � X ¨ R(�) � Y â ª®¢ë, çâ® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ãîâ ¯à®¥ªâ®àë P" : X ! X
  ker� ¨ Q" : Y ! Y   R(�), ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥áâ¢ ¬ kP c

" k < 1 + " ¨ kQ"k < 1 + ".
�®£¤  ¢¥«¨ç¨  1=m0(�) = 1=q0(�) | â®ç ï ¨¦ïï £à ì ¤«ï ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¡®¡-

é¥® ®¡à âëå ª � ®¯¥à â®à®¢, â. ¥. ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

1
m0(�)

=
1

q0(�)
= inf

P;Q
kKPQk; (14)

£¤¥ KPQ : Y ! X | ®¡®¡é¥® ®¡à âë© ª �,  áá®æ¨¨à®¢ ë© á ¯à®¥ªâ®à ¬¨ P : X ! X  

ker � ¨ Q : Y ! Y   R(�).

�®ª § â¥«ìáâ¢®. � ç «  ¯®ª ¦¥¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

1
q0(�)

= inf
P
kKP k; (15)

£¤¥ ®¯¥à â®à KP : R(�) ! X ®¯à¥¤¥«¥ ä®à¬ã«®© KP = iX0
��1
0 . �«ï íâ®£® ®¯¥à â®à  ¨¬¥-

¥¬ kKP k = sup
kyk=1

k(iX0
��1
0 )yk = sup

kyk=1
k��1

0 yk = k��1
0 k = 1=q(�0), â. ª. ¯® â¥®à¥¬¥ �  å  ®¡

®¡à â®¬ ®¯¥à â®à¥ �0 : kerP ! R(�) | ¨§®¬®àä¨§¬. � ¤àã£®© áâ®à®ë, ¯à¨¬¥¨¢ ª ¬ã«ì-
â¨¯«¨ª â¨¢®¬ã ¯à¥¤áâ ¢«¥¨î b� = �0�P c ®¯¥à â®à  b� : X ! R(�) ¥à ¢¥áâ¢® (6), ¯®«ãç ¥¬
q(b�) = q(�0�P c) � q(�0)k�P ck, â. ¥. 1=q(�0) � k�P ck=q(b�).

� ª¨¬ ®¡à §®¬, á ãç¥â®¬ ¥à ¢¥áâ¢ ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 ¯®«ãç ¥¬, çâ® ¯à¨ «î¡®¬
«¨¥©®¬ ®£à ¨ç¥®¬ ¯à®¥ªâ®à¥ P : X ! X   ker� ¨¬¥¥â ¬¥áâ® ¤¢®©®¥ ¥à ¢¥áâ¢®

1
q0(�)

� kKP k � k�P ck
q0(�)

: (16)

� â ª ª ª k�P ck = kP ck, â® ¨§ ãá«®¢¨ï â¥®à¥¬ë ¯®«ãç ¥¬: ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â ¯à®¥ªâ®à
P" : X ! X â ª®©, çâ® 1=q0(�) � kKP"k � (1+")=q0(�). �âáî¤  ¥¯®áà¥¤áâ¢¥® ¯® ®¯à¥¤¥«¥¨î
¨ä¨¬ã¬  ¯®«ãç ¥¬ à ¢¥áâ¢® (15).

�®ª ¦¥¬ â¥¯¥àì á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢  (14). �®, çâ® 1=q0(�) | ¨¦ïï £à ¨æ  ®à¬ ¢á¥å
®£à ¨ç¥ëå ®¡®¡é¥® ®¡à âëå ª �, ¤®ª § ® ¢ â¥®à¥¬¥ 3. �áâ ¥âáï ¤®ª § âì â®ç®áâì íâ®©
£à ¨æë ¢ ãá«®¢¨ïå â¥®à¥¬ë. �ãáâì " > 0 § ¤ ®. � á¨«ã à ¢¥áâ¢  (14) áãé¥áâ¢ã¥â ¯à®¥ªâ®à
P : X ! X   ker � â ª®©, çâ® kKP k < 1=q0(�) + "=(2 + "q0(�)). �à¥¤¨ ¢á¥å ®£à ¨ç¥ëå
¯à®¥ªâ®à®¢   ¯®¤¯à®áâà áâ¢® R(�) � Y ¢®§ì¬¥¬ Q : Y ! Y , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î
kQk < 1 + "q0(�)=2, çâ® ¢®§¬®¦® ¢ á¨«ã ¯®«®¦¨â¥«ì®áâ¨ ç¨á«  q0(�) ¨ ãá«®¢¨© â¥®à¥¬ë.
�®£¤  ¨§ ¥à ¢¥áâ¢ 

kKPQk � kKP k kQk; (17)
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¯®«ãç ¥¬®£® ¨§ à ¢¥áâ¢  KPQ = KP�Q, ¨¬¥¥¬

kKPQk <
�

1
q0(�)

