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� à ¡®â¥ ãáâ ­ ¢«¨¢ ¥âáï ä®à¬ã«  â¨¯  ä®à¬ã«ë �à¨áâ®ää¥«ï{�¢ àæ  ¤«ï ®¡« áâ¥© á
¯®«¨£®­ «ì­®© £à ­¨æ¥© ¨ á¨¬¬¥âà¨¥© ¯¥à¥­®á .

�ãáâì D � C , D 6= C , | ®¤­®á¢ï§­ ï ®¡« áâì á á¨¬¬¥âà¨¥© ¯¥à¥­®á  ¢¤®«ì ¢¥é¥áâ¢¥­­®©
®á¨ ­  ®âà¥§®ª ¤«¨­ë T , 0 < T < +1. �¡« áâ¨ á á¨¬¬¥âà¨¥© ¯¥à¥­®á  ­  ®âà¥§®ª «î¡®©
¤«¨­ë (­ ¯à., ¯®«ã¯«®áª®áâì) ¨§ à áá¬®âà¥­¨ï ¨áª«îç îâáï. �à¥¤¯®«®¦¨¬, çâ® £à ­¨æ  frD 1

®¡« áâ¨ D á®áâ®¨â ¨§ ®âà¥§ª®¢ ¨ «ãç¥© ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãá«®¢¨î: ¥á«¨ w0 2 frD,
w0 6=1, â® ¤ã£  [w0; w0 + T ) £à ­¨æë, ­ ç¨­ îé ïáï ¢ w0 ¨ ®ª ­ç¨¢ îé ïáï ¢ w0 + T , á®áâ®¨â
¨§ ª®­¥ç­®£® ç¨á«  ®âà¥§ª®¢ ¨ «ãç¥©.

�¢¨£ ïáì ®â w0 ª w0 + T ¢¤®«ì £à ­¨æë ®¡« áâ¨ D ¢ ¯®«®¦¨â¥«ì­®¬ ­ ¯à ¢«¥­¨¨ (â. ¥. ¢
â®¬, ¯à¨ ª®â®à®¬ ®¡« áâì ®áâ ¥âáï á«¥¢ ), ®¡®§­ ç¨¬ ¯®á«¥¤®¢ â¥«ì­® ¢áâà¥ç îé¨¥áï ã£«®¢ë¥
â®çª¨ £à ­¨æë ç¥à¥§ A(0)

1 ; A
(0)
2 ; : : : ; A(0)

n , A(0)
n 6= A

(0)
1 + T (n = 1; 2; : : : ),   ã£«ë ®¡« áâ¨ D |

á®®â¢¥âáâ¢¥­­® ç¥à¥§ �1�; �2�; : : : ; �n�. �á«¨ A(0)
s 2 C , â® 0 < �s � 2; ¥á«¨ ¦¥ A(0)

s = 1, â®
�s = 0.

�à¥¤¯®«®¦¨¬, çâ® ¬­®¦¥áâ¢®
1[

k=�1

[w0 + kT; w0 + (k + 1)T ]

á®¢¯ ¤ ¥â á £à ­¨æ¥© ®¡« áâ¨ D. �¨¤­®, çâ® �1 + � � � + �n = n.
�¡®§­ ç¨¬ ç¥à¥§ w = f(z) äã­ªæ¨î, ®¤­®«¨áâ­® ¨ ª®­ä®à¬­® ®â®¡à ¦ îéãî ¢¥àå­îî ¯®-

«ã¯«®áª®áâì �+ = fz : Im z > 0g ­  D á ãá«®¢¨ï¬¨ f(0) = w0, f(�1) = w1, f(1) = 1, £¤¥ �1
| ­¥ª®â®à ï ä¨ªá¨à®¢ ­­ ï â®çª , 0 < �1 < +1. �®£« á­® â¥®à¥¬¥ �¨¬ ­  â ª ï äã­ªæ¨ï
áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­ . �­  ­¥¯à¥àë¢­® ¯à®¤®«¦ ¥âáï ­  �+ ¨, ªà®¬¥ â®£®, ¯à®¤®«¦¥­­ ï
äã­ªæ¨ï £®«®¬®àä­  ­  ¨­â¥à¢ « å (a(0)s ; a

