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�.�. ����������

������������� ������� ������� �������� �������
������ �� ���������� x, y

� áâ âì¥ [1] ¡ë«® ¯®áâà®¥® à¥è¥¨¥ ¢¥è¥© ®¡à â®© ªà ¥¢®© § ¤ ç¨ (���) ¯® ¯ à ¬¥âà ¬
x, y. �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¯®«ãç¥¨¥ ¤®áâ â®çëå ãá«®¢¨© ®¤®«¨áâ®áâ¨, ®¤ ª® ¤«ï
íâ®£® ¯à¨¤¥âáï ¥áª®«ìª® ¨§¬¥¨âì ¯®áâ ®¢ªã § ¤ ç¨ ¯® áà ¢¥¨î á [1].

�à¥¡ã¥âáï  ©â¨ ¢ ¯«®áª®áâ¨ ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® z = x+iy ª®âãà @Dz = Lz = L1

z[L
2

z

¨ äãªæ¨î w(z),   «¨â¨ç¥áªãî ¢ ®¡« áâ¨ Dz, 1 2 Dz, ¯® ªà ¥¢®¬ã ãá«®¢¨î

w = '1(x) + i 1(x); 0 � x � l;   L1

z;

w = '2(y) + i 2(y); 0 � y � l;   L2

z:
(1)

�ã¤¥¬ áç¨â âì, çâ® § ¤ ë¥ ®¤®§ çë¥ äãªæ¨¨ ®¯à¥¤¥«ïîâ ¢ ¯«®áª®áâ¨ w § ¬ªãâë©
¦®à¤ ®¢ë© ª®âãà Lw, ï¢«ïîé¨©áï £à ¨æ¥© ®¤®á¢ï§®© ª®¥ç®© ®¡« áâ¨ Dw = w(Dz),
@Dw = Lw = L1

w [ L
2

w. �à¥¤¯®« £ ¥¬ â ª¦¥, çâ® â®çª  w0 = w(1) ä¨ªá¨àã¥âáï § à ¥¥ ([2],
á. 17). �®á«¥ ®â®¡à ¦¥¨ï Dw   ¥¤¨¨çë© ªàã£ E = fj�j < 1g, ª®â®à®¥ ¯¥à¥¢®¤¨â w0 ¢ 0,  
â®çª¨ áâëª  ¤ã£ L1

w ¨ L
2

w | ¢ â®çª¨ eiA ¨ eiB , ¯à¨ç¥¬ 0 < A < �, B = 2��A, ¤«ï  å®¦¤¥¨ï
äãªæ¨¨ z(�),   «¨â¨ç¥áª®© ¢ E §  ¨áª«îç¥¨¥¬ ¯®«îá  ¢ ã«¥, ¯®«ãç ¥¬ ªà ¥¢ãî § ¤ çã
�¨«ì¡¥àâ 

Re z(ei) = x(); A �  � B ;

Im z(ei) = y(); 0 �  � A; B �  � 2�;
(2)

£¤¥ x(), y() | ¨§¢¥áâë¥ ¬®®â®ë¥ äãªæ¨¨, ª®â®àë¥ áç¨â ¥¬ £�¥«ì¤¥à®¢ë¬¨. �¡®§ ç¨¬
ª« áá ¢á¥å äãªæ¨© '1,  1, '2,  2, ã¤®¢«¥â¢®àïîé¨å ¢á¥¬ ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬, ç¥à¥§ K.
�¤¥áì ¢®§¬®¦ë ¤¢  á«ãç ï: x() ã¡ë¢ ¥â, y() ¢®§à áâ ¥â ¨«¨  ®¡®à®â. �«ï ®¯à¥¤¥«¥®áâ¨
¡ã¤¥¬ áç¨â âì, çâ® ¨¬¥¥â ¬¥áâ® ¯¥à¢ë© á«ãç ©.

