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�ãáâì X | à ¢­®¬¥à­® ¢ë¯ãª«®¥ ¨ à ¢­®¬¥à­® £« ¤ª®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, X� | ¥£®
á®¯àï¦¥­­®¥, A : X ! X� | ­¥¯à¥àë¢­ë© ¬®­®â®­­ë© ®¯¥à â®à, D(A) = X, ãà ¢­¥­¨¥

Ax = f (1)

¨¬¥¥â ¢ X ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® à¥è¥­¨© N , x� | ­®à¬ «ì­®¥ à¥è¥­¨¥ (1) (à¥è¥­¨¥, ¨¬¥îé¥¥
¬¨­¨¬ «ì­ãî ­®à¬ã). �à¨ íâ¨å ¯à¥¤¯®«®¦¥­¨ïå ­¥ ã¤ ¥âáï ãáâ ­®¢¨âì ­¥¯à¥àë¢­ãî § ¢¨á¨-
¬®áâì à¥è¥­¨ï (1) ®â ¢®§¬ãé¥­¨© A ¨ f , ¯®íâ®¬ã á«¥¤ã¥â áç¨â âì § ¤ çã ­ å®¦¤¥­¨ï à¥è¥­¨ï
ãà ¢­¥­¨ï (1) ­¥ª®àà¥ªâ­®© ¨ ¤«ï ¥¥ à¥è¥­¨ï ¯à¨¬¥­ïâì ª ª®©-«¨¡® ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨. �
¯®á«¥¤­¥¥ ¢à¥¬ï ¢®§à®á ¨­â¥à¥á ª ­¥¯à¥àë¢­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï ­¥ª®àà¥ªâ­ëå § ¤ ç, ª®â®àë¥
á¢®¤ïâáï ª à¥è¥­¨î § ¤ ç¨ �®è¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ­¥ª®â®à®£® ¯®àï¤ª . �®-
àï¤®ª ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ­ §ë¢ ¥âáï ¯®àï¤ª®¬ ­¥¯à¥àë¢­®£® ¬¥â®¤ . �«ï á«ãç ï,
ª®£¤  X = H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ­¥¯à¥àë¢­ë¥ ¬¥â®¤ë ¨§ãç¥­ë ¤®áâ â®ç­® ¯®«­® [1]{
[6]. �«ï ãà ¢­¥­¨ï (1) á ¬®­®â®­­ë¬ ¨  ªªà¥â¨¢­ë¬ ®¯¥à â®à®¬ A ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥
áå®¤¨¬®áâì ­¥¯à¥àë¢­®£® ¬¥â®¤  ¯¥à¢®£® ¯®àï¤ª  ¨§ãç « áì ¢ [7], [8] ¢ ¯à¥¤¯®«®¦¥­¨¨ ¤¨ää¥-
à¥­æ¨àã¥¬®áâ¨ ®¯¥à â®à  A. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ ¨áá«¥¤®¢ ­¨¨ áå®¤¨¬®áâ¨ ­¥¯à¥àë¢­®£®
¬¥â®¤  ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ áãé¥áâ¢¥­­ãî à®«ì ¨£à îâ ­¥ â®«ìª® á¢®©áâ¢  ®¯¥à â®à  A,
­® ¨ £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ¯à®áâà ­áâ¢ X ¨ X�. �¥«ì ¤ ­­®© áâ âì¨ á®áâ®¨â ¢ ãáâ ­®¢«¥­¨¨
¤®áâ â®ç­ëå ãá«®¢¨© áå®¤¨¬®áâ¨ ­¥¯à¥àë¢­®£® ¬¥â®¤  ¯¥à¢®£® ¯®àï¤ª  ¢ ¡ ­ å®¢®¬ ¯à®áâà ­-
áâ¢¥ ¡¥§ ¯à¥¤¯®«®¦¥­¨ï ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¬®­®â®­­®£® ®¯¥à â®à  A.

�ãáâì �X(s) | ¬®¤ã«ì ¢ë¯ãª«®áâ¨ ¯à®áâà ­áâ¢  X. �à¥¤¯®« £ ¥¬, çâ® íâ  äã­ªæ¨ï ­¥¯à¥-
àë¢­  ¨ ¢®§à áâ ¥â ­  [0; 2], �X(0) = 0 ([9], c. 49; [10]). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ®¡à â­ ï ª
­¥© äã­ªæ¨ï ��1X (").

� ª ª ª ¯à®áâà ­áâ¢® X à ¢­®¬¥à­® £« ¤ª®¥, â® X� â ª¦¥ à ¢­®¬¥à­® ¢ë¯ãª«® ([9], c. 34).
�ãáâì �X�(s) | ¬®¤ã«ì ¢ë¯ãª«®áâ¨ X�. �¯à¥¤¥«¨¬ äã­ªæ¨î gX�(s) = �X�(s)=s. �§¢¥áâ­® [10],
çâ® íâ  äã­ªæ¨ï ­¥¯à¥àë¢­  ¨ ¢®§à áâ ¥â ­  [0; 2], gX�(0) = 0. �­ ç¨â, ¬®¦­® ¯®áâà®¨âì äã­ª-
æ¨î g�1X�(").