(0)
s+1) (s = 1; : : : ; n � 1) ¢¥é¥áâ¢¥­­®© ®á¨ ¨ ª®­£àã-

í­â­ëå ¨¬ ¨­â¥à¢ « å, ¯®«ãç îé¨åáï ¯à¨ ¯¥à¥­®á¥ (a(0)s ; a
(0)
s+1) ­  kT (k = �1;�2; : : : ). �¤¥áì

a(0)s | ¯à®®¡à § A(0)
s ¯à¨ ®â®¡à ¦¥­¨¨ f . �á«¨ ¯¥à¥¬¥­­®¥ x ¢®§à áâ ¥â ®â a(0)s ¤® a(0)s+1, â® â®çª 

! = f(x) ¯à®¡¥£ ¥â ®âà¥§®ª, á®¥¤¨­ïîé¨© â®çª¨ A(0)
s , A(0)

s+1 £à ­¨æë ®¡« áâ¨ D. �â®â ®âà¥§®ª
¬®¦­® ¯à¥¤áâ ¢¨âì ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ ¢¨¤  ! = !(x) = A(0)

s +�(x)ei
s , £¤¥ 
s | ã£®«,
á®áâ ¢«¥­­ë© ®âà¥§ª®¬ [A(0)

s ; A(0)
s+1] á ¢¥é¥áâ¢¥­­®© ®áìî. �â­®è¥­¨¥ !00(x)=!0(x) = �00(x)=�0(x)

¨, §­ ç¨â, ®â­®è¥­¨¥ f 00(z)=f 0(z) ¢¥é¥áâ¢¥­­® ­  ª ¦¤®¬ ¨­â¥à¢ «¥ ¢¥é¥áâ¢¥­­®© ®á¨, ­¥ á®¤¥à-
¦ é¥¬ â®ç¥ª z = a(0)s + kT (s = 1; : : : ; n; k 2 Z).

�ãáâì z = '(w) | äã­ªæ¨ï, ®¡à â­ ï ª f(z): '(f(z)) = z ¢ �+. �¡®§­ ç¨¬ '(w0 + T ) = t. �
ãª § ­­ëå ãá«®¢¨ïå ¨ ®¡®§­ ç¥­¨ïå f(z + t) = f(z) + T ¤«ï «î¡®£® z 2 �+.

�¥©áâ¢¨â¥«ì­®, äã­ªæ¨ï f(z) + T ®â®¡à ¦ ¥â �+ ­  D ¨ ¯®íâ®¬ã äã­ªæ¨ï '(f(z) + T ),
®â®¡à ¦ îé ï �+ ­  á¥¡ï, «¨­¥©­  ¨ ¨¬¥¥â ¢¨¤ '(f(z)+T ) = az+ b, £¤¥ a ¨ b | ¢¥é¥áâ¢¥­­ë¥

1 �¥, ¢®®¡é¥ £®¢®àï, á«¥¤ã¥â ¯®­¨¬ âì ª ª £à ­¨æã � à â¥®¤®à¨ ([1], á. 137), á®áâ ¢«¥­­ãî ¨§ ­®-
á¨â¥«¥© (â¥«) ¯à®áâëå ª®­æ®¢ ®¡« áâ¨ D ¨ ®¡ëç­ë¬ ®¡à §®¬ ã¯®àï¤®ç¥­­ëå; á®£« á­® ¯®á«¥¤ãîé¨¬
¯à¥¤¯®«®¦¥­¨ï¬ £à ­¨æã frD ¬®¦­® à áá¬ âà¨¢ âì ª ª á®áâ ¢«¥­­ãî ¨§ â®ç¥ª, ªà â­ëå ¢ â®¬ á«ãç ¥,
ª®£¤  ­®á¨â¥«¨ (â¥« ) ¤¢ãå ¨«¨ ¡®«¥¥ ¯à®áâëå ª®­æ®¢ á®¢¯ ¤ îâ.
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¯®áâ®ï­­ë¥, a > 0, b 6= 0. �®« £ ï z = 0, ­ å®¤¨¬ b = t. �­ ç¨â, '(f(z) + T ) = a'(f(z)) + t.
�âáî¤ 