+
"

2 + "q0(�)

��
1 +

"q0(�)
2

�
=

1
q0(�)

+ ";

çâ® ¨ âà¥¡®¢ «®áì ¯®ª § âì.

�¥¯®áà¥¤áâ¢¥® ¨§ â¥®à¥¬ë 4 ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥, ¯®§¢®«ïîé¥¥ ¥ â®«ìª®
£ à â¨à®¢ âì à ¢¥áâ¢® (14), ® ¨ áâà®¨âì ®¡®¡é¥® ®¡à âë¥ ®¯¥à â®àë,   ª®â®àëå íâ®
à ¢¥áâ¢® ¤®áâ¨£ ¥âáï.

�«¥¤áâ¢¨¥ 1. �ãáâì � : X ! Y | â®¯®«®£¨ç¥áª¨ ¥â¥à®¢ ®¯¥à â®à, ¯à¨ç¥¬ ¯®¤¯à®áâà -
áâ¢  ker � � X ¨ R(�) � Y â ª®¢ë, çâ® áãé¥áâ¢ãîâ ¯à®¥ªâ®àë P : X ! X   ker � ¨ Q : Y ! Y
  R(�), ã¤®¢«¥â¢®àïîé¨¥ à ¢¥áâ¢ ¬ kP ck = 1 ¨ kQk = 1. �®£¤  1=m0(�) = 1=q0(�) = kKPQk,
£¤¥ KPQ : Y ! X | ®¡®¡é¥® ®¡à âë© ª � ®¯¥à â®à,  áá®æ¨¨à®¢ ë© á ¯à®¥ªâ®à ¬¨ P ¨ Q.

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® " > 0 ¯®«®¦¨¬ P" = P ¨ Q" = Q. �®£¤  ¢á¥ ãá«®¢¨ï â¥®à¥¬ë
4 ¡ã¤ãâ ¢ë¯®«¥ë, ¨ ¡ã¤¥â ¨¬¥âì ¬¥áâ® à ¢¥áâ¢® (14). �®«¥¥ â®£®, ¤«ï ¯à®¥ªâ®à  P ¨¬¥¥â
¬¥áâ® ¤¢®©®¥ ¥à ¢¥áâ¢® (16), ¨§ ª®â®à®£® á ãç¥â®¬ à ¢¥áâ¢ k�P ck = kP ck = 1 ¯®«ãç ¥¬
kKP k = 1=q0(�), £¤¥ KP : R(�) ! X | ®¯¥à â®à, ä¨£ãà¨àãîé¨© ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.
� ¤àã£®© áâ®à®ë, ¨§ ¥à ¢¥áâ¢ (13) ¨ (17) ¯®«ãç ¥¬ ¤¢®©®¥ ¥à ¢¥áâ¢®

kKPQk
kQk � kKP k � kKPQk:

�âáî¤  á ãç¥â®¬ à ¢¥áâ¢  kQk = 1 ¯®«ãç¨¬, çâ® ¤«ï ¯à®¥ªâ®à®¢ P ¨ Q, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬ ¤®ª §ë¢ ¥¬®£® ãâ¢¥à¦¤¥¨ï, á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  kKPQk = kKP k = 1=q0(�) =
1=m0(�).