�ç¨â ¥¬, çâ® ®¯¥à â®à ¤ã «ì­®£® ®â®¡à ¦¥­¨ï J : X ! X� ®¯à¥¤¥«¥­ á®®â­®è¥­¨ï¬¨ ([11],
c. 311)

kJxk = kxk; hJx; xi = kxk2 8x 2 X: (2)

�¢®©áâ¢  íâ®£® ®¯¥à â®à  ®¯à¥¤¥«ïîâáï £¥®¬¥âà¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ ¯à®áâà ­áâ¢ X ¨ X�. �â-
¬¥â¨¬, çâ® ¯à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ¯à®áâà ­áâ¢  X ®¯¥p â®p J ï¢«ï¥âáï
¬®­®â®­­ë¬ ®£à ­¨ç¥­­ë¬ ­¥¯à¥àë¢­ë¬ ([11], cc. 313, 330, 331). �à®¬¥ â®£®, á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® (á¬. [8], [12])

kJx� Jyk � c2g
�1

X�(2c2Lkx� yk); (3)

£¤¥ c2 = 2maxf1; kxk; kykg, L | ¯®áâ®ï­­ ï �¨£¥«ï, 1 < L < 3;18.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 99-01-00807.
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�¢¥¤¥¬ äã­ªæ¨®­ « [12]

V (x; y) = kJxk2=2� hJx; yi+ kyk2=2 8x; y 2 X:

�§¢¥áâ­® [12], [8], çâ® V (x; y) | ­¥®âà¨æ â¥«ì­ë© ¢ë¯ãª«ë© ¨ ¤¨ää¥à¥­æ¨àã¥¬ë© ¯® Jx ¨ y
äã­ªæ¨®­ «, ¯à¨ç¥¬

gradJx V (x; y) = x� y; grady V (x; y) = Jy � Jx: (4)

�¢®©áâ¢  V (x; y) â ª¦¥ § ¢¨áïâ ®â £¥®¬¥âà¨ç¥áª¨å á¢®©áâ¢ ¯à®áâà ­áâ¢  X. �ª ¦¥¬ ­¥ª®â®àë¥
¨§ ­¨å [8]:

V (x; y) � L�1�X(kx� yk=(2c2)) 8x; y 2 X; (5)

V (x; y) � hJx� Jy; x� yi 8x; y 2 X: (6)

�¢®©áâ¢  äã­ªæ¨¨ �X(s) ¯®§¢®«ïîâ ¨§ (5) ¯®«ãç¨âì ®æ¥­ªã

kx� yk � 2c2�
�1

X (LV (x; y)): (7)

�§¢¥áâ­® [13], çâ® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(�) ®¯¥à â®à­®£® ãà ¢­¥­¨ï

Ax�(�) + �(�)Jx�(�) = f (8)

áâ ¡¨«¨§¨àã¥âáï ¯à¨ � ! +1 ª ­®à¬ «ì­®¬ã à¥è¥­¨î (1), ¥á«¨ �(�) (� � t0 � 0) | ¯®«®¦¨-
â¥«ì­ ï äã­ªæ¨ï,

lim
t!1

�(t) = 0: (9)

�à¥¤¯®«®¦¨¬, çâ® í«¥¬¥­â f ¨ ®¯¥à â®à A ¢ (1) ¢®§¬ãé¥­ë,   ¨¬¥­­®, ¯à¨ t � t0 � 0 ¢¬¥áâ®
í«¥¬¥­â  f ¨§¢¥áâ­ë ¥£® �(t)-¯à¨¡«¨¦¥­¨ï, â. ¥.

kf(t)� fk � �(t); (10)

¬®­®â®­­ë© ®¯¥à â®à A  ¯¯à®ªá¨¬¨àã¥âáï á¥¬¥©áâ¢®¬ ®¯¥à â®à®¢ fA(t)g, A(t) : X ! X�,
D(A(t)) = X,

kAx�A(t)xk � h(t)g(kxk) 8x 2 X; (11)

£¤¥ h(t) ¨ �(t) | ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t � t0 � 0, g(s) | ­¥®âà¨æ â¥«ì-
­ ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï, â. ¥. ¯¥à¥¢®¤ïé ï ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® ¢ ®£à ­¨ç¥­­®¥, s � 0.
� ¬¥â¨¬, çâ® ¬®­®â®­­®áâì ®¯¥à â®à  A(t) ­¥ ¯p¥¤¯®« £ ¥âáï.