'(f(z) + 2T ) = '(f(z) + T + T ) = a'(f(z) + T ) + t =

= a[a'(f(z)) + t] + t = a2z + (a+ 1)t = a2z +
a2 � 1
a� 1

t

¨, ª ª «¥£ª® ãáâ ­®¢¨âì ¯® ¨­¤ãªæ¨¨,

'(f(z) + kT ) = akz +
ak � 1
a� 1

t (k = 0; 1; : : : ): (1)

�§ à ¢¥­áâ¢ 
z = '(f(z) � T + T ) = a'(f(z)� T ) + t

á«¥¤ã¥â, çâ® '(f(z)� T ) = 1
a
(z � t). �®íâ®¬ã

1
a
(z � t) = '(f(z) � T ) = '(f(z)� 2T + T ) = a'(f(z)� 2T ) + t

¨ '(f(z)� 2T ) = 1
a2
z � 1

a

�
1
a
+ 1

�
t. �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ãáâ ­ ¢«¨¢ ¥¬ ¯® ¨­¤ãªæ¨¨, çâ®

'(f(z)� kT ) =
1
ak
z �

1
ak

1� ak

1� a
t (k = 0; 1; : : : ): (2)

�à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ z 2 �+ ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª f(z) + "kT (k = 0; 1; : : : ),
" = �1, áå®¤¨âáï ª 1 ¨ ¢ á®®â¢¥âáâ¢¨¨ á ­®à¬¨à®¢ª®© äã­ªæ¨¨ f ¨¬¥¥¬ '(f(z) + kT )!1 ¯à¨
k ! 1, çâ® ­ å®¤¨âáï ¢ ¯à®â¨¢®à¥ç¨¨ á (1) ¯à¨ 0 < a < 1 ¨ | á (2) ¯à¨ 1 < a < 1. � ª¨¬
®¡à §®¬, a = 1 ¨ f(z + t) = f(z) + T .

�¨¤­®, çâ® äã­ªæ¨ï f 0 : �+ ! C ¯¥à¨®¤¨ç¥áª ï á ¯¥à¨®¤®¬ t,   '0(w) ¯¥à¨®¤¨ç¥áª ï ¢ D á
¯¥à¨®¤®¬ T .

�¥à¥å®¤¨¬ ª ¢ë¢®¤ã ä®à¬ã«ë ¤«ï f(z). � ª ®¡ëç­® (­ ¯à., [2], á. 676{704), ¤®ª §ë¢ ¥âáï,
çâ® äã­ªæ¨ï f 00(z)=f 0(z) ¨¬¥¥â ¢ â®çª¥ a(0)s + kt (s = 1; : : : ; n; k = 0;�1; : : : ) ¯à®áâ®© ¯®«îá á
¢ëç¥â®¬, à ¢­ë¬ �s � 1, â. ¥. çâ® ¢ ®ªà¥áâ­®áâ¨ â®çª¨ a(0)s ¨¬¥¥â ¬¥áâ® à §«®¦¥­¨¥

f 00(z)
f 0(z)

=
�s � 1

z � a
(0)
s

+ gs;0(z);

  ¢ ®ªà¥áâ­®áâ¨ â®çª¨ a(0)s + kT (k = �1;�2; : : : ) |

f 00(z)
f 0(z)

=
�s � 1

z � (a(0)s + kt)
+
�s � 1
kt

+ gs;k(z);

£¤¥ gs;k(z) (s = 1; : : : ; n; k 2 Z) | ­¥ª®â®à ï £®«®¬®àä­ ï äã­ªæ¨ï. � â®çª å, ®â«¨ç­ëå ®â
a(0)s + kt (s = 1; : : : ; n; k 2 Z), äã­ªæ¨ï f 00(z)=f 0(z) £®«®¬®àä­ . �ï¤

nX
s=1

�s � 1

z � a
(0)
s

+
nX

s=1

1X
k=�1
k 6=0

�
�s � 1

z � (a(0)s + kt)
+
�s � 1
kt

�
(3)