�®áª®«ìªã ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ áãé¥áâ¢ã¥â ¯à®¥ªâ®à ¥¤¨¨ç®© ®à¬ë   «î¡®¥ § -
¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® (®àâ®£® «ìë© ¯à®¥ªâ®à   íâ® ¯®¤¯à®áâà áâ¢®), ¨ ¯à®¥ªâ®à, ¤®¯®«-
¨â¥«ìë© ª ®àâ®¯à®¥ªâ®àã, â ª¦¥ ¨¬¥¥â ¥¤¨¨çãî ®à¬ã, â® á«¥¤áâ¢¨¥ 1 ¯®§¢®«ï¥â ¯®«®áâìî
à¥è¨âì § ¤ çã ®¡ ®¡®¡é¥® ®¡à â®¬ ®¯¥à â®à¥ á ¬¨¨¬ «ì®© ®à¬®© ¢ á«ãç ¥ £¨«ì¡¥àâ®¢ëå
¯à®áâà áâ¢. �®«¥¥ â®ç®, ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥ 2. �ãáâì X, Y | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ ; � : X ! Y | «¨¥©ë© ®£à ¨ç¥-
ë© ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à; P : X ! X ¨ Q : Y ! Y | ®àâ®£® «ìë¥ ¯à®¥ªâ®àë  
ker � ¨ R(�) á®®â¢¥âáâ¢¥®. �®£¤  ®à¬  ®¡®¡é¥® ®¡à â®£® ª �,  áá®æ¨¨à®¢ ®£® á íâ¨¬¨
¯à®¥ªâ®à ¬¨, ¬¨¨¬ «ì  ¨ à ¢  1=m0(�) = 1=q0(�).

� á¨«ã «¥¬¬ë 1 à ¡®âë [7] ¤«ï ®¡®¡é¥® ®¡à â®£® ¯à®¥ªâ®à  KPQ,  áá®æ¨¨à®¢ ®£® á
¯à®¥ªâ®à ¬¨ P ¨ Q, á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  �KPQ = Q ¨ KPQ� = P c. �®íâ®¬ã ¯à®¢¥àª  ¬¨¨-
¬ «ì®áâ¨ ®à¬ë ¤ ®£® ®¯¥à â®à , ®¡®¡é¥® ®¡à â®£® ª ®¯¥à â®àã � : X ! Y , ¬®¦¥â ¡ëâì
á¢¥¤¥  ª ¯à®¢¥àª¥ ¥¤¨¨ç®áâ¨ ®à¬ ®¯¥à â®à®¢ �KPQ : Y ! Y ¨ KPQ� : X ! X.

�â ª, ¥¤¨¨ç®áâì ®à¬ ¯à®¥ªâ®à®¢ P c : X ! X (£¤¥ P : X ! X | ¯à®¥ªâ®à   ker�)
¨ Q : Y ! Y   R(�) | ¤®áâ â®ç®¥ ãá«®¢¨¥ ¬¨¨¬ «ì®áâ¨ ®à¬ë á®®â¢¥âáâ¢ãîé¥£® ®¡®¡-
é¥® ®¡à â®£® ª � ®¯¥à â®à . �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® íâ¨ ãá«®¢¨ï ¥ ï¢«ïîâáï
¥®¡å®¤¨¬ë¬¨.

�à¨¬¥à 1. �ãáâì X = Y = R3 á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬, § ¤ ¢ ¥¬ë¬ à ¢¥áâ¢®¬

hfx1; y1; z1g; fx2; y2; z2gi = 4x1x2 + 1
2
(y1 + z1)(y2 + z2) + 8(y1 � z1)(y2 � z2):

� áá¬®âà¨¬ ®¯¥à â®à � : X ! Y , ®¯à¥¤¥«¥ë© ä®à¬ã«®© �fx; y; zg =
n
x; 172

64
y; 17�15

64
y
o
.

�à®áâà áâ¢® X= ker � ¨§®¬¥âà¨ç® ¯à®áâà áâ¢ã Z = R2 á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬
hfx1; y1g; fx2; y2gi = 4x1x2 + 32

17
y1y2. � ª ª ª ¨§®¬¥âà¨ï, ®ç¥¢¨¤®, ¥ ¢«¨ï¥â   ¢¥«¨ç¨ã ��,
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â® á ãç¥â®¬ ®¯à¥¤¥«¥¨ï ��� ¯®«ãç ¥¬ m0(�) = m(�1), £¤¥ ®¯¥à â®à �1 : Z ! Y § ¤ ¥âáï

à ¢¥áâ¢®¬ �1fx; yg =
n
x; 172

64
y; 17�15

64
y
o
.