� ¤ ¢ ¯à®¨§¢®«ì­ë© í«¥¬¥­â y0 2 X, ¯®áâà®¨¬ ­¥¯à¥àë¢­ë© ¬¥â®¤ ¯¥à¢®£® ¯®àï¤ª  á«¥¤ã-
îé¥£® ¢¨¤  (á¬. [8]):

dJy(t)
dt

+A(t)y(t) + �(t)Jy(t) = f(t); (12)

y(t0) = y0: (13)

�à¨ ¨áá«¥¤®¢ ­¨¨ ¯®¢¥¤¥­¨ï âà ¥ªâ®à¨© § ¤ ç¨ (12), (13) ¯à¨ t ! +1 ¡ã¤¥¬ ¯®«ì§®¢ âìáï
¬¥â®¤®¬ § ¬®à®¦¥­­ëå ª®íää¨æ¨¥­â®¢ ([2], c. 261), ¯®íâ®¬ã ­ àï¤ã á § ¤ ç¥© �®è¨ (12), (13)
¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ � � t0 ¯®áâà®¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã �®è¨ á â®ç­ë¬¨ ¤ ­­ë¬¨

dJz(t; �)
dt

+Az(t; �) + �(�)Jz(t; �) = f; (14)

z(t0; �) = y0 8� � t0: (15)
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�¥®à¥¬ . �ãáâì X | à ¢­®¬¥à­® ¢ë¯ãª«®¥ ¨ à ¢­®¬¥à­® £« ¤ª®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®,

ãà ¢­¥­¨¥ (1) à §à¥è¨¬®, ¬®­®â®­­ë© ®¯¥à â®à A : X ! X� ï¢«ï¥âáï ®£à ­¨ç¥­­® £¥«ì¤¥à-

­¥¯à¥àë¢­ë¬ (áà. á [14], c. 79), â. ¥. áãé¥áâ¢ã¥â ¢®§à áâ îé ï äã­ªæ¨ï �(R) ­  [0;+1) â ª ï,
çâ® ¤«ï ¢á¥å x ¨ y ¨§ X ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kAx�Ayk � �(R)kx� yk�; (16)

£¤¥ � 2 (0; 1], R = maxfkxk; kykg; § ¤ ç¨ �®è¨ (12), (13) ¨ (14), (15) ¨¬¥îâ ¥¤¨­áâ¢¥­­ë¥

à¥è¥­¨ï ª« áá  C1[t0;+1) ¯à¨ «î¡®¬ í«¥¬¥­â¥ y0 ¨§ X, ¯à¨ç¥¬ áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï c > 0
â ª ï, çâ® ky(t)k � c ¯à¨ ¢á¥å t � t0; ¤ã «ì­®¥ ®â®¡à ¦¥­¨¥ J ­  à¥è¥­¨ïå § ¤ ç¨ (14), (15)
®¡« ¤ ¥â á¢®©áâ¢®¬ DdJz(t; �)

dt
;
dz(t; �)
dt

E
� 	

�



dz(t; �)dt






�



dz(t; �)dt





; (17)

£¤¥ 	(s) | ­¥®âà¨æ â¥«ì­ ï ¢®§à áâ îé ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¯à¨ s � 0, 	(0) = 0, ¢®§¬ã-
é¥­¨ï í«¥¬¥­â  f ¨ ®¯¥à â®à  A ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (10), (11), �(t) | ¯®«®¦¨â¥«ì­ ï

¤¨ää¥à¥­æ¨àã¥¬ ï ¢ë¯ãª« ï ã¡ë¢ îé ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¯à¨ t � t0 � 0 ¨ ®¡« ¤ îé ï

á¢®©áâ¢®¬ (9),   â ª¦¥ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ¯à¥¤¥«ì­ë¥ à ¢¥­áâ¢ :

lim
t!+1

�(t) + h(t)
�(t)

= 0; (18)

lim
t!1

�0(t)
�2(t)

= 0; (19)

lim
�!+1

�R
t0

[
(t; �) + 	�1(
(t; �))] exp(�(t))dt

exp(�(�))
= 0; (20)

£¤¥ �(s) =
sR
t0

�(t)dt, �(t; �) = exp[��(�)(t � t0)],


(t; �) = [��1X (c4�(t; �))]� + �(�)g�1X�(c3��1X (c4�(t; �)));

c2 = 2maxf1; c1; dg, c3 = (2c2)2L, c4 = d1L, 1 < L < 3;18, d, d1, c1 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥,

ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

kx�(�)k � d; V (y0; x�(�)) � d1; kz(t; �)k � c1 (21)

¯à¨ ¢á¥å t � t0, � � t0, ¯à¨ç¥¬ d1 ¨ c1 ¢ ®¡é¥¬ á«ãç ¥ ¬®£ãâ § ¢¨á¥âì ®â y0. �®£¤  à¥è¥­¨¥

§ ¤ ç¨ (12), (13) ¯à¨ «î¡®¬ í«¥¬¥­â¥ y0 2 X áâ ¡¨«¨§¨àã¥âáï ¯à¨ t ! +1 ª ­®à¬ «ì­®¬ã

à¥è¥­¨î ãà ¢­¥­¨ï (1).