� «®£¨ç® [1] ®¯à¥¤¥«ï¥âáï à¥è¥¨¥ § ¤ ç¨ (2) ¢ ¢¨¤¥

z(�) = �iF0(�)
�
1
2�

Z
2�

0

c(�)
jF0(ei�)j

ei� + �

ei� � �
d� + iB0 + C� �

C

�

�
; (3)

£¤¥ C = A+ iB | ¥®¯à¥¤¥«¥ ï ª®áâ â ,

B0 =
1
2�

Z
2�

0

c(�)
jF0(ei�)j

ctg
�

2
d� � 2B;

c() =

8>><
>>:
�y();  2 [0; A];

�x();  2 (A; B);

y();  2 [B ; 2�];

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 02-01-00914.
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F0(�) = �i
(� � eiA)1=2(� � eiB )1=2

� � 1

| à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ (2). �á«¨ ¢¢¥áâ¨ ®¡®§ ç¥¨¥

I() =
1
2�

Z
2�

0

c(�)
jF0(ei�)j

ctg
� � 

2
d�;

â® ¯®á«¥ ¯¥à¥å®¤  ª ¯à¥¤¥«ã ¯à¨ � ! ei ä®à¬ã«  (3) ¯à¨¬¥â ¢¨¤

z(ei) = �iF0(e
i)
�

c()
jF0(ei)j

� i(I() � I(0)) + i(2A sin  + 2B(cos  � 1))
�
: (4)

�®áâ â®çë¬ ãá«®¢¨¥¬ ®¤®«¨áâ®áâ¨ äãªæ¨¨ z(�) ï¢«ï¥âáï ¢ë¯®«¥¨¥ á«¥¤ãîé¨å ¥à -
¢¥áâ¢:

Im z(ei) � Re z(ei);  2 [0; A) [ (B; 2�); (5)

Im z(ei) � Re z(ei);  2 (A; B): (6)

�â® à ¢®á¨«ì® â®¬ã, çâ® ¢ ¯«®áª®áâ¨ z ¤ã£  L1

z «¥¦¨â ¨¦¥ ¯àï¬®© y = x,   ¤ã£  L2

z |
¢ëè¥ íâ®© ¯àï¬®©. �«¥¤®¢ â¥«ì®, íâ¨ ¤ã£¨ ¥ ¯¥à¥á¥ª îâáï, ªà®¬¥ â®£® L1

z ¨ L2

z ¥ ¨¬¥îâ
á ¬®¯¥à¥á¥ç¥¨© ¢ á¨«ã ¬®®â®®áâ¨ äãªæ¨© x() ¨ y().

C ¨á¯®«ì§®¢ ¨¥¬ ä®à¬ã«ë (4) ãá«®¢¨ï (5), (6) ¬®¦® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥ (áç¨â ¥¬
¤«ï ¯à®áâ®âë F0(ei) = F0()):

2AF0() sin  + 2BF0()(cos  � 1) + F0()(I(0) � I())� y() � 0;

 2 [0; A) [ (B ; 2�);
(7)

2AF0() sin  + 2BF0()(cos  � 1) + F0()(I(0) � I())� x() � 0;

 2 (A; B):
(8)

�«ï ¨áá«¥¤®¢ ¨ï ¯®«ãç¥ëå ãá«®¢¨© ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬, ¯à¥¤«®¦¥ë¬ ¢ [3]. �¢¥¤¥¬
®¡®§ ç¥¨ï

M1() = F0()(I(0) � I()) � y(); M2() = F0()(I(0) � I()) � x()

¨ § ¬¥â¨¬, çâ® M1(A) =M2(A) = �l, M1(B) =M2(B) = 0. �®®â®è¥¨¥

2AF0() sin + 2BF0()(cos  � 1) +M1() = 0

¯à¨ ä¨ªá¨à®¢ ®¬  ¯à¥¤áâ ¢«ï¥â á®¡®© ãà ¢¥¨¥ ¯àï¬®© ¢ ¯«®áª®áâ¨ OAB. �à¨¢¥¤¥¬ ¥£® ª
®à¬ «ì®¬ã ãà ¢¥¨î ¯àï¬®©, à §¤¥«¨¢  

2jF0()j
q
sin2  + (cos  � 1)2 = 4jF0()j sin =2

¨ § ¬¥â¨¢, çâ® F0() < 0 ¯à¨  2 (0; A),   F0() > 0 ¯à¨  2 (B; 2�). �®£¤  ¯®«ãç¨¬

�A cos


2
+B sin



2
+

M1()
4jF0()j sin =2

= 0;  2 [0; A);