�®ª ¦¥¬, çâ® m(�1) = 1. �¥©áâ¢¨â¥«ì®, ¤«ï «î¡®© ¯ àë fx; yg 6= f0; 0g ¨¬¥¥â ¬¥áâ® ®æ¥-
ª  k�1fx;ygkY

kfx;ygkZ =

r
4x2+ 173

27
y2

4x2+ 32

17
y2

� 1. �à¨ íâ®¬ ¯®«ãç¥®¥ ¥à ¢¥áâ¢® ®¡à é ¥âáï ¢ à ¢¥áâ¢®  

í«¥¬¥â å fx; yg = fx; 0g 6= f0; 0g. � ª¨¬ ®¡à §®¬, m0(�) = m(�1) = inf
fx;yg6=f0;0g

k�1fx;ygkY
kfx;ygkZ = 1.

� áá¬®âà¨¬ ¯à®¥ªâ®à Q : Y ! Y   R(�), § ¤ ¢ ¥¬ë© ä®à¬ã«®© Qfx; y; zg =
n
x; 172

64
y� 15�17

64
z;

15�17
64

y� 152

64
z
o
. �«ï í«¥¬¥â 

n
0;

q
2
17
; 0

o
2 Y ¨¬¥¥¬

n0; q 2
17
; 0

o
Y
= 1, ®

Qn0; q 2
17
; 0

o
Y
=

2; 25 > 1, â. ¥. kQk > 1. � ª ç¥áâ¢¥ ¯à®¥ªâ®à  P : X ! X   ¯®¤¯à®áâà áâ¢® ker� =�fx; y; zg 2 R3 j x = y = 0
	
¢®§ì¬¥¬ ®¯¥à â®à, § ¤ ¢ ¥¬ë© ä®à¬ã«®© Pfx; y; zg = f0; 0; zg.

�®£¤  P cfx; y; zg = fx; y; 0g. �«ï í«¥¬¥â 
n
0; 1p

2
; 1p

2

o
¨¬¥¥¬

n0; 1p
2
; 1p

2

o
X

= 1, ®P c
n
0; 1p

2
; 1p

2

o
X
=
p
4; 25, â. ¥. kP ck > 1. �¡®¡é¥® ®¡à âë© ®¯¥à â®à K : Y ! X ª ®¯¥à -

â®àã �,  áá®æ¨¨à®¢ ë© á ãª § ë¬¨ ¯à®¥ªâ®à ¬¨ P ¨ Q, § ¤ ¥âáï ä®à¬ã«®© Kfx; y; zg =n
x; y� 15

17
z; 0

o
. �¥âàã¤® ¯à®¢¥à¨âì, çâ® kKk = 1 = 1=q0(�). � áá¬®âà¥¨¥ ¯à¨¬¥à  § ¢¥àè¥®.

� á¨«ã â¥®à¥¬ë 2 ��� ®à¬ «ì® à §à¥è¨¬®£® ®¯¥à â®à  ¬®¦® ¢ëç¨á«ïâì ª ª ¯® ä®à¬ã«¥
(3), â ª ¨ ¯à¨ ¯®¬®é¨ ä®à¬ã«ë (5) ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, çâ® ¯à®é¥: ®¯¨áë¢ âì ¯à®áâà áâ¢®
(R(�))� ¨«¨ ä ªâ®à-®¯¥à â®à e� : X= ker �! Y . � â ª ª ª ¢¥«¨ç¨ , ®¡à â ï ª ���, ï¢«ï¥âáï
¨¦¥© £à ¨æ¥© ¤«ï ®à¬ ¢á¥å ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®¡®¡é¥® ®¡à âëå ª â®¯®«®£¨ç¥áª¨
¥â¥à®¢ã ®¯¥à â®àã, â® ä ªâ, çâ® ¯®«ãç¥ ï â ª¨¬ ®¡à §®¬ ¨¦ïï £à ¨æ  ï¢«ï¥âáï â®ç®©,
¬®¦® ãáâ ®¢¨âì, ¯à¨¢¥¤ï ¯à¨¬¥à ®¡®¡é¥® ®¡à â®£® ®¯¥à â®à , ®à¬  ª®â®à®£® á®¢¯ ¤ ¥â
á íâ®© ¢¥«¨ç¨®©.