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ãáâ ­®¢¨¬ áãé¥áâ¢®¢ ­¨¥ ¯®áâ®ï­­ëå d, d1 ¨ c1, ®¡¥á¯¥ç¨¢ -
îé¨å ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ (21). �§ áå®¤¨¬®áâ¨ x�(�) ª x� ¯à¨ t! +1 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
¯®«®¦¨â¥«ì­®© ¯®áâ®ï­­®© d. �à®¬¥ â®£®, ­¥âàã¤­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ á®®â­®è¥­¨©

0 � V (y0; x�(�)) � ky0k2=2 + ky0k kx�(�)k + kx�(�)k2=2:
�«¥¤®¢ â¥«ì­®, §  ¯®áâ®ï­­ãî d1 ¬®¦­® ¯à¨­ïâì ¢¥«¨ç¨­ã d1 = d1(y0) = (ky0k+d)2=2. �®áâà®¨¬
äã­ªæ¨î

r(t; �) = V (z(t; �); x�(�)) = kJz(t; �)k2=2� hJz(t; �); x�(�)i + kx�(�)k2=2; (22)

¤«ï ª®â®à®© (á¬. (4))

dr(t; �)
dt

=
DdJz(t; �)

dt
; z(t; �)� x�(�)

E
: (23)
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�ëç¨â ï ¨§ (14) à ¢¥­áâ¢® (8) ¨ ¢ëç¨á«¨¢ §­ ç¥­¨¥ äã­ªæ¨®­ «®¢, áâ®ïé¨å ¢ ¯à ¢®© ¨ «¥¢®©
ç áâïå ¯®«ãç¥­­®£® à ¢¥­áâ¢ , ­  í«¥¬¥­â¥ z(t; �) � x�(�), ¨¬¥¥¬

DdJz(t; �)
dt

; z(t; �) � x�(�)
E
+ hAz(t; �) �Ax�(�); z(t; �) � x�(�)i+

+ �(�)hJz(t; �) � Jx�(�); z(t; �) � x�(�)i = 0: (24)

�¢®©áâ¢® (6) äã­ªæ¨®­ «  V ¤ ¥â

hJz(t; �) � Jx�(�); z(t; �) � x�(�)i � r(t; �): (25)

�¥¯¥àì, ãç¨âë¢ ï ¢ (24) á®®â­®è¥­¨ï (23), (25) ¨ ¬®­®â®­­®áâì ®¯¥à â®à  A, ¯à¨å®¤¨¬ ª ­¥à -
¢¥­áâ¢ã dr(t; �)=dt � ��(�)r(t; �), ®âáî¤  «¥£ª® ãáâ ­®¢¨âì ®æ¥­ªã

r(t; �) � r(t0; �)�(t; �); (26)

£¤¥ r(t0; �) = V (y0; x�(�)). � ª ª ª ãáâ ­®¢«¥­®, çâ® V (y0; x�(�)) � d1, â® ®æ¥­ª  (26) ¤ ¥â

r(t; �) � d1�(t; �): (27)

�®áª®«ìªã �(�) > 0, t � t0, â® ãáâ ­®¢«¥­®, çâ®

0 � r(t; �) � d1: (28)

�¥âàã¤­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (á¬. [8])

(kxk � kyk)2=2 � V (x; y) 8x; y 2 X;

ª®â®à®¥ ¨§ (28) ¯®§¢®«ï¥â ¢ë¢¥áâ¨ ®æ¥­ªã

kz(t; �)k �
p
2d1 + d;

â. ¥. ¢ (21) c1 =
p
2d1 + d. �­ ç¨â, ­¥à ¢¥­áâ¢  (21) ¤®ª § ­ë.

� «¥¥, ¨§ (27) ¯à¨ t = � ¨¬¥¥¬

r(�; �) � d1 exp[��(�)(� � t0)]: (29)

�á¯®«ì§ãï ¯à ¢¨«® �®¯¨â «ï, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¯à¨ ãá«®¢¨¨ (19)  à£ã¬¥­â íªá¯®­¥­âë
¢ ­¥à ¢¥­áâ¢¥ (29) áâà¥¬¨âáï ª �1 ¯à¨ � ! +1. �¥¬ á ¬ë¬ ãáâ ­®¢«¥­®, çâ® r(�; �) ! 0 ¯à¨
� ! +1. �¥¯¥àì á¢®©áâ¢  äã­ªæ¨¨ �X(s) ¨ ­¥à ¢¥­áâ¢®

L�1�X(kz(�; �) � x�(�)k=(2c2)) � V (Jz(�; �); x�(�)) = r(�; �);

§ ¯¨á ­­®¥ ­  ®á­®¢ ­¨¨ á¢®©áâ¢  (5) äã­ªæ¨®­ «  V , ¯®§¢®«ïîâ ãâ¢¥à¦¤ âì, çâ® kz(�; �) �
x�(�)k ! 0 ¯à¨ � !1.