à ¢­®¬¥à­® áå®¤¨âáï ­  «î¡®¬ § ¬ª­ãâ®¬ ®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥, ­¥ á®¤¥à¦ é¥¬ â®ç¥ª
a(0)s + kt (s = 1; : : : ; n; k 2 Z). �¡®§­ ç¨¬ áã¬¬ã àï¤  (3) ç¥à¥§ F (z). �­  ¯à¥¤áâ ¢«ï¥â á®-
¡®© ¯®â¥­æ¨ «ì­ãî äã­ªæ¨î ¤«ï n á¨áâ¥¬ ¤¨¯®«¥©. �¨¯®«¨ ®¤­®© ¨§ á¨áâ¥¬ à á¯®«®¦¥­ë ¢
â®çª å a(0)s ; a(0)s � t; a(0)s � 2t; : : : ; ¬®¬¥­â �s � 1 â ª¨å ¤¨¯®«¥© ¯®«®¦¨â¥«¥­, ¥á«¨ ã£®« á ¢¥àè¨-
­®© A(0)

s ¬­®£®ã£®«ì­¨ª  D ¡®«ìè¥ à §¢¥à­ãâ®£® ã£«  (1 < �s < 2), ¨ ®âà¨æ â¥«¥­, ¥á«¨ ã£®«
A(0)

s ¬¥­ìè¥ à §¢¥à­ãâ®£® ã£«  (0 < �s < 1). �ç¥¢¨¤­®, F (z) = F (z) ¨, §­ ç¨â, F (z) ¨¬¥¥â ¢¥-
é¥áâ¢¥­­ë¥ §­ ç¥­¨ï ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ á ¨áª«îç¥­­ë¬¨ â®çª ¬¨ a(0)s + kt (s = 1; : : : ; n;
k 2 Z).
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� §­®áâì f 00(z)=f 0(z)�F (z) ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥© ¢ C ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥ª®â®àãî æ¥«ãî
¯¥à¨®¤¨ç¥áªãî äã­ªæ¨î á ¯¥à¨®¤®¬ t. �¡®§­ ç¨¬ ¥¥ ç¥à¥§ g(z). �ã­ªæ¨ï g(z) ¢¥é¥áâ¢¥­­®§­ ç-
­  ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨. �­â¥£à¨àãï ãà ¢­¥­¨¥

d

dz
ln f 0(z) = F (z) + g(z)

¢¤®«ì ¯à®áâ®© ¤ã£¨, á®¥¤¨­ïîé¥© ¢ �+ â®çªã z á ä¨ªá¨à®¢ ­­®© â®çª®© z0 ¨§ § ¬ëª ­¨ï �+, ¨§
ª®â®à®£® ¨áª«îç¥­ë â®çª¨ a(0)s +kt (s = 1; : : : ; n; k 2 Z), ¥á«¨ �s = 0, ¯®«ãç¨¬, ¢®á¯®«ì§®¢ ¢è¨áì
¯à¥¤áâ ¢«¥­¨¥¬ sin z ¢ ¢¨¤¥ ¡¥áª®­¥ç­®£® ¯à®¨§¢¥¤¥­¨ï (­ ¯à., [2], á. 529),

ln
f 0(z)
f 0(z0)

=
Z z

z0

g(�)d� + ln
nY

s=1

�
z � a(0)s

z0 � a
(0)
s

��s�1

+ ln
nY

s=1

1Y
k=�1
k 6=0

2
6664
�
1�

z � a(0)s

kt

�
e
z�a

(0)
s

kt

�
1�

z0 � a(0)s

kt

�
e
z0�a

(0)
s

kt

3
7775
�s�1

=

= g1(z) + ln
nY

s=1

�
z � a(0)s

z0 � a(0)s

��s�1

+ ln
nY

s=1

"
(z0 � a(0)s ) sin �

t
(z � a(0)s )