�à¨¬¥à 2. � áá¬®âà¨¬   ¯à®áâà áâ¢¥ X ¨¬¥îé¨å  ¡á®«îâ® ¥¯à¥àë¢ãî ¯à®¨§¢®¤ãî
äãªæ¨© x : [0; 1]! R1, çìï ¢â®à ï ¯à®¨§¢®¤ ï  ¡á®«îâ® áã¬¬¨àã¥¬ , ¤¢ãåâ®ç¥çãî ªà ¥¢ãî
§ ¤ çã

�x = f; x(0) � x(1) = �1; _x(0)� _x(1) = �2;

£¤¥ äãªæ¨ï f : [0; 1] ! R1  ¡á®«îâ® áã¬¬¨àã¥¬ , �1 ¨ �2 | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« . �¢¥¤¥¬

  ¯à®áâà áâ¢¥ X ®à¬ã à ¢¥áâ¢®¬ kxkX = jx(0)j + j _x(0)j +
1R
0

j�x(s)jds. � ¯¨è¥¬ íâã ªà ¥¢ãî

§ ¤ çã ¢ ¢¨¤¥ ®¤®£® ®¯¥à â®à®£® ãà ¢¥¨ï

�x = ff; �1; �2g;
£¤¥ ff; �1; �2g | í«¥¬¥â ¡  å®¢  ¯à®áâà áâ¢  Y á ®à¬®© kff; �1; �2gkY = j�1j + j�2j +
1R
0

jf(s)jds, ¨ ®¯¥à â®à � : X ! Y § ¤ ¥âáï à ¢¥áâ¢®¬ �x = f�x; x(0)� x(1); _x(0)� _x(1)g.
�¯¥à â®à � äà¥¤£®«ì¬®¢, ¨ ¥£® ï¤à® á®áâ®¨â ¨§ ª®áâ â. ��� íâ®£® ®¯¥à â®à  ¡ã¤¥¬ ¨á-

ª âì ¯à¨ ¯®¬®é¨ â¥®à¥¬ë 2 ¨ ä®à¬ã«ë (3). � ¬¥â¨¬, çâ® ¯à®áâà áâ¢® X= ker � ¨§®¬¥âà¨ç®

¯à®áâà áâ¢ã Z  ¡á®«îâ® áã¬¬¨àã¥¬ëå äãªæ¨© á ®à¬®© kzkZ = jz(0j +
1R
0

j _z(s)jds. �§®¬¥-
âà¨ï § ¤ ¥âáï ¯à ¢¨«®¬: ª ¦¤®¬ã z 2 Z áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ª« áá á¬¥¦®áâ¨ | í«¥¬¥â

¯à®áâà áâ¢  X= ker �, á®¤¥à¦ é¨© äãªæ¨î x(t) =
tR
0

z(s)ds. � ª¨¬ ®¡à §®¬, q0(�) = m0(�) =

m(�1), £¤¥ ¨ê¥ªâ¨¢ë© ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à �1 : Z ! Y § ¤ ¥âáï à ¢¥áâ¢®¬

�1z =
n
_z; �

1R
0

z(s)ds; z(0) � z(1)
o
. �¥¯®áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯® ä®à¬ã«¥ (2) ¤ îâ à ¢¥-

áâ¢® m(�1) = 1=2.
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� ¤àã£®© áâ®à®ë, ®¡®¡é¥® ®¡à âë© ®¯¥à â®à KPQ : Y ! X ª ®¯¥à â®àã �, á®®â¢¥â-
áâ¢ãîé¨© ¯à®¥ªâ®à ¬ P : X ! X ¨ Q : Y ! Y   ker � ¨ R(�) á®®â¢¥âáâ¢¥®, § ¤ ¢ ¥¬ë¬

à ¢¥áâ¢ ¬¨ Px = x(0) ¨ Qff; �1; �2g =
n
f; �1; �

1R
0

f(s)ds
o
, ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

KPQff; �1; �2g =
Z t

0

(t� s)f(s)ds+ t

�Z 1

0

(s� 1)f(s)ds� �1

�
;

¨ ¥£® ®à¬  à ¢  2.
� ª¨¬ ®¡à §®¬, ¤«ï ¤ ®£® ¯à¨¬¥à  ��� |  ¨¬¥ìè ï ¨§ ¨¦¨å £à ¨æ ®à¬ ®¯¥à â®-

à®¢, ®¡®¡é¥® ®¡à âëå ª ®¯¥à â®àã �, ¯à¨ç¥¬ ¤®áâ¨¦¨¬ ï.
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