�¯à¥¤¥«¨¬ ­®¢ãî ¢¥«¨ç¨­ã

�(t; �) = V (y(t); z(t; �)) = kJy(t)k2=2� hJy(t); z(t; �)i + kz(t; �)k2=2:
�à¨­ï¢ ¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢  (4), ­ ©¤¥¬

d�(t; �)
dt

=
DdJy(t)

dt
; y(t)� z(t; �)

E
+
D
Jz(t; �) � Jy(t);

dz(t; �)
dt

E
: (30)

�à®¬¥ â®£®, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¢ á¨«ã ­ ç «ì­ëå ãá«®¢¨© (13) ¨ (15) ¨ ®¯à¥¤¥«¥­¨ï ¤ã-
 «ì­®£® ®â®¡à ¦¥­¨ï (2) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

�(t0; �) = 0 8� � t0: (31)
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� «¥¥, ¨§ (12) ¨ (14) á ¯®¬®éìî â¥å ¦¥ ¤¥©áâ¢¨©, çâ® ¨ ¯à¨ ¢ë¢®¤¥ p ¢¥­áâ¢  (24), ¯®«ãç¨¬
DdJy(t)

dt
� dJz(t; �)

dt
; y(t)� z(t; �)

E
+ hA(t)y(t) �Az(t; �); y(t) � z(t; �)i +

+�(t)hJy(t)�Jz(t; �); y(t)� z(t; �)i+[�(t)��(�)]hJz(t; �); y(t)� z(t; �)i = hf(t)� f; y(t)� z(t; �)i:
(32)

�®­®â®­­®áâì ®¯¥à â®à  A ¨ ãá«®¢¨¥ (11) ¤ îâ ­¥à ¢¥­áâ¢ 

hA(t)y(t) �Az(t; �); y(t) � z(t; �)i = hAy(t)�Az(t; �); y(t) � z(t; �)i +
+ hA(t)y(t)�Ay(t); y(t)� z(t; �)i � hA(t)y(t)�Ay(t); y(t)� z(t; �)i � �h(t)g(ky(t)k)ky(t)� z(t; �)k:

(33)

�ç¨âë¢ ï (6), (10), (30), (33) ¨ ®£à ­¨ç¥­­®áâì âà ¥ªâ®à¨© z(t; �), y(t) ¯à¨ ¢á¥å t � t0, � � t0, ®â
(32) ¯à¨¤¥¬ ª ­¥à ¢¥­áâ¢ã

d�(t; �)
dt

� ��(t)�(t; �) +M1[j�(t) � �(�)j+ h(t) + �(t)] + �(t; �); (34)

£¤¥ M1 > 0,

�(t; �) =
DdJz(t; �)

dt
; y(t)� z(t; �)

E
+
D
Jz(t; �)� Jy(t);

dz(t; �)
dt

E
:

�à¨­ï¢ ¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢® (á¬. [8])DdJz(t; �)
dt

; z(t; �)
E
=
D
Jz(t; �);

dz(t; �)
dt

E
;

¯®«ãç ¥¬®¥ ¯ãâ¥¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® t à ¢¥­áâ¢  kJz(t; �)k2 = kz(t; �)k2 (á¬. (2)), ¨§ (34)
¯®«ãç¨¬

d�(t; �)
dt

� ��(t)�(t; �) +M1[j�(t) � �(�)j + h(t) + �(t)] + c

�



dJz(t; �)dt





+




dz(t; �)dt






�
: (35)

�æ¥­¨¬ á¢¥àåã ¢¥«¨ç¨­ë kdJz(t; �)=dtk ¨ kdz(t; �)=dtk. �§ ãà ¢­¥­¨ï (14) ¢ë¢®¤¨¬ ­¥à ¢¥­áâ¢®



dJz(t; �)dt





 � kAz(t; �) �Ax�(�)k+ �(�)kJz(t; �) � Jx�(�)k: (36)

�á¯®«ì§ãï (3), (7), á¢®©áâ¢  äã­ªæ¨© g�1X�(") ¨ ®¯à¥¤¥«¥­¨¥ (22) ¢¥«¨ç¨­ë r(t; �), ¨¬¥¥¬

kJz(t; �) � Jx�(�)k � c2g
�1

X�(2c2Lkz(t; �) � x�(�)k) � c2g
�1

X�(c3�
�1

X (Lr(t; �))): (37)

�à®¬¥ â®£®, á¢®©áâ¢® (16) ®¯¥à â®à  A ¨ (7) ¤ îâ á«¥¤ãîéãî ®æ¥­ªã:

kAz(t; �) �Ax�(�)k � �(d2)kz(t; �) � x�(�)k� � �(d2)[2c2�
�1

X (Lr(t; �))]� ; d2 = maxfd; c1g: (38)
�¥¯¥àì (37) ¨ (38) ¯®§¢®«ïîâ ®â (36) ¯¥à¥©â¨ ª ­¥à ¢¥­áâ¢ã



dJz(t; �)dt





 �M2f[��1X (Lr(t; �))]� + �(�)g�1X�(c3�
�1

X (Lr(t; �)))g; M2 > 0:

�®áª®«ìªã äã­ªæ¨¨ ��1X ("), g�1X�(") ¢®§à áâ îâ, â®, ¯à¨­ï¢ ¢® ¢­¨¬ ­¨¥ (27), ¨§ ¯®á«¥¤­¥£® ­¥-
à ¢¥­áâ¢  ¨¬¥¥¬



dJz(t; �)dt





 �M2f[��1X (c4�(t; �))]
� + �(�)g�1X�(c3�

�1

X (c4�(t; �)))g =M2
(t; �): (39)

�¡à â¨¢è¨áì ª ãá«®¢¨î (17) â¥®à¥¬ë ¨ ãç¨âë¢ ï ®æ¥­ªã (39), ¯®«ãç¨¬

	
�



dz(t; �)dt






�
�




dJz(t; �)dt





 �M2
(t; �);
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â. ¥. 



dz(t; �)dt





 � 	�1(M2
(t; �)): (40)

�¢®©áâ¢  äã­ªæ¨¨ �(t) ¯®§¢®«ïîâ § ¯¨á âì ­¥à ¢¥­áâ¢® (á¬. [2], á. 266)

0 � �(t)� �(�) � (t� �)�0(t); t � �: (41)

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (39){(41), ¨§ (35) ¢ë¢®¤¨¬ ®æ¥­ªã

d�(t; �)
dt

� ��(t)�(t; �) +M3[(t� �)�0(t) + h(t) + �(t) + 
(t; �) + 	�1(M2
(t; �))];

£¤¥ M3 > 0, t � t0, � � t0, t � � . �âáî¤  ¯® «¥¬¬¥ ¨§ ([2], á. 264), ¯à¨­ï¢ ¢® ¢­¨¬ ­¨¥ (31),
¯®«ãç¨¬ ®æ¥­ªã á¢¥àåã ¤«ï äã­ªæ¨¨ �(t; �), ª®â®à ï ¯à¨ t = � ¯à¨­¨¬ ¥â ¢¨¤

�(�; �) �M3

Z �

t0

[(t� �)�0(t) + h(t) + �(t) + 
(t; �) + 	�1(M2
(t; �))] exp
�
�
Z �

t

�(s)ds
�
dt;

â.¥.

�(�; �) �M3

�R
t0

[(t� �)�0(t) + h(t) + �(t) + 
(t; �) + 	�1(M2
(t; �))] exp(�(t))dt

exp(�(�))
:

�á¯®«ì§ãï ¯à ¢¨«® �®¯¨â «ï, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï (18) ¨ (19) â¥®à¥¬ë ®¡¥á¯¥ç¨-
¢ îâ ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥

lim
�!1

�R
t0

[(t� �)�0(t) + h(t) + �(t)] exp(�(t))dt

exp(�(�))
= 0:

�á«®¢¨¥ (20) £ à ­â¨àã¥â áå®¤¨¬®áâì �(�; �) ª ­ã«î ¯à¨ � ! +1,   á¢®©áâ¢® (5) äã­ªæ¨®­ « 
V ¯®§¢®«ï¥â § ª«îç¨âì, çâ® ky(�) � z(�; �)k ! 0 ¯à¨ � ! +1. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â
¨§ ­¥à ¢¥­áâ¢ 

ky(�)� x�k � ky(�)� z(�; �)k + kz(�; �) � x�(�)k + kx�(�)� x�k
¨ ¤®ª § ­­®© áå®¤¨¬®áâ¨ ª ­ã«î ¢á¥å á« £ ¥¬ëå, áâ®ïé¨å ¢ ¥£® ¯à ¢®© ç áâ¨.

� ¬¥ç ­¨¥ 1. �á«®¢¨¥ (20) ­ ª« ¤ë¢ ¥â ­¥ª®â®pë¥ âp¥¡®¢ ­¨ï ­  äã­ªæ¨¨ ��1X ("), g�1X�(")
(â. ¥. ­  £¥®¬¥âp¨î ¯p®áâp ­áâ¢  X) ¨ ­  ¯ p ¬¥âp¨ç¥áªãî äã­ªæ¨î �(t). �®ª ¦¥¬, çâ® ª« áá
¯à®áâà ­áâ¢, ¢ ª®â®àëå ¤«ï ­¥ª®â®àëå äã­ªæ¨© �(t) ¬®¦­® ¤®¡¨âìáï á¯à ¢¥¤«¨¢®áâ¨ (20), ­¥-
¯ãáâ.