(z � a(0)s ) sin �

t
(z0 � a(0)s )

#�s�1
:

�¤¥áì g1(z) | æ¥« ï äã­ªæ¨ï. �®á«¥ ¯®â¥­æ¨à®¢ ­¨ï ¨ ¯®¢â®à­®£® ¨­â¥£à¨à®¢ ­¨ï ¨¬¥¥¬

f(z) = f 0(z0)
Z z

z0

G(�)
nY

s=1

"
sin �

t
(� � a(0)s )

sin �

t
(z0 � a

(0)
s )

#�s�1
d� + f(z0);

£¤¥ G(z) = exp g1(z) | ­¥ª®â®à ï æ¥« ï äã­ªæ¨ï, ­¥ ®¡à é îé ïáï ¢ ­ã«ì. �á«¨ z0 ¨ G(z0)
¢¥é¥áâ¢¥­­ë, â® äã­ªæ¨ï G(z) ¨¬¥¥â ¢¥é¥áâ¢¥­­ë¥ §­ ç¥­¨ï ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨.

�ã­ªæ¨ï f(z) ¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã äã­ªæ¨© ¢¨¤ 

f(z) = C

Z z

z0

G(�)
nY

s=1

�
sin

�

t
(� � a(0)s )

��s�1
d� + C0; (4)

£¤¥ z0, C, C0 | ¯®áâ®ï­­ë¥. �ë¢®¤ ä®à¬ã«ë ¤«ï f(z) ®ª®­ç¥­.
�ã­ªæ¨ï G(z), ¯®áâ®ï­­ë¥ C, C0, t, a

(0)
1 ; : : : ; a(0)n ¢ (4) ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î ¨§ ãá«®¢¨©

ª®­ªà¥â­®© § ¤ ç¨. � ¬¥â¨¬, çâ® ¯à®®¡à §ë ¤¢ãå ¢¥àè¨­ ®¡« áâ¨ D ¬®£ãâ ¡ëâì ¢§ïâë § à ­¥¥.
�áâ ­®¢¨¬áï ­  ¯à®áâ¥©è¨å ¯à¨¬¥à å ¯à¨¬¥­¥­¨ïä®à¬ã«ë (4) áG(z) = const (áà. [3], § ¤ ç¨

368, 372).
�ãáâì D| ¢¥àå­ïï ¯®«ã¯«®áª®áâì ¯«®áª®áâ¨ w á ¨áª«îç¥­­ë¬¨ ¢¥àâ¨ª «ì­ë¬¨ ®âà¥§ª ¬¨

[(2k + 1)�=2; (2k + 1)�=2 + ia]; k 2 Z;

¤«¨­ë a, 0 < a < +1; ®ç¥¢¨¤­®, T = �. �â®¡à ¦¥­¨¥ w = f(z), f(0) = 0, f(�=2) = �=2 + ia,
f(1) =1, ¯®«ã¯«®áª®áâ¨ �+ ­  D ¤ ¥âáï ä®à¬ã«®©

f(z) = C

Z z

0

sin(� � �=2)p
sin(� � �=2 + �) sin(� � �=2� �)

d� = �C

Z z

0

d sin �q
cos2 �� sin2 �

= �C arcsin
sin z
cos �

;

£¤¥ �=2 � �, �=2 + � | ¯à®®¡à §ë ¤¢®©­®© ã£«®¢®© â®çª¨ �=2. �§ ãá«®¢¨ï f(�=2 � �) = �=2
­ å®¤¨¬ C = �1. � ª ª ª f(�=2) = �=2 + ia, â® sin(�=2 + ia) = 1= cos �, ®âªã¤  1= cos � = ch a. �
¨â®£¥ ¨¬¥¥¬ äã­ªæ¨î

f(z) = arcsin [ch a sin z];

¤ îéãî ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ �+ ­  D á ãª § ­­ë¬ á®®â¢¥âáâ¢¨¥¬ £à ­¨ç­ëå â®ç¥ª.
�ãáâì D | ¯«®áª®áâì C á à §à¥§ ¬¨ ¥¥ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨ fw : Imw < 0g ¯® ¢¥àâ¨ª «ì-