A cos


2
�B sin



2
+

M1()
4jF0()j sin =2

= 0;  2 [B ; 2�):

�«¥¤®¢ â¥«ì®, ®¡« áâì P1 â®ç¥ª (A;B), ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã (7), «¥¦¨â ¢ãâà¨
ã£« , ®¡à §®¢ ®£® ¯àï¬ë¬¨�A cos A

2
+B sin A

2
�l1 = 0 ¨ A cos B

2
�B sin B

2
= 0 ¨ á®¤¥à¦ é¥£®

¯®«®¦¨â¥«ìãî ¯®«ã®áì OA, l1 = l=(4jF0(A)j sin A=2) > 0. �à¨ íâ®¬ ç áâì £à ¨æë ®¡« áâ¨ P1

«¥¦¨â   ãª § ëå ¯àï¬ëå.
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� «®£¨ç®¥ ¨áá«¥¤®¢ ¨¥ ¥à ¢¥áâ¢  (8) ¯à¨¢®¤¨â ª â®¬ã, çâ® ®¡« áâì P2 â®ç¥ª (A;B),
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (7), «¥¦¨â ¢ãâà¨ ã£« , ®¡à §®¢ ®£® ¯àï¬ë¬¨ A cos A

2
�B sin A

2
�

l1 = 0 ¨ A cos B
2
� B sin B

2
= 0 ¨ á®¤¥à¦ é¥£® ¯®«®¦¨â¥«ìãî ¯®«ã®áì OB. �à¨ íâ®¬ ç áâì

£à ¨æë ®¡« áâ¨ P2 «¥¦¨â   ãª § ëå ¯àï¬ëå.
�«¥¤®¢ â¥«ì®, ¯¥à¥á¥ç¥¨¥ ®¡« áâ¥© P1 ¨ P2 ¥¯ãáâ® ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®¦¥áâ¢® P ,

«¥¦ é¥¥ ¬¥¦¤ã ¯àï¬ë¬¨ �A cos A
2
+B sin A

2
� l1 = 0 ¨ A cos B

2
�B sin B

2
� l1 = 0. �à¨¢¥¤¥ ï

áå¥¬  à ááã¦¤¥¨© ¯®ª §ë¢ ¥â, çâ® ¢¥à 

�¥®à¥¬ . �¥è¥¨¥ (3) ¢¥è¥© ��� (1) ¯à¨ «î¡ëå äãªæ¨ïå '1,  1, '2,  2 ¨§ ª« áá  K
¡ã¤¥â ®¤®«¨áâë¬, ¥á«¨ C = A+ iB «¥¦¨â ¢ ®¡« áâ¨ P .

�â¬¥â¨¬, çâ® ¨§ íâ®£® à¥§ã«ìâ â  ¬®¦® ¯®«ãç¨âì ãâ¢¥à¦¤¥¨¥ áâ âì¨ [3], £¤¥ à áá¬ âà¨-
¢ « áì ¢¥èïï ��� ¯® ¯ à ¬¥âàã x = Re z. �®âï ¢ [3] ¢ ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì®© ®¡« áâ¨ ¢
¯«®áª®áâ¨ � ¢§ïâ  ¢¥è®áâì ¥¤¨¨ç®£® ªàã£ ,   ¨áá«¥¤®¢ ¨¥ ®¤®«¨áâ®áâ¨ à¥è¥¨ï íâ® ¥
¢«¨ï¥â.

� ��� (1) ¯à¨¢®¤ïâáï ¥ª®â®àë¥ § ¤ ç¨ ¬¥å ¨ª¨, ¯®íâ®¬ã ¯®«ãç¥ë© à¥§ã«ìâ â ¬®¦¥â
®ª § âìáï ¯®«¥§ë¬ ¤«ï ®¤®«¨áâ®© à §à¥è¨¬®áâ¨ íâ¨å § ¤ ç.

� § ª«îç¥¨¥  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä. �.�.�ªá¥âì¥¢ã §  ¯®«¥§ë¥ § ¬¥ç ¨ï
¨ ¢¨¬ ¨¥ ª à ¡®â¥.
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