�ãáâì �(t) = t��, â®£¤  �(s) = (s1�� � t1��0 )=(1 � �). �§ ãá«®¢¨© (9) ¨ (19) á«¥¤ã¥â, çâ®
� 2 (0; 1). �à¥¤¯®«®¦¨¬, çâ® �X(s) � O(s�1), �X�(s) � O(s�2), 	(s) � O(s�3), �1 > 1, �2 > 1,
�3 > 0. �®£¤ 


(t; �) � O

�
exp

�
� �

�1
�(�)t

�
+ �(�) exp

�
� 1
�1(�2 � 1)

�(�)t
��

:

�à¨¬¥­¨¢ ¯à ¢¨«® �®¯¨â «ï, ­¥âàã¤­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢ 

I = lim
�!1

Z �

t0

exp[���(�)t] exp(�(t))dt= exp(�(�)) � ��I:

�âáî¤  «¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ �� < 1, â® I = 0. �­ ç¨â, ¤«ï á¯à ¢¥¤«¨¢®áâ¨ (20) ¤®áâ â®ç­®
¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢

�1 =
��

�1
< 1; �2 =

�

�1(�2 � 1)
< 1;

�1
�3

< 1;
�2
�3

< 1: (42)
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�ãáâì X = Lp[a; b] ¨«¨ X = lp. �§¢¥áâ­®, çâ® ¯à¨ 1 < p < 2 ¨¬¥¥¬ �1 = 2, �2 = q, 1=p + 1=q = 1,
â. ¥. �2 = p=(p� 1) (c¬. [9], c. 57; [12]). �ã «ì­®¥ ®â®¡à ¦¥­¨¥ ¢ íâ®¬ á«ãç ¥ ®¡« ¤ ¥â á¢®©áâ¢®¬
[12], [15]

hJx� Jy; x� yi � mkx� yk2; m > 0; 8x; y 2 X;

®âáî¤  ¨¬¥¥¬

DJz(t+�t; �)� Jz(t; �)
�t

;
z(t+�t; �)� z(t; �)

�t

E
� m





z(t+�t; �)� z(t; �)
�t






2

:

�¥à¥å®¤ï §¤¥áì ª ¯à¥¤¥«ã ¯à¨ �t! 0, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

DdJz(t; �)
dt

;
dz(t; �)
dt

E
� m





dz(t; �)dt






2

;

â. ¥. 	(t) = t ¨ �3 = 1 (á¬. â ª¦¥ [8]). �®íâ®¬ã ãá«®¢¨ï (42) ¯à¨¬ãâ ¢¨¤

��

2
< 1;

�(p� 1)
2

< 1; � 2 (0; 1]; � 2 (0; 1); 1 < p < 2;

â. ¥. ¢ë¯®«­¥­¨¥ (20) ®¡¥á¯¥ç¥­®. �ãáâì p > 2, â®£¤  �1 = p, �2 = 2 (á¬. [9], c. 57; [12], [15]), ¨
âà¥¡®¢ ­¨ï (42) á¢®¤ïâáï ª á®®â­®è¥­¨ï¬

�1 =
��

p
< 1; �2 =

�

p
< 1;

�1
�3

< 1;
�2
�3

< 1:

�¨¤ äã­ªæ¨¨ 	(t) ¤«ï ¯à®áâà ­áâ¢ Lp[a; b], lp ¯p¨ p > 2 ¢ ®¡é¥¬ á«ãç ¥ ­ ©â¨ ­¥ ã¤ ¥âáï.

� ¬¥ç ­¨¥ 2. �á«¨ X = H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, â® J = E | ¥¤¨­¨ç­ë© ®¯¥à â®à,
	(s) = s, �X(s) � O(s2), gX�(s) � O(s) ([9], c. 51), �(t; �) = 0, ¨ ®æ¥­ª  (34) ¯à¨¬¥â ¢¨¤

d�(t; �)
dt

� ��(t)�(t; �) +M1[j�(t)� �(�)j + h(t) + �(t)]: (43)

�®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¡ã¤¥â ¢¥à­® ¡¥§ ãá«®¢¨© (16) ¨ (20). � ¬¥â¨¬, ¥á«¨ âp ¥ªâ®p¨¨
z(t; �) ¨ y(t) â ª®¢ë, çâ® hdJz(t; �)=dt; y(t)i�hJy(t); dz(t; �)=dti � 0, â® ­¥p ¢¥­áâ¢® (43) ®áâ ¥âáï
á¯p ¢¥¤«¨¢ë¬, ¨ áâ ¡¨«¨§ æ¨ï y(t) ª x� ¯p¨ t!1 ¨¬¥¥â ¬¥áâ® ¡¥§ ¯p¥¤¯®«®¦¥­¨© (16) ¨ (20).