­ë¬ «ãç ¬, ¢ëå®¤ïé¨¬ ¨§ â®ç¥ª w = k�, k 2 Z. �â®¡à ¦¥­¨¥ w = f(z), f(0) = 0, f(�
2
) = 1,
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f(1) = 1, ¯®«ã¯«®áª®áâ¨ �+ ­  D ¤ ¥âáï ä®à¬ã«®© (4) á a(0)1 = 0, a(0)2 = �

2
, �1 = 2, �2 = 0,

t = �

f(z) = C

Z z

0

sin �
cos �

d� = �c ln cos z:

�®« £ ï C = �i, ã¡¥¦¤ ¥¬áï, ®¯¨à ïáì ­  â¥®à¥¬ã ® á®®â¢¥âáâ¢¨¨ £à ­¨æ, ¢ â®¬, çâ® äã­ª-
æ¨ï f(z) = i ln cos z à¥ «¨§ã¥â ®â®¡à ¦¥­¨¥ �+ ­  D.

�ã­ªæ¨ï  (z) = if(z) ®¤­®«¨áâ­® ¨ ª®­ä®à¬­® ®â®¡à ¦ ¥â �+ ­  ¯«®áª®áâì á à §à¥§ ¬¨ ¯®
«ãçã l0 = fw : 0 � Rew < +1; Imw = 0g ¨ «ãç ¬ lk, ¯®«ãç îé¨¬áï á¤¢¨£®¬ l0 ­  ik�, k 2 Z.
�­â¥£à «

L(x) =
Z x

0
 (x)dx = �

Z x

0
ln cosx dx; ��

2
< x < �

2
;

¨§¢¥áâ¥­ ª ª äã­ªæ¨ï �®¡ ç¥¢áª®£® ([4], c. 184; [5], c. 328). �­  ¯à®¤®«¦ ¥âáï ­  �+ ¢ ¢¨¤¥
¨­â¥£à « 

L(z) = �

Z z

0
ln cos z dz;

¢§ïâ®£® ¯® ¦®à¤ ­®¢®© ¤ã£¥, á®¥¤¨­ïîé¥© 0 ¨ z,   â ª¦¥ á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¨­æ¨¯  á¨¬¬¥âà¨¨
| ­  ¢áî ª®¬¯«¥ªá­ãî ¯«®áª®áâì. �â¬¥â¨¬, çâ® ([5], ä®à¬ã«  3.615(7) )

L(�
4
) = �

4
ln 2� 1

2
G = 0; 086414022 : : : ;

£¤¥ G =
1P
k=0

(�1)k

(2k+1)2
= 0; 915965594 : : : | ¯®áâ®ï­­ ï � â « ­ .

�ãáâì D | ¯«®áª®áâì C á à §à¥§ ¬¨ ¥¥ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨ ¯® ¯ à ««¥«ì­ë¬ «ãç ¬,
¢ëå®¤ïé¨¬ ¨§ â®ç¥ª w = k�, k 2 Z, ¨ ­ ª«®­¥­­ë¬ ª ¢¥é¥áâ¢¥­­®© ®á¨ ­  ã£®« 
, ®â«¨ç­ë© ®â
�=2. �®£¤  ®â®¡à ¦¥­¨¥ w = f
(z), f
(0) = 0, f


�
�

2

�
= 1, f
(1) = 1, ¯®«ã¯«®áª®áâ¨ �+ ­  D

¤ ¥âáï ä®à¬ã«®©

f
(z) =
Z z

0

G
(�)
sin �

sin �

t
(� � �

2
)
d�;

£¤¥ ç¨á«® t = t(
) ¨ æ¥« ï äã­ªæ¨ï G
(z) ¯®¤«¥¦ â ®¯à¥¤¥«¥­¨î.
�« £®¤ àî ¯à®ä¥áá®à  �.�.�ªá¥­âì¥¢  §  ®¡áã¦¤¥­¨¥ à ¡®âë.
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