�p¨¢¥¤¥¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¥¤¨­áâ¢¥­­®£® ®£p ­¨ç¥­­®£® p¥è¥­¨ï § ¤ ç¨ �®è¨ ¢¨¤ 

dJu(t)
dt

+Au(t) + �(t)Ju(t) = f; (44)

u(t0) = u0; (45)

®¯p¥¤¥«¥­­®£® ¯p¨ ¢á¥å t � t0.
�ãáâì ®¯¥p â®pë A ¨ J ã¤®¢«¥â¢®pïîâ ãá«®¢¨î �¨¯è¨æ , â®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥

p¥è¥­¨¥ § ¤ ç¨ (44), (45) ­  [t0; et), £¤¥ et � +1. �p¥¤¯®«®¦¨¬ â ª¦¥, çâ® ­ ©¤¥âáï ç¨á«® r0 > 0,
¤«ï ª®â®à®£®

hAx� f; xi � 0 ¯p¨ kxk � r0; x 2 X: (46)

�®ª ¦¥¬, çâ® â®£¤  et = +1. �®ª § â¥«ìáâ¢® ¢¥¤¥¬ ®â ¯p®â¨¢­®£®: ¯ãáâì et < +1 ¨ u(t) =2
B(0; r0) = fx �� kxk � r0g ¯p¨ t1 < t � t2 < et, ku(t1)k = r0. �§ (44) ¨¬¥¥¬

DdJu(t)
dt

; u(t)
E
+ hAu(t)� f; u(t)i+ �(t)kJu(t)k2 = 0: (47)

�¥£ª® ¯p®¢¥p¨âì á¯p ¢¥¤«¨¢®áâì p ¢¥­áâ¢DdJu(t)
dt

; u(t)
E
=
1
2
dkJu(t)k2

dt
= kJu(t)kdkJu(t)k

dt
:
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�p®¬¥ â®£®, ¨§ (46) ¨ ¯p¥¤¯®«®¦¥­¨ï ®â­®á¨â¥«ì­® âp ¥ªâ®p¨¨ u(t) ¯p¨ t 2 [t1; t2] ¨¬¥¥¬ ­¥®âp¨-
æ â¥«ì­®áâì ¢â®p®£® á« £ ¥¬®£® ¢ «¥¢®© ç áâ¨ (47). �­ ç¨â, ¨§ (47) ¢ëâ¥ª ¥â ­¥p ¢¥­áâ¢®

dkJu(t)k
dt

� ��(t)kJu(t)k; t 2 [t1; t2]:

�âáî¤  kJu(t)k � kJu(t1)k = r0. � ª¨¬ ®¡à §®¬, ku(t)k � r0 ¯p¨ ¢á¥å t 2 [t1; et ). �¥¯¥pì ¨§ (44)
§ ª«îç ¥¬, çâ® áãé¥áâ¢ã¥â ç¨á«® K = supfkdJu(t)=dtk �� t 2 [t1; et )g <1. �ë¡p ¢ ¤¢¥ ¯p®¨§¢®«ì-
­ë¥ â®çª¨ t0 ¨ t00 ¨§ [t1; et ), § ¯¨è¥¬ ­¥p ¢¥­áâ¢®

kJu(t0)� Ju(t00)k � Kjt0 � t00j: (48)

� «¥¥, ¨§ (5), (6) ¨¬¥¥¬

L�1�X(ku(t0)� u(t00)k=(2K2)) � kJu(t0)� Ju(t00)k ku(t0)� u(t00)k;
£¤¥ K2 = 2maxf1; r0g. �âáî¤ , ¯p¨­ï¢ ¢® ¢­¨¬ ­¨¥ (48), ¯®«ãç¨¬

gX(ku(t0)� u(t00)k=(2K2)) � K3jt0 � t00j; K3 = 2LK2K;

çâ® ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤ ® áãé¥áâ¢®¢ ­¨¨

lim
t!et u(t) = eu0 2 X:

� ª¨¬ ®¡p §®¬, ª ¤¨ää¥p¥­æ¨ «ì­®¬ã ãp ¢­¥­¨î (44) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ u(et) = eu0 ¢­®¢ì
¯p¨¬¥­¨¬  â¥®p¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ p¥è¥­¨ï, â. ¥. âp ¥ªâ®p¨ï u(t) ®¯p¥¤¥«¥­ 
¨ ¯p¨ t > et. �®«ãç¥­­®¥ ¯p®â¨¢®p¥ç¨¥ ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ p¥è¥­¨ï ãp ¢­¥­¨ï (44) ¯p¨
t 2 [t0;+1).

�â¬¥â¨¬, çâ® ¢ ¯p®áâp ­áâ¢ å �¥¡¥£  LP [a; b], lp ¯p¨ p > 2 ¤ã «ì­®¥ ®â®¡p ¦¥­¨¥ ã¤®¢«¥-
â¢®pï¥â ãá«®¢¨î �¨¯è¨æ  (á¬. [12], [15]). �p¨¢¥¤¥­­ë¥ p ááã¦¤¥­¨ï ¯®§¢®«ïîâ ãª § âì ¤®-
áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¥¤¨­áâ¢¥­­ëå ®£p ­¨ç¥­­ëå p¥è¥­¨© § ¤ ç (12), (13) ¨ (14),
(15) ­  [t0;+1).
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